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Introduction

The system A4, in which a binary relation (xy) (or p) satisfying
P(=(P1, P2, P3)) is defined, is called a partially ordered set and is written
by A[p,P]. And the system A, in which a ternary relation (xyz) (or )
satisfying @=(@Q,Q,...... ) is defined in A, is written by A[+,Q]. There is
a problem concerning that A[p, P] may be characterized by A[r, @], that
is, the condition for @ in order that a binary relation p may be charac-
terized by a ternary relation .

In this paper we shall investigate the case where the ternary relation
T becomes a betweenness. So our problem is to consider about the condition
for @, in order that a binary relation p (or order) satisfying P in A may
be introduced from a subset R[A, Q] satisfying Q in triple product space
AxAxA, such that

{wyz} € R[A, Q] 2 xpypz or zpypx.

In other words, we purpose to investigate a complete system of
axioms which characterizes “ betweenness” in a partially ordered set A.
G. Birkhoff?, E. Pitcher and M. F. Smiley® have discussed about the necessary
conditions for betweenness.

In chapter I, we consider about the closed betweenness® of a partially
ordered set A. In §1, we have necessary conditions Bl, B2, B3, B4, B5,
B6 and B7, where B3=(1), B4==2), B5==(4) in the necessary conditions (1),
(2), (3), (4) and (5) proposed by G. Birkhoff, and in §2 we inquire into
the independency of them. And in §3, 4,5 6, 7 and 8, by considering
the decomposition of the set A, by means of a collection of subsets of A :
S and by the distance introduced from S, we discuss their sufficiency for
closed betweenness of set A and investigate the uniqueness concerning
their ordering.

1),3) G. Birkhoff: Lattice Theory (1948).
2) E. Pitcher and M. F. Smiley: Transitivities of betweenness: Trans. Am. Math. Soc. 52
(1942). )
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In §9 other complete systems of conditions for betweenness of set 4
are discussed and we deal with the betweenness on some set in stead of
-the betweenness on given set A. Further, in §10, we treat the relation
of G. Birkhoff’s conditions and conditions B1, B2, B3, B4, B5, B6 and B7.

In chapter II, we treat the closed betweenness of the following five
special partially ordered sets: [1] the case having radius 7V [2] the case
where A[ p] has one element a, such that a,px or zpa, for all x € A [3] the
case having one extreme element [4] the case where A[p] has two extreme
elements 0 and 1; [5] the case where A[p] satisfies the condition: zpy
or ypx for all = and v, ie. 31mp1y ordered set.

In chapter I we deal with the open-betweenness by reducing 11: to
closed-betweenness, and in chapter IV the betweenness for Quasi-partially
ordered set is investigated from the view of factorization.

Before we proceed with the discussion, we write the notatlons Whlch
are use in this paper.

A ~: aset of elements.

a,b,c etc.: distinct elements of A.

x,y,z etc.: elements which may be equal. .

{oyz} : an element of triple product space AxAxA. .

R : a set of {xyz}
R[3B] : R which satisfies a system B of conditions.
|eyz|  ~ : an element of R[B].
- liz,,2|] : an element |xyz| or |yzz| or |zay|.
(xyz) : betweenness il a partially ordered set.
(@y2)) : an element (xyz) or (yzx) or (zzy).
|@yeeeeee x,| : all elements |rz2,| (|1<i<j<kEZI).
ab : a distance for a and b (defined in §5).

inner point of .
pathof ¢ and b °

|abe |, ((abe)) etc.: fabe} € R, ((abe))ER etc.

|A*A’A*| : There exists at least a set of elements o' € 4%, o’ € 4’
a* € A¥ such that {a*a’a*} € R. '

C @ D : one and only one of C and D.

C—s D : if condition C is satisfied, then condition D is satlsﬁed
or if CeR, then DcR.

element a‘(i=1,2, ...,1) in a path a,d, ..., d", b.

1) Cf. Chap. II, p. 212.
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C=—=D : since condition C is satisﬁed, €0 condition D -is satisfied;
or since CeR, so DcR. ~ Co T
c2sD : since condltlon C is satisfied, so by (1) condltlon -D-is

satisfied.

C-D : C and D.

-C and D—E and F: the Whole of ¥ and F follows from: the whole
of C and D. :

proposition (+ dual): the proposition, which is obtained by exchangmg
+*4® and ~A* in this proposition, is also satisfied.
partially ordered set: a system A in which a binary relation x>y is
defined, which satisfies '
P1l: For all =, a>x.
P2: If 2=y and y==, then ax=y.
P3: If x>y and y=z, then z>z.

We shall here prove that the above conditions P1, P2 and P3 may be

written in the following form: .
P*1l: a=z
P*2: x>y and y > are not compatible.
P*3: If 2>y and y >z, then o >z.

In a system A[p] which satisfies P1, P2 and P3, we write 2>y when
and only when x>y and #=y. Then in A[p] a relation >> is defined.
This relation #_>y satisfies the following conditions.

P*2: «>y and y > are not compatxble

P*3: If 2>y and y >z, then x>z,
Proof of P*2: If x>y and y_>x, then by the above deﬁmtlon =y and
y=w, hence by P2 z=y. And this contradicts the definition & >y. There5
fore 2>y and y >« are not compatible. ‘
Proof of P*3: Suppose z >y and y >z,

x>y and ¥y >z = z>y and y>=z >z .. ..... (1)
And if x=z: , o ‘
x>y and y >z —= 2 >y and y >x. U S (ii)

This contradicts P*2, hence x-=z.
Therefore, by (i) and (ii), we have x_>z.

In a system A[p*] which satisfies P*1, P*2 and P*3, we define x>y
when and only when two elements # and y satisfy #>y or a=y.
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Then, this relation 2>y satisfies P1, P2 and P3.
Proof of P1: By P*l, a=x = z=>2.
Proof of P2: Suppose x=y and y>z.

Case 1. x=y: Clearly P2 is satisfied.

Case 2. z=Fy: =y o=ty =2 >U; Y= ==y = y >u.

And, by P*2 2>y and y >z are not compatible, 0 this case may not
occur.

Therefore, P2 is satisfied.
Proof of P3: Suppose x>y and y==z.

Case 1. z=y: y=z-=2>2.
Hence P3 is satisfied in this case.

Case 2. ay-y=z: =y -y=z=2a>2
Hence P3 is satisfied in this case.

Case 3. x=|=y-y=|=z: =YY => & Y ; Y=z Y2 =y >z

Ty -y > x>z > x>z

Hence P3 is satisfied in this case.
Therefore, in all cases P3 is satisfied.

According to the above facts, we may use a set of conditions P*1,
P*2 and P*3 instead of a set of conditions P1, P2 and P3.

Chapter I
On betweenness in a partially ordered set

§ 1. Necessary conditions for betweenness.

In a partially ordered set A4, if either x>y>z or x<y<z for x, ¥ and
z,y is said to be between z and z and this relation “betweenness” is .
represented by (xyz). In this section, we shall investigate the necessary
conditions for betweenness of a partially ordered set A.

Theorem 1. Following seven conditions must be satisfied for betweenness
of set A®. '

Bl. (aaa) for all a.

B2. (abx) implies (aab).

B3. (axb) implies (bxa).

B4. . (axb) and (abzx) imply x =b.

B5. (axb), (xby) and x==b imply (aby).

1) In chapter I and II, we use “betweenness” for closed betweenness.
2) In the conditions Bl, B2, B3 B4, B5, B6 and B7 in theorem 1, different letters a, b ...... '
represent different elements, but «x, y...... are not so.
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B6. (0,0585), (0y@3s) ... s Q1A (Gyps 1 00y) imply (a,0,,,0,.5), for ot least
one ¢ (1<4<2n+1), n=1, 2, ... and being a,,,,,,=a,, @,=+a, 1 (i=
- L2,...,2n+1).
B7. (abc) and (bdd) imply (abd) @ (dbe)V.
Proof.

Proof of Bl: By P1, a=a for all a (e €4)= a=a=a = (aaa).
Therefore (aaa) for all a.

Proof of B2: (a,bx)——fi-—e% a>b>x or a<b<x.

By P1 a=a = a=a_>b or a<a<b=>(aab).

Therefore (abx) implies (aab).

B3 is clear by the definition of (axb).

Proof of B4: In a partially ordered set; the following conditions are
clearly satisfied. ‘

Px*2 xgé/ and y > are not compatible.
P*¥3 If >y and y >z, then «™>z.
P*%x3 If 2>y and y=z, then z >z.

If (axb) and (abx), then only one case among the following four may

occur. .

(1) a<e<b and a<b<z; (2) a<r<b and a >b=x

(3) a=2=b and a<b<x; (4) a=2x=b and a >b==.

By means of P**2 and P3, the cases (2) and (3) may not occur, and we
can easily see x=>b for the cases (1) and (4), so we have (azb) and (abw)
imply x=b.

Proof of B5: If (axd), (xby) and «x==b, then only one case among the
following four may occur.

(1) a<2<b and 2<b<y; (2) a<x<b and x >b=y

(3) a=z>b and 2<b<y; (4) a=x>b and x >b=y

By means of P*2, the cases (2) and (3) may not occur. In the case (1),
by P*¥*3 we have a<bd<y. a<b<y->a<b=<y = (aby) and in the case (4),
by P**3 we have ¢ >b>y. a >b=y = a=b=y = (aby).

Therefore (axb), (xby) and z==b imply (aby). '

Proof of B6: Since the number of betweenness in assumption of B6 is
odd, it is,impossible that the direction of the order for #; and #;,, is different
from the direction of the order for z;., and z,,, for all j(j=1, 2, - 2n+1).

For, let us assume that the direction of the order for x; and x,,, is

1) In the condition B7 (abZ) @ (dbc) means one and only one relation of (abd) and (dbc).
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"different from the direction of the order for x,,, and ., for all j(j=1, 2, ---
2n+1). Then, since in the sequence of betweenness
(1 050g) (B203®3) .. ... (Wi 1010y) (B10505)

the number of betweenness from the first (a,a,0,) to (@y,,,0,0,) is odd, the
direction of the order for @, and @, is the same as the direction of the
order for @m+1 and a;. On the other hand, since (@y,.,0.0,) is adjacent to
(a,a,0,), SO we have by the assumption that the direction of the order for
@.,., and @, is different from the direction of the order for a, and a,.
These two facts contradict P*2.

Therefore, for at least one i, the direction of the order for ¢, and
@;,, is the same as that of the order for a,,, and «,,,. Hence, (a,a,,,a;,,)
for at least one i.

Proof of B7: If (abc)and (bdd);, then only one case among the follow-
ing four may occur. '

(1) a<b<c and b<d; (2) a<b<lc and b >d
{3) a>b>>¢ and b<d; (4)-a>b >c and b >d

In the case (1), we have a<b<d, so (abd). In the case (2), we have
d<b<e, <o (dbc). In the cases (3) and (4), by conversing the order in the
proof of the cases (2) and (1), we have (dbc) and (abd) respectively. And
we easily see:that ‘-one and only one of (abd) and (dbe) occurs.

Therefore, (abc) and (bdd) imply (abd) @ (dbe).

© §2. Independency of conditions.

Now, we consider a set A and R Which is some collection of eleménts
of triple product space A ><A xA4. Andin this section, we shall 1nvest1gate
the 1ndependency of the condltlons BI-B7 in the following sybtem B

( BL. laaal for all a (a € A).
B2. labxl——»la@b[.:
B3. |axb|—|bxza|
B4.. |axdb]| |abx|—> 2z =b.
B5. |awb| |aby|x=b —|aby].
BB 01000 100,05 oo | G 0401|0041
for at least one {(1<i<2n+1), n=1,2, ..., Gyperr; = Gy,
A and a,7a,., (i=1,2, ...,2n+1).
B7. |abe|-lbdd|—|abd| @ |dbe].

~
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where |xyz| means {xyz} € R, and |xyz|—|2'y'z’| means
l that {zyz} € R — {a'y'2'} € RV. 4
We shall have the following result :
Theorem 2. The seven conditions in the system B are independent of
each other. “ v
Proof. We shall prove "chis'theorem by the seven examples of R, each
of which satisfies six of the seven conditions B1-B7, except one. o

;Example set A system R

1. | b |{acbi ot} {baa} {bba} ~|only lea;fsggg
2. a,b | {aab} {baa} {aaa} (bbb} only B2 ,,
3. a,b |{aab} {aaa} {bbb} only B3 ,,
4. a,b |{aba} {aab} {abb} {baa} {bba} f{aca} (bbb} ‘only B4 ,,
5. |a,b,c {abc} {cba} faab} {abb} {baa} {bba} {beec} {bbec} only B5 ,,

| {cbb} {ccb} {amal {bbDY {ccel

6. l|a,b,c {aab} {abb} {baa} {bba} {bbe} {bee} {ebb} fccb}ionly B6 ,,

! faac} {acc {caa} {cca} {aaa} (bbb} fcce}

LT a, b |{abe} {cba} {aab} {abb} {baa} {bba} {bbe} {bee} | only B7 ,,

| ¢, d {cbb} {ccb} faac} {acc} §ca.a} fccal {bbd} {bdd} ‘

J {dbb} {ddb} {aaa} (bbb} {cce} {ddd)
Remark :

Moreover, the condition B6: (@,8,0,) (0,8585).-....(Gp41010,) —> (G, 0 10 5)
is independent as for index #.

Proof. Now we decompose the condition B6 in the following two parts.
B6,,1; (@,055). ... (a,l,,l”a,lal)»(atlallﬂail”) (ny ; fixed) (1<4,<2n,+1)
B6,, ; (61/6,'0,") ...(@3n, +102'01") = (@, 04, 1104, ) (w5 Variated) (1<i,<2n,+1)

'(7'1'2=|="1 .
n,=1, 2, ... n,—1, n, +1, ...

And we consider the following system as E':

Example 8. .
§0,0,853 {0,050} §0,0,0,} {0,050,}, {00,053 {0y05053 {@30,0,} {03050, ...
------ {a'2n1+1a’2'n1+1a’1} {a’2n1+la’1a1} {ala'mlﬂa'znln_} §“1“1“2n1+1}v §0,0,0,} {@,0,0,} ...

------ {aznl.p 1a2n1+ 1a2n1+ 1 } .

Then this system R satisfies the conditions Bl, B2, B3, B4, B5, B6n2 and

1) {xyz} means a element of triple product space AXAXA.
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B7, but does not satisfy condition B6n, . Therefore, the condition B6n, is
independent of the other conditions B1, B2, B3, B4, B5, Bﬁn2 and B7. So we
have the assertion.

Furthermore, we see that this set of conditions Bl, B2, B3, B4, B5, B6
and B7 does not decompose in two subsets.

For; there exists the following example which satisfies all conditions
simultaneously and in which all assumptions in BI1, B2, B3, B4, B5, B6 and
B7 occur reallyV.

Example 9.

|aaiay] |@iases]| |aiaa, |, |@030i],

lama| |ajez, | |aioa, |, |ajelel] |aiaias| |alaal], |azese, | |aa,a}]
|ayaias |, |aiaia, | \
|a10,0, | | aé“é“;l |asazal],

|ayazaz| |azaias] ...... |@30 1000 |, | @r0305 |

la,a,03| |ajaga,| |a3a,a, ], |ajazal| |ajazas| |ajegay],
| 03511050 1101 | 1010105011 ] 810301105001 s |a30307 ],
|ajaza;| |azagas] ... [“z”nﬂqgm-lagnﬂ[,

|ajaiat| |ajayai| |aiaia;| |aiajasl, |aaial] |alaja, ],
|aalai] |o0,0i] |aigla, | |aia,a, ], |alalal].

§3. Properties of R(B).

In the following sections, we shall make it clear that the seven
conditions, which are given in the previous section, are sufficient for
betweenness of set A. ‘

When R, which is some collection of elements of triple product space
AxAxA, satisfies the system B, R is said to be “closed” as for the
system B and represented by R=R(B). In this section, we shall investigate
the properties of R(:B).

Lemma 3.1. |aye|—>v =a.

Proof. |aya|——s|aay| ; |aya| |eay| —> y = a.

Therefore, |aya|—y = a.

1) |xyz| means a element of R which satisfies the system 8.
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Lemma 3.2. || 2,9, 2| —|2yy]|. .
Proof. In the case where x=y, this Lemma is clear from Bl and
Lemma 3.1, so we prove the case where a==y. ||2,9,z||—|vyz|or |yzz| or |zay|.

|2ye| 2 @y | > yez| > |yye | —> |2yy |
For z=z, |yza|—> |yyz| ‘m lyyz| == |xyy|, and for w=+z

|yew | —os | w2y | 2> |02z | 2 | 2w |; |yew| | 2wn | = | yarw | = | yya | == | 2yy | .
| 2wy | > |ywz| == | yyz | =5 | zyy | |
Therefore, || 2,9,z || —|xyy].

From Lemma 3.1 and 3.2, we have:

Lemma 3.3. | z,vvl=|xyy|. l|znzll—lz0y].

Lemma 3.4. |abe|:|bed|—|abd].

Proof. |abe|——s|cbal|; |bed |—s|dcb]|.

ldeb| - |cba| == |dba | === | abd |.
Therefore, |abc|.and |bed|—|abd]|.

Lemma 3.5. |abec|-|bed|—|abed|.

Proof. |abe|- |bed|——>|acd|; |abe]- |bed | =223 | abd .
Furthermore, |abe| and |bed | € R[B] by the assumption of this lemma.
Therefore, by the definition of |xyzu|, we haye |abed|.

Lemma 3.6. |abc|-|acd|—|bed].

Proof. |abe|=""23|cbb]|.

lacd |- |cbb| == |bed| @ |ach).
If |acb|, then |abc|-|ach|—=> b=¢c. This contradicts the assumption:
b==c. Hence, |acb| may not occur, and so |bed|.
Therefore, |abc|- |acd|—|bed|.
Note: This lemma follows from the conditions B2, B3, B4 and B7.

Lemma 3.7. |abc|-|acd|—|abed].

PROOF. |abe|- |aed | =223 bed |; |abe] - |bod | 2225 |abd |
Furthermore, |abc| and |aed| € R[B] by the assumption of this lemma.
Therefore, by the definition of |xyzu|, we have |abed].

Lemma 3.8. |abd|-|bed|—|abe]|. ‘

Proof. |abd|——»|dba|; |bed|—2>|dcb]|.

|deb| - |dba| =222 | oba | —=> | abe | .
Therefore, |abd |- |bed | —|abe|.

Lemma 3.9. |abd|-|bcd|—|abed].

Proof. |abd|- |bed| =223 |abe|; |abe) - |bed | —= |acd|.
Furthermore, |abd| and |bed| € R[B] the assumption of this lemma.
Therefore, by the definition of |xyzu|, we have |abed|.
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Lemma 3.10. |z,a,]|- |2,02;] -+ | 250 100, | — 2, = @

(for all n=1,2, ..., and at least one i (1<i<2n+1)).
Proof. If |2,a2,| - |2,02; ]|« -+ -+ | ¥p4.,0%, |, then by lemma 3.2 we have
| 1257, |, | @255 [, oo 15:2”+1x1x1| | | |
|2y2as | » |2y 525 - - lxz,,ﬂxla:l]z%[x,_lx x,.,| for at least one i:
|, lmixi+1l ‘xtaxiﬂllf?masslxi .

|2, _x,0] - |2, 00, = x, =a.
Therefore, |x,02,|- |2,0%;]« - -+ | Xyy4,02,| > &, = o for at least one i.
Lemma 3.11. If R=R[¥B], A/ A and R'= {[a'b'c'} I|la'd'c'| € R[B] and
o', b, ¢ EA’}, then R'=R'[B]. | ' 4
Proof. The elements of A, which appear in each conclusion of these
conditions B1, B2, B3, B4, Bb, B6 and B7, are all contamed in the assumptlon
of these conditions.
Hence, if R’ does not satisfy the conditions B1, B2, B3, B4, B5, B6 and
B7, then it contradicts R=RE[8]. Theréfore, R' satisfies the conditions,
so R'=R'[B]. “

§4. Decomposition of a set A by a family of subsets and introduction
of distance.

In a set A, we shall consider a collection S(«, 8, ...... )(==0) of subsets
a, B, ...... of A. In this section we shall decompose A by means of
Sa, B, ...... ) and introduce a distance in A.

First, we shall decompose SV. |

a and B(a,BeS) are said to be connected when for « and B there
exists a sequence afa, €S, =1,2,...,1 and | being finite), such ‘that
aNa,=+=0, a;N\a,==0, ......, a,N\B==0. ,
And the ordered coliection d, Ay, ..., ;al, B is said to be a chain of a and
B. A subset T of S is said to be connected when any two elements of T
are connected. Y | '

If we write a~8 when a and B are connected, then the relation 'a~,8'
is clearly an equivalent relation. By meaﬁs of this relation we decompose
S into the sum of connected S, : .

S=3, e, (4.1)

It is clear that each S, is a maximal connected subset of S.

1) The decompositio@ of S: (4.1) is the same as that in S. Lefschetz: Algebraic Topo-
logy (1941) p. 15. ‘ :
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We use the following notation:
S*={rlreca, aeS}.

Lemma 4.1. S,*N\S,* = 0 (p=kv).

Proof. If S,*N\S,*>x(==0), then there exists a and A such that
re€a, €S, xeB and B€S,. Hence a~B and so S,=S,, this contradicts
p=v. '

From Lemma 4.1 we have:.

Lemma 4.2. The element a of S such that z€S,* and z€a, belongs
to S,. And for x€S.* and yeS8*(uskv), there exists no element a of S
such that x,y c x(a€S). : :

, Next, we shall decompose A by S. Since S*=318%*,, if we Wrxte
A—S"f—Ao, then we have

From Lemma 4.1 the above is a direct sum: 4,/\S,*=0 and S,*/\S,*=0.

Definition 1. When for 2« and y(«,y €A) there exists « and 8 such
that zca ;veB(a,BeS) and a~pB (ie. o, B€S,),  and y are said to be
connected in A by S, and it is denoted by x~uy.

It 1s clear that the relatlon x~y is an equivalent relation.

Theorem 3. The decomposztwn of S* by this equwalent rela,twn zs yust
S*=31 8 *.

Proof. 1°: From Lemma 4.1 we have S, *NS,*=0. 20 If x,yeS“ ,
then there exists a and B such that x€a;yeB(w, B€S,), and therefore
a~fB. Hence from the definition 1, We'haVe_vay. P:rxeSF *andyelS*
p+v=>2xy. For; if x€S.* yeS,* and x~y, then there exist « and B
such that x€a,y€fB and a~pB. But, from 1° « such that xe€S,* and
x€a, belong to S,. So a€S,, B€S,, and since a~B, we have S,=S,.
This contradicts u==». So we have assertion.

If we write 4,=S,*, then from the above theorem we have the
following relations :

A=A,+334, (decomposition by r~),
S=38, (decomposition by a~@),
and A, =8.%
And any element of A, can not be connected to any element in A by S.

When, for two elements x and y of A, there exists an element « of

S which contains x and y simultaneously, we say that the distgnce of g
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and y is one, and it is denoted by wy=1 (z=y)"-.
When z~y, there exists a sequence of elements z,, ..., z, of A such
that o o S L
xx, =1, =1, ...... » i =1, 2, y=1. ... (4.2)

For; Since z~y, then for some « and B(x €a, ¥y € B) there is a chain

a, Ay, ...... » 01, 3 such that
aNa,==0, a;N\a,=0, ...... y @i/ \B=0.
So, let aNa,d>x;, a;N\agd Xy, ...... y Am_1\B3Z,, then o, 2, ca:
Ty Xy €Ay 5 e ;, 2., ¥ € B, hence by the definition we have
22, =1, e, =1, ...... y Xy =1

~ For two elements x and y of A, a sequence of elements «,x,,...2,,7
which satisfies (4. 2) is said to be a cZain of « and y. Generally, for a pair
of elements x and y of A4, there may exist many chains of x and y. We
select from them a chain z,%,, ......,2,, ¥ whose index ! is minimum among
them, and any one of these is said to be a path for x and y, and [+1 is
said to be a distance of x and ¥, z==y. We can easily see that this
denomination “distance” is justified since it satisfies the usual distance

axioms. .
And, from the minimumity of length of path for x'and v, we have
Lemma 4.3. In a path xy(=x, o, ...... 2, Y) & connected part x,,x,.,,

vieeee s 8300 (04, i+ R <I+1 being x,=w, x,,,=Y) is a path for z, end z,,,, and
5 25002 || €S (07141 2<k and being 2,,.,=%, €, ;=)

Similarly, when a~f@8, among the chains of a and @ the one whose
index is minimum is said to be a patk of a and B.

From the above discussion, we have the following :

Lemma 4.4. A and S are decomposed in o direct sum :

A=A,+24,, S=38,,
fb n

where A, and S, hqve the following properties,
1. 4, =8*
2. For x and y of A,, there exists a path x, 2y, ..., 2, Y.
3. For a and B of S,, there exists a path &, «a, ..., a;, B.
4. For xc A, and y € A, (u=Fv), there exists no path.
4. For x€A, and y €A, (p=v), there exists no element « of S such that
r,yca{ael).
In the above lemma we can replace “path” by * distance .

1) We define to be xx=0.
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§5. Decomposion of A by distance.

We take R[®B] in §3 as S(«,5, ...... ) in §4 and we take the subset
consisting of elements z,y,z in A which is contained in {xyz} (€R) as
subset @ in A (in §4). In this section, we shall decompose the connected
set A, by the distance which we defined in the previous section.

First, we take one element a,(u) from each A, respectively and fix it.
And we represent by Af(e.x)) the set of all elements which have the
distance s from @, (ux), then the set A is decomposed in the form:

A= 4,=S (AN +LE)s e (5.1)

where s represents the distance of a,(x) and element of As. (s=1,2,3 ...
from the definition of distance.) 4,=0 follows from BI.
. Since A is the direct sum of connected sets such that A, and 4, have

no connection to each other as for R[8]: that is, ‘ :

There is no element in R[®B] which contains both of the two elements
z and y such that z€4,, yeA(ptv). (5.2)
So, first we deal with the connected set A, and next with A:4 =;A,L
(direct sum).

When A is connected, decomposition (5.1) becomes the form:

A=a,+3}A(a,).
=1

Furthermore, we shall consider the decomposition of A! and A4° (.522).'
[1] Decomposition of AX(a,).

We take any -element a,==a,) of A! and fix it®. We define *A! and
~A' as follows:

+*A' = {y|{a,a,y} €R and y+-=a,} and ~Al=A'—+A},
(if there is no y, then *A'=0, that is A'="A!). Then

Al ="A'++A! (direct sum). = ... (5.3)

We have the following lemmas concerning ~A' and *Al.

Lemma 5.1. The decomposition (5.3) is independent of a, disregarding
for :f:dua,l.

Proof. When *A4Ya,)=0, this lemma is clear, so we have only to
consider the case where *AYa,)=E0.

Let a€*A4¥a,) and be~AYq,), then

| G000 | - | 0,00 | ==>]ba,8| @ |ao@b] -

1) When A={a}, it is trivial.
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And by the definition of-A!, |ae,b| may not occur.

Therefore |ba,a| for a € *4%(a,) and b € ~AYay).

Then a € *A¥(a,) and b€ “Ag,) = 6 € “AYb).

Hence *AYay) T *AND). , .

Since we may consider b instead of @, in the above discussion, we have

| +AY(ay) > *AYb). |
So, we have *AYa,)=*AYb). , |
And by the similar way, *Al(ao)E”Al(a,) (a € *AYay))-
Therefore, the decomposition A'="A!4*A! is independent of a, dis-
regarding for dual.
From the above lemma, it follows that:

If ac*A! and be~-A4!, then {aa,b} is always contained in B[B]. ...(5.4)
Lemma 5.2. b,,b,€ A! or b, b, € *A'—{bw,b,} is not contained in R[B].
Proof. Now, let {b,ab,} be contained in R[B]. | .
Case 1. b,b,€-A4t:

|6,3,bs ] -by € ~A1 'R b, €+ 4.

This contradicts the assumption b, € Al
Therefore §b,a,b,} is not contained in R[B].
Case 2. b,b,e*Al:

|b,a,b, ]| - lamaoa'ol_ﬂ’!a'oa'mbzl 0 |bya,a,| (@=by, by)

This is a contradiction, because both |a,a,b,| and |b,a.a,| are contained in
R[®B] by the definition of *A'. Therefore {beb,} is not contained in
R[®B]. And when ¢,=b, or b,, the assertion is evident. '
So, we have the lemma 5. 2.
Lemma 5.3. |"a}~a,"a}| and ~ai, "3 € "A'—|"a} “ala,| @ | @} ala,].
Proof. -a}e-A' —|a,"a} "a}|.; "al €"A'>|"a}d}a,].
la,~a! ~al| - |-a} ~ai “a}| - | ~ala,a, | —==|0,a} ~a}] or |~al-ale,| or |-ala,al|.
And |a,"a} “d;\=3$|‘az “ala,|, and also by lemma 5.2 |-ale,"al| is not
contained in R[B].
Therefore |-al-a}-a}| and ~a}, “a} € ~A'—|-q} “ala,| @ | a} ala,]|.
[2] Decomposition of A’(s=2) ' ,
We shall consider the path af:a‘za,,, al, &, ..., a;" ¢’ for ¢, and an element
@' of A’. According to that o} in this path belongs to either *A4! or —4},
this path is said to be (+) path or (—) path respecﬁvely, and a (+) path
and a (—) path are said to be of different sort.
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In ‘A%, let *A°® be the set of all elements ¢’ which have (+) path and
~A* be the set of all elements which have (—) path.

Inner points ¢* of (—) path clearly have (—) path so that from Lemma
4.3 a* belongs to ~A'. _ _

Then A*="A°++*A°’. (this is not necessarily direct sum)

Let us define as follows: -
TAINAT="A4" ; A —TA =4 ; A —-TA =°%4",
then A°* =°4°+"A’+°%4° (direct sum).
So, we have the decomposition of A :

A=+ (A +A) =0+ (CA + A +O4") . . (5. 5)

§6. Lemma concerning R=R[3B].

In this section we shall investigate the properties of R=E[8]. We
consider the decomposition (5.5) of A. '

Definition 2. When an element &’ € A° has two paths ¢, d%, ...,0' ", &
and ¢,,'dl, ..., "¢’ Y, ¢°, then a set of elements

a,,al ...,o" N af, 'Y, L, lab e, 0 for two pé.ths of the same sort,

a', ...,a' L, a,'a* L, ..., Tl el for two paths of the different sorts,
is said to be a cyclic path constructed by a:af :a* and af‘a,, s gk,

Since by (5.4), for ~a'e-A4!, *alc *Al, {~a'*a'*a'} is always contained
in R, so we can omit a, in the latter case. ’ ‘

Lemma 6.1. For a cyclic path of different sort constructed by &:a“ :at
and c'{%,,, lat we have {of~'a’ 'a’1} € R[B].

Proof. From the definition of path we can easily see that a cyclic
path of different sort al,a?, ..., a*" %, a’,'a’" Y, ..., 'a}, a' is a sequence consti-
tufing odd elements and satisfying the condition {xyy} € R[8] for all pairs
of the adjacent elements x and y. So, by B6 and Lemma 4.3 we haire
that at least one of the f.oll‘owing three '

fa' 1o’ ’a;‘"l}, {'alata?}, {'a?'ela’} 0 el (6.1)
must be contained in E[8]. ‘
Suppose {’ala’a?} € R[B]. From (5.4) we have |a'a,’a!|.
|aal 'at | - |ala, ‘gt | emme % e%a'a, 'at|.
This contradicts Lemma 4.3. Hence |'a'a’a?| fnay not oécur, and in
similar way |'e*a'e’| may not occur. So, we have from (6.1) {a’a' 'a’"}
€ R[B].
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Definition 3. The points o (i=1, ...,1) of path &-I;:a, al, a2, ..., 0%, b are
said to be inner points of this path.

Lemma 6.2. |-a}-a} a3]—|"a"*"a} e} @ |~a3"!~a; aj| for some ele-
ment ~a;7' or ~a;"l €AY, (£ dual, s=2)V. '

Proof. We consider the paths o:;a{ bnd a,::z;, then we have an odd
cyclic path a,, ~a}, ..., "¢}, ~ai, ~a3, ~a37Y, ..., "a, a,. For this seqence con-
stituting odd elements, we have, by the similar way as the proof of Lemma
6.1, that at least one of {~ai™!-a!-al} and {a’-a)~a;"'} is contained in

R[8]
And if | a‘ =g} ~aj] and |-@} ~a}a}"'|, then
|03~ a3 - |} b 63 I g gl -0y ag ] ... (6.2)
Then a sequence of elements a,, ~al, ..., "¢}, “a37}, ..., ~al, @, is an odd
cyclic path. By the same way as the above, at least one of {-aj™%~a{™! ~a;*}
and {"a;"!~a;"'"a;?} is contbined in R[B]. @ ... (6.3)
If {“a"{*z “a;"! ~ay~'} is contained in R[®B], then by |-a ~1-g371] and

(6.2), we have |~ai™?~ai™* ~a} ~a}, ~a;"*|. This contracxcts Lemma 4.3.
Therefore {~a{™2-aj~'-a};"'} is not contained. Similarly, {-a{™ “a™! ~“a; %}
is not contained. These contradict (6. 3).

Therefore the case when {-a!™'-a]-e}} and {-a] a; a;"'} € R[B] may
not occur, {~a; ! ai "a;} {~a;! a3 "af} is contalned in R[] for some
element -a{™! or ~ai"lc~A'"L

‘Lemma 6.3. {-a;!"a¢' “a;"} is not contained in R[B]. (£ dual, s=2)

Proof. |-ai=! -a’ “a’“‘l lemma®l| -g-1 "a,z“1 “a57!|
Let us consider the path o, al“l and a, a.’“1 then by the same process as
that used in Lemma 6.2, we see that at least one of {~a!™%-¢!™-a™'} and
{~ai™' a3 ~a;"%} is contained in R[®B].

If {~ai"2-ai'-a’"!} € R, then

lemma38]

["ai™2 ~af™t a7t - | Taf maf mal Y| I e R

This contradicts Lemma 4.3, so {~ai™2 -ai~! ~a$~!} is not contained in B| B].
Similarly, {-a}~!-a}! ~e¢}"2} is not contalned in R[3B7].

Therefore {~a{™* ~¢’' “a;7'} is not contained in R[®B].

Lemma 6.4. |~a{™!-af-aj|-["a;! "a} ~al|—>|"aj ! ~a} ~a}| (& dual s=2)

llemmaS

Proof. |-a3™'-a}-a} | al“ “1-gyt

1) The notation (4:dual) means that the propositfon exchanging —a® and +a® in this proposition
is also satisfied.
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So, |-a}* “a} "} - |70} 63 "ai | s af "0} 03| @ |-ai et -ay |
And, by the Lemma 6.3 |~a{™! @} ~a}~!| is not contained in R[®B].
Therefore {~a; ! ~a] a3} is contained in R[B].

From Lemma 6.2 and Lemma 6.4 we have

Lemma 6.5. |~a}~a; a;|—|-a"!-a}"aj| |~a'~* a3 ~al].

Lemma 6.6. |~a’-a] a;|-| 6] "¢’ a’*!|—|"a¢'* "¢} ~ai| (£ dual) (s=2)

Proof. |~a'~1-a}-a}|-|-ai -0’ *1-a’ |21 -0 1 -af ~ag| @D |"a'~al ~a .
And from Lemma 4.3 |~@¢’~!-a]-a’*'| may not occur, so |~a'*!-aj-ai| is
contained in R[3B].

Lemma 6. 7. |-a}-a$-ai|-| a} a1 ¢’ —|"ai " ai e} "¢’ @

|=a] ~a} a3 and “a; € A’

Proof. |-a}-a;~a;|2==%3|-ai"1-a}"a;] @ |"a} @i @il ... (6. 4)
If |~ai"ta! ‘azl, then a cychc path *al, ..., *e' "' "aj, ..., ~a' is obtained

from the path a, o -1, path a,za, and |"a} *a’ ta’L.

Hence, by B6 {-a{™* ~a} *a’~'} is contained in R[B].

So, |"ai™-a)"ai|-|"ai!-a} +a"1lml”a;1 Tl Tay tae’ T (6.5)
From (6. 4) and (6.5), we have |-a¢{"!-¢}-a} *a’"!| @ | @} -a} as|.

And |-a}*a’ ' e’ > el €TAS

Lemma 6.8. |~ai{™!-a}-a;]-|a e’ *a’ 1| —|"ai" 0] "a} &, (s=2)

Proof. By the same process as that deriving (6. 5) in Lemma 6.7, we
may prove that {“a{-!-a} ~a} *e¢’~'} is contained in R[B].

Lemma 6.9. { a¢'~'¢’a’} is not contained in R[B]. (s=3)

Proof. For "a'~!'€"A'!, there exist two paths which are of different
sort. So, since for *a'€*A! and ~e¢'€-A', {*a'~a!~a'} is contained in
R[8], a cyclic path is obtained from the two paths “a¢'"%,ai"%, ..., *a'a,
and "¢'-ai, ..., ~a'a,. So, by means of B6, {a!~% "a¢'~la:i~?} is contained
in R[B]. Then

a2 ag e @ |- e | @ (o e e
And |aei"2"a¢’"'a’| and |a’ "a’"'aj~%| both contradicts Lemma 4.3.
Therefore {"a'~'a¢’ ¢’} is not contained in R[¥B].

Lemma 6. 10. All inner points of the path of a, and xz(x € *4%): al, ...,
a1 consist of the elements which are contained in ®A’ (s=1, ..., t—1; t=1).

Proof. For x € *A’, there exists always y such that {xyy} is contained
in R[38] and y € *A’"! by the definition of *A4°. Then, for x € *4°, there is
a path a:;c which consists of the elements-of *4° (s=1, ..y t—1). And by
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Lemma 6.9 {"a'~1a’a’} is not contained in E[B]. Then all the inner points
of this path a:\x belong to ®A°(s=1, ..., t—1).

By this Lemma, we can define as follows:

The path (a,::ou‘)+ means the path whose inner points belong to ©4°,
and the path (a::a‘)“ means the path whose inner points belong to ©4°
(s=1, ..., t=1). .

Lemma 6. 11. If there are ‘two paths (a:,\a;)+ and (a:\x)‘ for x € ~A*, then
{~a*1x *a’"1} is contained in R[B].

Proof. From the two paths (cn:,\:»:)+ and (a:;c)", an odd cyclic path
-al, ..., &Lz, *a’"L, ---, *a! is obtained. Hence, by means of Lemma 6.1
and 6.10, {~a¢*~'x *a*"'} is always contained in R[8B].

Lemma 6.12. When a'*'e€ "A'*'; o} €®4’ and a; €°A° (or af €CA* and
ay € ®A"), the necessury and sufficient condition for || ¢'*',ai,a;|| € R[B] is that
there are |a) "a’*! "a**| and |a;"a'" "a’tt.

Proof. Since it is clear that the above condition is necessary, we
shall only prove its sufficiency.

As {a} "a**!"a’*1} € R[B], path (a:,,zsi)+ and "¢’*! is a path of ¢, and
AR and as fa; "'+l "a’tl} € R[B], path ((2—;\%)‘ and "¢’*! is a path of

@**! and @,. From these paths and Lemma 6.11, we have that {a} “a‘*!
a3} is contained in E[®B].

Therefore |ai "a¢’*! "a¢’*!| and |a;, "a’*! "a’*!| are necessary and sufficient
for || &**%, a5, a3 | -

Lemma 6.13. When *a; € ®A°, then

| 0" =0} a3 - |~} ®a} °a} | — | %} 0} ~ag|. (s22)

Proof. |~a*"!-a}~a;|-|-a} ®aj ®aj|—>|%; "¢} “aj| @ |-a"*~af .
But, |~a'!-a) %] =223 |-q~1 ®af ®al|. So ®al€"A’, this is contradiction,
hence {~a*~!-a}®a;} is not contained in E[B].

Therefore {®a} ~a}~a;} is contained in E[¥].

§ 7. Sufficient condition for betweenness.

In this section, we shall prove that the system of seven conditions :
B=(BI, ..., B7) is sufficient for betweenness of set A by the following
process: _

First, we introduce by means of R[8] the binary relation p in A which
_satisfies P1, P2, and P3 and prove that if zpypz or zpypx in A[p] concerning
the above binary relation, then {xyz} is contained in R[*8] and conversely
if {xyz} is contained in R[B], then xzpypz or zpypx in A[p].
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We consider at first the case when A[+] is connected, and then the
general case A[r] as the direct sum of connected systems.
[1] Definition of binary relation p in A when R[Q] is connected.

We docompose the set A as follows:

A= a(,,+82_‘,1(*A‘+ A = aw+§(9A“+“A’+®A‘) ,

and define an binary relation for the elements of 4 as follows:
(I ~Aa,<*AL.

where ~A<a,<*A! means that ~e¢'<[a,, ¢,< *a' and ~a’<*a! for ~a! € ~A?
and *a!e€*AL
(ID) ~AXD AXS - QAT S AT~ ATYS) e ,

where A*QA*+! means that for af € A* and a**' € A**Y, if {afa**'a’*'} is
contained in R[®], then &'<a***.» And the notation & represents the
binary relation of elements of each adjacent A’’s alone.
(III) *A'S*AQD) +en CrAE QT ABIS AR - oo
(IV) When o’ € 4° and o' % € A***(£k=2), we do not deﬁne the binary relation
of ¢’ and a’**. (where A°=qa,).
(V) BA'QA*; A'QPA° (s.=even, §=2),
(V) CA'C-A*; *A'OPA° (s=o0dd, s=3).
(VI), In -4’ (s=even), for ~aj, ~a; € ~4°,

| =21 a4 0| > ~ai< "0}
(VI), In ~A’ (s=o0dd) for ~ai, ~a; € ~A4’,
|~2*~1-a} ~a}| — ~a] >"a} ("x’"l==a, for s=1).

(VII) The binary relation _> in *A*® is defined by the converse of direction
in (VI), and (VI),. ‘ ‘

The process, by which the expression u,v,w, ... and « >v, w<z... in
() are replaced by w!,v',w!... and u'<7»!, w' >2!... respectively, is called
the conversion of direction in (a). |
(VIII) The relation =y means that « and ¥ are the samé elements of 4.

From the above definition of order p, we may prove the fbllowing
lemmas : ‘ ‘

Lemma 7.1. ~A’Q%A! (="A4A'Q%A4° ) (s=even, s=2).

Proof. The binary relation p of A° and 4! (s=2) is defined by (II)
and (III) only. Among (II) and (III), the relation containing ®4°-1 is (III)
only. And ~a’€-4% ®a*"1€®4*tand || ~¢’, %’ x| > "a*€"A4A°. Hence the

1) If At+130 and al*+lc At+l, there exists at least one element a! of A! such that {alqi+!
at+1} is cotained in R[V].
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element of ~A4* which has binary-relation with an element of ®A°-! belongs
to ~4°. So, from (III) we have
~ATQPA (=TATQ ®ATY) (s=even, s=2)

When we define the binary reiation in A be (I), (II), (III), (IV), (V), (VI),
(VII) and (VIHI), A* which has binary-relation with 4°(s=even) is A*!, 4°
and A**! by (IV). From the meaning of & and lemma 6.9, A¥s which has
binary-relation with ~A* (s=even) by the above definition of binary-relation
are 471,941 4° and ~A4°’+?, and their relations are as follows:

~4* S e4 ! (by (II)); ~A’ © PA*1="4° © 94" (by Lemma 7.1)

AT O %A (by (V)); ~A'Q A (by (1))

The binary relation in ~“A° is decided by (VI).
So, we have the following lemma.
Lemma 7.2. When yc~A’ (s=even),
x>y —»>x €®41 @ ~A° (x €®4*! may occur only in the case
where y belongs to "4, b . (7. 1
y > —>x €CATI D ~A° D ®A° o ~A4'rL.
when y € ~A*(s=odd,==1), we have the proposition (conversing the directionin(7.1)).
L (7.2)
When y € *A’, we have the proposition (conversing the direction and exchanging
the sign in (7.1) and (7.2)).

For s==+1, we have:

Lemma 7.3. When ye—Al,

' x>y —-xe~Al a, O A oD A2,
y >x—>x €Al }

When y € *A}, we have the proposition (conversing the direction (see p.195)
and exchanging the sign in (7.3).

[2] .Proof of P1, P2 and P3.

We shall prove that the binary relation which is defined in [ 1] satisfies
P1, P2 and P3. As we have proved in Introduction that system P1, P2, P3
is equivalent to system P*1, P*2, P*3, we have only to prove here that
the binary relation defined in A satisfies P*1, P*2, P*3.

P*1 is clear by (VII) in the definition.

Proof of P*2:

According to A* to which y belongs, we consider about six cases:

Case 1 y—a, ; Case 2 yc~A° (s=2, even)
Case 3 ye~A! ; Case 4 ye~A' (s=3, odd)
Case 5 ye*A’ (s=2, even); Case 6 ye*A’ (s=odd)
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Case 1. y=a,:
w>yma:e+A1 ;e 2N g e-an
This contradicts ~A! A *A'==0.
Therefore, 2”>y and y >z are not compatible.
Case 2. ye~4° (s=2, even):

e>y TN peeAt @ A, (7.4)
yor IR peeAl @ ~AT @ AT 6D AT (7.5)

If >y and y >z are compatible, then # must be contained in -A*
which is the intersection of (7.4) and (7.5), and then it follows from
x,y€~A° that

x>y LN |mai yx|; vy > LN R /IR

lemma 3.2

i~“1_1 ?/xl ==§}m “a;t —aflli

So, ety e malm e Y e ay |,
Hence, e g e ey | m =y

This contradicts ==y, so # >y and y >z are not compatible.
Case 3. ye~A':
ey re-A' @ a, @ TA' @ “A% . (7.6)

lemma 7.3

y>r ——S>xe~Al

If 2>y and y >z are compatible, then x must be contained in A-!
which is the intersection of (7.6) and (7.7), and then it follows from
x,y €~A! that

~ [445) V1)
>y ==|a.xy| ; yr =—|ayx|.
So, - e,y |aye|—>z=1y.

This contradicts x=Fy, so # >y and y >x are not compatible.

Case 4. y€~A’ (s=3, odd);

By coversing the direction in the proof of Case 2, we can prove this
case in the similar way. A

Case 5. ye€*A® (s=2, even)

By conversing the direction and exchanging the sign in the proof of
Case 2, we can prove this case in the similar way.

Case 6. y€+*A’ (s is odd):

By exchanging the sign in the proof of Case 2, we can prove this case
in the similar way. And when y € *A4!, by conversing the direction and
by exchanging the sign in the proof of Case 3, we can prove in the similar
way.
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Therefore, in all cases 2>y and y > are not compatible.

Before proceeding the prcof of P*3, we prove the lemma :

Lemma 7.4. When and only when {xyy} is contained in E[B], one and
only one binary relation of x and y is defined.

Proof. If there exists the binary relation of 2 and v, then from (5. 4)
and the definition of binary relation, it follows that {ayy} is contained in
R[®B]. And conversely, we shall prove that if {ayy} is contained in E[¥],
then there is defined the binary relation for x and v.

Suppose y€~4’.

lemma 4.3
and 6.9

loyy]- ye-A"2E s xeod-1 @ 4™ @ AT @ ~ATL

We consider separately about two cases:

Case 1. 2 €®A™! @ ®A"! @ ®A4" @ ~A'"!
There exists an binary relation of # and y from (II), (II) and (V) in the
definition of the binary relation. And by P*2 there is only one binary
relation of x and y.

Case 2. we~A'.
By Lemma 6.5,

leyy|—|"¢oy| @ |"a"Pyx| 0 ..l (7.8)

So, by P*2 and (7.8), there is defined one and only one binary relation for
~x and v. ,

Therefore, if {ayy} is contained in R[®B], then there exists one and only
one binary relation for 2 and y.

Proof of P*3:V

We consider about the six cases, similarly in the proof of P*2.
Case 1. y=a,:

s>y 8 perAr Yy >z LIV ze-Al
Then, from (I) in the definition of binary relation, we have >z.

And, by means of (5.4), {xa,z}={zyz} is contained in R[®B]. ......... (7.9)
Case 2. ye€~A* (s=2, even):

lemma 7. . ‘ .
r>y-ye-AT S p e A 6D AT (®A! may occur only in the case
where y € "A").

According to A* to which = belongs, we consider about the two cases.

1) 1In the proof of this assertion, at the same time we shall prove that if x>y and y>z
then {xyz} is contained in R[B] at the end of each case.
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(@) xe~A% ye~A*; (b)) xe®A™, ye 4.
(@) xe~4° ye~A*:

def, (VD

x>y and x,y € A ——>|"a{ x| e (7.10)
¥z mmatlyez] e, (7.11)

On the other hand, \
Yoz A 04T 6B ~AT @D PA° @ ~A'!

According to A* to which z belongs, we consider three cases:

(a)) x,ye"A°, z€94"! @ ~A],

(ay) x,ye-A% z€e~A4°,

(a3) x,y €A%, z€®4".

(a,) x,ye~A° z€°4°1 op ~A°+

From (7.10) and (7.11) we have |~a’~'yz| and |yzz|.

Iemma 6.1 (6.6) lemma 3.2

=@l tyz| - |yzz| ————— | zyx | =——=|zzx|. ...l (7.12)

Hence, from (7.12), (II) in the definition of binary relation and xe-4°,
Z€9A4*t gp ~“A*'!, we have x >z.
(ay) z,ye~A’, z€~A°:

lemma 5.2

>z 25| a0y ey |2 el yy |

From (7.6), we have |~a}~'yx| and |~a; 'yy|.

So, |=ai~tyx| - | =0} lyy | 2| may e .
I—ai-lzy| - |~aitye | 222 -tz ). ... (7.13)

Hence from (VI) in the definition of binary relation and «, z € “A°, we have
x>z,

(a3) z,ye~A’, z€®A":
From (7.10) and (7.11) we have |~a{~'yx| and |yzz|.

|~at=lyz| - |yez| ' 2222 2y | = |20x]. e (7.14)

Hence, from (V) in the definition of binary relation and x €4, z€%4°,
we have x_>z.
(b) 2e®A™1, ye A

P>z S s e 04 @ AL

According to A* to which z belongs, we consider two cases:

(b,) z€OA™!:

s>y —|wyy| ; vy —|yzz].
rE®AL, yc A, z€CA,
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Hence, by Lemma 6.12, {xyz} is contained in R[®B]. = ........ (7.15)
So, | wyz| =222 | 22z |

Hence from (V) in the definition of binary relation and x € ®4A*1, z €94,
we have &>z,

(by) zE"A‘:
>z (s=even) “=5 | ratlyz| 5 @y —|ayy|.
|*at1yz| - |wyy| ——20 | gy | 220 wze]. e (7.16)

Hence from (III) in the definition of binary relation and x €®A4*-1, z€*A4°,
we have o >z.
Case 3. ye~Al:

>z e -Ar; Hence y,z€-AL

So, from y >z we have |evz|. .. (7.17)
On the other hand,
>y TNy e-Al @ a, @ TA' @ ~AL
According to ~“4%, a,, *A!, A% to which « belongs, we consider about
the four cases:
(@) z€~A4Y y,z€"A':
def. (VD

x> —
And from (7.17) we have |a,xy| and |a,yz|.

——|azy|.

lemma 3.7

Sb, . Ia, xy‘ la, yzl——- la, xyz| ......... (7.18)

Hence, from (VI) in the definition of binary relation and z,z¢€-A4!, we

have x>z.
) x=a,, y,z€"Al:

From (I) in the definition of binary relation, we have a>z.

Furthermore, from (7.17) |a,yz|=|zyz| €R. I (7.19)
(¢) we*AY, y,z€~A:

From (I) in the definition of binary relation, we have z>z.

Furthermore, x€*A!, ye~A! £ |za,y| - .

And from (7.17), we have |a,yz| and |za,¥|.

|2,y | - | a,yz| — | 2yz|. e (7.20)

(d) xe~A?% y,ze-A':
From (7.10) and (7.11) we have |a,yz| and |zyy]|.
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lemmn 6.6 lemma 3.2

So, |a.yz| - |2y | |xyz| lezz|. ...l (7.21)

Hence, from (II) in the definition of binary relation and » €~A2, z€~A4?,
we have x>z.

Case 4. y€~4° (s is odd and =3);

By exchanging  and z and by conversing the direction in the proof
of case 2, we can prove this in the similar way.

Case 5. y€+4® (s is even and =2):

By exchanging « and z and the sign respectively, and by conversing
the direction in the proof of Case 2, we can prove this case in the similar
way. E

Case 6. ye€+A° (s is odd):

By exchanging the sign in the proof of Case 2 (s>3), we can prove this
case in the similar way. And when s=1, by exchanging « and z and sign
respectively, and by converéing the direction in the proof of Case 3, we
can prove this case in the similar way.

Therefore, in all cases it is proved that the binary relation satlsﬁes
P*3. From the above discussion, we can conclude that the binary relation
which is defined in [1] satisfies P*1, P*2 and P*3, and so is a patial order.

Moreover, we stated in the proof of each case of P*3 that if a >y
and y_>z, then {wyz} is contained in R[®¥].. ... (7.22)
[8] Proof of the fact that x=y>z or a<y<z —|wyz|.

We consider about the case when a#>y>z. In this case we consider
about the following four cases:

Case 1. x>y >z ; Case 2. z=y, ¥y >z

Case 3. x>y, y=z ; Case 4. zx=y==z
Case 1. 2>y >z:

If &>y >z, then from (7.22), {xyz} is contained in E[¥B].

Case 2. x=y, ¥y >z:

Y >z Eﬂlyyzl, hence |yyz|={2yz} € R[B].
Case 3. >y, y=z:

x>y —ITMIwyy], hence |zyy|={xyz} € R[B].
Case 4. z=y==z:

From Bl, {xaxx} is contained in R[¥B], so {wxyz} is contained in R[B].

Therefore, in all cases, z=>y>z —|zyz|.

And we can prove the case when x<y<z in the similar way. Thus,
we have x>y=z or x<y<z-—|zyz|.
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[4] Proof of the fact that |zyz|—>x=y=z or v<y<=z.

lemnma 3.

|wyz| 222 (|oyy |, |yez| and |azz]).
emma 7.4

|wyy| =S o>y @ s=y @ sy .
lemmat.4 .

lyzz| ———= y >z @ y=2 @ y<z.

By combining the above cases, we see, from Lemma 7.4, that only one
case among the following nine may occur :

1) a>y-y>z; (4) a=y-y>z; (1) a<y-v>z,
2) a>y-y=z,; (B5) wv=y-y=z,; 8) xy-y=z, ; ... (7.23)
(3) a>y-y<z; (6) a=y-y<z; (9) +y-y<z. ]
In (7.23), (3) 2>y and y<z and (7) *<y and y >z may not occur.
For; (3) a>y-y<z:
|oyz| 2 per | 2 e @D =2 @ ¥<Z. e (7.24)

We consider about the three cases according to the relation of x and =.

(@) a>z:

x>z and 2>y L ey .

So, |xyz|-|wzy|—= y=z. This contradicts y<z. Hence, >z may not
occur.

b)) z=z: ‘

|wye|=|oyx | 222 p—y. This contradicts 2>y. Hence =z may not
occur. .

() x<z:

2> and 2>y 2 ey | ; |ayz| — |2y |.

Hence, |zyx| and |zay|—=> x=y. This contradicts to a>y. So, #<z may
not occur.
Therefore, in this case no order between x and z exists. But this fact
contradicts (7. 24).

Thus, Case (3): 2>y and y<z may not occur.

(7) <y and y >z:
By conversing the order in the proof of the case (3), we can prove similarly
that the case (7) may not occur.

Therefore, if {ayz} is contained in R[B], theq x>y and y=>=z or *<y
and y<z. And, as this order satisfies P3, then we have

|oyz| > x=y=2z or x<y<z.
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From the above discussion, we can conclude that when A is connected,
conditions BI, B2, B3, B4, B5, B6 and B7 are sufficient for betweenness of
set A. _

By conversing the order in a partially ordered set we have a partially
ordered set (which is dual to proceed). So, in A, we may introduce at
least two kinds of order from R,[®B] when R*[®8] is not the only one
element. _

(IX) In general case when Azg A., we do not define the order of the
element of 4, and that of A, (u==»). ... (7.25)
And, we define the binary relation in each 4, as in [1], then A[p]=
%}Au[p,‘] becomes a partially ordered set. For, A[p] is a direct sum of

partially ordered sets A.[p.] (from §4 and (5.1)). Moreover from the
Lemma 4.4, (5.1) and (5.2) if >y=z or ¥<y<z in A[p], then {wyz} is
contained in R[8], conversely if {ayz} is contained in R[8B], then a=>y>=z
or x<y<z in A[p].

Therefore, in general case, conditions B1, B2, B3, B4, B5, B6 and B7 are
also sufficient for betweenness of set A4.

From the above result and Theorem 1 and 2, we have:

Theorem 4. The system of conditions B (=BI1, B2, B3, B4, B5, B6 and
B7) is mecessary and sufficient for betweenness of set A. And these conditions
are mutually independent. "

§8. TUniqueness of order.

In this section, we shall prove that if the binary relation which
satisfies P1, P2 and P3, i.e. partial order, may be introduced in 4 from R[¥8],
then this order is uﬁique.”

We perform the decomposition of 4 into connected systems: A:——g A,..

First, we shall prove that :

If the partial order can be introduced in A, from R[], then there .
are only two kinds of order, and the one is dual to the other.

Proof. We assume that a partial order p is introduced in 4, from
R,[®B]. We take any element a,(x) of 4., and fix it. And similarly as
in §5, by means of distance for B,.[8] we decompose the 4, in the form

Ay =a(p)+ (A +ATP.
§=]

1) Equivalent partially ordered sets are regarded as the same.
2) In this section, putting off the suffix p in +Af (or ~AL) we write +A* (or ~A%) for
+AL (or —A}L) in the case when any confusion may not occur by it, :

— 203 —



K. MORINAGA and N. NISHIGORI (Vol. 16

From (5.4), when *A!==0,
~al, €A and “*a}, €A —>|~al, a, *al,].
When *A'=0, we have only to consider the proof concerning to a, and
-A! in the following proof.
Since a partial order p is introduced in 4,,
|~a}y @, *aty = "a'y<a,<tal, or “aly=a,=%al,.
And -a},, a, and *a!, are distinct, so we have
—-0’10<a'w<+a'10 or —a10>a'm>+a'1()‘

Then we consider about two cases: _

Case 1. ~a',<a,<*a',. Case 2. -al,>a, >*al,.

Case 1 ~a'y<a,<"aly .

For any element -a'€-A! and *a'€*A!, from (5.4), we have that
{~al, a, *a'} and {~a'a, *a',} are contained in ER[B].

So, |~ay a, tal| and —a'<le, = a,<*at,
and |~a!a, *aty| and a,<*a, = "a'<a, .
Hence, “a<a,<a! ie. ,
“Ala, A, Ll L(8.1)

Next, by the mathematical induction we show how the order for ~A*!
and ~“4° may be. First, we consider about the order for —A! and ~A42
When ~a? € “A4?, there exists at least one ~a!( € “A!) such that {~a! ~a?~a?}
is contained in R[B] from the definition of “A%. Let —a! and ~a? be element
of —A! and of ~A? respectively such that {~a! ~a?~a?} is contained in B.[B].

So, |~a'~a? ~a?|= "a’'<"a? @ ~a! >"e% (with respect to the order introducd
from R.[B])
Only the case ~a'< ~a? may occur among them.
For: Let us suppose ~a'>"a%
From (8.1) and ~a'>>"a? we have a, >"a¢'>"a’
a, >"a > = |a, ~a ~a?|.

This contradicts Lemma 4. 3, hence ~a¢'>"a?> may not occur.

Therefore |~a! ~a?~a?|= ~a'<~a?; i.e. it must be

“ArO -4 (8.2)
Assuming ~A*~'Q ~A*’ (s is even), we shall prove ~4° S ~4**.
For the element ~a’+! €~A%*!, there exists at least one element ~a* for
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which {~a’~a’*! ~@’*!{ is contained in R[®B] from the definition of ~A4°’*1.V

Let —a*€~-A4*, “a'*1 € ~A**! be two elements such that {~¢° ~a¢**!-a’'+'} is

contained in R[8B].
|~a’ ~a’* ~a’ = —a’<~a’tr @ "o’ >"a’ L.

We shall prove that only the case e’ >"¢**! may occur among them.
For; Suppose ~a'<~a’*l.
From the assumption: -A4*!'&) ~-A4° (s is even) and (8. 3), there exists at
least one element ~@*!( €~A*?!) such that —a’~<~a¢’. Therefore we have
—a*-1<~a*<~a**), so |~a*~1¢’~a'*!|. This contradicts Lemma 4.3. Hence
~a*<~a’*! may not occur. Therefore ~a'>>"a’*l, i.e. it must be

—A* O ~A*+! (s=even) L (8.4)
By the same manner as the above, we have:
TATI O A (t=o0dd) > AT 4. Ll (8.4
From the above results, the order for “A‘ (=1, 2, ...... ) must be as -
follows:
TATQ CARD ... O ATIQ AT O TA™IQD ... ...(8.5)

By the same process as the above, we may conclude that the order
for *4* (i=1, 2, ...) must be as follows:

TALQ tA2Q) ... QTAFIO AT Q tATNILS ... ...(8.6)
~ Next, we consider about the order for elements of ~A® (s is fixed).
Let ~¢ and ~a; be two elements of ~“A* such that {~a¢}-a} e} is con-
tained in R[¥B].
|0} ~a} ~af| === |"a* "0} 3| @ |~a}~a}er].
So, by (8.5) and (8.6) the order for ~a} and ~a} must be as follows:

When s is even |~a** ~a ~af| — ~ai<"ai = ........ 8.7
When s is odd and s=3 |-¢*~'~a}-a;j|—"aj>"a; ... (8.8)
(for s=1, see (8.1) considering ~e¢*~! as a,).

Similarly' we have that the order for elements of *A4* must be dual to
to the order in (8.7)and (8.8. ... 8.9

Furthermore, we consider about the order for ©A4* and ®4°.

Let @’ and ®a' be two elements such that {S¢*®a’ ®a’} is contained
in R[B].

1) By this fact (8-5): —-A’S—A**! is not trivial.
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lea' G?af @u' l — ea‘>@a" @ ea"<@a'3

We shall prove that only the case a*>>%a’ (for s is even) may occur among
them. ' .

Suppose G < ¢’ e (1)
From (8.3), we have that there exists one element ~a’~! such that
f-a’~! ©¢® ©¢*} is contained in R[B]. From (8.5), we have that

{~a’~1 %q ¢’} € R[B], s0 |~a¢’1% €a’| — ~a’"<®a’.  ....... ..(ii)

From (i) and (ii), {~a’!®a’ ®a’} € B[B].
So, |~a'"!®¢’ ®a’| —|-a*! ®a’ ®a’|, hence from the definition of ~A* we have
oqt €~ A" : ‘
This contradicts ®a’ e *A*, so ~a’<®a’ (s is even) may not occur.

Hence, it must be that —a”>%’, ie

OA4°* S ®4° (for s=even). ceveeena (8.10)
Similarly, it must be that . ‘
SA*Q%A4* (for s=o0dd.) ... (8.11)

Moreover, by the Lemmas 4.3 and 6.9, the A* which may have the
relation with ~A4°* is ©A*1, 84", ©4°, ~A* and ~A**1., So, the above discus-
sions exhaust all cases which must be considered.

From the above discussions, we conclude that for the case 1 if a
partial order may be introduced by any manner in A from E[®], then the
order must satisfy the conditions (8.1), (8.5), (8.6), (8.7), (8.8), (8.9), (8.10)
and (8.11). (This system of conditions (8.1)—(8.11) is the same as the
system' of (I) (II) (IIT) (V) (VI) (VII) in the definition of order in the previous
section.)

Case 2. ~aly >a, >*al, ‘ .

For this case, similarly, the conditions (8.1)...... (8.11) which are obtained
by conversing the order in (8.1)—(8.11). So, in this case: if a partial order
may be introduced in A,, then the order must be dual to that in Case 1.

Thus, we have:

Theorem 5. The partial order which may be introduced by any manner
in A, from R,[B], must be that obtained in §7 or its dual.

The case when R[] is not connected: A[R]:g AJR].

There are no elements & and y such that x€A4,,y€ A4, and || 2,9,2|
€R[B] as we have seen in §4 and (5.2). So, in partial order which may
be introduced in A from R[®B], there must be no order for elements 2z c 4,
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and y € A, (). (This condition is (IX) in §7.)
And the orders in 4, and A, are independent of each other.
* So, from the above and Theorem 5, we have:

Theorem 6. We can introduce one and only one order in A from R[B]
except for equivglent.

Equivalent orders in connected essential set? A.[R] are, clearly, some one
and its dual, so we have: '

Corollary : We may introduce just 2°==Fkinds of orders in A from R[B]
when ¢ is power of the index set {x} of essential connected sets A[R7] in the
decomposition : A[R]:Zﬂ] AJR].

§9. Other complete systems and remark.

We shall investigate the systems 8’ and B” which are equivalent to
the system B (=Bl, B2, B3, B4, B5, B6, B7). ' ’

I) The system B is equivalent to the system 8':» ... 9.1)
Bl. |eaa| for all a.

B2. |abxz|—|aab]|.

B3. |axb|-—|bza].

B'! B4. |axd|-|adbx|— x=b.

B5. |axb|-|xby|w=4=b—|aby]|.

B6'. [6:05%:] - | 02052, ...... | @ i1O1Zan i || €0 110 s ]
B7. |abc|-|bdx|—>|abd| @ |dbe]|.

For, from the Lemmas 3.2 and 3.3 we can easily obtain B6’ and B7’
from B so that B OB'; and conversely the system B follows from B’ by
means of BB, '

The condition B4”: |xzab| and |xba| are not compatible, is equivaient
to B4 since the former is the opposition of the latter.» So by the similar
way we have that:

II) In the system B the conditions B4, B6 and B7 may be replaced by
B4”, B6" and B7” respectively. e 9.2)

B4’. |xzab| and |xba| are not compatible.
X1B6". | ay,ay |l || a2, | ...... | @ans1s @1 Tansy |l _"dia'HlaHzl'
B7". ‘|abe|- || b,d,z || —|abd| @ |dbc].

1) Essential connected set means the set centaining more than one element.

2) |xyz| means that {xyz} bzlongs to R[Z]in which Z is a system of conditions considered
in that place.

3) If we write the condition B4” as |xef|-|xfe] being not compatible, we can easily see
that fact.
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III) And the system B is equivalent to the system B/:  ...... 9.3

Bl. |aaa |’ for all a.
B2". |z, y,z |l —|ayyl.
B B3. |axb|—|bzal.
B4/. |xzab| and |xba| are not compatible.

B6". || ay, @y, 2, || - || @052, | ...... | Ggnirs @1y Tansr || =] 0,010,451

B7'. |abe|- ||b,d, x| —|abd| @ |dbe].

Proof. Since the condition B2” is the same as Lemma 3.2 it follows
that B>B” from (9.2). And conversely, B2” contains B2 and B5 follows
from B”. For;

(1) In the case where 2,b and y are all distinct we have

|aab] - |wby| —|2by|- || @, 2, b | ;E—Z>|abyl o0 |aba|, on the other hand |zba|
(i.e. |abz| from B3) and |axb| x==b are not compatible from B4’. So we
have |axb|-|aby|x==b —|aby].

(ii) In the case =y we have |aby|—|abx| =222 x=b, hence the assump-
tion of B5 may not occur.

(iii) In the case y=b, we have |axb|— | a,2,b || —-—32—1>|abb|,

so |axb|-|aby|x==b —|aby|.

Hence we have 87 >B5. Therefore B >8B. So we have B=3".
Furthermore from the examples 2, 4, 6, 7 and the following examples

10 and 11, the conditions in B” are mutually independent.

Example 10. Set A consists of ¢ and b, set R: O.

Example 11. Set A consists of ¢ and b, set R : }{abb}{baa}{aaa}{bbb}.
From (9.1), (9.3) and Theorem 4 we have the systems B is complete

conditions® for betweenness of set A and also B”. ... (9. 4)

Remark :

In §1.--§8 we have investigated the system of conditions for between-
ness on the set A in the case where A4 is given at first. The betweenness
in this case is called betweenness of set A.

As the system of conditions of betweenness from the standpoint of
discussing only the character of interval without considering the set 4 at

the start, i.e. the standpoint of characterizing the betweenness for some
set (wheré only the conditions for R and the order of elements in R* are
discussed), we have the following :

1) Complete conditions mean the conditions which are necessary, sufficient and mutually
independent.
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( G-B(12). |zyz|—|zzy]|.

B3. |axb| —|bza].

B4. |axb|- |abx| > 2 =0.

B5. |aab| - |xby | z==b —|aby|.

B6. | @100 - | @,05a5] ....... | Gans 1090 | —| 0010y 0]
. B7. |abe| - |bdd| —|abd| @ |dbc].

&-B

This system is called the system of conditions for betweenness.

Theorem 7. This system of conditions characterizes the betweenness of
some set.

Proof. First we prove.that in R* the system &.B is equivalent to
the system B. The system B follows from the system &.8B. For, |xyz|

s gy | =225 |wxx|. And |zwy|=S|yzx|, |eyz|2|eye|. From |yzx)

and |zyz| we have |yyy| and |z2z| by the similar way as the above. Hence
for any element x of R* there exists |xzx|. The condition B2 is clear
from G-B(12). Therefore we have -8 —B.

Conversely, the system &8 follows from the system 8. The condition
G-B(12Y follows from the system 8. For, (i) |zyz|z=y -—"L[xxxls{xxyl.
(ii) |wyz|z=£y ——>|2xy|. So we have B—®.B. Therefore the system &-B
is equivalent to the system 8.

Thus, from Theorem 4, the system of conditions ©-B is a complete
system for betweenness (of B*). So we have theorem.

From (9. 4), the system of conditions &-B" (=B2/, B3 B4”, B6”, B7") is
also o complete system ofconditions for betweenness.

§10. On the axioms which have been discussed by G. Birkhoff, E. Pitcher
and M. F. Smiley.

In this section, we shall consider the conditions which have been
discussed by G. Birkhoff, E. Pitcher and M. F. Smiley.

The necessary conditions for betweenness stated by G. Birkhoff> are as
follows :

(1) (axd) implies (bxa).

(2) (axb) and (abx) imply x=b.

(3) (axb) and (ayx) imply (ayd).

(4) (axb), (xby) and x==b imply (aby).

(5) (abc) and (acd) imply (bed).

1) G. Birkhoff: Lattice Theory, Am. Math. Soc. Co. Pub. (1948).
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And, E. Pitcher and M.F. Smiley obtained the three conditions which
are independent of (1), (2), (3), (4) and (5),

(6) (abe), (ade) and (baxd) imply (axc).

(7) (abc), (abd) and (cxd) imply (abx).

(8) (abe), (abd) and (awbc) imply (xbd).

Adding to (1)—(8), the following condition is necessary.

(9) (abe), (bcd), (abx) and (xed) imply (bxc).

The above conditions (1), (2) and (4) are the conditions B3, B4 and B5
respectively: (1)=B3, (2)=B4 and (4=B5. @ ... ....(9.1)

We shall prove that the condition (9) is necessary and that the nine
conditions (1)—(9) are independent of each other.

Proof. If (abe), (bed), (abz) and (xed), then only one case among the
following two may occur, because @, b, ¢ and d are distinct.

(1) a>b>c, b>c>d, a>bz=x and x=c >d.

(2) a<bd<le, b<lce<d, a<lb<z and z<e<d

Then in the case (1) b=x=c and in the case (2) b<z<c, so in all
cases, (bac) must be contained in R[®B].

Next, we shall prove that nine conditions (1)-—(9) are mutually
independent. '

By the examples 3, 4 and the following examples 12, 13, 14, 15, 16, 17
and 18, each of which satisfies the eight of the nine conditions respectively,
except oné, we prove the above proposition.

Examplel set A system R
12 |a,b,cl{aab} {baa} {aca) only (8) 1s mot
13 l|a,b,c,d/fabe} {cba} fbed} {deb} @ .,
14  |a,b,c,d|{abc} fcba} {abd} {dba} {acd} {dca} (B) »
15 312’0 fabc} fcba} fade} {cda} {bed} {deb} ‘ 6) »
16 |5 2 liabo} febay {abd) {dba} {ced} {dec} M
17 g: Z’C fabe} {cba} {abd} {dba} {ebe} {cbe} @ »
18 3, l;,é gabcg fcba} {bed} {deb} {acd} {dea} {abd} {dba} O
| , abe} {ebai {ecd} {dce} |

1) E. Pitcher and M. F. Smlley ’lransxtlwt:es of betweenness: Trans. Am. Math. Soc.
(1942).
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Now, we have the following result : »

[1] The system of conditions (1), (2), ..., (9) follows from the system of
conditions B1,B2, ..., B7. ’

For: since the system of conditions Bl, B2, ..., B7 is necessary and
sufficient for betweenness of set 4, so the system (1), (2), ..., (9) must be’
obtained from the system of conditions B1, B2, ..., B7.

[2] Each condition of Bl, B2, B6 and B7 is independent of the con-
ditions (1), (2), ..., (9) and the remaining three conditions of B1, B2, B6
and B7.

By the examples 1, 2, 6 and 7 (page 183) we may show the above.

From the above discussion, we have the conclusion :

The nine conditions (1),(2), ... ,(9) are necessary and independent of each
other, but are not sufficient for betweenmness of set A.

Chapter II
On betweenness of special cases

In this chapter, we shall investigate the betweenness of set A when
the system A[p] is the followingv special system: [1] bounded, [2] being
connected and having center,” [3] having one extreme element, [4] having .
two extreme elements [5] simply ordered.

We shall obtain the following result : .

The systems of axioms for these special cases are obtained by replacing
merely B6[1], B6[2], B6[3], B6[4] and B6[5] respectively for B6 in the
system of axioms in general case. (Cf. B[S.1], B[S.II], B[S. 1] B[S.1V]
and B[S.V]). '

In this chapter, |a2yz| means that {xyz} belongs to R[Z] in which Z
is a system of conditions considered in that place.

§1. Case I. Bounded.
In the decomposition of 4: A=214,=23(314.L+a.(ux)), we can easily
see from the definition of A4} o
b=0-A%2=0 (t,>t,).
When, in particular, A, ::g]:A;i%—aw(/ﬁ) (m, is finite), 4, is said to be

bounded. This is eqivalent to that the distance of any two elements in 4,

1) Definition ofv center is different from that being used in Lattice.
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is bounded, so that it is independent of choosing of @,(u). But, the value
of m, depends on choosing of a,(x). The minimum value m} of m, for all
'a‘,,(,w)( € A,) is said to be the radius of connected set A,[R], and an ad(x)
for the m? is said to be pseudo center, and specially the pseudo center for
the radius one is said to be center. When the set of radii of connected
sets A, in A=3A4, is bounded, 4 is said to be inner bounded, and the
maximal radius A.(x), is said to be inner radius of A.

+  When the inner radius of A is equal to r, in the proof of the sufficiency
in §7, Chapter I, the condition B6’ has been used for only n<rV: ie.
| 0,052, | - | @a52, ] ... | @ops 101 Z| =] @@y 100 | (fOr =1,2, ..., 7 and at least
one i, (1<i<2n+1)). We shall write this condition by ﬁﬁEBG[I]. And by
[I, examples 1,2, 3,4, 5,6, 7, 8] (page 183) we can easily see that the
conditions Bl1, B2, B3, B4, B5, Br6 and B7 are mutually independent.

Therefore, from [I, Theorem 4] we have: ,

Theorem 1. When the inner radius of A is equal to v, then the system
of conditions : B[S.1]=(BI, B2, B3, B4, B5, B6, B7) is the complete condition
for betweenmness of set A, where

B6: |00y, |05 | ... | Ganes@anes| = 0810

’ for n=1,2,...,r and ot least one i (1<i<2n+1).

§2. Case II. Being connected and having center.

In pari:icular, from the Theorem 1, the condition for betweenness of
set A such that A is connected and has center, is the .system: B0, Bl, B2,
B3, B4, B5, B6, B7, where

‘BO: |a,xx| for all # and some one g, ,
éﬁ: |@10.21 | + | 02052 | + | 030,25 | — || @y, €, 05 ] -

By taking b as center a, in the following example and [I, examples
1,2, 3, 4,5, 6, 7] (page 183), each of which does not satisfy only one of the

the conditions B0, ...... , B7 respectively, we see that the conditions Bl, B2,
1
B3, B4, B5, B6 and B7 are mutually independent. '

Example 1. Set A consists of ¢ and b, system R: {aaa}{bbb}
(only B0 is not satisfied)

1) When the inner radius of A is equal to r, the number of elements of cyclic path is at
most 2r+1.
2) [I, example 1] means the example 1 in Chapter I.
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Next, we shall investigate the other complete conditions for between-
ness of set A such that A is connected and has center.
Theorem 2. The system of conditions: B[S.II]=(B1, B2, B3, B4, B5,
B6[ 2], B7) is the complete condition for betweenness of set A such that A is
connected and has center, where
B6[2]: |z, 9,2z]l = |laya,yll for some one element a,.

Proof. First, from B0, there exists |a,zz|, |a,vv|, so by the lemma 3.2
1
lagz| - ||z, v, 2]| - | yya,| === || @y, @, 7 || -
Hence condition B6[2] is necessary.

Conversely, we shall prove that conditions B0 and I§6 follow from
conditions B1, B2, B3, B4, B5, B6[2] and B7.
Putting x=y in the condition B6[2], we have B0, and we shall prove

that condition f’)(i follows.

lalalelﬂg @@, asll, L 2.1

I“z“axz\”‘_’:em lagagasll. (2.2)
672

103“19531”“—]) fayas,a . (2.3)

Combining (2.1) and (2.2), we have the cases:

(I, lenwms 5.6)
1) |@p@is]« | Go®ats] 0 | @0y« | o000, ] J‘:;[ala'zaal

2) |@yea, |- |apesa,] © According to (2.3), we have the cases:
(1) Jo®s0] @ |6@s0, ]« |@ya,0,) L | @30, | -
(i) @] @ 1800105] - | 0y050,]

1, lemma 3.6)

e 0,050, |

(i) | @ae0s] : lfh%%l : ‘%%“z]éla’l“?’“z‘-

(I, lemma 3.63
e | 4,0y |,

3) a0, ] [0a0es | 1 [ 0y015] + | @,00,]
5
| @201 | - l“l“oazlglaz%%‘-
4) |a@ya,a,] : In this case, in the similar way as 1), 2) and 3), we can
prove that it follows that | e, a,,0,| € R[B[S.I]].
5) [0106@s ]« | @085 ] 1 | @100 ] - ‘“0“2‘7'3‘:2;' | @100 ] -
6) |a.,a00,| - |ay@;a,| : By the similar way as 3), we have |a,0,a,]|.
7)) |a@e,) - |@yaeas| : According to (2.3), we have the following cases:
(1) |a®sa,]| 2 |a204as] - ‘00“3‘1'1':35%']“2“3“11’

.e B5
(i) |a@@s] | 0y0e0 |+ | 00105 | =—> | @ya,05 ],

ese B7
(1i1) | 61800s] 1 | @180z |« | G005 | = | 010005 | @ |as0,0,].

But both |a,a,a;| and |a;a,0,] must be contained in R[B[S.II]], so
this is contradiction. Hence, this case (iii) may not occur. Thus we have
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B6. And [I, Lemma 3.6] follows from conditions B2, B3, B4 and B7 (page
185). So that, the conditions Bl1, B2, B3, B4, B5, B6[ 2] and B7 are sufficient.
By taking b as center a, in [I, Examples 1, 2, 3, 4, 5, 6, 7] (page 183),
each of which does not satisfy only one of the conditions B1, B2, B3, B4,
B5, B6[ 2] and B7 respectively, we see that these conditions are mutually
independent. Thus we have Theorem 2. '

+

§3. Case III. Having one extreme element.

In this case, A is connected and has center, and so we have:

The condition for betweenness of set A such that A has one extreme
element, is the system BO, B0/, B, B2, B3, B4, B5, fBG and B7, where

BO': |zaw|—>2x=a, or y=a, for some one element a,;

and @, is the extreme element.

We see that the conditions B0, B0/, Bl, B2, B3, B4, B5, éG and B7
are mutually independent, by taking b as a, in the Example 1 and [I,
Examples 1, 2, 3, 6] (page 183), each of which does not satisfy only one o.f
the conditions B0, B1, BZ, B3 and éG respectively, and from the following

examples.

Ex-
ample

‘ set A . system R

2 qo,a,b{aaobg {ba,al, faa,d} {dasal, §basct {cabl,fca,d} {da,cli only BO/

c, d |faya,0}ian,a,}{a,aal faaa,l, {a,a.b} {ba,a,} fa,bb}{bba,}| is not
{@otec} feayto} faycet fecayd, {aoa,d} {daya, } faydd} {dda,} satisfied.
{aab} {baa} $abb} {bbal, {cad} {daa} fadd} {dda} ‘
{bbc} {cbb} {bee} feebl, fced} {deel fedd} {dde}
1 fa,a,a,} fana} {6bb} fceel fddd}
|3 |aya,bliaab} faba} {baa,} faba,], - only B4
: c § @t} f a0, } faaal faaa,l, fa,ab} {baya,} {a,bb} {bba,} is not

fag@ect {caom,t, fasce} fecay {@ae} {caa}l {acel {ccal, | satisfied.
\ {bbc} {cbb} §bec} fccbi, faab} {ban} {abb} {bbai, !
| fabe} feba}, {a,ac} feamy}, fa,be} febay} fagan,} (oo}

fa,ao,} Saaa}l §bbb} feecl
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4 |a,a,blianb} {baa,l, {abe} {cba} {abd} {dba} {a,act {caa,} only B5
c,d |{a.bel {ebay} fa,del fedayt fabd} {dba,} §bde} fedb} | is not
{aab} {baa} {ab } §bba}, {bbd} {dbb} $bdd} §ddb} satisfied.
faac} {caa} {acc} {ccal, {dde} fedd} {dec} f{ced}
{00000} {aa,ao} {a,aat faaa,}, {aa.b} {baa,} {a,bb} {bba,}
{aoaod} {daya,} {add} {dday}, {a,a,c} {cagaod {ayce {ecay}
f{bbc} {cbb} {bee} {cebl, {a,0,a,3 Saaal $bbb} {ccel {ddd}

5 @y a,bliaact {caa,} {abel fcba,} fabat §aba,} fabe} {cba} | only B7
c faab} {baa} {abb} {bba}, {bbe} {cbb} {bece} fcch} is not
faac} {caal {acc} {ccal, {a,a,0} jaa,a,}l {a,aal {ana,} | satisfied.
{ oo} {bagty} {a,bb} {bba,}, {aeayc} feaya,} fa,cel fecayl
Ha,aea,d faaa} {00b} fceel.
1 "
Next, we shall investigate the second system of conditions for between-
ness of set A such that A has one extreme element.
Theorem 3. The system of conditions: B[S.1II]=(BI1, B2, B3, B4, B5,
B6( 3], B7) is the complete condition for betweenness of set A such that A
has one extreme element, where

B6[3]: |ayz|—>|a,xy| or |ayxz| for some one element a,. _
Proof. From B0, BU, and BS, it is clear that condition B6[3] is
necessary. Conversely, we shall prove that conditions B0, B0/, and ﬁﬁ

follow from B1, B2, B3, B4, B5, B6[3] and B7. It is clear that conditions
B0 and B(Q' follow from Bl and B6[3], and

]alalelﬂ[aoalazl or |eaa, . . 3.1)
| @alss ] > | Ggals| OF |@os@s].  ereenn. 3.2)
| @g0,25 | > | @ a0y | OT |a0a1a3l ......... 3.3

From (3.1) and (3.2), we have the followmg two different types of cases:

» lemma 3.6)

===>|0,0,0,|.”

Case 1. |@g0,0,| - |@o0aa5] @ | 00010, - | “0“2‘7'31

Case 2. |@,a,0,]-|ae;0,] : According to (3.3), we have two cases:
. I, lemma 3.6
(1) |@y,] 1 |@g@s0y ] - | G0,a | —lni == | ,0,0, .

(I, lemmn 3.61
=== 01050, |-

(ii) Ialoa'lasl: | Go@1@3 | = | o300, | =

Hence, we have B6.
So that the conditions Bl, B2, B3, B4, B5, B6[3] and B7 are sufficient.

1) Lemma 3.6 in Chapter I is the same condition as (5) which has been dxscussed by
G. Birkhoff.
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And by taking b as a, in [, examples 1, 2, 3, 4, 5, 6] (page 183), and the
example 5, each of which does not satisfy only one of the conditions BI,
B2, B3, B4, B5, B6[3] and B7 respectively, we see that the conditions
B1, B2, B3, B4, B5, B6[3] and B7 are mutually independent.

Thus we have Theorem 3. v ,

We shall investigate the third system of conditions for betweenness
of set A in this case. In the proof of Theorem 3, we have used only BI,
B2, B3, B4, B5, B6[3] and [I, Lemma 3.6] (=(5)). And taking b as g, in
[1, examples 1, 2, 3, 4, 5, 6], each of which does not satisfy only one of the
conditions B1, B2, B3, B4, B5 and B6[3] respectively, and by the following
example, we see that the conditions Bl1, B2, B3, B4, B5, B6[3] and (5) are
mutually independent.

Example 6. Set A consists of a,, @, b and ¢, set E:

fa,ab} {baa,} fagbc} fcbayy, {a,ac} {caa,}, {bac} {cab}
{0000} {anae} {agaa}l {aaay}, {agab} {ba,a,} {abb} {bba,}
faoa,ct feagmyt fascct fecayl, faac} f{caa} face} fecal
faab} {baa} {abb} {bba}, {bbc} {cbb} {bce}  {ceb}
faoaoay} faaa} {Bbb}  {cecl.

This example does not satisfy only (5).

So, we have Theorem :

Theorem 4. The system of conditions ¥,=(B1, B2, B3, B4, B5, B6[ 3],
(5)) is the complete condition for betweenness of set A such that A has one

extreme element, where
(5): |abe|-|acd|—|bed].

§4. Case IV. Having two extreme elements.

This case is the special one of Case III such that the following con-
dition must hold :

B6[4]: ||, v, 2] —]axa,|, for all x and some two elements ¢, and «a_.
So, from Theorem 3, we have: '

The system of conditions Bl, B2, B3, B4, B5, B6[3], B6[4], B7 is neces-
sary and sufficient for betweenness of set A such that A has two extreme
elements. 4

We shall investigate the independency of the above conditions B1, B2,
B3, B4, B5, B6[ 3], B6[4] and B7.

Lemma 4.1. The condition B6[ 3] follows from the conditions B3, B4,
B6[4] and B7. '
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Proof Suppose that {ayz} is contained is R[B[S.IV]]. From B6[4]

there exist |a,za_ | and lasya,,|.

lagza,,| - |2yz| == |azy| @ |yza.,|.

|agya, | - |zyz| —=|awz| @ |ove,|.
And from B3 and B4 |yza_| and |zye_| are not compatible, so |a,zy| or
laoye| is contained in R[B[S.IV]].

From the above Lemma, condition B6[3] follows from conditions B1,
B2, B3, B4, B5, B6[4] and B7. And, by taking @ as «, and b as a_, in [I,
examples 1, 6], and taking ¢ as ¢, in the examples 3,4,5 and by the
following examples 7 and 8, each of which does not satisfy only one of BI,
B6[4], B4, B5, B7, B2 and B3 respectively, we see that the conditions Bl,
B2, B3, B4, B5, B6[4] and B7 are mutually independent.

Example 7. {a,0a. }ie o0} a0} e 0,0} {a.e 0 } {a o} {a,0,0,} i a0}
{aca}.
Example 8. {a,0_0_}{e,0,0.}{2,0,8}{e 0. a.}.

Thus, we have the Theorem:

Theorem 5. The system of conditions: B[S.IV]=(BI1, B2, B3, B4, BS,
B6[ 4], B7) is the complete condition for betweenness of set A such that A
has two extreme elements, where

B6[4]: ||z, 9, 2] —|aza,l, for all  and some two elements a, and a.

We shall investigate the other system of condition for betweenness of
set A in this case.

First, by Theorem 3 and Lemma 4.1, condition é6 follows from Bl1, B2,
B3, B4, B5, B6[4] and B7, and condition (5) follows from B2, B3, B4 and BY.

Coversely we shall show that condition B7 follows from conditions Bl1,
B2, B3, B4, B5, B6[4], B6 and (5).

Lemma 4. 2. The following condition follows from conditions B2, B3, B4,
B5, B6 B6[4] and (5)

|zyz]| — {|a,2y| and |aye, |} or {|awx| and Iym R

Proof. Suppose that {zyz} is contained in R[2,]. By B6[4], |aza,}

and |e,ya_| are contained in R[Z,]. So We have, '

‘a'owam‘ ‘xyzl la'o?!“ l—% ” a'm a/v :1/ ”
According to || @, 2,v |, we have three cases:

Case 1 |aowy|: |aowy|-|aga, 1£§lwya I
Case 2 |ayz|: |awz|-|ayza, | =25 |yza,,|.
Case 3 |zaw|: |zaw]|-|awe,.| Ls|zaa,].

This contradicts B6[4]. So case 3 may not occur.
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Therefore, |ayz|— {|a@y|- |2ye, |} or {laws!-|yva,]}.
Lemma 4. 3. The condition B7 follows from conditions B2, B3, B4, B5,

B6, B6[4] and (5). |
Proof. Suppose that |abc| and |bdx| are contained in E[2,].

|abe| 2 £ g,ab) - |aba |} @ {lacba|- [baa,|}, oo (4.1)

|abe| =22 6 agbe] - |bea, |} @ §|aoch]-|cba |}, e (4.2)

Case 1 |a,ab|-|abe,| :
- (@) legbel :

lemma 4.2

|bdar| S ¢ | gobd | - |bda |} or §]a,db| - |dba,|}-

(@) |agbd|: |a,ab|-|agbd| —=|abd|.
(@5) |@odb| : |andb|-|agbe] === |dbc].
'So, we have |abe| - |bea| —|abd| op |dbe.

(b) |ayedb)|cba, ] :
|abe| - |eba, | —=|aba,| @ |a be].

But |aba_| and |e_bc| must be compatible, so this is contradiction. Hence,
this case (b) may not occur. : » |
Case 2. |abal-|baa, |: In this case in the similar way as Case 1, we can
prove that it follows that |abd| & |dbe|.

Therefore we have B7.

And by taking @ as @, and b as a_ in [I, example 1], and taking ¢ as
«_ in the examples 3, 4, 6 and by the examples 7, 8 and the following examples
9 and 10, we see that the conditions B1, B4, B5, (5), B2, B3, B6[4] and 1136
are mutually independent ;

Example 9. Set A consists of a,, ¢, and «a, system R:

{ a’ana’ao i {a’ooa‘OaO} {aoa‘;oa'oo ; {a’ooa'ooao } ga'oa'oa'o} {a' @0 } {a'aa' } .

o0 oo oo

Example 10. Set A consists of a,, a,b,¢ and a_ system R:
faoen, {a.0a}, {aba.} {a ba, {aca} {a, 00
{aab} {baa} {abb} {bbaj, {bbc} fcbb} {bee} fecb}
faac} {can} {acc feca}, {a,0,0} {an,} {aaal {aan,}
faaa .} fa_aa} faa a } fo_a a}, }a,0.b} {ba,a,} {a,bb} {bba,}
{bba,} {a bb} {ba_a } {6, 0. b}, {a,e.ct fca,a,} {a.cc) {ceay}
feca} faccl fca 0.} §a, @, {0001 [0, 00} §a,0. 0} §a. a0,
faoa,m,} {aaa} §bbb} fceel {o 0.0 ). A ‘
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From the above results, we have Theorem: ] .

Theorem 6. The system of conditions £,=(B1, B2, B3, B4, B5, B6, B6[ 4],
(5)) is the complete condition for betweenness of set A such that A has two
extreme elements. '

§5. Case V. Simply ordered.
In this case, A[ R] is connected and every element of A may be center,
and the following condition must hold,

B2: |abb| for all ¢ and b.

~ From case II, the system of conditions Bl, BZ, B3, B4, B5, B6 and B7
are necessary and sufficient for betweenness of set A in this case. ...(5.1)
Now, we shall prove the folloéving Theorem :

Theorem 7. The system of conditions: B[S.V]=(B1, B2, B3, B4, B5,
B6(57], B7) is the complete condition for betweenness of set A such that A is
simply ordered, where

B6[5]: |z, w2zl lwv,w| —|agx,ull, " for some one elemént G -

Proof. From B2 we have B2, and from B1, B2 and B6 we have B6[5].

Conversely, we shall prove that cor_lditions B2 and ]136 follow from
conditions B1, B2, B3, B4, B5, B6[5] and B7.

For any @ and b, we have | a,, a,b || from Bl and B6[5]. | a,, a,b | =|a,ab|
@ |aad| @ |adal.
| @b |~ | batty | —=> | bba | —— | abb | . ,
|Goab | —2> | baga| —==> | bba, | —=> | aobb|. | azed]| - |aohb| —=>|abb|.
'laobal——i]abao\———l};laabl——R—a——->|baal—-R——z>|bbal='i>la,bb[.
So, we have B2. And the condition B6[2] follows from B6[5]. Hence, by
Theorem 2 (in Case II) the condition 1]36 follows from B1, B2, B3, B4, B5,
B6[5] and B7. '

Therefore, {from (5.1), the system of conditions: B[S. V] is necessary
and sufficient for betweenness of set A in this case.

And from [I, examples 1, 2, 3, 4, 5, 6] and example 5, each of which
does not satisfy only one of Bl, B2, B3, B4, B5, B6[5] and B7 respectively,
we see that the conditions B1, B2, B3, B4, B5, B6[5] and B7 are mutually
independent. '

Thus we have Theorem 7. .

We shall investigate the other systems of conditions: £, and g, for
betweenness in this case.

#
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Theorem 8. The system: f,=(BI, B2, B3, B4, B6, B7) is the complete
 condition for betweenness of set A such that A is simply ordered, where

B6: lla,bell forall a b and c. n
Proof. The system 2, follows from the system Bl, B2, B3, B4, B5, B6
and B7 (page 219). For, the condition B6 follows from B2 and B6.

Conversely, we shall prove that the system B1, B2, B3, B4, B5, 1136 and
B7 follows from %,.
First we shall prove that: The condition B5: |axb|.|aby|a==b —|aby|
follows from conditions B2, B3, B4 and B7Z. ... (5.2)
When y=b, it is clear that B5 is obtained from B2, so we shall prove the
case y=+b. If x=vy, we have x=b from B2 and B4. This contradicts the
assumption x=Fb. So, we have x=Fy. Suppose \amb] and |aby| are contained
in R[%;]. Then,

|axb| - | xby| —=|aby| @ |xbal.

But |xba|.x==b contradicts |axb| by B4, so |aba| may not occur. Hence
we have: |aab|-|2by|z==b—|aby]|.
So, we have the assertion.

And condition 1136 follows from B2 and B6.. Hence the system.B1, B2,

B3, B4, B5, B6 and B7 follows from £,. Therefore, from (5.1) the system
€, is necessary and sufficient.

And from [I, examples 1, 2, 11, 4, 6] and example 5, each of which does not
satisfy only one of the conditions Bl, B2, B3, B4, B6 and B7 respectively,
we see that these conditions are mutually independent.

Thus, we have Theorem 8. '

Theorem 9. The system of conditions: {,=(B1, B2, B3, B4, B5, B6, (5))
is also the complete condition for betweenness of set A such that A is simply
ordered. .

Proof. We shall prove that system 2, is equivalent to &,. First, &,
follows from 8,: For, by Note in Lemma 3.6 and (5.2) the conditions B5
and (5) follow from the conditions B2, B3, B4 and B7.

Conversely, R, follows from 2,: The condition B7 follows from the
conditions B3, B5, B6 and (5). For, Suppose |abc| and |bdx|.

By B6, there exists || b,¢,d || i.e. |bed| or |edb| or |dbe| for b, ¢ and d.V

1) Because b, ¢ and 4 are different clements, we have | b,c,d | means that |bed] or {cdb|
or |dbc|.
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Case 1. |bed|: |abel-|bed|—>|abd|. e (5. 4)
Case 2. |cdb|: |edb|-|cba|-2>|dba|—>|abd]. e (5. 5)

From (5. 3), (5. 4) and (5.5), we have B7.

Therefore, the conditions Bl, B2, B3, B4, B5, B6 and (5) are necessary
and sufficient for betweenness of set A in this case. And from [I, examples
1, 2, 11, 4, 6] and example 6 and the following example 11, we see that
the conditions B1, B2, B3, B4, B5, B6 and (5) are mutually independent ;

Example 11. Set 4 consists of @, b, ¢ and d, set R:

{abc} {cba} {bed} $deb} {ade} {eda} {bad} {dab}
{aab} {baa} {abb} {bba} {aac} {can} {acc} {ccal
{aad} {daa} {add} {dda} {bbe} {cbb} {bec} {ccb}
{bbd} {dbb} {bdd} {ddb} fced} {dee} jedd} {dde}
{aaa] {bbb} fccc} {ddd}.

Thus we have Theorem 9.

Remark :

I) The systems of conditions: £, and £, correspond to the systems
No. 12 and No. 1 respectively which have been obtained by E. V. Huntington
and J.R. Kline for betweenness such that 4 is simply ordered.V

II) In the above special cases I...... V, the systems of conditions for
- betweenness are obtained by replacing G.B(12) for Bl and B2. (Cf. p. 209)

MATHEMATICAL INSTITUTE,
HirosHiMA UNIVERSITY

1) E. V. Huntington and J. R. Kline, Sets of Independent Postulates for Betweenness,
with proof of Complete Independence, Trans. Am. Math. Soc. vol. 26 (1924).
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