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§1. Introduction and purpose of the paper.

Special Lorentz transformations which are generated by the infinitesimal
transformations with the operators:

Q=20 + # 2 (=123 1.1)

do not form a 3-parameter group.” Here we denote coordinates 2, ¥, z and
ct by 2*(A=1, ..., 4). In order that they constitute a group we must add the
. rotation group generated by the operators: ‘

(i’ 7 k=1, 2: 3) ) (1. 2)

o
J— oJ
R, = ¢, 5

where &, are such that

1 if 4, 7, k is an even permutation of 1, 2, 3,
&nx=<—11if i, 7, k is an odd permutation of 1, 2, 3,
0 in any other cases,

and double suffixes j and k are summed from 1 to 3 respectively. Usually,
by rotating the axes of coordinates choosing x-axis in the direction of uniform
motion, we have considered special Lorentz transformations. This is possible
when we can assume that the properties considered are invariant by rotation.
However, in the case where we can not assume rotation invariant, it may
be impossible to take always the special Lorentz transformations.” In this
case, in place of general Lorentz transformation group as the fundamental
group of transformations, new group of transformations must be considered
as representing the relations between the coordinates of two systems, one
of which is moving with uniform velocity to the other. In this paper, we shall
obtain such group of transformations under the following two postulates.?
Postulate I. Invariancy of wvelocity of light. For coordinate system
moving with uniform velocity, the velocity of light is constant=c.
Postulate II. Principle of wuniform motion. The relations between the
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coordinates of two systems, one of which is moving with uniform -velocity
to the other, should be determined uniquely in terms of z-, -, z-components
of the velocity in a definite functional form Acontaining the components of
the velocity as parameters, and satisfy the following condition: If for a
coordinate system K the second:system K’ is moving with uniform velocity
and further the third system K” is moving with uniform velocity with
respect to K’, then K” is also moving with certain uniform velocity with
respect to K (i.e. the relations between the ‘coordinates of K and K’ are
expressed by the same functional form as K and K’ (K’ and K") regarding
the components of velocities as parameters).

§ 2. Operators of the fundamental group and the conclusion.
Let us denote the coordinates of K and K’ by a* and 2/ (A=1, ..., 4)
. respectively and suppose that z-, y-, z-components of the uniform velocity
of K’ with respect to K are «!, »%, «%. And we assume that the functional
form of the relations between a* and a2'* is given by
™ = A2, 22, 2%, 2t w,utud) (W=1, ..., 4) 2.1
where f*’s are functions of 2’s and u’s to be determined under the postulates
I and II. By the postulate II, the transformations (2.1) must form a
3-parameter group, u', %%, «® being regarded as parameters. We represent’
the postulate I by the condition that the equation (A —9%/¢%0t?)p=0 is in-
variant by (2.1). Then it is known that (2. 1) form a continuous transforma-
tion group which is generated by the infinitesimal transformations with the
operators (1.1), (1.2), Q=*3/ds* and 9/dx*(\, =1, ..., 4). But the last
operators 9/0s* merely generate translations of a*. We leave them out of
‘consideration by taking the case coordinate systms are chosen such that
x=y=2=t=0 corresponds to a'=y’'=z'=t'=-0. Hence (2.1) must be the trans-
formations of the group which is generated by the operators P, of the form:
v P,=Q, +c¢,R,+¢,Q (1,7=1,2,3) (2.2)
where ¢,;; and ¢, are cartain constants to be determined, such that.P, generate
a group, i.e. the commutators of P, and P, are expressed by linear combina-
tions of P. with constant coefficients: [P,P;]=d,,P; (i, 7, k=1, 2,3). From
the last condition, confining ourselves to real transformations, the constants
¢, ¢, and d,; are determined, having the values:
0= Eud® + hdd;, ¢ = ki, o (2.3)
dis = hd"(d ;8 — d,E1) +di85 — d 8,
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_where d,(=d*) are any constants satisfying the condition dd*=1 and khand &
are arbitrary constants. (Calculations are omitted in this paper.) So, subs-
tituting (2. 3) into (2.2), we have the result: The operators :

P, =Q, + &;d'R; + d(hd’R; + kQ) G5,1=1,23) (2: 4)
— at %) 4 5] .0 e ol 1D o —
a,aal4+a¢a,‘+da,az‘ atdh = (r,4=12,3)
e) fe)
+ d,<hd’8,mx”é—5a + kxkéﬁ) A=1,..,4

where d.(=d*) are any constants subject to the condition dd‘=1 end h axd
k are arbitrary constants, generate the contm'uous transfor mation group satisfy-
ing the postvlates 1 and II.

In order to investigate the properties of (2 4) we put S,=Q,+& d'R,
and E,=d’R,. Then we see that any two independent linear combinations
of S, with constant coefficients, constitute a two-parameter group. For, if
we put T,=ciS(e=1,2; i=1,2,3), ¢, being arbitrary constants, using
the relations [S,S,1=d,S,—d,S,, we have [T,T,]=(cid,)T, —(cid,)Ta. Further
we see that [R,S,]=d’&,;S,. Therefore S, and R, together form a group
G,,and the group G, generated by S, is invariant bty R,. The operator E,
generates one-parmeter rotation group, the direction cosine of the axis of
rotation being d,, d,, d;. Thus the group génerated by Q,, R, and @ (general
Lorentz transformation group) is divided into the following sub-groups: G,
(or G,), rotation group in z, v, z, and dilatation group. Therefore we have
the following conclusion : Only in the' case where the properties considered
are spherically symmetric, Lorentz transformation group may be taken as tke
fundamental group of transformations. In general case, whether spherically
symmetric or not, the relations between the coordinates of two systems, one
of which is moving with uniform velocity to the other, should be expressed
by the transformations of the one of the following groups: The group generated
by P, defined by (2.4), the group G; or G, (together with dilatation group).
The group G, corresponds to a case of axial symmetry, the direction cosine
of the axis of awial symmetry being d,, d,, d;;- On such groups of transforma-
tions new mechanics may be considered.

§ 3. Finite form of the transformations of the group.

We shall find the finite form of the traneformations of the group
generated by
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e,P, = ea'0/ox* + [a'e,+d,x%, — e,x"d*]/ox*

3.1
+ ked'z'/ox* + e, d°[ h&;,d’a® + kat]]/oxt (3.1)

where e, are arbitrary constants. We have the s_ystem' of differential equa-
tions to be solved:
{ da't/dr = x'"e, + d x'7e, — e,x'7d* + d®e,(h&,,d"x'* + kxz™),

/ 3.2
dz'*/dr = e, &'* + kd’e,x", G,»a=1,23) (3.2)

with the initial condition that a'*=a* when +=0. For brevity, we use the
notations (de), (ee), (dx), etc. in place of d’e,, e,e,, d,2”, etc. Then the
solution of (3.2) is given by :

' 2Vl o7k +1)(dedT 4 _e__d‘(ee)__i k E 4
(1+h2t=e {(dx)+x }[(d;) Adey: (de)e,,kejd + 2d ]

+é ’“‘D(‘“”[(e—x) (ee) {(dx) 4;:4:‘) +

B (g T
(de) " 2(dey: n?die— { ‘(d”)}_d

(d) z

{(dx) ”4} {(gee))zd‘ (52)”’(@) “’“efdk}

|+ b — Eg‘g ( de)e,k,x’e,,d‘ + h? 1::&‘——01‘((1:/1:)1
he,

Eune (o +d0) + ){(dx) +x4}

+€"7 cos h(de)r

(d e)
o)

(1+'hzw=e<k+l><m{<dx)+x«§[§g;>)§+ 2]

+é k-n\aeﬂ[zgze))z {(dx)_;.x‘l} E(eixg (de) & nxld’e, +—hzi§‘a71 —(dx)}]

k(;le r 4 (ee) o (ex) k
+ €59 COSh(de)'T[x (de )2{(dw)+a,} (de) (e )8,,,@ ‘eyd ]

4, Tk (ex) ' .
e atent +h§ o (dx)}] . (3.3) (b).

(calculations being omitted). These are the finite form of the equations of
transformations generated by (3. 1) provided that (de)==0, e,r being parameters.
When (de)=0, the group generated by (3.1) is two-parameter sub-group of
G;. For, if we denote by ¢! and e’ the two indepandent solutions of (de)=0,
the commutator of ¢}S, and €S, vamehes [eiS, e§S,]—e¢e (d,S;—d;S,)=0. And
in this case the solution of (3.2) is given by

+ €% gin h(de)r (3.3) (a)

3.3)

+€%" gin h(de)r[

' =2t — d(ee){(dx) + x*}72/2 + [e,{(dw) + 2'} — d(ex)]r
2t =z + (ee){(dx) + x*}+2/2 + (ex)r .
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We can easily see that (3.4) is included in (3. 3) as the limiting case of (3. 3)
when (de)—0.

Next we shall express (3. 3) and (3. 4) in terms of the x-, y-, z-components
of uniform velocity. The components «* of the velocity of the points fixed to
K' with respect to K, are given by the values of [da*/dt] when da"/dt'=0. ‘
From the inversex transformation of (3. 3), which is obtained by interchanging

ar -, a'*—a* and r— —7 in (3. 3), putting dz"/dz'* =0 we can find the values
of [dat/da*] 1. et/c :

u' _ [coefficient of #* in (3. 3)(a), replacing = by —7] (3.5 )'
¢ [coefficient of «* in (3. 3)(b), replacing ~ by —r] )

From the above, we have .

1— (uw) (1+h2)2

o [ {Ege))z + h2}{ e +e“’”f§ + cos h(de)r {1 —%)55% ]2

which shows that (wu)c?. Using (3.5) and (3.6), we can express (3.3) in
terms of ' instead of e,r. The resulting equations are given by

(3.6)

(‘” [ + otdarre - {1%)1{)0/?}(:1} ] |
2t (Il/+ | + cos(h log‘1/+( ) /c>[x* id:icz;u/) ;c( z) + ‘il(fzgu);‘ct] |
sl -1 ]
. 3.7
= (11/~l—(i7l'u)/c>kt—&“@/c2 ’ (% =1/ 1T—(uw)/c?)

These equations give the relations between' the coordinates of K and K', the
latter of which i.e. K' is moving with uniform velocity u', u?, u® with respect
to the other K. In the case of (de)=0, we can show that the relation
1+(du)/c=y/T—(um)/c® holds. Hence, substituting this relation into (3.7),
we can express (3.4) in terms of u* as follows:

2 =2 + [{d¥(du)/c — ut/c}(dx) + d{(ux)/c]/[1+(du)/c]
+ [2(du)d® — »*]t/[1 + (du)/c] (3.8)
¢ =[t — (u2)/e*] /v I—(uu)/c?-
If we put ~=k=0 in (3.7), we have the equations of the transformations

.of the group G;. Moreover, (3.7) in the case where u*=d*u corresponds to
spacial Lorentz transformations.
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§4. Sum of Velocities.

In order to obtain the expression for sum of velocities we shall acquire
the inverse transformation of (3.7), which is given by

o {(da' Y fe+utt'} i/ +didaty T/ {1+ (du)/cl
1+@0\ T \[ g i) + (')}
ot = ;(;/ ¢ ) + cos (7 log)” +(Ezy—c>[“ 1+(du)/c ]
- T N e gsa s e ddM
— sin (h IOgIT(Bm>[8‘ #nd a4 &5, 1 +(dw), /?]
(1+(iu) o [§(du)/c +(un)/c?i(da’)/c+ {1+ (du)/c}t ] /1" (4.1)
P Vv S v.r _ of
_ {7357 + cos (h 1og1:_m70) (wa') — (@uydsn} fo*
e | 4 ein ( " ) Epd*ut /c?
From the above, putting da’/dt'=', da*/dt=w', we have
Cut{l+(dv)/et i1+ (du)/el /T +d¥doyS )
v ) _ g legpy @) |
+ cos (og g | o+ G} — @+ ) ] |
ot — L —sin ( " )[&d’v* {1 +(du)/e} +d'epp’'d*ul/e]l 4 9
Li(du)/e+(uu)/e*}(dv)/c+ {1+(du)/e} 1)y
+ cos ( » ) {(uv) —(duXdv)}/c?
+ sin ( " ) Ep’d*ut/c?

which gives the expression for sum of velocities u* (with respect to K) and v*
(with respect to K'). When w*=d*u and v*=d*, (4.2) gives the same expression as
in special Lorentz transformations, viz. w*=d‘w where w=[u+v]/[1+uv/c*].
In the case of (de)=0, viz. 1+(du)/c=1"1—(uu)/c?, (4. 2) is reduced to the
simpler form :

wh—Y $1+(dv)/e} +v* {1+ (du)/c} +d* {(du)dv) (uv)}/c
1+(uv)/c*— 2(du)(dv)/c2

In our future pap2r, we shall show that mass is defined from the postulate:

Invariancy of momentum mass under the new fundamental group of trans-
formations.
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