
1952) CER1'AtN SINGULARITY OF ORDfNARY DIFFER:ll:NTTAL :E:QTJAT1ONS 
OF THREE VARIABLES 

CERTAIN SINGULARITY OF ORDINARY DIFFERENTIAL 
EQUATIONS OF THREE VARIABLES 

By 

Minoru URABE 

(Received Dec. 17, 1951) 

Introduction. 

We consider the system of differential equations as follows : 

(0.1) dx1 _ dx2 _ dx3 

~--t;:-~· 
where f,. (;>,, = 1, 2, 3) are expanded as follows: 

(0. 2) 

· Let the eigen values of the matrix llc,."'11 be µ,.. In this paper, we consider 
the case where, on a complex plane, 
( i) any two of µ,.'s do rwt lie on a straight line passing through the origin; 

(ii) there does rwt exist any straight line passing through the origin such that 

all µ,.'s lie on the same side of it. 

§ 1. Transformation of the differential equations. 

By our assumption, µ,. are different from one another. Therefore, by 
means of a suitable linear transformation of the variables x,., we can trans
form the differential equations (0.1) to those of the same form where 

(1.1) 

consequently, in the following, we assume that f,. in (0.1) are of the form 
(1.1). Put µ,. = r,_i'''\ then, by our assumption, we may assume that 

(1.2) 

Consequently there exist three straight lines L,.'s passing through the origin 
such that, for L,., µ,. lies on one side and the other eigen values lie on 
another side. Then it is known<2 i that there exist three regular functions 

f1(X2, Xs), f lxv Xs), f sCx1t x2) such that 

1) The unwritten terms are of higher orders than those written explicitly. 
2) M. H. Dulac, Bull. Soc. Math. France (1912). · 

M. Urabe, Jour. Sci. Hiroshima Univ. (1950), pp. 195-207. 
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(1.3) 

where the expansions of f >- are sums of. the terms of the second and higher 

orders. If we consider the group @ of transformations with the operator 

functions g>-, then, from (1. 3), it is seen that in the 6-dimensional space E 6 

'of complex numbers X;,., the 4-dimensional sub-spaces defined by one of the 

equations as follows : 

(1.4} 

are the invariant sub-spaces under the transformations of @. 

We transform the variables X;,. to x1,. by the equations as follows: 

(1. 5) l X1 = X1 - / i(X2, X3), 

Xz = X2 - f lxx, Xa), 

X3 = X3 - f ixx, X2), 

Then, with regard to X;,.-system, the sub-spaces defined by z1=0, x2=0; x3=0 

are respectively the invariant sub-spaces, therefore it must be I;;,. =x;,.(µ;,. + • .. ). 
By this transformation of the variables, the form of the differential equations 

(0.1) are not altered. Thus,. without loss of generality, we may assume 

that, in the equations (0.1), the functions g>- are of the forms as follows: 

§ 2. Characters of integral curves. 

Put 
,(2.1) t>. = X;,.(µ;,. + •<J>;,.). 

We write the differential equations (0.1) as follows: 

(2.2) dx ·a,l = t>. = x>.{µ;,. + <I>;,.) • 

If wt consider (2. 2) as the equations which defines the group @ with the 
operator functions g>- and with a canonical parameter t, then, the finite 
transformations of @ are obtained as follows : 

(2. 3) 
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were X = ~ t,\ 0 - and <pix, O)=x,. In another point of view, we see that, 
" ax,\ 

in th~ sp:tc~ E 6 , th~ equations (2. 3) furnish an integral curve of (2. 2) passing 

through the point x, with the parameter t, which varies from the origin 
along a curve in the t-plane. Now, since <pix, t) are one-valued and regular 
with resp~ct to t, it is sufficient to consider only the radial variation of t. 

For sufficiently small r, in each x"-plane, · we consider the circles 

C v : Ix, I < r and also the cylindrical domain D in E 6 defined by these circles 

Cv. Put 

(2. 4) 
-£("' .~) t = pe 2 , 

and let p vary from O to + oo. Then, from (2. 2), we have 
dX;,.. -t(a,,~) ( - - = e 2 x" µ>.. + <t>") , dp 

consequently, for x>..=r-O Cll, it follows that 

(2. 5) 

From our assumption, for any a, at least one of Ct>>.. -a is positive and less 

than 1r:, and at least one of them is greater than 1r: and less than 2n. 

Consequently, for example, we assume that 

O<Ct>i - a< 1r: and 

Then it follows that 

and 

namely 

and 

For sufficiently small positive number E, if we taker sufficiently small, then, 

for Ix" I ;;;;,,r, it is valid that 

-r·1 cos ( Ct>1 -. a - }) - E > I ¢1 I, 

-r2 cos ( w2 - a - ; ) - E > I <I>2 J. I 
Then, taking the real parts of both sides of (2. 5), we see that 

1) If x>..=t,0, then x~+o. For, if x~=(h(x,t)=0, then, since x.1.=cP)_(x', -t), we have x.1.=0, 
for, the sub-space defined by x,_ =0 is an invariant sub-space. 
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Consequently, for positive p, we have 

(2. 6) 

where x~ = P>- (x, t) for t of (2. 4). Then, when we vary p monotone 
from 0 to + oo, then Ix~ I = I cp1(x, t) I increases monotone indefinitely and 
Ix; I= I cplx, t) I decreases monotone and converges to 0. Consequently a 
point x~ on the integral curve passing. through the point x>- ED, arrives at 
the boundary of D for a finite value of p and never reaches the origin. Thus 
we see that, for x>- such that any of them does not vanish, the domain T 

of t, for which x~=cp>-(x, t) ED, is a bounded domain containing the origin, 
and that, for t ET, x~=1=0.w 

When one of x/s is zero, for example, x1 =0, then the integral curve is 
given as follows : 

In this case, from (1. 2), there exists a such that 

1r < roe - a < 21r • 

Then, from (2. 6), for Xe lying in the sufficiently small D, it is valid that 

I Xi I< I Xe I e-ep • . 

Consequently xi ED for any p and, when p--+ + oo, xi--+0. Namely a point of 
the integral curve pass.ing through the point (0, Xe), approaches monotone 
indefinitely the origin when p--+ + oo. 

Summarizing the results, we see that the origin is a saddle point in the 

space E 6 of x>- and that there exist only three 4-dimensional integral sub
spaces passing through the origin. In the neighbourhood of the origin, the 

general integrals of the differential equations (0.1) are given by (2. 3). 

1) Cf. the preceding footnote. 
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