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§ l. Introduction. 

In the previous paper, w we have considered the finite transformation of 
the form as follows : 
(1.1) 

where the absolute values of all the eigen values of II a~ II are either less or 
greater than unity. In this paper, we consider the transforrr1'.tion of the 
same form, which does not satisfy the condition on the eigen values. By 
the same idea as in the differential equations, cs) we seek for the invariant 

varieties for the given transformation. The method is analogous to that 
which is adopted for solving the equations of Schroder for the given trans­
formation. 

G. Birkhoff(4) has sought for invariant curves for the real transformation 
as follows: 

{ 
x' = px +···· .. , 

y'=__!_y+•·····, 
p 

where r+O, 1. His method is considerably artistic, and seems not to admit 
of the extension for the case of three and more variables. Our results are 
general, and contain Birkhoff's result as a special case. 

By suitable linear transformation of the variables, without loss of gene­
rality, we may assume that the given transformation is of the form as follows: 

(1. 2) T: 'x 11 = 'xfp = q; 11(x) = q;}p (x) = :\,xfp + oxtp- 1 + ...... ,cs) 

1) M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 113-131. 
" 2) a~x"' means ~ a~x"'. Hereafter we use this convention of tensor calculus. The unwrit-

µ-1 
ten terms are of the higher order than those written explicitly. In the following, we ~se also 
this convention. 

3) M. Urabe, Jour. Sci. Hiroshima Univ. (1950), pp. 195-207. In this paper, for the differen-
dxl dx2 dx" a/A 

tial equations -~-i-=v=··--··=1n, we have sought for the functions x"=/A(x"'l such that a"'ax"'=a" 
for suitable :x and ).. The sub-space defined by x" = fl (x~) is an invariant variety for the 
transformations of the group with the operator functions ~11• 

4) · G. Birkhoff, Acta Math. (1922). 
5) For the notations of indices, cf.: M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 113.}31, 
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where o is .. an arbitrary, given Positive. number. In the following, we consider 
the transformation of the form (1. 2). 

§ 2. Formal determination of the invariant variety. 

We assume that A,i (i=l, 2, ... , R) are classified into two sets of A.a and 

A.'" such that 

(2.1) { O<IA.al<l 
jA-,,j2l 

( a = 1, 2, ... S) , 

(x = S + 1, ... R). 

By effecting a linear transformation of the variables xv of the form as follows: 

(2. 2) ·S: { S1 : x'" = s:x13 , 

S2: x" = stx/J, ,<ll 

we qan make o in (1. 2) as small as we desire. Thus, in the following (in 
this and the next paragraph), we assume that o in (1. 2) is an arbitrary small 
positive number. 

Now, for the given transformation T of the form (1. 2), we seek for the 
invariant variety passing through the origin defined by the equations of the 
form xA=f>'-(x'"). The condition that the sub-space defined by x"=f>'-(x'") be 

invariant, is that 

(2. 3) f"[p'"(x, r)J = p>-(x, r). 

In this paragraph, we seek for the formal solutions /1,{x'") of the func­
tional equations (2. 3). 

Differentiating both sides of (2. 3) with resp~t to x'" , we have 

a f" _ ( op13 + _o_<pfl__ _a,,,, ) = op_~+ ocp>- o ,,,, 
ap13 ox'" or ox'" ox'" or ox'" . 

Putting x'"=O, we have 
or oq/" _ op>- or 
. ox13 ox'" - ox'" ox'" , 

bee ap13 op" ause --= - -----.:0. By means of (1. 2), these relations are written as ox,,, ox'" 
follows: 

For q=l, it follows that 

1) cc, ~ denote the indices of .:1,V which correspond to Aa, and A, µ denote those of .:1,V which 
CQI'respond to A:ii . 
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Because :\."=!=:\.., , we have 

For q=2, because of the above results, we have 

Consequently, we have of;., =0. Thus, by induction, it is readily seen that, 
oXfp 

for any q, 

(2. 5) 

Differentiating both sides of (2. 3) with respect to x"1 , x"2 , ••• , x "N , we 

have 

oN t" (O<p~l O<p'(,1 a r1 ) (O<p'(>N O<p'(>N al N) 
O<p'(,10<p'(,2 ••• O<p~N ox"1 + ar-1 ox"1 : ..... ax'''u + olN ox"N 

L] ON-If" ( 02<p'(,2 o2cp'(,z orl 329}2 of'!-2 + ----- -~--+-~---+-~---
O<p'(,2 •.. oq}N ox"2ox"1 ox"2o/'!-1 ox"1 ar2axo.1 ox"2 

329-'(,z aj'!-2 aj'!-1 oip'(.2 a2r2 ) +-~--- --+ -- ----''--- X 
'<Jt'2ot'1 oX>2 OX"1 o/l'-2 OX'"2oX"1 

+ ............................................ . 

of' ( ON<p/i ocpfi aur 
+aq;"i OX'"1 ••• ox"'N + ...... + of"' OX"I ••• OX"'N) 

When x"' are put zero, the terms containing the derivatives of N-th order 
of f" are as follows : 

c)N f" O<p'(,1 O<p'(,N O<p~ au f" 
-- ...... -"'---- "', 

OX'(,10X'(,z , .. OX'(,N OX"'1 OX N OX"' OX"1oX"2 ••• OX N 

and these are polynomials of the derivatives of at most (N -1)-th order of 
p- . Now, by means of (1. 2), the above expressions are written as follows : 

-49-
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· From our assumption that I >..a l<l and I Ax I ?1, >..a.>..32 ... >..aN -Xx=i=O. Thus 
the values of the derivatives · of f"· are successively determined. 

Thus we have seen that the formal solutions f>'(x"') of (2. 3) are uniquel11 

determined and moreoiier f>··(x 4 ) are suni8 of the terms of the second and 

higher orders. 

§ 3. Convergence of the formal solutions. 

We write (1. 2) briefly as follows : 

(3.1) { 
1X4 = ip"'(X) = A.aX"'+oX4 1 + ...... , 
1X-:..---:- <p-:..(x) = A..,XA+ox-:..-i+ ...... - A.,,X-:..+qi-:..(x). 

We make O so small that 2o<l- I Aa 1- Then I Aa I + o<l -o. We take A 

such t-hat IA.al +o<A<l-o. Put max.1x~1=1x1 1. 

If we take sufficiently small r, then, for Ix I'< r, we have 

(3. 2) { I <p4 (x) I ~A Ix I '<J x I', 
I qi-:..(x) I <o I x-:..-1 I +KI x 112 ' 

where K is a suitable constant. We take L so foat 

(3. 3) L ~max.(;~, 1-(f +o)), 

and we put p=l/ L and max. Ix,. I= Ix I. We consider the family ~ of the 
functions re x"') such that, for IX I < p, they are regular and 

(3.4) I fA( x"') < L I X I 2 • 

Then, for Ix I ~P. it follows that 

lf"Cx,.)I ~Llxl 2 < Jxl ~P, 

consequently ip"'(x, !") are defined and 

l<JJ4 (x, f")I :S::Alxl<lxl <p, 

- 50-
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consequently f"!rpa(x, /")l are also defined and 

· (3. 5) 

We define the op~ration' T as follows: 

(3. 6) 

Then, for f"(xa) E 'ij, it is easily seen that, for Ix I <p, Tf" are also regular. 

Now, for Ix I ~P, from (3. 2), it follows that 

(3. 7) I q.,>-(x, !")I~() I r-l I +Klx I 2 < (oL+K)lx I 2 • 

Then, for Jxl <p, from (3. 5) and (3. 7), it follows that 

I Tf>- Is: I~" I l(A2 +o)L+K l Ix I 2 

<l(A+o)L+K! lxl 2 

~LJxj2. (because of (3. 3)) 

Thus we see that, when f>-(xa) belongs to the family 'ij, then Tf>- also belongs 

to the family ~- Then, by the theorem of existence of fixed points in func· 

tional space, we see that there exists a set of functions f>-(x,.) such that 

Tf>-=/1'. For such f>-(xa), it is evident that (2. 3) are satisfied. Thus we see 

foat there exists a set of regular solutiom of the functional equations (2. 3). 

Combining the result of § 2, we have 

Theorem I. There exists a unique set of regular solutions f 1{x,.) of the 

functiona! equations (2. 3) for the given transf01·mation (1. 2), where o is a 

suf]icienrt1 sma!l '[)Ositive number. These solution..~ f>-(xa) are determined form­

a;ly and their expansions are sums of the terms of the secpnd and higher 

orcler.~. 

§ i. The case where 8 in (1. 2) is unity. 

In the preceding paragraphs, by effecting a linear transformation of the 

form (2. 2), we have assumed that 8 in (1. 2) is sufficiently small. If we 

denote the variables and the functions in § 2 and § 3 by the letters with 
· bars, then <j,,.(x)=sJgi(S- 1x), <j?(x)=s}rp"(S- 1x),(l) and the functional equations 

(2. 3) are written as follows : 

1) S-lx means S~x,,., where jj s~ ll = 1J s'g ll -1. 

- 51-
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l" [qi"'(x, /")] = <jj"(x, /"') . 

If we put />'-(x"')=s~f"'(S11x), namely f"'(x"')=S~/>'·(S1x)C2\ then it is easily seen 

that 

(4.1) f"' [ <p"'(x, f)] = <p"'(x, f) . 

These are of the same forms as (2. 3). From the relation between f"'(x"') and 
f"'(x"'), we see that f"'(x"') are regular in the neighbourhood of the origin and 

are sums of the terms of the second and higher orders. Evidently these 

functions f"'(x"') are also determined formally from ( 4. 1) in the same way as 
f"'(x,.) do from (2. 3). 

Thus we have 

Theorem 2. The're exists a unique set of regular solutions f"(x,.) of the 

functional equations (2. 3) for the given transformation (1. 2), where o is 

unityC3l. These wlutions f"(x"') are determined formally and their expan.~ons 

are sums of the terms of the second and higher -0rders. 

By this theorem, we see that, for the given transformation T of the 

form (1. 2) where o=l, there exists an invariant variety defined by x"=f"(x"'). 

§ 5. Another invariant variety. 

We assume that :\.1 (i=l, 2, ... , R) are classified into two sets of :\.0 and 
:\.• such that 

(5.1) { 0 < I Ac I .S:1 , 

l:\.,1>1. 
We write (1. 2) briefly as follows: 

(5.2) { 'x"' = <p"'(x) = :\.cx"'+x'"- 1 + ....... T· 
· 'x"=<p"(x)=:\.,x"+x,.- 1 + ....... 

Then, the inverse transformation of T is expressed as follows : 

(5.3) 

where 1:\.0=1/:\.,, ':\.,=1/)... and ['x]2 denotes the sum of the terms of the 
second and higher orders of 'x.,,. By effecting a suitable linear transforma-

2) I! s~ a = a ~ 11 -1. 

3) o may be an arbitrary given number wh:ch is not zero. But, for the sake of s:mplicity, 
we have taken unity as the value of o. 
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tion of the form x,.=s;xfl and· x"=~x"', the transformation T- 1 is expressed 
as follows: 

T-1: { x,. . f(l,('x) = 'X/x(l,+'x{l,-1+['x]2' 

x" = f"('x) = ':X..'x"+'x"-1 +[1x]2 • 

Now O< ! 'X. ! <I and I 'Xe I 2.1, therefore, by Theorem 2, there exist regular 
functions r(x") such that 

. 
1(1, [f"(!. 'x)] = f,.U, 'x) . 

If we put r(z")=S;/ll(s!x"')O\ then, by the analogous reasonings as in§ 4, we 

see that 

r [ ,y>-(f. 'x)] = ,Jr(l,(f, 'x). 

This means that the sub-space defined by the equations x(l,=r(x") is invariant 
under the trans£ ormation T- 1 • 

. We shall prove that this sub-space is also invariant under T. Put 
g,.(x)=x(l,-r(x"), then, by invariance of the sub-space, g(l,(x)=O for g,.('z)=O. 

Put g,.('z)='z,.-r('x")='g,., then 'x,.='g,.+r('z") and 

These are expanded as the power series of 'g,. and 'z\ and moreover, from 
invariance of the sub-space, their expansions become as follows : 

(5. 5) g,.(z) = bg('g'\ 'x") 1gfl 

= bX'x") 'g'Y + ...... . 

Putting 'x"=O in (5. 4), we see that 

II b;(O) II =(~ ~ · · · · · · ? )-1 
• 

o -f. •.. l 
i} •••••• i•~c 

Therefore, solving (5. 5) with respect to 1gfl, we have: 

'g,. = a;(g,., 'z")gll(z). 

Consequently, when g(l,(z)=O, g'"(iz)=O, namely the sub-space defined by 

- 53-
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g"'(x)=x"'-r(x")=O is. invariant also u..,der T. In other words, r(x>-) satisfy 

the functional equations as follows : 

(5. 6) r [ <p"(f, x)] = cp"'(f, x). 

Now, as in § 2, it is readily seen that r(x") are formally determined from 

( 5. 6). Thus we have 

'Iheorern 3. There exists a unique set of regular solutions r(x") of the 

functional equations (5. 6) for the given transformation (5. 2). These solutions 

r(x") are determined formally and thei?- expansions are sums of the terms of 

the second and higher orders of x". 

The sub-space defined by x"'=r(x") is invariant under the given trans­

formation T. 

§ 6. Summary. 

Combining Theorem 2 and 3, we have 

Theorem 4. For the given transformation (1. 2) where o=l, let the eigen 

values whose absolute values are equal to, less and greater than unity, be )..,. , 

)..a and \. respectively, and the corresponding variables be x\ x"' and x"' 

respectivelu. Then there exists a unique set of regular solutions lf"(x"'), f"'(x"')I 

and I f"'(x"'), f"(x"') I respectively of the functional equations as follows : 

{ r [ cp"'(x, f)] = cpK(x, f) > 

f"'[cp"'(x, f)] = cp"'(x, f); 

{ f"'[cp"'(f, x)] ~ cp"'(f, x), 

r [cp"'(f, x)J = <p«(I, x). 

These solutions are formally determined from the above equations respectively 

and their expansions are sums of the terms of the second and higher orders 

of the arguments. The two sub-spaces defined bu xK~f"(x"'), x"'=f"'(xd,) and 

x"'=r(x"'), x«=f«(x"') are respectively invariant under the given transformation 

T. 
In each invariant variety defined in this theorem, the given transform­

ation T induces the following transformation respectively : 

Tr: 'x"' = <pd,(x, f) = A.aXd, +x"'- 1 + ··· ... , (0< \A.a\ <I); 

T~: 'x"'=cp"'(f,x)=X~x"'+x"'- 1 +······, (\X,,\>1 ). 
These transformations are those discussed in detail in the previous paper. m 

1) M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 113-131. 
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For example, we consider the sub-space R1 defined by xK=r(xd,), 

x"'=f"'(x"'). Then the points ·of R1 are transformed by T in the following 
way: 

Tl: 'x"' = rp"'(x, I), 'xK = rcx"'), 'x"' = f"'('x"') . 

By the results of the ~ame paper, there exists a one-parameter group @~ 

containing T~ . Let the operator functions of @~ te !;°' • Then it is easily 

seen that there exists a one-parameter group @1 cc,ntaining the transform­

ation T1 of the points of R1 , and that the operator functions (!;"', /;\ !;"') of 

@1 become as follows : 

e = _of:_ !;°' and !;"' = 0 f"' -t• . 
ox°' ox°' 

Thus we see that, in each invariant variety, the given transformation is 

rrroduced by iteration of one infinitesimal transfo1·mation. 

Also, by the results of the same paper, we can obtain the invariants in 

the invariant variety. For example, ltt the invariants for T~ be I(x"'). 

Then, these I(x"') and xK-r(x"'), x"'-f"'(x"') are invariants for the transform­

ations T1 of the points of R1 , and I(x"') are the invariants in R1 • 
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