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Chapter II. Transformation of Type B.

§6. Condition I.
We consider the transformation of the form as follows:

6.1) T: '2=@"(x)=2" 4@ r yx - X+ - | (N>=3)

where at least one of a},.,,’s does not vanish.

Quite similarly as in §1, we have

Theorem 1'. For the transformation (6.1), we put as follows :
axl..‘)\N= RK!...)‘N e’er--?\N, /‘Q‘}‘\l-"AN + W), +--- 4 (OAN_(DV"—-—Q\):P..)‘N .

We consider the function as follows :
R=R(r,e; p,0)
= Z R}:l...)\N Or "Oay P, COS (‘QKI"')'N+¢M+"'+¢)~Nt—ev)»

ATy
where
A=\ 07 Py,
$.=0 o7 6, according as o\=r\ 07 or=p,,
v =0 and S1vi=>1p5 =1.

A A

We assume that there exists a set of (r,,»,) such that R <0 for all (p,,86,)
: P
except for (p,=r,, 6,=m), and that [%R(r,m; 7, +en,, 7r+ee“)] F=0 for
€ e={

any (n,, e,) such that | 9,1, 1e, 1 <1 except for n,=e,=0, where P=N or N+1
according as N is even or odd. Then, in the space E,, of the complex
numbers xV's, theve exists a small hyperspherve passing through the origin
with the center o«’=rr,e and with the radius v, such that all the points of
‘that hypersphere converge to the origin remaining in it when T is infinitely

iterated on these points.
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d"R
def

‘When ] =0, the similar result-as in the remark after Theorem 1
e-0

is concluded.

In this paragraph, as Julia did in the case of one variable,’ instead of
the hypersphere in E,, of x“s, we consider the hypersphere in the space
F:‘g,. of ¥’s such that #*=(x")-1. Put

- a’=ry, e, where >0, Dl7i=1;
(6.2) { '
¥—a’=rp, e, where p,=>0, 5; pi=1.
Then it follows that .
(6.3) W=@"Wl=rX, v,

where ‘
(6.4) X, cos r,=7, COS w,+ p, cos 8,, X, sinr,=7,sin w,+p,sin b, .

From (6.1), we have the transformation T as follows :

(6.5) =X M @y 22N (W M Gy BN M ()M

where M=N—1. Then, in the space E,n, the distance d from the center
a* to the transform ’i¥ of i¥ is calculated as follows::

(66) F=S(T-N\P-)=3(-&)F-&)
£ M (S @y 82 (RVL (B ) 3] By B BN (B)ML (10— @)}
b M oy g X241 ()M (B —F)

+Z a}“l“'}‘l\’+1 XM XML (EV)M—I (:‘V__&‘u)}
— . ' .

=r+2M PR +[7h. 1,

where R is a real part of %Za}(lu.m AN xR (x?)M‘1(§”—§”). Substituting
(6:2) and (6.3) into R, we have: o
(67) R:}\ g Xr--XN’(XM""X?\N Xill—l)l/M Py x
. 1, AN, V ) )
X [$(01] [/Qx‘l"')‘l\’—l--]}—l‘{’r}\l_,— st +T)\N+(M_"1) Tv} —0\; ] .

1) G. Julia, Jour. Math. Pures Appl. (1918).
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Iteration of Cerlain Finite Transformation (Continued).

It seems. almost impossible to elliminate = in simple form in the general case,
therefore we use reluctantly this formula itself as the formula of condition.
For the origin (p*=#*, 6,=w,+ =), since X,=0, it is evident that R=0. Asin
§1, we assume that, except for the origin, R <0 for all p, and é,.

Next, as in §1, we consider the point P (2*) on the hypersurface of the
hypersphere’ which satisfies the relations as follows:

(6.8) pv=rv+€77v, 9y=wu+7r+eey,

where |7, ], |1 <X1 and |e| <& for an arbitrary small number §. For
(py, 6,) of (6.8), (1.13) is valid, consequently

(6_9) tan T, :——_. v sin wy+ey Yy C(.)S [OM , Xv -: ] e , l/;lgré%‘;g. o
7y COS wy—ey 7y SIN @y

Therefore

(6.10) i lR=€ZH2+€3H3+€4H4+“'.

When H, =0, by our assumption that R <0 for all p, and 8, except for thé
origin, it must be H, <0 for all (5,,¢,). Now, by means of (6.3) and (6.9),

all the terms of [r]“ili in (6.6) are of the order‘at least 2+Tll/f with regard
to e. Thus (6.6) is written as follows : —
a’zi——:rz+r3e2{2MH2+ [re],l;}.
M

Then, for any sufficiently small e, it follows that d < » except for e=0.
Thus, corresponding to Theorem 1, we have
Theorem 4. For the transformation

T: '2=¢"(x)=2"+a ., ¥ 2+, (N=3),
we put

{a}’q‘..,‘N =RXI"‘RN eifgxl"'AN 3

(xv)N-l_.___’, X, ei™v ,
where

X, CO3 7, =7, COS w,+ p, COS O , X, sin 7, =7, sift 0, + p, Sin 6, ,
and 7,p, =0, 2;'" 7?,=Zv pi=1. For the following function

1
R=R (7, w; P, 9)2’2 er"hzv (XAI"'X)\N X,,N-z)—ﬁ—-lﬁp, « -

x cos[’ LA..,\N+W%—1— {n,+ o, +(N—2) 'r,,}—(),,],
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we assume that there exists a set of (v, w,) such that R <0 for all (p,, 0\:)
. 2
except for (p.=n, b=w,+=w), and that [% R (7, 0; rvten, wy+'n'+€€v)J =ol:O
) ) . > e~
Jor any (9, e)) such that |91, |es <1 except for nv=e,=0. Then, in the
space E,, of the complex numbers x¥’s, there exists a small domain D passing
through the origin such that all the points of that domain converge to the
ovigin remaining in it when T is infinitely iterated on these points. The
boundary of D is determined by the equation as follows :

SH{@P )@@} =7,

where «’=rr,ev. The domain D is composed of (N—1)* sub-domains, the
boundary of which is determined by each branch of the roots.

When H,=0, since R <0 for any sufficiently small e, it must be H;=0
When H,==0, by our assumption, it must be H,<0. In (6.6),

[7’]3+ 1}4—-73+ M €2+ (K10+Ku [ SRRREEE )

consequently (6.6) becomes
P R [sz =2 + 7ot (Kp+ Ky e+ - )]

Therefore, when [7];, . does not contain-the terms of the order less than 4

with regard to e, as in §1, it follows that d <7 except for e==0. When
[r]3+$ contains the terms of the order less than 4, the constant relation

between d and 7 does not hold in general. When H,=0, similar reasonings
are continually applied.

Example.
T: ’ =l (41— L €2 (4P 0, 20
l 'xo=x°—2c (&) x°—2c% (£ x°+ @Pyn, 22V + -, (0 1)

where ¢ > 0.
M=N-1=2. Put 2*=(x")%. - Then we have:
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Iteration of Certain Finite Transformation (Confinued).
7. { 'R =31—2¢ (B + (26} n 2+ 2N 214 CHHP) + o,
gm0 — 4RO+ (265, e, 272 20+ BN AP (4°F) -
T is of the form of Ex. 2 in §1. Therefore, adopting », and , such that
ov=0 and n=1, n=---=7,=0, it follows that
R=—c{2+p,(3—pf)cos 6},

consequently it follows that R <0 except for the origin.

Next, for the neighborhood of the origin, namely for p, and 6, given
by (6.8), by Ex. 2 in §1, we have:

d’R

. de® -0

=—2ce?.

Therefore, for e, 3= 0, [%—?1 0:¥: 0. For =0, R becomes as follows :
- € 8=

R=—ce'ni(3+€n),

therefore, for #, %0, H,==0. Now, from the form of ?‘, it is readily seen
that, [r]g;iM in (6.6) does not contain the terms of the order less than 4 with

regard to e. Thus, by the remark after Theorem 4, it follows that
d<r except for (=0, 7,=0).
Now, when ;=0 and »,=0, §;== and p,=1, namely the point is the origin.
Thus we see that, in E,, of x*'s, there exists a domain D with the pro-
perties of Theorem 4, the boundary of which is determined by the equation

as follows :
| (=7 P+ 35| 27 =77

§ 7. Condition II.

For the transformation (6.1), putting 2*=(x*)""1, we seek for a cylindrical
domain of Theorem 3 in the space E,, of ¥’s. For this purpose, as in §4,
we put as follows:

/

a’=rr, e, where 0 <1;

(7.1) { ¥=2rr,c086, &Y, ¥ —a =rr, ¢*®, where —7- <6, < l;-— ;

o
2

v — PV i/QY
a)\!...)\N'—R)'l,..)\N el AreAy y

1) However, as in Ex. 2 in § 1, for ¢, we put pl=1+52m.'
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3 o
In X’-plane, we consider the distance d, from the center & =rev of C, to the
o :
transform 'x* of X* on C,. Then, by means of (6.5), We have:
(7.2) =2 -&) (*—&)
=(F— &) (B = &)+ M{Gory £ 2™ (£ — &)
+ By BB (BMR— )
F M{@r gy g 2 B ()M — GY)

F B gy BB (@R )}

=7+8 M1'3Ry+[7]3+714 ,

where M=N—1 and R, is the real part of —-41 5 @yeay XY (MY — &),
r .

Then, in order that there exists a cylindrical domain of Theorem 3, it must

be R, < 0. R, is calculated as follows:

. e ‘ N
Ry= 37 R}iny (ray #7072y )M (COS Oy, -+ €OS 61, cOS M16,) 01
Al AN

x COI‘S['.,Q}'\.,..‘AN+ —]—}4—{@\.1 + -t o, +(M—1) wv} —wy

+ A;T{e}\ﬁr O+ (M—1) 6.} —zov] :
Put
(7.3) '.Q}‘q...;w-l- T]"lv (@, + - +m)\wav)=.Q}:1,.,,w ,

then R, is written as follows:
1 1
(7.4) Ry,= . Z'A R}y (P2 7ay) M (COS Or,---COS O, cOS M710,) M
ax '
1 ?
x COS{.Q}(I...)\N+ 7%4—— (9&4‘ +‘9AN.__N 9»)} =(cos 6,,)1"M' R.,
Whéré J _ ‘
(7.5) R,=(cos Hy)“ﬁli Ry.,cos 2.,

+ N cos 8, ; RY..n Y™ (cos 6))VM cos {.Q:...M + z~1‘17f ((A—()y)}
AFV



Iteration of Certain Finite Transformation (Continued).

W N-D : i1
+ (N )(cos 6 M 3 Ry, (707, MM (cOS Or,o-COS Oap 1M
b AL, A pHEy

3 cos{gzﬂ..vkr..kp + 7117 (Oni+ - +6r, —D ov)}

+ . % N R}y (70 70, WM (COS 63+~ COS O, WM
1,""s AN

X COS {‘Q\;\l)\jv +—’A14“—‘ (0)\1+ +6)\N—N0y) }.

We consider the general term

Sp= RS...V}.l...)\p (n,- Vap )I/M (COS 01, --COS Oy )I/M x

x €COS {.Q:...ml...xp + *]'1{4,* (0,\1+ o +Onp -ﬁ 91,)} .

Put 6\,=-- =6\, =6, then S, becomes as follows :

Sp=RY. sarp (Fag 720 )M (COs 8)#"M cos {.Q,‘:...VA,...A,, +‘7€% 0— 1€I By} .

We consider the case where 2p > M. Then, by the lemma in § 4, we see
that, when R} ..a.ap=F 0, for any 6, sufficiently near to 5r/2 or to — /2, there
exists a set of (6, -, 6x,) such that cos 6., -, cos fr, 3= 0 and S, =>5 > 0-for
a suitable small constant 7.

Now, for 6, sufficiently near to =/2 or to —=/2, from R, < 0, it follows
that 3715,<0. We take arbitrarily at most N of »’s and put other »’s
zero, then, as in §4, from the preceding results on S;, we see that R},..,,=0
for Ay v, ,Ay=F». Then R, can be written as follows: ‘

R,=cosé, - R,, _
where R, is of the analogous form as R;. Then, by the analogous reason-
ings, we see that R},,.,,_, =0 for A, 3F=v, -, Ay-15F». Repeating this process,
ultimately we see that- R}. ..., =0 A Fv,yApFv) for any p > M/2.

Thus we have:
(7'6) ' y=(COS 6,)2—7; AROV y
where )

Igyz (cos 8, )P'™M RY, ., COS 2%+ -+
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N / ,
+(P> N gp#v Rngerp (70 72, M (COS Or,---COS 6, )M

x COS {Q:---vkl-.‘)\l,'f‘ # (0;\14‘ +9>\PT“P91,) } .

where P=[M/2]P.

Now, for 8, such that cos 8, == 0, from our condition, it must be l‘igo.
Put n\=t"y,, where 0 < 7! <1, then, for fixed 6,, taking ¢ sufficiently small,
we see that R <0 for every p < P, where

R{#=(cos 6,)"’"M R}.., cos 2%.., ‘

P-1
+tN(cos8,) M 3] R\ #YM(cos )M cos{.QL‘...M+ - ]3[ (GA—BV)}
A=Y o

P-p
+ tp<N> (COS ev)“ﬁl‘}—‘ 2 R:...w\l...)\p (7’;\1' ' r;\IJ )I/M (COS H'\l "-COs 0)‘1" )1 m x

AL, ApHEV

x COS {-Q;‘..w\l...)\p + % (0)\1+ et 0)\1; —p 01,)} .

In R{?, we take arbitrarily at most p of #’s and put other »’s zero. Taking
6, sufficiently near to #/2 or to —w/2, from R{?»’ <0, for any set (#o,, ", 7, q)
of s where ¢ < p, it must be that

(7.7) . AE# RY.onponp (a #2p) "M (COS 01,7 -COS Or,)VM
NG

X COS{Qz...Vxl...)\p-I- 1? (0)\1+ +0)\p —p 91;)} g 0

for p < P, where (., -, 7,) are permutations of (7., -, #,) inclusive of mul-

tiple elements.

=

Next we consider the sum a},.., x*---x*= (x*)1 (%—a*), where L=>N.
. 1 . L 1 L . )
Let the real part of this sum be 2U"a*mr*"m*'u K,. Then, putting
a‘):l...;q' =R}\1"'AL e/Q;\l"‘}\L and IAQXX...?‘L + ‘—Jb“ (w)\1+ +-CO)\L —my)=.Qxl...}\L,

we have:

1 1 L
K =(cos "M 3] R}, (#ay 72, )M (COS 6ry-COS 1) M
. AL WAL

1) The symbol [ ] is a symbol of Gauss, namely, for positive a, [a] expresses the greatest
integer not greater than a.
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Iteration of Certain Finite Transformation (Continued).

« €08 {Qhpen, + o (Ont 40, — N 8,)}=(cos 0} K7,

where

. , L L—N
— M v v
(7.8) | K;=(cos8,)™ R;}.., cos (.Qy‘..v + 7 0\,)

L-1 1 1
+L(cos@,) ™M § Ry M (Cos 8)) M =

- cosftt Lo L=N=1)

L L-p 1 Lo
+ ( p)(cos 6,) M . g_,‘* RY.onrp (70, 72p) ™ (COS Oy, COS O, ) M
B it

x COS{Q:...W\;...)\,, + —1}4—(0)\, + - Bxp) + kfg—N 9\,}

M
+ ......
1 1
+ > R, (7a7,) M (COS Or,--COS O, )M
Al A LEY
x cos{ Yoa, + ﬁ(oﬁ---wﬁ)—' %ov}.

, L2
We write the general term of the above expression as (%)(cos ) M S; In

S, we put 6x,=---=0\,=0, then S, is written as follows:

1 2
(7.9)  Sp=Ry.vapap (72 72p) M (COS ) M

x cos(gz,..yx,...xp + —fi Gwi——%‘li)— HV) .

Now we consider the case where p > L—N+P. Then

b, p—(L=N) _ p+P - 2P+1 -
M+ % > M =M =1,

and evidently %gﬁi%‘—lv—)>o. Therefore, by the lemma in §4, we
see that, when p > L—N+P and R)..a.. = 0, for 6, sufficiently near to /2
or to —m/2, there exists a set of 6., --,0,, such that cos®8,, -,cosbr,=+0

and S; =>7>-0 for a suitable small constant 7.
Now, if we write the transformation (6.1) briefly as follows:
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=%+ Fyt -+ Tp+

where T, denotes the sum of the terms of L-th order, then, by making M- th
power of both sides, we have: , s

(7.10) "R=Z+M MY (Ty+ -+ T+ )

(T4 +Tpt WM,
consequently, if we put '*=%+ 7~"N+M_1+~.--+fI~‘L+M.'1+'--.-, then
(7.11) Tropga=M 5™V T+ %, 1 (T, Tr-1)
where ‘P, _; denotes the polynomial of the arguments with coefficients of the
polynomials of x. Then (7.2) is written as follows:

(7.12) d?

={(:~c—&)+ Taenrt o+ TL+M_1+~--}{(§—37)+ T+ Traper+ } |

- =@—8) G—8)+{ Twoser G2+ Tyenes F—20)

+ {TL+M—1 (E"&)‘*‘ Trip-1 (B—0)+ (T ps-2, TL+M—2. oty Tspe-1, TN+M—1)}
+ ves , l

coﬁsequently the general term is of the form as follows :

(7.13) {MxM*lTL(§—§)+M:'cM'1T‘L(%-—&)}+{$L_1-(5: ‘)+s43“ (F— a)}

§B (TL+M-21 TL+M~Z; ) .
We shall prove that RY...x,..,=0 for Mm=Fv, -, ApF v when p>L—N+P,
namely @},.», %2 contains at least (N— P)-th power of x*. We have seen

already that, for L=N, this holds. We assume that this holds for L=N,
N+1,-,L'—1. Then, from (7.10) and (7.11), since . "

M—p+p(N—P)=M+p(M—P) = M+(M~P)=(M—-1)+(N-P),
we see that, for L L/, B (T, Tr)=aM - R (1), where P’ (x) is
a polynomial of x*. Consequently, it follows -that, for L <L'—1, ;.i‘u M-1
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Iteration of Certain Finite Transformation (Continued).

=x*M-F B'(x), _}Nhere PB(x) is a polynomial of x*. Then, for L < L'—1, the
expression (7.13) contains at least (2M—P)-th power of ' or &' and, for
L=L', the same expression becomes that of the form as follows :
M{a{ml XM M (x”)M‘i (??“—-:“)+c'z;1..“ FM. L FA (:?“)M“l (%"—&”)}
+(xv)2M'P %NI (x)_l_(k‘v‘)ZM—P %(IV) (x) s
where P’ (x) and PV’ (x) are the polynomials of x* and ¥*. Then (7.12) is
‘wtitten as follows : “

(7.14) d2=7"+8Mp7 (cos 6,7 R,

1 N P
+23*m Myr** M (cos 6,2~ M Ky
+ P

1-2 Lr-2 P,
422 Myt M (COS 9\.)2-»M7 KL/-I

L’-1 L’~-1 1 P ”
+22 7 Myt m ’[(cos oMM K, + (cos 6, M KL':I

+ ...

’

where K;,=(cos 8,)-"™ S,+ L’ (cos Hv)%?* SIS+ +( I;) (cos GV)L—’V’ > Sp+

-+ 3187, Then, for 6, sufficiently near to =/2 or to —=/2, i)y similar
reasonings as in §4, by means of the properties of >S5S, we see that, for
L=L', it must be RY..n.2p=0 for N=F», ,Ap=F» when p>L'—N+P.

Thus, by induction, we know the validity of our assertion.

As in §6, to the cylindrical domain in En there correspond (N—1)*
cylindrical domains in E,,. Thus, summarizing the results, we have:

Theorem 5. Given the tra_nsformation

T: 'v=¢ (x)=x”+a’;;...AN AN M (N 2 3),
where a,.\,’s do not all .bqnish. In order that, in the space E,, of xV’s, there
exist (N—1) cylindrical domains determined by | (x*)¥1—a’ =7 for a’=re™y,
such that all the points of the boundary of each domain are transformed to

the inner points of that domain except for the origin, it is necessary that the
transformation T is of the form as follows :

(T)' ’x”=¢”(x)=x_"+(x”)"’-"Pn(a}{1..,.>‘P x'\'l",'x)ﬁp-_l— ) s
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where P=[ N2_1] and, that there exists a set of w, such that, for any set

(7o, 75, ), and for 6, sufficiently near to w/2 or to —=/2, there hold

(2) 33 RYnrn(7a 7)Y (COS 6r,---€COS 81, )M,

Ay A p¥y

x COS{.Q:...\,)\I...)‘,, + Wi-—:f (Bxl + -+ pr—p ev)} g 0

Sfor all r\ and 6. such that 0 < <1 and —=/2 <0< n/2, where (A, ", )
are permutations of (v, -, 7, ) inclusive of multiple elements and

v =R Q) )]
a)\l...)\P _RAI"')\P € TAreAP

v 1! OV
AQ)‘I...),’M ‘th"‘kl’ +

{ort 4o, +(N-P=D a} .

N—-1

Next we consider the converse of this theorem. We assume that,
(i) T is of the form (T) of the theorem ;
(il) there exists a set of w, such that the relations (2) of the theorem are
valid for any r., 0, and 0, and moreover, for p=P, the left-hand sides of
(&) do not vanish at the same time for any r\, 6r and 6,.

In the %'-plane, we take a point % arbitrarily on the boundary or in the

[e]
interior of C,. Then there exists a circle C, passing through the point %*.
For such %, from (7.12), the square of the distance from the center &'=rr, e

to the transform ' of % becomes

(7.15) di=r:y24+8Mr? 7‘3'{7 (cos 6,)* %{R: +[rlnt

where
(7.16) R,=(cos 8,)"’M yp,PIM R> , cos 2.,

-1 P-1
+ P (cos ey)'PAT o M E‘ R .on ()M (cos OA)T}«" x

x cos{.@t...,,ﬁ—;7 (&—6,)}

+ ves
+ X R (17 )M (COS Oa,-cOS Oa )M,
ALy APFY ’

% COS{.QKIA..)‘P'F T]l"l— (9,\1+ “ee +9xP—P 9\;)} .

1) In the following, we use this expression for & rp
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Iteration of Certain Finite Tyansformation (Continued).

From the assumption (ii), for any 7., 8. and 6,, it follows that R, <0. Then
there exists sufficiently small #, such that, for 0 < » <#», Ry+[7r] ,»<<0. For
such 7, from (7.15), d, << » »» except for 6,=wu/2 or —ax/2. Then, by the
reasonings in the outset of §1, we see that all the points of C, converge to
the origin remaining in it when T is infinitely iterated.¥” Thus we have

‘Theorem 6. For the transformation T of the form (T) of Theorem 5, we
assume that there exists a set of w, such that the relations (2) of Theorvem
5 are valid for any r\, 6\ and 9, and moreover, for p=P, the left-hand sides
of (2) do not vanish at the same time for any r., 6r» and 6,. Then, in each
_blane, there exist N—1 domains D, such that all the points of each D, converge
to the origin rvemaining in it when T is infinitely itevated on these points. The
boundaries of the domains D, are determined by the equations as follows :
| (21— |=r

where ’=r e™“v.

Chapter III. Application to the differential equations.

§8. Setting of the problem.

We consider the differential equations as follows :

dx! dx? dxn
8.1 ax _ ax ... — ,
( ) &1 62 f“
where
(82) évzcx x)\+C;‘\1M M x4,

In this chapter, we consider the case where all the eigen values u,’s of || ¢} ||
lie on a straight line passing through the origin. When all the eigen values
w/’s lie in the same side with regard to the origin, all the integrals of (8.1) are
already determined.}‘z’ In this chapter, we consider the general case where
some w,’s lie in one side and some other w,’s lie in the other side. By means
of a suitable linear transformation of the variables x”’s, without loss of gener-
ality, we may assume that || ¢} || is of Jordan’s form. We consider the group

1) Of course, for our purpose, it is sufficient if we assume the weaker condition that R; <0

for any 7a, 6x and 6,. But here, confering the necessary conditions ({2), as a simple example,
we have adopted the assumption (ii).
2) M. H. Dulac, Bull. Soc. Math. France (1912).
M. Urabe, Jour. Sci. Biroshima Univ. (1951), pp. 39-43.
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& of transformations having & (x) as the operator functions. Then the finite
transformations of & are given by the integrals 'x*=¢" (x, ¢) of the differential
equations as follows :

d'x '
3.3 = =p .
(3.3) o & (x)
If we put X= E“—aaxv, then, by the initial condition that ¢’(x,0)=2x", we

have:

(84) 'x=g¢"(x,t)=eX (a")=e" x* +te" 2 @ (F) 2 A

These are parametric forms of the integrals of (8.1), which pass through the
point x*. Since ¢ (x,¢) is one-valued with regard to ¢, therefore we can study
the properties of the integrals, investigating the mode of @' (x,t) for radial

variation of ¢
We classify the eigen values w,’s as follows:

(8.5) pa=r.€°, p=r e and u,=0. (74 71 > 0)
Put t=p e % and vary p, 0 being fixed. Then we see that,
for 0 such that —7/2 <w—0<x/2: |e*at[>1and |e?|<1;
(8.6) { for 8 such that #/2<w—6<3w/2: |e*a'|<1 and |e“t|>1;
and, for any 6, e*zt=1. )

For the eigen values of (8.5), it is known already® that there exist two
invariant varieties for & defined by the equations as follows :

A- { K=f1(x2), I { xe=g2 (),
L xz=f2(x2); x*=g%(x").

Here f and g are sums of the second and higher orders of the arguments .
and they are the solutions qf the equations as follows: ’ '

J ga <x,f>—g§} =8 (x,1), I E(xg) 08 =t (re),
l g (x.f)»g——g- =t (x,f); ] £ (x, 8) %ﬁj— =t (5,9).

Here £ (x,f) and & (x, g) denote the functions obtained by substituting f for

1) M. H. Dulac, Bull. Soc. Math. France (1912).
M. Urabe, Jour. Sci. Hiroshima Univ. (1950), pp. 195-207.
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x!, x* and g for x2, x?, respectively, Then, in each invariant variety, the
transformation of & is expressed respestively as follows :

in A: 'xo=@0 (x, 1) = etalxat+teral x0 1+ o af, () 20 2+ -,

'xt=f1 (x), 'xr=f¢ ('x); ’
in L: 'xl=g! (x, )= e"! xl+te"t 1714+ gl () 2P 594 -+,

‘xe=ge ('x)), 'xe=g= (x').
For example, consider the transformation: ’x?=¢2(x,#). We take a positive
number p, arbitrarily and put p,e *=¢,. By suitable linear transformation
of the variables x¢, the transformation can be reduced to that of the form as
follows : - :

'xr=gt (x, b)) =e*a? x2+ 8 x* 1+ af, (b)) x° x°+ -+,

where § is an arbitrary positive number. We take @ such that «/2 < w—0
< 37/2, then | e*a®|=nr,<(1. We take § so small that r,+8<1. If we take

r sufficiently small, then, for | x?| < 7, there exists a positive number K such
that '
| a3, (&) 2% x°+ - I<K|x[

- where |x|=max.|x2|. Then it follows that

['x2 | < (A+8+K|x|)|x].

A

We take | x| so small that there exists A such that
A8+ K x| <A<,

Then |’x2] < A| x|, consequently, when the transformation 'x?=g¢2(x,#) is
infinitely iterated, xe tend to zero. Returning to the initial variables, we have
the same conclusion. Whken x2— 0, evidently x’ and x° tend to.zero. Thus
we see that, in the invariant variety A, for 0 such that w/2 < w—8<3w/2,
all the points sufficiently near to the orvigin converge to the origin when the
“transformation is infinitely iterated, namely when t radially removes indefinitely
from the origin in the direction determined by 6. Similarly we see that, in
the invariant variety L, for 0 such that —m/2 < w0—80 < /2, the same con-
clusion is valid. .

Saying the above results in other words, we see that, in the sufficiently
small neighborhood of the origin, there exists an integral curve passing
through any point in the invariant variety A or L, which approches indefinitely

1) For, @v (x, k) =PV [P {x, (k—1) to}, §].
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the origin. The integral curves correspond to radial variation of t for @ such
that cos{w—8)=0.

Thus it becomes a problem to determine the domain of x* in.the neigh-
borhood of the origin such that all the points of that domain converge to
the origin corresponding to radial variation of ¢ for 6 such that cos (w—6)=0.
If such domain exists and moreover it is of 2»n dimens‘ions,i then there exist
integrals of (8.1) approaching to the origin and.moreover cohtainihg n arbit-
rary constants. In this chapter, making use of the results of Chapter I and
II, we study this problem.

§9. Conditions for the domains.

In this paragraph, we seek for the domains discussed in the preceding
chapters such that the integrals of (8.1) passing through any point of these
domains approach indefinitely the origin corresponding to the radial variation
of t for 6 such that cos (o —8)=0. _

We assume that cos (w—6)=0. Then it follows that u,t=+ipr. In
this case, by attaching the sign to »,, without loss of generality, we may
assume that
9.1) we P=ir,.

We assume that », », -, 7, are mutually commensurable. Then there
exists a positive number p, such that p,»,=2= p, where p, are integers. Put

ty=p, e™*, where 6 = w+—g—- (mod =) by our assumption. Then evidently
e*v=1, consequently, for this valﬁe of ¢, the transformation of & becomes

2
(9.2)  ‘w=¢ (x,h)=x"+Hx"" +'% X7t () 2 x

From the properties of @" (x, ), the radial variation of ¢ corresponds to the
iteration of the above transformation. Consequently the problem is to seek
for the domains, of which all the points converge to the origin by infinite
iteration of the transformation. The transformation of (9.2) is transformed
to the transformation of type A, by suitable linear transformation of the

) ,
variables x”’s, when the linear terms #; "7, ZtL'x"‘z,--- exist. By $%3 and 5,

for the transformation of type A, there exists neither a hypersphere nor a
cylindrical domain of the desired property. Thus we have
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Theorem 7. When the Jordaw’s form of || c}|i is not of diagonal form,
there exists neither a hypersphere nor a cylindrical domain such that the
integrals passing through any point of these domains approach indefinitely
the origin by radial removing of t from the origin in the direction of 6 such
that cos (w—6).

Thus, in the following, we consider the transformation of the form as
follows :
(9.3) T: 'v*=x+a}, {t)x* 2"+ - .
In this case, it must be ¢=pu, 8 P (not summed by »), namely
(9.4) F=p, ¥+, x*x*+---.  (not summed by »)
Now, in our case, by means of t=p ¢ ® the differential equations (8.3) are

transformed to the equations as follows:

d’'x’ _ _igqr
(9.5) P =e " E('x).

In the following, we write e * &' (x) as & (x) for brevity. Then, from (9.1)
and (9.4), it follows that '
* (9.6) ' EX)=inx+c 2 x"+-, (not summed by »)

and the differential equations (9.5) are written as follows :

d'x sy (!
9.7 : dp =8 ('x). )

Then we have the group & of transformations with the real parameter p,
and the transformations of & are written as follows :

(9.8) T(p): 'w=9¢"(x,p)=€m" x*+a},(p) x* x*+ -,
and moreover T (p,) becomes T of (9.3). Substituting (9.8) into (9.7) and
comparing the coefficients of the products of x*’s, we have:

da‘)’q)\a —_— v Vv ip(ry, +7,)
=ML =1 7 Gaaa T Oy €7 TN

dp

d a3 . ; ;
- dlpLL—_—Z 7y axlh)\a +C}1m [ezprm f)lq a’)’\'gka) + etPrM a’("){lkz B'ﬁ)]

v { + +9y,)
+CA1}\2}\3 etP(r)‘l [SVRESYY ,

1) 8y is Kronecker’s delta.
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=77 Gy F s (€771 881 @2n gy F A0, Bnyy +

J d a{r..u,
(9.9

Iy Y W ORI

N v < 3
+ Crpops 2 a&}a’“a’“ Ax)

F Gy €PN AR D

(PETT ) (not summed by » and A)

By these equations, a}.., (p), @, (p), - are successively determined, making
use of the initial conditions that a}.,(0)=a% s (0)=---=0. From the first,
we have: '

’ »
a‘)‘q)\z (P).:CLM ezr‘,P'L elP(rM"'rM"rv) d P .

Consequently we have:

eiPra Ty, — givry
| tornt ik, dnlo)=din =
(9.10) (rat7,—n)i
] for W=7 + Fro s a}q)\z (P)-:CXI)\Q P eirvp .

Therefore it follows that
. - fOI’ 7y 4: 7)\1 + 7’)\2 ’ a}'\l)\z (P\))=0 ;

(9.11) {

N fOI' 7y=7’)\1 + 7)\2 y ) a\)‘\l)\z (po)ch1A2 Pd L

Substituting (9.10) into the second of (9.9) and again substituting the obtained

results into the third, and so on, we easily getﬁ

(i) when any one of the relations 7=t g 7 =%+ +r, does not

hold, o o |
@ (P)y o, @y, (P) ate respectively of the forms

_L [eipfv, eiP(r)\l’rrM)]'. -y L [eipfv’ eip(rm+rm)’..., eip(r)\1+‘"'+r,\N)](2) ; ‘
(i) -when any one of the relations 7,=7,+7., #=#y+ - +7,_, does not
hold and 7=+ -+, holds, a},.., (p) is of the form as follows:
a\)l\r“)\zv (P)zlc‘){y--)\N p eipr,,_*_L [eiprv’...’ eip(ru1+...+,~“N_1)] ,

where Kxpoay=CXpay+ pOlynomial of [€hiue ) Cliny_ 1

1) The term having indices 33,22 -, )~ enclosed by round brackets expresses the mean of all
the terms having indices of permutations of 3y, 2., n.
2) L [--] denotes a linear combination of the arguments with constant coefficients.
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Consequently, when «},..,=0 for any » and Ay, Ay, @y (p) iS of the form
L[ein®,---, e ratra 0] consequently @y, (P)=a% .y (0)=0, namely T (p,)
becomes an identity. In this case, the group & is majorized.’ ZWhen
’CL"'MV :i: 0’ a‘)’q---AN (P\J):’CLHAN P :‘: 0.

In the case (ii), it is easily seen that, whether «},..,=0 or not, for
L>N, &, ‘(p) is of the form as follows:

aM AL (P) L’ [e””’v e“’(’m”nz’ e"""m+"'+’)~ )] ,

where L’ [--] is a lxnear combmatlon of the arguments W1th the coeﬁiments-

which are polynomials of p. Consequently, in general @},.., (po) =+ 0. Now,

by our assumption, #,---, 7, are all mutually commensurable and moreover
some are positive and some are negative, therefore the relations of the form
#=vn+ -+, arise certainly infinite times. Thus, the necessary and
sufficient condition that T(p,) becomes an identity, namely, & is majorized,
is that k},..,=0 for v and \y,---, Ay such that r,=»,+ -+r.,. When @ is
majorized, the integral curves are completely determined.”? Thus we exclude
this case, consequently, for certain » and Ay, Ay, #),-2,==0, therefore there
exists non-vanishing @},..,, (py). Then, the discrimination whether the desirved
domains—specially hyperspheres or cylindrical domains—exist or not, is got by
applying the results of the preceding chapters to a‘;l,,.M,v(po) determined in the

above way.

§10. Exampleé.

In this paragraph, we give two- simple examples, where the desired
domains exist.

Example 1. One of the eigen values p, is zero and €, Cipae Gre as
follows : - ‘
(i)  Gn's arve all zevo except for ¢t,;
(1) aane's are all zevo except for ¢, .

Since #»=0, it is valid that »=n+7% for any ». Thus, by (9.10),
for a,;, (p), we have:

1) M. Urabe, Application of Majorized Group of Transfomtatzons to \Functional. Equations,
this journal, 16 (1952), pp. 267-283.
- 2) ‘M. Urabe, do:
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(10.1) . ah (p)=c) p e and other al,, (p)s vanish.

The second of (9.9) is written as follows:

(
da} :
fOI' V= 1 : _%&M" = ZCh 8%)\1 a}\ﬂ\a) + c}q)\ﬂ}\n ew(r)‘ﬁr)\g"“rm) s

J P
10.2 v . .
( ) fOI' v :%: 1 . 1‘%‘=”’v aLMAa + 20’1’1/ [8})\1 a‘;\z)\a) +52',\1 a)l\a)\s) e"vp]

+ cxmﬂa eip(r)‘l+r)‘z+r’\3) .

| .
In the first of (10.2), if at least one of (Aj, Az A3) is not 1, then the right-
hand side vanishes, consequently, for such (Aj, Ay, A3), @pa (P)=0. If Aj=2n,
=n;=1, then it follows that

1
daw =2(cyPpe+cu,
dp

consequently we have
(10.3) ayy (p)=(c ) P*+clup. |
We consider the second of (10.2). When at least one of (A, Ay A3) is neither

v
1 nor », we have d‘;;l'z”im’m @ aanss CONSequently al,n, (p)=0. When the set

(A, A2, Ag) 1s one of (1,1,1), (1,»,») and (v, », »), we have the same equation
for a},.». (p), consequently @},.,.. (p)=0. When (Aj, Ay A3) is (1,1, »), we have:

das,

Wi —ir, atot _g_ &, [2a3 + aly 6P ]+ ch, eiPrv
P

. 2 . .
=i7, ah, + - c, [2¢, +ch] p e+ ¢ty efry,

consequently it follows that
(10.4) aby (p)=[—§— ¢ty (2¢t, + ¢y) PP+ el p] eine.

We determine ck; and ¢}, so that

(10.5) (ch)? po+cln=0, —:1,)— ¢ (26, +ch) po+ € =0.

Then, from (10.3) and (10.4), it follows that

aly (po)=at, (p))=0.

Thus, we see that a},,.., (p;)=0 for any » and Ay, Ay, A;. Then, when ¢,=c&=
-=c,=c is real and not zero, we see that, T (p,) of (9.8) becomes the trans-
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formation of Example 2 in §1, for py >0 when ¢ <0 and for p,< 0 when
¢>0. Thus we see that, when ¢}, satisfy (10.5), there exists the desired
hypersphere.

Example 2. &=&"P[c+c 2 +--], where ¢ == 0.

In this case, all the eigen values are zero, and the necessary properties
for our purpose are obtained by the following way rather than by means of
(9.9). The functions ¢’ (x, p) of (9.8) are formally determined by ¢"(x,p)

— ¢ (x*) where XE&“}%’ Then it follows that

X(x)==xPc+c x*+--].

We assume that X# (x*) contains the factor (x*) for positive integer p. Put
X? (x")=(x"}¥" (x), then
X ()=X[(2P ¥ (0)]=8 22" ¥ + (2" F X ¢
=(x"2[2x (¢’ + L x*+ Yy + X ],
Consequently -X?*!(x*) also contains the factor (x')%.. Thus we see that
¢ (x, p)—x* contains the factor (x*)2. From (9.11), we see, that a’, (p))=c" p,
and other a},,,(py) vanish. Then T (p,) of (9.8) becomes the transformation

of the form in Theorem 3. From ¢*==0, a?, (p,) == 0. Thus, by Theorem 3,
we see that there exists the desired cylindrical domain.

§11. Integral curves in the case where
the desired domains exist.

In §89 and 10, we have considered the iteration of 7 (p,) corresponding
to the radial variation of ¢ in the direction of #. In this paragraph, when
there exists the domain considered in the preceding paragraphs—namely the
domains, of which all the points converge to the origin remaining in it when
T (p,) is infinitely iterated on these points—, we investigate the properties of
the integral curves corresponding to the radial variation of £.

The integral curve passing through the point x* is determined by (9.8).
The functions ¢” (x, p) of (9.8) are also expressed as

(1L.1) @' (x, p)=e"X (x*), where X=§ 6“ .

ox

We take the functions =¥ such that &»» &, and put &* aic“ = X'. Then
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it is evident that, when F»f, X' F» Xf. Consequently X'? (x*) X? (x").
Therefore, for positive p, p? X'? (x*) » p? X2 (x*). Put
X (x)= @ (1, p)=AX (p) x* + A}, (p) M 2™+ -,
then we have:

] a;‘\l}\z (P)i:<:.Ax1M (P),;) axr--)w (P) I __-g_— A‘;\l"‘)\N (P)’”' .

Now A}, (p),y AXay (p),- are the power series with positive coefficients

with regard to p, consequently, for p such that 0 < p < p,, we have:
Xx)\z (P) g ALM (PO):' My A;‘\r--)\N (P) g AL-O\N (PO))" T

Thus we see that, for p such that 0 < p < py, -
(11.2) | @ (P) | < Al ()5 | @ivny () | < ARiny (PO

Now, taking §, sufficiently small, for | x | < §,, there exists a positive number
K such that

Al (po) | xM 22 [+ + AY oy (o) [ 2™ | - S K |x 2,

where | x |=max. | x*|. Consequently, from (11.2), for | x| < §,, it follows that

| @ (P) 2™ 24+ @y (P) XM A+ | KK x 2.

Then, for p such that 0 < p < p;, we have:
(11.3) ' | S |+ KlxP<|x[(1+K]x]).

We take & such that & <min.(1/K,§,), then, for x* such that |x]|<8/2,
from (11.3), we have:

(11.4) 2] < 8.

Then, in the space E,, of x”’s, we consider the hypersphere V/, of which the
center is the origin and the radius is §. When there exists the domain ex-
piained in the outset of this paragraph—specially the domain of the preceding
chapters—, by the reasonings in these chapters, we see that it can be made
so small as we desire. We take such a domain which lies in the interior of
the hypersphere V' with radius §/2 and having the origih as the center. Let
this domain be D. Then, from (11.4), when x* e D, 'x” e V, namely the integral
curve C passing through the point x*, lies in ¥ for p such that 0 p < p,.
Now, " from the properties of D, T (p,) x“=:1c"eD. Then, for p such that
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P =p=2py T(p)x*’=T (s+p)x*=T (o) x and 0s0=<p, Consequently,

again from (11.4), we see that T'(p) x*e V. Repeating this proccss, we see
that, for any p, T (p) x* ¢ V. Thus, we have

Theorem 8. When there exists a domain D of the preceding chapters, of
- which all the points converge to the origin remaining in it when T (p,) is
infinitely iterated on these points, the integral curve passing through, any
point of D approches indefinitely the origin remaining in the certain neigh-
borhood of the origin.

Department of Mathematics,
Faculty of Science, Hiroshima University.
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