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Let G, Ay, A (p>1) be non trivial classifications. We shall say that
€ is decomposed into 9(;,---, %, if the relation

p
M | Py= 3Py,

holds. Here we may always assume that the 2 are labeled so that d(2[;)
=>dU) = =d(Uy). By the result’ previously established p must be
=3. We show (§1) that (1) implies

?
2) d(A)d (Q.IZ)gEd (),
and that if the equality holds in (2), we must obtain
p)
(3) ) Panarz=zpaxk
k=3

that is, the interaction %, 9, is decomposed into classifications ;,---, %;. Con-
versely (3) will imply (1) with €=, A\ %, Thus a decomposition of an
interaction into classifications is regarded as a special case of a decomposition
of a classification into classifications. It is our purpose to investigate the
structure of such decompositions. The case p=3 was considered in our
previous paper? and we proved that Pg=Py,+ Py,+ Py, holds if and only if
c=9 /\ Ay, and A; A,=2As. Here the latter relation implies that A;, A, are
regularly orthogonal and d (2,)=d (;)=d (A;)=1®. After some preliminary
researches (§ 1) we investigate the structure of decompositions (1) for the
cases d (A)=p—2, p—3, p—4. It is to be noted that (2) yields d () < p—2.
Then we apply the results thus obtained to determine the structure of de-
compositions (1) for p=4,5,6 (§3). $4 treats the decompositions of interac-
tions. We show there that Pysg=_Py,+ Py,+ Py, + Py, is characterized as the

1) Cf. [2]. Theorem 22. The numbers in square brackets refér to the list of references at
the end of this paper.

2) Cf.[2]. Theorem 23.
3) Cf. [2]. Theorem 9.
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decomposition of the interaction of 2nd order, as indicated by R. A. Fisher?,
in the 3 x 3 x 3 factorial experiment.

§1. Some lemmas on decompositions.
In the sequel we are only concerned with non trivial classifications. Let
us consider a decomposition :

2
(1) Pe= 3Py,
k=1

Lemma 1. (1) implies

@ () d () < 3 d (%),
(2" a(6)=$1d (%)

Proof. (1) implies Py = Py, Py, whence we obtain Pg => Py .y,. By
using this relation we get

D
PQXI %IZZP%{VQ&_PQII—P?M _<—_.P@—PQI1_P%12: k%l—;P’)Ik'

Thus (2), (2) are direct consequences of the definition of degrees of freedom,
completing the proof.

We call e=d(€)—d (), A Ay) the excess of the decomposition (1).
Then (2') yields

e= 32 —{(d @+ 1) @) +1)—1)= a0 —-d @) ).

?
If d¥,)d (?Iz):kz_;d(‘llk) holds, that is, e=0, then we say that (1) is of
régular type. From the proof of the above lemma we obtain
Lemma 2. If (1) is of regular type, then '
?
(3) P&[l ‘2‘(1: Zpﬁtk
k=3
holds. Conversely (3) implies (1) with €=U, A Us.
Let C;, C, be two different G- classes. Put nuk(Cl, Cz):nﬁ,f]’, or o ac-

cording as there exists an -class A% containing both C, C; or not. In
the sequel the following lemma 3 will play a fundamental role to investigate
the structure of decompositions.

4) Cf. [1].
5) Cf. [2]. Theorem 2.
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Lemma 3.

d N
1=V
@ P R e (GO

Proof. Let ¢, ¢; be unit vectors associated with an index taken from C,,

»
C, respectively. Then (e, Py ¢,)= }](el, Psxkez) will yield the relation (4).

For example suppose that C,, G,z AP, If » A= pN 1 holds, there exists

besides A{" no -class containing both C;, C,. If ;Ng' = naD > pN i holds,
there exists besides AP precisely one ¥-class containing both C,, C..
Lemma 4. d () < p—2. The equality implies that d (U)=---=d (Ay),

and (1) is of vegular type.
Proof. Since d () =d((A,) =-=d(A,;) holds, d () d(Ay): < a' (A

< (p—2)d(Ay), and consequently d (¥;) < p—2. Then it is clear that d (A
=p—2 implies d (;)=--=d (A,), and (1) is of regular type.

§2. Structure of decomposition (1) for the cases d (A)=p—2, p—3,p—4.

Theorem 1. Suppose that d()=p—2. The decomposition (1) is pos-
sible only if C,A,---, U, arve vegular and p—1 is divisible by d (z)+1.

Proof. Suppose that the decomposition (1) is possible. It follows by
Lemma 4 that (1) is of regular type. Hence any ;-class intersects each
Az-class (E>1) in precisely one €-class. Then Lemma 3 shows that

naL= ;NT’ that is, %; is regular. To prove that € is regular we take

arbitrary but fixed two different €-classes C;, C; contained in ;-classes AP,
AP respectively. Lemma 3 shows that there exists an ,-class AS’“(k> 1)
containing both C,, C,. Since ¢=0 implies that C;=A} A%, Cz A‘I’A"” it

. . . e /yesyu s 17 4D
follows in view of the orthogonality condition® that ¢ — 474" _ "4b

o,  RaPaP  RAD
=1, that is, »ng=nc,, from which we conclude that nc=const. This means

that € is regular. Then it is easy to see that nA(.lv—i( >1).
: ad)+1

Hence A, (k>>1) is also regular. Apply Lemma 3 for C,, _Cz both contained
in an 2A,-class to obtain that the right side of (4) is a multiple of d(;)+1.
This completes the proof.

6) Cf. [2].
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Two Latin squares of side p—1 are orthogonal to each other if, when
they are superposed, every letter of one square occurs once and once only
with every letter of the other. If d(3)=---=d(A,)=p—2, d((&:)=1>(p—2),
then (1) is possible if and only if a complete set of p—2 orthogonal Latin
squares of side p—1 exists, where 9, --, 2, correspond to classifications
determined by rows, by columns, and by letters of each of the p—2 squares.
Complete sets of orthogonal squares of side p—1 are known to exist for all
prime numbers and for p—1=4,8 and 97, It seems very difficult to deter-
mine the condition under which (1) is possible when d(,)=p—2, d ()=
=d(A,) < p—28 If d@)=p—2, d()=--=d(A,)=1, we can show that
p—1 is divisible by 4, so that for p=7 the decomposition is impossible (proof
omitted).

Next we consider the case d(;)=p—3.

Theorem 2. Suppose that d(N)=p—3(p >3). The decomposition (1)
is possible only if p=4, d(U)=d(Wy)=d (As)=d (A)=1.

Proof. First we show that d(,)=---=d (2,). To this end we suppose
that d (%) >d(2A,) for some £>3. Since any ¥;-class contains at least
d () +1 C-classes, it follows that any 2;-class A intersects some ,-class

at least in two @-classes, whence Lemma 3 shows that nA§.1>> —Lz. This

is a contradiction since we obtain that N = ,S_“nA<1>> E‘ — A—N Con-

sider the excess of the decomposition (1) : ?_;d (UN—d (A d)=(p—2) d(Uy)

—(p=3)d(A)=d (Ay). Then there exists an A;-class AP and an A,-class
AP such that AP contains just d(¥,)+1 G-classes and A® just d(A)+1
G-classes. By an analogous argument as in the proof of Theorem 1 we may
conclude that A AP (i, 7 >> 1) contains the same number of €-classes. There-
fore we must have d () d () < e=d(A,), and consequently d(;)=1. This

7) Cf. [1]. Page 81.

8) e.g. If d(U)=5 dU)=-=d(N;)=2, the structure of G, Ay, --, A7 is given (except for
the order of ;) as follows:
€ =(Cn, C12, C13, Co1, Cor, C23, C31, Caz, C33, Cyy, Cap, Cy3, Cis1, Cra, Cs3, Cet, Cez, Ci3),
A1 =(Cn+Cro+Ci3, Cor1+Cp+Co3. Ca1+Caa+C33, Cu+ Cyp+ Cyz, Csr+Cra+Crz, Caa+Cea+Ces),
Uz =(Ci+Co1+Ca1+Cau+Co1+Ce1, CratCoz+Capt Coyt CoatCez, Cr3+Caz+Cag+ Cz+ Coz+Cea),
U3=(Cr+Ca1+ Ca3+Ca3+Csa+Ce2, Cra+Coz+Ca1+Ca1+Csz+Ce, Ciz+Caz+Cap+Coa+Co1+Cer),
Ag=(Cp1+Cz3+ C31+Ca+Csz+ Coa, Ci2+Ca1+Caz+Ca3+Cr+Ces, Cr3+Caz+Ca3+Ca1+Coa+Cep),
Us=(C+Co3+C32+C1+Co2+ Cg3, Cr2+C:1+Ca3+Cyz+ Cs3+Ca1, Cra,+Cop+C1+Cz+ Cr+Co2),
Us=(C11+Caz-+C3+Cya+Cs1+Cs3, Cr3+ Car+C32+ Cy1+ Cs3+Cea, Cr2+Caz+Ca1+Ciz+ Cs2+Cer)s
U7=(Cr1+Co2+C32+Cy3+Cs3+Ce1, Ciz+Co1+Ca1+ Cp+Csp+Ce3, Cr2+ Coz+ Caz+Cay+ Cs+Ce2).
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implies that p=4, d(U,)=d A,)=---=d (A)=1, completing the proof.

From the proof of the above theorem we see that if d(;)=---=d (A,)=1,
the decomposition 'Pg =Py, + ---+ Py, is possible if and only if €, A;, 2, As,
9, are represented as follows;

€=(C, G, G, G, CY),

AUy=(C+C,, G+C+C),
(55 W=(Co+C,, G+CG+CY),

Us=(Co+ G, CG+C+C),

WUy=(G+Cyy GHC+G),
where n¢, i, i 00 e i e, =1:2:2:2:2.

Theorem 3. Suppose that d(N,)=p—4(p>4). Then the decomposition
(1) is possible only if (I) p=5, d(A)=--=d (Ws)=1, or (II) d(A)=d (W)="--
=d (Np-3)=3, d(Up-2)=d N,_)=d (A,)=1, and p—3 is divisible by 4.

Proof. Case I. d(A,;)=1.

First we show that if d(;)=---=d (Uz)=1, then p must be 5.

Suppose that d (U;)=d (2,)=1 holds for p>>5. Since e= :ﬁ; d () —d ()

d(A;)=2 and p—3 > 2, therefore there exists an ;-class A{P containing pre-
cisely two €-classes. By taking Lemma 3 into account we may conclude by
a similar argument as in the proof of Theorem 1 that 2, %s,---, %A, are
regular and each of AP ( <p—3) contains precisely two €-classes and A%,
intersects any A% (k>>1) in precisely two E-classes. Since U, ---, U, are
mutually independent, it is not difficult to see that p—2 is even and any

As-class intersects some U j-class (7> 2) in 2—2_—2 @-classes. On the other

hand, using Lemma 3 for any two €.classes contained in an 2l;-class but not
in A3, we see that p—1 is even. Thus we obtain a contradiction. There-
fore if d(;)=d(2A;)=1 holds, then p must be 5.

Next suppose that d(2,)>> 1. We shall-show that d (Up)="-=d (Ap-3)=3,
d(Ny_)=d (A,-1)=d (As)=1. Since each A;-class intersects every 2,-class,
therefore any U;-class containing at least 3 €-classes. Let A{" be any 2;-class
such that nAingpLs. Put AP AP=Cy+Cit - +Ci, AP AP=Crurt-;
+Ciims1 (= m), where C; are €-classes. Owing to Lemm,a" 3, besides A
there exists only one %-class containing 2 G-classes contained in A A{®.
It follows that (i) either /=1, m=0, and nA§1><}%, or (i) I=m=1 and

\
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nA?):zA%. Consider the case (i). Since there exists besides A{ precisely

one YA.class containing C;, C, and C,, C, respectively, therefore we must obtain
that d(i)lz)z Tt =d(91p_3)=2, d(s‘)/[?.‘z)=d(?[1;._1)=d (E)Ip): 1. It iS easy to see

D
that ne,=nc,=nc,, SO that s, -, A,_; are regular. Since e=k2 d(Ap)--d (A
=3

d(U)=2 (p—5)+3—2(p—4)=1, we may assume that A (j << p—3) contains
precisely 3 €-classes and A%, precisely 4 €-classes. We may put AL ; AP=C;,
AP AP =C; AP, A‘z’—Cg+C4. Then n¢) = ng, = ncj+c, since A, is regular.

‘There exists an %-class containing C; but not C;. Let A{® be such a class.
k must be < p—2 because of n <% nab,. We may assume that AP,
AP=Cj, AP, AP=C;and AP 3 AP =C;+ C;. Therefore n) + ne, = ne, = nc,.
This together with the relation ng = ne, = nq, + nc; gives ne=0. Thisisa

contradiction. Suppose that (ii) is the case. Then 2, is regular. Indeed,

” A?)gb% implies nap= since (i) is impossible. By the argument

as above we conclude that € is regular and any A% (j=1,---,p—3) contains
precisely 4 €.classes. We may put AP A{P=C;;+C;,, AP AP=C;3+Cj,.
d(A) 2k p) will be 2 or 3. If it were d(,)=2, we may put AL AP
=Cy+Cy, AL AP =Cy, AP AP=Cy;. Consider an 2-class A{’ such that

AP AP=Cp+Cy Since ”Ai"’=”A1":_']g" it follows from the orthogonality

condition that A{® intersects A{"’ in precisely p—3 €-classes and AP AP can
not be disjoint to A A;”. This is a contradiction. Therefore d(p)="-
=dUp5)=3, d(Up)=d(Ap_)=d(A,)=1. Since an Unclass intersects AL,
A7 in the same number of €-classes, p—3 is divisible by 2 and consequently
p>6. Hence d(;)=3. Consider the intersection of an 2;-class and an
Us-class, then the orthogonality condition shows that p—3 is divisible by
4_9)

9) We remark that Py »- o+t Pux »- 1 FPu p must be an classification operator, so that Case (II)

is a special case considered in Theorem L Indeed, it follows from Lemma 3 that there exists no
pair of G-classes Cj;, Cjsi» (j == j') both contained in only two of U-.classes (k=p, p—1, p—-2).

Hence we may put A(DA;@‘D—C,1+C13, A?)A(p‘l)—C,z+C,4, A;DA@ Z)—Cj1+Cj4, A(J'DA(z’ﬂ—Z)
=Cj2+Cj3, Therefore Py p-z’*'P’)I p-1+P”1 ” is an classification operator Psp, and consequently

»-3
;P@=k21ngk+ng, where d(Wp)=--=d(B)=3, '~
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In order to prove the theorem it is sufficient to show that the following
case Il is impossible.
Case II. d(A,)> 1.

Consider any ;-class A{" such that nA<11>§ "p—NB Let d+1 stand for

the number of €-classes C; contained in A{’. First suppose that there exists
an A, (k> 1) such that d,=d (A,) < d. We shall show that this is impossible.
Taking into account of Lemma 3 we may put A AX=C+C+ - +C,
AP AP =Cqu1y -, AP AL 1=C,4, where d=qg+d;. Since there exists besides

A{? precisely one 9-class containing two C;, it follows that we can group
Cgs1-, C; Into # sets such that each such set augmented by C;, generates
some AL AP, where AP has the like properties as A, Let A (m==k)
be any 2.class having the like properties as A{¥, then we can show that
AL A intersects AP A{® in precisely one €-class. Indeed, A’ A{™ inter-

sects A’ A{® in at most one €-class since otherwise na® > will hold

by Lemma 3. If AL A is disjoint to AL AP, AP A™ will be Cppyt+ - +Cy

since nAik>=nA;m>g—J_;’- vields n4pap=na1 4mw= % naw. For any C;

(i< q) and any C; (7 > q) there exists an 2.class different from A{"’ which
contains C;, C;. This class intersects Af” in just these two €-classes. Hence

”c,~+"c_,-=% na®. Then ng=ng="-=nc,= —1— na0 and consequently g=1,
d=3. Then two possible cases will occur: (i) p=7, d(Uz)=d (U3)=--=d (A}
=2, (ii) d)=--=dU;_6)=3, d(U,y_5)=---=d(Ap)=2. In the first case (i}

we may assume that AP A (2 <% < 7) contains just two G-classes (proof

omitted). It is easy to see that € is regular and consequenty n,ﬂ}c%.

Let ALY A®=C,+C, AL AP=C,+C,. Then AP intersects A in less than

two €-classes, contradicting the orthogonality condition. In the second case
P

(ii) e= k}]sd (Ap)—d () d(Az;)=0. This implies that every A contains just

4 €-classes. It is easy to see that € is regular and we may assume that
A‘}’ A (p—5 < n < p) contains just two €-classes. Then by the same argu-
ment as in the first case we reach a contradiction. Now we return to the
proof. Consider grouping of C,.s, -+, C; corresponding to C; 0W=Ei<q). We

obtain that éz(d—dj)'—: Ek(d-—dj)'i"(d—dk):(q*'l)dk'*'d-‘dk:d'l’(d"dk)'d.
i i*
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Extreme members of this relation imply that ¢ and 7 are independent for any
d,<d. 1t is easy to see that ns,=ng=--=n,; We can conclude in view of

nap =L that g=1 and dy=2. We must obtain d=3. This is impossible

since (i), (i) can not occur. Therefore d=di=---=d, must hold. This is

equivalent to say that nAD= p—Nl Two cases are possible, that is, (iii)

d=p—4 and (iv) d<p—4. We shall show that these two cases can not
occur. _ _
Suppose that we are in the case (iii). Then there exists an A such that

"Aiz’zfj;\%‘ We may put AP AP=C,, AP AP =C;, AP AP=C;(i=2,3,-,p).
Lef C be any G-class contained in A® A} (3,7 >1). Consider any -class A

containing C, C,. It follows by Lemma 3 that naL= implies AP A

p—1
N4 4 N, 74D 42
1= N=——"1_ N=_"171 N= nqa»=———. The same Lemma

=C1. Nyg=
4 14D 14D naQD p—1

implies also A A{”=C, so that n,=n4 Ap= % na nah= % napn d=n; and

NAD . NAD ..
ne=nc, =—— T Similarly we have.nc=ncj= 7. Hence NAD =N 4D @ j

p—1
> 1). Let k+1 be the number of €-classes contained in A® AP (5,7 > 1).

Then (k+1)nc=n,,;_1) AD= % NAD nAP= % (p—12 N. Extreme members of

this relation show that 2+1 is independent of i, . d(C)=(d+1)*+ kd2—1.
) . .

On the other hand 4(€)= kX_;d(?Ik)=pd:(d+ 12+2d—1. Hence we must

have 2d=Fkd?%. Since d>1 by our assumption, it follows that p=6, d ()=
-=d(Y)=2. But we can show that this is impossible (proof omitted). Next

. . » ;
consider the case (iv). Since e= k?sd (Ap)—d Ay d (A,)=2d holds, there exists
an A{ containing just d+1 G-classes. This implies that # Ap= p% Suppose

that there exists another such 2(;-classes A3”, we can conclude in view of

the orthogonality condition that 2,,---, %, are regular, that is, nap= 1

(k=2). Indeed, put AP AP=C;, AP AP=C;. By the similar argument as
in the case d=p—4 above considered it can be shown that He,=Nc;. This
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implies that NAD=NaD, consequently 2, is regular. The same is true for

any A, (k=2). If there exists an AY (7> 2) such that AY intersects some
Az-class in precisely one €-class, we can conclude by the similar argument as

above that A consists of just d+1 €-classes, that is, nap= N1 we

take into account of 2d <2 (d+1), we may assume that each of A{’, AP,---,
AP, consists of just d+1 €-classes, and A ; 3d+1 €-classes. Since 3 (d+1)
>3d+1, there exist at least two -class, AP, AP such that each of
A3 AP, A3z AP consists of just two €-classes, so that we may put A3 ; AP
1 3N
=C+GC,, AP; AP =C3+Cy ng,tne,=nc+na=——mnqp = — S
1+ 02 3 3 4 Nc C: C: C d+1 AP, (p—1) (d+1)

since nap = ZN—3 holds. Let n¢ = ng, and ng == ne. Then by considering
an ¥-class different from A%’; which contains C;, G;, it follows that nc,+nc,
3N

nap ,. Therefore ne,=nce=nc=nc= .
A C: C: C: C 2(17"1)(d+1)

If C is any

1
T d+1
N N
p—1 d+1

Let A be an -class containing C;,, C’, where C' is

- @-class not in A%’ then orthogonality condition shows that »c; =
1 _ N
N (p-1)(d+1)’
any €-class contained in A‘“S and is different from C,, G, C;, C,, Then A
can not contain C, C;, C,. AA$ is disjoint to AL;. Let s be the number
____sN
(p—1)(d+1)
AP in C.. Let ¢t be the number of €-classes contained in AA{® but not in

tN 3N
@y T :
Apca Then maap =Gy ¥ 2p-1) @+ D)

nAR = % nanaD=na4p, we obtain that s=t+ —2— This is a contradic-

of C-classes contained in AAP, then n4a® = AA® intersects

. 1
Q)= —
Since naa® N na

tion since s, ¢ are integers. There remains the case to examine where there
exists besides A" no 2;-class containing just d+1 G-classes. Then among
these Aj-classes there exists an ;-class A$" containing the least number of
C-classes. It follows from our assumption and p—4>d that this number
must be d+2. We may put AP AP=Cq+Ci, AP AP=C; (§=2,3,--,d+1)

and AP AP=C; (i=1,2,--,d+1) where ncy = ney = =20, . Since

ne + ne - ne ne’
T Ta S Tao s T o Ny’ holds, we obtain ncz>nc ==
e, e, Moy nap
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#nc,,,- Consider an ¥U-class A different from A§” which contains two €-classes

N4V, 74D
C;, Cr(k=E2). 2~ = _ 2 must hold. naPa=nc, +nc,>ng,  There-
- naPa N4 - )

fore A’ A=C,. Consequently nc, +nc; =nc, +nc,. It follows from this re-

lation that ng=nc¢, =---=nc/,,,. Therefore n o= 43

2N
d+2

5 nA;2)=---=nA(9) =

_N
d+2
d+2. Hence p—1=2(d+1) in view of p—1>d+1, and consequently p—4
> 2d. On the other hand p—4 < e=2d. This is a contradiction. Thus we
complete the proof of Theorem 3.

From the proof of this theorem the structure of the decomposition
P@;=;21P@k with d(%,)=1 (k=1,2,---,5) is given as follows:
€ =(C,C, G, G, CLG),
AUy =(G+C, G+GC+C+G),
U=(Cy+C, Ci+Ci+Ci+C),

If we apply Lemma 3 for G, C; then p—1 will be a multiple of

(5)
QI3=(C0+ C3, Cl+ C2+ C4+ Cs) N

%4=(C0+ C4, C1+ Cz+C3+C5),
U=(C+ G, CG+C+G+CY),

where n¢,: ne,: nc,: Bet B Bee=1:3:3:3:3:3.

§3. Cases p=4, 5, 6.

We shall apply the results established in §2 to determine the structure
of decompositions (1) for p=4, 5, 6.

Case p=4.

4
‘The decomposition Pg= k}'_"ip""" is possible only in the following two

€ases.
€ A Ay A3 Ay Case ‘
8 2 2 2 2 I
D.F
4 1 1 1 1 I

Case I. A, Ay As, A, correspond to classifications determined by rows,
by columns, and by a complete set of orthogonal Latin squares of side 3.
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Case II. The structure is given by (5)).
Case p=>5.

5 .
The decomposition Pg= kzlp"“k is possible only in the following three

cases.
¢ w | % %Ay %A As | Case
15 3 3 3 3 3 '
D.F. 7 3 1 1 1 11
5 1 1 1 1 1 i

| Case I. ¥, ?Iz, As, Ay, AUs correspond to classifications determined by
Tows, by co_lumns, and by a complete set of orthogonal Latin squares of side
4. : '
Case II. The structure is given as follows :
¢ =(Cn, Cr, G, Cp, Gy, Coy C41, C4z) ’
Uy=(Cu+Cp, Cy+Cp, Cy+Cyp, Cy+Cp),
W=(Ciy+ Cy+ G+ Cy, Co+C+Cy+Cp),
QIs:(Cﬁ"' Cp+ Cp+Cy, Cpo+Cy+Cy+Cy),
Ay=(Cyu+Cy+Cp+Cp, Ciz+C+Cy+Cy),
Us=(Cpu+ Cp+ Cyy+ Cp, Cp+ Cy+Cp+Cy),
‘where nc',j=const.

Case III. The structure is given by (5;).
Case p=6. The decomposition Py= éP,ﬂk is possible only in the fol-

lowing two cases.

g 6 20 Ay €Ay Ay 9205 %As | Case
24 4 4 4 4 4 4 I
D.F. |-
6 1 1 1 1 1 1 o |

Case I. A, Ay, As, A, As, A correspond to classifications determined by
rows, by columns, and by a complete set of orthiogonal Latin squares of
side 5. . : '

Case II. The structure is given as follows:
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(5’ = (COv Clv C2’ C3; C4v CSJ Cﬁ) ’
911=(Cg+ Cl, C2+C3+ C4+ C5+ Cs) N
912=(C0+ Cz, C]_+ Cg+ C4+ C5+ Cﬁ) )
(5s) ' Us={C,+ G, Ci+C,+ Ci+ G+ GCy),
%4=(Co+ C4, Cl+ Cz+ C3+ C5+ Cs) 5
S‘),I5=(CO+ C5, C1+ C2+ C3+ C4+ Cg) N
?If;:(Cg’f‘Cs, C1+Cz+ C3+C4+ C5) )
where #c,:7c i He: N Nt N, - Ne,=14:4:4:4:4: 4.

§4. Structure of decompositions of interactions.

Theorem 4. (i) Py,g,=Py.+ Py, holds if and only if A, A, As, A,
correspond to classifications determined by rows, by columns, and by a com-
plete set of orthogonal Latin squares of sidz 3.

(ii) The interaction B, B, By~ B, (n=>3) can not be decomposed into two
classifications.

Proof.

ad (i). It follows from Lemma 2 and §3. (Case p=4).
ad (ii). Suppose that Py,g,.5,= Py, + Py, holds. Then d(%8,) d(8,)--d (B}

=d((A)+d(Ay). We may assume that d(B) =>d(B,) = =d(B,). It fol-
lows from d(‘Bl),-;-, d(B,) =d @), d,) that d(B)=2, d(By)=d(Bs)="-

=d(¥,)=1. Choose BjeB;(j=1,2,,n) such that ns,_g%’., gy ) N

;:%. If we take A;e?; (i=1,2) such that B,B,--ByA; A,=0, then

"

PEJ{BT“{B”:PQU-J-P’),& implieS that

& eBlBWB”KIIZ,—I)( nz:; _1>...( nZZ _1>

n

(s eag a,m)( o= 1) No_1)-e eBlBgBa...Bn)<_n]Y-~—1>( M)

npB:

np, - B1 g3
)=t w2 1) (1))
+( eAlAg){(—;Z— —1)"'1} +(&, eAan) {( ;i '—1>—1}~—2 & eA‘;'Ag) .

10) Cf. [2]. Lemma 9.

— 38 —



Orthogonality Relation in the Analysis of Variance 11

Let ¢ be variable fundamental unit vectors. Comparing the values taken by

both sides of this equation, we obtain ( N —1)( N —1>~~-< N —1>=2.

g, \ g, nB”_l

Hence N =3, Nw=2,---, —N77=2. Similar argument shows that N

nB, [:)) an-—l . an

=2. Therefore B;,B,, -, B, are regularly orthogonal. Then there exists a
classification B '™ such that Pg,g,., = Py,g, Where d(8)=1. Then we obtain

Py, s=Py,+ Py,, which is impossible by (i). Thus we complete the proof.

Theorem 5. (i) Py, 5.= Py, + Py, + Py, holds if and only if it corrvesponds
2o the case I, IT given in §3 (Case p=5).

(1) The interaction B, B, Bz B, (m=3) with d(B) = - =d(B,) is
decomposed into three blassiﬁcations if and only if B, By,---, B, are vegularly
orthogonal and d(B,)=3, d (B)=--=d(B,)=1.

Proof.

ad (i). It follows from Lemma 2 and §3 (Case p=5).

ad (ii). Necessity. By the similar argument as in the proof of Theorem
4 (ii) we may conclude that ¥,,---, 8, are regularly orthogonal and d (%,)=3,

d(B)=--=d(B)=1. Sufficiency. Since there is a classification B such
that V=3, B3+ B,, we can write Py, y,.5, =Psg. Then (ii) follows from §3
{Case p=5).

Theorem 6. Py g,=Py,+ Py, + Py, + Py, holds if and only if A, Ay, As,
Wy, Us, Uy corvespond to classifications determined by rows, by columns, and
by a complete set of orthogonal Latin squares of side 5.

Theorem 7. (i) The interaction B, B, B; is decomposed into 4 classific-
ations if and only if B, B,, T, are regularly orthogonal and d(B)=d(B,)
=d(B;)=2. In this case the decomposition is unique. ’

(i) The interaction B,B,Bs - By, (n = 4) can not be decomposed into 4
classifications.

Proof.

ad (i). Suppose that Py g.q, =Py, + Py, + Py, + Py, holds. We may assume
that d(B) =d(B) =d(Bs) =dA) =) =d(Ug) = d(Ay).  Since d(¥)
d(B,) d (B3)=d U)+d (Up)+d (As)+d (YU, holds, we can conclude that the
decomposition is possible only if

(1) d(®B)=4, d(B)=d(Ty)=d (W)="-=d(UA)=1,

11) Cf. [2]. Theorem 9.
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A d(B)=d(B)=2, d(B)=d (A)="-=d(A)=1.
(HI) d(%l)=d(%2)=d(§83)=d(2[1)="'=d(§*)14)=2-
Let B; be a B;-class and A; be an Aj-class. If BB, B; A1 A; A3 A, =0, we

() 1))t (Y1) ¥ )

np,
)( £, eB1BCBc) +- ('5' ) erBiBi)

(«f €B1B:BS )* (
N

={< nJZ —1>+( . —1>+(JY—>+(—N——1)}(E, Camaias)

N4, Na,

R4, Ras
(@
=t ( ) () ()N caana) +
{2 ( )*( o (& )+
(-

+1—3+

1}( & eacacaca) + o —4(5, eacacacas) -

Suppose that B; are chosen such that -— N =d(5,)+1. 1t follows from

nBz
(1), (IN), (III) that (d) implies (J" ‘,—1)(--" —1>=4. Hence Y =d(B)
nBl nBz nBl

N
Np.
=d (B,;) holds, we see also that ¥B; is regular.

Case I. Since B, B; are regularly orthogonal and d(%B,)=d (%;)=1, the
interaction B, %8, is regarded as classification ¥, and we have Py =Py, +
P,,. This is impossible by Lemma 2 and §3 (Case p=6).

Case II. Let €=%B; A B, A B;. («) implies that (£, ep,p,5,)=(¢, €4:4:404.)»
- that is, A; intersect in precisely one €-class. We remark that this statement
for any A; such that A, A, A; A,7F0. Since €-consists of 3x3x2(=18)
€-classes. But A;, A, A A, generate at most 2x2x2x2(=16) E-classes.
This is a contradiction.

Case III. By, B,, B; are regularly orthogonal and d(B)=d (B,;)=d (B;)=2
holds. Thus the case IIl only is possible. That the converse is also true
follows from the known fact from 3x3x3 factorial experiment. We can

+1,

=d(B,)+1 must hold. Therefore B, B, are regular. If d(B,)

— 4 —
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show that in this case the decomposition is unique. Its proof is not so
difficult, so we omit it.

4
ad (ii). Suppose that Pyg,.p,= kzlp%' Here we may assume that

d(B)==d(B,. We can show by an argument used in the proof of
Theorem 4 (ii) that B,,---, B, are regularly orthogonal and d(%8;)="---d(8,)=1.
Hence the interaction B,%B,--B, is regarded as a classification B. Then

4
Py = kZﬂP@k. (i) shows that this is impossible.
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