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Let er, 2£1,-··, fil°p (p > 1) be non trivial classifications. We shall say that 
er is decomposed into fil1,-··, fil°p if the relation 

{1) 

holds. Here we may always assume that the 2( are labeled so that d (2£1) 

> d (2£2) 2. · · · 2. d (fil"p). By the resultI> previously established p must be 
> 3. We show (§ 1) that (1) implies 

{2) 

and that if the equality holds in (2), we must obtain 

{3) 

that is, the interaction 2£1 fil2 is decomposed into classifications 2£3,-··, fil"p. Con
versely (3) will imply (1) with er=2C1 /\ fil2• Thus a decomposition of an 
interaction into classifications is regarded as a special case of a decomposition 
of a classification into classifications. It is our purpose to investigate the 
structure of such decompositions. The case P=3 was considered in orir 

previous paper2> and we proved that P<E=P>JX1 +P>JX0 +P>JX• holds if and only if 
er=2h /\ 2£2, and 2(1 2£2=2£3• Here the latter relation implies that 2£1, 2£2 are 
regularly orthogonal and d (fil1)=d (2£2)=d (2£3)=l3>. After some preliminary 
researches (§ 1) we investigate the structure of decompositions (1) for the 
cases d(fil1)=P-2, p-3, p-4. It is to be noted that (2) yields d(2C1)5:..p-2. 
Then we apply the results thus obtained to determine the structure of de
compositions (1) for P=4, 5, 6 (§ 3). § 4 treats the decompositions of interac

tions. We show there that Pm<J;:r,=P>JX1 +P>JX,+P>JX.+P>JX, is characterized as the 

1) Cf. [2]. Theorem 22. The numbers in square brackets ref~i:' to the list of referent~s at 
the end of this paper. 

2) Cf. [2]. Theorem 23. 
3) Cf. [2]. Theorem 9. 
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decomposition of the interaction of 2nd order, as indicated by R. A. Fishern, 

in the 3 x 3 x 3 factorial experiment. 

§ 1. Some lemmas on decompositions. 

In the sequel we are only concerned with non trivial classifications. Let 

us consider a decomposition : 

(1) 

(2) 

(2') 

Lemma 1. (1) implies 

,P 

Pr;r= ~ p'J(k• 
k~l 

Proof. (1) implies Pr;r .?:_ PJJXH P'JX,, whence we obtain Pr;r ?_P'!X,A'!X,· By 

using this relation we get 

Thus (2), (2') are direct consequences of the definition of degrees of freedom, 

completing the proof. 

We call e=d(C£)-d(ill1 /\ ~!2) the excess of the decomposition (1). 

Then (2') yields 

E= ± d(Wk)-{( d (ill1)+ 1) (d(ill2)+ 1)-1}= ± d (~!k)-d (~l1) d (~.(2). 
k~l k-3 

p 

Ifd(lll1)d(ill2)=~d(Wk) holds,that is, E=O, then we say that (1) is of 
k-3 

,' 

regular type. From the· proof of the above lemma we obtain 

Lemma 2. If (1) is of regular type, then 

(3) 

holds. Conversely (3) implies (1) with [=2f1 /\ ~(2. 

Let Ci, C2 be two different (£. classes. Put n'!Xk (C1, C2)=n~J or 00 ac-

cording as there exists an Wk-class Ajk> containing both Ci, C2 or not. In 
the sequel the following lemma 3 will play a fundamental role to investigate 
the structure of decompositions. 

4) Cf. DJ. 
5) Cf. [2]. Theorem 2. 
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Lemma·3. 

P-l=S N 
k-1 nw.k ( C1,C2) 

Proof. Let e1, e2 be unit vectors associated with an index taken from C1, 

p 
C2 respectively. Then (e1, Pr,r, e2)= ~ (e1, P'lf.k e2) will yield the relation (4). 

k=l 

For example suppose that C1, C2c Al_l>. If nA1D= N - holds, there exists 
I p-1 

besides Ai'> no ~{-class containing both Ci, C2• If _!j__ >- nA1v > _N_ holds, 
p-3 - 1 P-1 

there exists besides AP) precisely one ~-class containing both Ci, C2• 

Lemma 4. d(S[!i) <p-2. The equality implies that d(~2)=···=d(~{p),, 

arid (1) is of regular type. 
p 

Proof. Since d (~l1) >- d (~2) ?_---~ d (~p) holds, d (2(1) d (~2) < ~ d (~(k) 
k=3 

S.(P-2)d(~(z), and consequently d(~1)<p-2. Then it is clear that d(~1} 

=P-2 implies d(~2)=---=d(~p), and (1) is of regular type. 

§2. Structure of decomposition (1) for the cases d(~11)=P-2,P-3,p-4. 

Theorem 1. ·suppose that d(~1)=P-2.· The decomposition (1) is pos

sible only if C£, ~1,-- ·, ~P are regular and P-1 is divisible by d (~2) + 1. 
Proof. Suppose that the decomposition (1) is possible. It follows by 

Lemma 4 that (1) is of regular type. Hence any ~rclass intersects each 

~k-class (k > 1) in precisely one C£-class. Then Lemma 3 shows that 

nAc.u= _ N , that is, ~1 is regular. To prove that Cf is regular we take 
1 P-1. . 

arbitrary but fixed two different C£-classes C1, C2 contained in 2{i-classes A <p ~ 
AJ° respectively. Lemma 3 shows that there exists an ~k-class A?> (k > 1) 

containing both Ci, C2• Since e=O implies that C1=AT A?1. C2=AT A?>, it 

follows in view of the orthogonality condition6 ' that nc1 = nA<!>A~~ = nA;n 
nc. nA<llA(k) nA<P 

J I 1· 

=1, that is, nc1 =nc2 , from which we conclude that nc=const. This means 

that C£ is regular. Then it is easy to see that nA<.k>= __ N_ - (k > 1). 
' d(~z)-t 1 

Hence ~k (k > 1) is also regular. Apply Lemma 3 for Ci, C2 both contained 

in an ~h-class to obtain that the right side of ( 4) is a multiple of d (~2) + 1. 
This completes the proof. 

6) Cf. [2]. 
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Two Latin squares of side p-1 are orthogonal to each other if, when 
they are superposed, · every letter of one square occurs once and once only 
with every letter of the other. If d(W.1)=-··=d(filp)=P-2, d(f£)=P(P-2), 

then (1) is possible if and only if a complete set of P-2 orthogonal Latin 
squares of side p-1 exists, where '11.1, •··, '11.p correspond to classifications 

determined by rows, by columns, and by letters of each of the P-2 squares. 
Complete sets of orthogonal squares of side p-1 are known to exist for all 
prime numbers and for p-1=4, 8 and 9 1>. It seems very difficult to deter

mine the condition under which (1) is possible when d("lf1)=P·-2, d(fil2)=··· 

=d('llp) <P-2.8> If d('111)=P-2, d('112)=···=d('llp)=1, we can show that 
p-1 is divisible by 4, so that for P= 7 the decomposition is impossible (proof 

omitted). 

Next we consider the case d ('111)=P-3. 
Theorem 2. Suppose that d(fil1)=P-3 (p > 3). The decomposition (1) 

is possible only if P=4, d(fil1)=d("lf2)=d(~h)=d(W.4)=1. 

Proof. First we show that d ('11.2)= ·· · =d ('llp). To this end we suppose 
that d (~12) > d (~lk) for some k > 3. Since any W.i-class contains at leac;;t 

d ('11.2)+ 1 f£-classes, it follows that any '111-class Aj1) intersects some '11.k-class 

at least in two f£-classes, whence Lemma 3 shows that nA<.u > ___!!_____ This 
J p-2 

P-2 f>-2 N 
is a contradiction since we obtain that N = ::S nA<.1> > ::S - - -=N. Con-

j-1 J j-1 p-2 
p 

sider the excess of the decomposition (1): ~ d ('llk)-d ('11.1) d(fil2)=(P-2) d("ll2) 
k-3 

-(P-3) d(fil2)=d(fil2). Then there exists an '111-class Aill and an llf2-class 
A?> such that AiD contains just d('.lJ.2)+1 f£-classes and AF>_ just d(fil1)+l 
<£-classes. By an analogous argument as in the proof of Theorem 1 we may 
conclude that A}n A j2> (i, j > 1) contains the same number of f£-classes. There
fore we must have d ('11.1) d ('11.2):;;;;, e = d ('11.2), and consequently d (W.1)= 1. This 

7) Cf. [1]. Page 81. · 
8) e.g. If d(2h)=5, d(m'.2)=···=d(lli1)=2, the structure of C,!,m'.1.-:-,21'.7 is given (except for 

the order of 21'.j) as followi;: 
~ =(Cn, C12, C13, C21, C2~. C23, C:Jl, C32, C33, C41, C42, C43, C51, C:2, C53, cf.I, C€2, C, 3), 
m'.1=(C11+C12+C13, Cn+C22+C23. C31+C32+C33, C41+C42+C43, C51+C,2+C,3, Co+Cf2+Cf3), 
-llf2= (Cl! +C21+C31 +C41 +Cs1 +Ct1, C12+C22+ C32+C4;i+ C52+C62, C13+C23+C33+C43+ Cs3+C£3), 
m'.3=(C11 +C21 +C33+C43+Cs2+C62, C12+C22+C31 +C41 +Cs3+Cf3, C13+C23+C32+C42+Cs1 +C61), 
~=(~+~+~+~+~+~~~+~+~+~+~+Q~~+~+~+~+~+~1 
'2!5= (Cu +C23+C32+C41 +Cs2+C63, C12+C:1 +C33+C42+C53+C61, C13,+C22+C31 +C43+C51 +C62), 
21'.6=( Cn +C22+C33+C42+ C51 +c6.'l, C13+C21 +C32+C41 + C53+C62, C12 +C23+C31 +C43+ C52+C61), 
~1=(C11+C22+C32+C43+Cs3+C61, C13+C21 +Ca1+C42+Cs2+C63, C12+C2a+C33+C41 +Cs1+C,2). 
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implies that P=4, d(211)=d(212)=···=d(214)=1, completing the proof. 
From the proof of the above theorem we see that if d(211)=···=d(214)=1, 

the decomposition •P(I,=Pw.1 +···+Pw., is possible if and only if[, 211, 212, 213; 
214 are represented as follows ; 

<£=(Co, Ci, C2, C3, C4), 

211=(Co+C1, C2+C3+C4), 
212=(Co+C2, C1+C3+C4), 

213=(Co+C3, C1+C2+C4), 
214=(Co+C4, C1+C2+C3), 

where nc. : nc1 : nc. : nc. : nc, -1 : 2 : 2 : 2 : 2. 
Theorem 3. Suppose that d(211)=P-4 (p > 4). Then the decomposition 

(1) is possible only if (I) P=S, d(211)=···=d(215)=1, or (II) d(212)=d(2l3)=··· 
=d (2f p_3)=3, d (2lp-2)=d (2f p_1)=d (21p)= 1, and p-3 is divisible by 4. 

Proof. Case I. d(21p)=1. 
First we show that if d(212)=···=d(21p)=l, then p must be 5. 

p . 
Suppose that d (212)=d (21p)= 1 holds for p > 5. Since e= :Ed (21kf--d (211) 

k-3 

d (212)=2 and P-3 > 2, therefore there exists an 21rclass AP> containing pre
cisely two [-classes. By taking Lemma 3 into account we may conclude by 
a similar argument as in · the proof of Theorem 1 that 212, 213, · · ·, 21 p are 

regular and each of AjD (j < p-3) contains precisely two [-classes and AJ~,1 
intersects any Ajk> (k > 1) in precisely two [-classes. Since 212, ···, 21p are 
mutually independent, it is not difficult to see that P-2 is even and any 

212-class intersects some 21 ;-class (j > 2) in P ; 2 [-classes. On · the other 

hand, using Lemma 3 for any two [-classes contained in an ~2-class but not 
in A1~3, we see that p.,.--1 is even. Thus we obtain a contradiction. There·

fore if d(212)=d(21p)=l holds, then p must be 5. 

Next suppose that d (212) > 1. We shall:show that d (212)= ··· =d (21p-3)=3, 
d(2lp_2)=d(2fp_1)=d(21p)=l. Since each 21rclass intersects every 2l2-class, 

therefore any ~rclass containing at least 3 [-classes. Let A?> be any %l:1-class 

such that nA111::;;,,_!!_. Put AP'A1P'=Co+C1+···+C,. A?>A~"'=C1+1+··: 
p-3 

+Ci+m+1 (l > m), where C; are [-classes •. Owing to Lemm;i 3, besides Ape> 

there exists only one 2l-class containing 2 [-classes contained in Aiu Ai.t>>. 

ltiollows that (i) either 1=1, m=O, and nAn< p N3 ,. or (ij) l=m=l and 
I 
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nAm=- N . Consider the case -(i). Since there exists besides Afll precisely 
1 P-3 

-One 2.(.cJass containing C0, C2 and Ci, C2 respectively, therefore we must obtain 

that d(2.(2)=···=d(%fp_3)=2, d(2.fp_2)=d(2.fp_1)=d(2.lp)=l. It is easy to see 
.P 

that nc.=nc,=nc,, so that 2.f2, ···, 2.fp_3 are regular. Since e= :S d(2!k)--d(l2!1) 
k~3 

d (2.(2)=2 (P-5)+3-2 (p-4)=1, we may assume that A1° (j < p-3) contains 
precisely 3 [-classes and A123 precisely 4 [-classes. We may put A123 A?=C~. 

A m A'2' C' Am A'2' C'+C' Th . 9r • I P-3 2 = 2, P-3 3 = 3 4· en nc;_ = nc~ = nc~+c~ smce ~i2 1s regu ar. 

There exi~ts an 2.(.class containing C~ but not C~. Let A?) be such a class. 

k must be <P-2 because of ncf <-l nA~1}_3. We may assume that A1~3 

A 1k)=C' Am A'k>=C' and Am A<k>=C' +C' Therefore n' + n 1 = n 1 = n, 1 3, JJ-3 2 4 JJ-3 3 1 2· C1 C2 C3 c4• 

This together with the relation nc~ = nc~ = nc~ + nc~ gives nc1 =0. This is a 

-contradiction. Suppose that (ii) is the case. Then 12!1 is regular. Indeed, 

< N · 1· N · (.) · . .bl B h nA<p = -- 1mp 1es nA1 1>= -- smce 1 1s 1mposs1 e. y t e argument 
' p-3 J p-3 

as above we conclude that (£ is regular and any AT (j=l,···,P-3) contains 
precisely 4 Cf-classes. We may put A1n AfP>=C11+C12, A1n A~P)=C13+C14. 

d (12:rk) (2 ~ k < P) will be 2 or 3. If it were d (12!k)=2, we may put AP' A?> 

=C1i+C13, ·Ap> A?>=C12, AP> A~u=C13. Consider an 2.f,.class Ai'> such that 

AP' AF'=C12+C14. Since nAk>=nAt= ~, it follows from the orthogonality 

-condition that A?> intersects· Af> in precisely p-3 Cf-classes and A~D A?> can 

not be disjoint to A?' AF'. This is a contradiction. Therefore d(2.(2)=··· 

=d(2.(p--3)=3, d(Wp-2)=d(%fp_1)=d(2.(p)=l. Since an ~!2-class intersects AiP', 

A~P> in the same number of [-classes, p-3 is divisible by 2 and com:equently 

p > 6. Hence d (2!3)=3. Consider the intersection of an 12!2-class and an 

ifa-class, then the orthogonality condition shows that p-3 is divisible by 
4.9> 

9) We remark that PSJf.p_ 2+P&p_1+PSJXp must be an classification operator, so that Case (II) 

is a special case considered in Theorem I. Indeed, it follows from Lemma 3 that there exists no 
pair of G'.-classes Cj;, C;,;,(j=t,-j1) both contained in only two of filk-classes (k=P, p-1, P-2). 

Hence we may put A_TA?-1>=C;1+C;3, A;1> A~P-ll=C;2+C;4, A~lJ AfJJ-2>=C;1+C;4, A<_/> A?-Z>. 
=Cj2+C;3, Therefore P&p_2+PSJJ.p_ 1+PSJJ.p is an classification operator P<_g, and consequently 

P-3 
Pfl= ~ PSJJ.k+Prs, where d(fil2)=···=d(~)=3. 

k-1 

- 32 



Orthogonality Relation in the Analysis of Variance II 

In order to prove the theorem it is sufficient to show that the· following 

case II is impossible. 
Case II. d(~p) > 1. 

Consider any ~r-class A?' such that nA1> ~ _!!____, Let d+ 1 stand for 
p-3 

the number of !£-classes C, contained in Ai11• First suppose that there exists 

an ~!k (k > 1) such that dk=d(~k) < d. We shall show that this is impossible. 

Taking into account of Lemma 3 we may put AfI>A?>=C0+C1+···+Cq, 

A\1) A?1=Cq+1,··,A?' A~t+i=Cd, where d=q+dk. Since there exists besides 

Ail> precisely one ~-class containing two C;, it follows that we can group 
Cq+i,···, Cd into r sets such that each such set augmented by C0 generates 

some Ai11 At, where A\n has the like properties as A?1• Let Aim> (m =I:= k) 

be any ~-class having the like properties as A?>, then we can show that 

At A~m> intersects AP, Afk> in precisely one !£-class. Indeed, AP' Aim> inter-

sects AF> Aik> in at most one !£-class since otherwise nA(l) > y____ will hold 
l p-3 

by Lemma 3. If AP> Aim> is disjoint to A?> Afk>, AfD Aim> will be Cq+l + · · · + Ca 

. > N . Id l .. F C since nAck>=nA<m> _ - y1e s nA<l>A1k>= nA<ll A(m>= - nA'l>. or any .i 
1 1--2 11 11 2 1 

(i ~ q) and any C1 (j > q) there exists an ~-class different from AP' which 

contains Ci, C1. This class intersects Ail> in just these two !£-classes. Hence 

1 1 nc.+nc.=- nAn,. Then nc0 =nc,=···=nc = -nA(D and consequently q=l,. 
• .J 2 1 d 4 1 

d=3. Then two possible cases will occur: (i)P=:=7., d(~2)=d(~3)=···=d(~7) 

=2. (ii) d(~2)=·--=d(~p-6)=3, d(~p-5)=···=d(~p)=2. In the first case (i} 
we may assume that A']> Afn> (2 ~ n < 7) contains just two (£-classes (proof 

omitted). Jt· is easy to see that (£ is regular and comequenty nA'P = _lj_ __ 
J 4 

Let AP' A16>=C0+C1, AfI> Ai5>=C2+C3• Then Ai5> intersects Af61 in less than 

two !£-classes, contradicting the orthogonality condition. In the second case 
~ 

(ii) e= Lid (~k)-d (~1) d (~2)=0. This implies that every A'P contains just 
k-3 

4 (£.classes. It is easy to see that (£ is regular and we may assume that 
Ajv Ain> (P-5 ~ n ~p) contains just two (£.classes. Then by the same argu

ment as in the first case we reach a contradiction. Now we return to the 
proof. Consider grouping of Cq+1,--·, Ca corresponding to Ci (O ~ i ~ q). We 

p . 

obtain that Li (d-d1)= Li (d-d1)+(d-dk)=(q+l) dk+d-dk=d+(d-dk) d. 
j-2 i""k 
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Extreme members of this relation imply that q and r are independent for any 

.dk < d. It is easy to see that nc. = nc, = · · · = nd. We can conclude in view of 

nAk> >-lf that q=l a~d dk=2. We must obtain d=3. This is impossible 

-since (i), (ii) can not occur. Therefore d=d1=···=dp must hold. This is 

-equivalent to say that nAm= ____!!__ Two cases are possible, that is, (iii) 
1 P-1 

d=P-4 and (iv) d<P-4. We shall show that these two cases can not 

-Occur. 
Suppose that we are in the case (iii). Then there exists an A?) such that 

n 12>=____!!_ We may put A<I> A'2)=C A'v A 12>=C. A'n A'2>=C'. (•=2 3 ··· p) 
A1 p-1 . 1 1 I, 1 ' '' I 1 I • ' ' ' • 

Let C be any <r-class contained in A~D A']' (i,j > 1). Consider any ~-class A 

containing C, C1• It follows by Lemma 3 that nAin= ____!!_ implies AfD A 
P-1 

nAmA nc nA<l>A<21 N 
=C1• nA= ---~1-N= ~ 1-N= 1 1 N=nA•2>=--. The same Lemma 

nA'l> nA<n nA<n 1 P-1 
1 1 1 

implies also A A}D=C, so that nc=nAA<l>=-1- nA nA\1>= l nAc2mA<D=nc'. and 
·.. . 1 N I N 1 1 t1 

nA<Z) 
Similarly we have. nc= nc1 = __ i __ 

P-1 
> 1). Let k+ 1 be the number of <r-classes contained in A?> A'P (i,j > 1). 

Then (k+ l)nc=nA'PA<!!)= Nl nA<n nA<?l= Nl (P-1)2 N. Extreme members of 
I J I J 

this relation show that k+ 1 is independent of i, j. d (<r)=(d+ 1)2+ kd2- 1. 
p 

-On the other hand d([)= ~d(~k)=Pd=(d+1)2+2d-l. Hence we must 
k-1 

have 2d=kd2• Since d> 1 by our assumption, it follows that P=6, d(~1)= 
···=d(~6)=2. But we can show that this is impossible (proof omitted). Next 

. . p ' 

~onsider the case (iv). Since e= ~d(~k)-dm1)d(~2)=2dholds, there exists 

an AiD containing just d+ 1 er-classes. This implies that nAiD= p1!__ 1 . Suppose 

that there exists another such ~1-classes A?>, we can conclude in view of 

the orthogonality condition that ~2,- · ·, ~ P are regular, that is, nA<.k) = ____!!_ 
1 d+l 

{k 2::_ 2). Indeed, put A~D Aj2>=C;, A~v A'.P=C;. By the similar argument as 

in the case d=P-4 above considered it can be shown that nc;=ncr This 
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implies that nA1.2>=nA<2>, consequently 2f2 is regular. The same is true for 
I J 

any 2Ck (k >. 2). If there exists an AJv (j > 2) such that AJD intersects some 

2f2•class in precisely one [-class, we can conclude by the similar argument as 

above that AT consists of just d+ 1 [-classes, that is, nA9>= ___!!__ If we 
1 P-1 

take into account of 2d < 2 (d+ 1), we may assume that each of AP>, Ai>,···~ 

A~~4 consists of just d+ 1 [-classes, and Ai~3 3d+ 1 [-classes. Since 3 (d+ 1) 
> 3d+ 1, there exist at least two 2Irclass, Af2>, A~2> such that each of 
A:,E 3 A?>, A1~3 A?> consists of just two [-classes, so that we may put A<J-~3 A?> 

=C1+C2, A1~3 A~2>=C3+C4. nc, +nc.=nc,+nc.= _l_ nA<pl> = ___ 3N 
d+ 1 -3 (P-1) (d+ 1) 

since nAi~3= p1!._3 holds. Let nc, > nc. and nea 2. nc.. Then by considering 

an fil~class different from A<J-~3 which contains Ci, C3, it follows that nc, + nc., 

1 3N = d+l nA1) 3• Therefore nc,=nc.=nc,=nc,=------. If C is any 
- 2(P-l)(d+l) 

[-class not in A~~3, then orthogonality condition shows that nc = p1!._ 1 d~ 1 

1 
N 

~ . Let A be an fil-class containing Ci, C', where C' is 
P-1 d+l) 

any [-class contained in Aj}!. 3 and is different from Ci, C2, C3, C4• Then A 

can not contain C2, C3, C4• AA? is disjoint to A2"~3• Let s be the number 

of [-classes contained in AA~2>, then nAA~2> = sN . AAf> intersects 
(P-1) (d+ 1) 

A~:3 in C1• Let t be the number of [-classes contained in AA?> but not in 

A m Th tN 3N s· 1 P-3• en nAA<2> = ----- + ------. 1nce nAA<2>= - nA 
. . 1 (p-1) (d+ 1) 2(P-1) (d+ 1} 1 N 

· 1 3 
nA? = N nA nA~2>=nAA~2>, we obtain that s =t+ 2 . This is a contradic-

tion since s, t are integers. There remains the case to examine where there 

exists besides AP1 no 2Irclass containing just d+ f [-classes. Then among 

these 2f1-classes there exists an 2Irclass A~n containing the least number of 

<£-classes. It follows from our assumption and p-4 > d that this number 

must be d+2. We may put A?> A?1=C~+C{, A~v Aj2>=C1 (j=2, 3,-··, d+ 1) 

Since 

holds, we obtain n"2 > nc3 > · · · > 
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ncd+l° Consider an &-class A different from A~n which ·contains two Ct-classes 

C'21 C11 (k =I= 2). There-

fore Ain A=Cx. Consequently nc.; +nci =nG +nc,.. It follows from this re

lation that nr1=nr1 =···=nc' . Therefore nA<2>= 2N nA'2>=···=nA<?) = 
"1l '-'1 d+l l d+2' 2 d+l 

_!i__ If we apply Lemma 3 for G.i, C~. then P-1 will be a multiple of 
d+2 . 
d+ 2. Hence P-1 > 2 (d+ 1) in view of P-1 > d+ 1, and consequently P-4 
> 2d. On the other hand P-4 S. e=2d. This is a contradiction. Thus we 

complete the proof of Theorem 3. 

From the proof of this theorem the structure of the decomposition 
~ 

P0:,= ~ P0:,k with d(&k)=l (k=l, 2,···, 5) is given as follows: 
k-1 

(Ss) 

Ct = ( Co, C1, G.i, C3, C4, Cs) , 

&1=(Co+C1, G.i+~+C4+Cs), 

&2=(C'o+ G.i, C1 + C3+ C4+ Cs), 

&3=(Co+C3, C1+C2+C4+Cs), 

&4={Co+ C,, C1 + C2+ ~+ C5), 

&s=(C'o+C's. C1+G.i+C3+C,), 

where nc. : nc, : nc. : nc. : nc,. : nc. = 1 : 3 : 3 : 3 : 3 : 3. 

§ 3. Cases P=4~ 5, 6. 
We shall apply the results established iQ § 2 to determine the structure 

of decompositions (1) for P=4, 5, 6 .. 

Case P=4. 
4 

The decomposition Prs,= ~ P>JXk is possible only in the following two 
k-1 

cases. 

1~-~ 
~ ~1 

H= 
~3 It Case 

8 2 2 I 

4 1 1 I 
.. 

Case I. &1, &2, &3, &4 correspond to classifications determined by rows, 

by columns, and by a complete set of orthogonal Latin squares of side . 3. 
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Case II. The structure is given by (51). 

Case P=5. 
5 

The decomposition PrJ:.= "':£, Pw,k is possible only in the following three 
k-1 

.cases. 

@: m1 m2 12!3 ' 12!4 12!5 ti ~----- -- ---

15 3 3 3 3 3 

I 

--~ ---~ -~-

D.F. 7 3 1 1-:-- 1 l 
--- - ---

5 1 I 1 1 1 JI[ I I ! 

Case I. 211, 212, 213, 214, 215 correspond to classifications determined by 
·rows, by columns, and by a complete set of orthogonal Latin squares of side 

-4. 
Case IL The structure is given as follows : 

where nc . . =const. 
IJ 

(1: =(Cn, C12, C21, C22, C31, C32, C41, C42), 

211 = (Cu+ C12, C21 + C22, C31 + C32, C41 + C42) , 

212=(C11 + C21+ C:i1+C,1, C12+ C22+ C32+ Cd, 

2l3=(Cu+C22+C.12+C41, C12+C21+C31+C42), 

214 = ( Cn + C21 + C:iz + C42, C12 + C22 + C31 + C41) , 

fil5 = (Cu+ C22 + C31 + C42, C12 + C21 + C32 + C41) , 

Case III. The structure is given by (55). 
6 

Case P=6. The decomposition P({,= ~ Pwk is possible only in the fol
k-I 

lowing two cases. 

~· 12!1 m2 IJl:3 IJl:4 ti fils Case 

24 4 4 4 4 4 I 
--6- ---

1 1 1 1 1 I 

Case I. 211, 212, 213, 214, 215, ~!6 correspond to classifications determined by 

rows. by columns, and by a complete set of orthogonal Latin squares of 

side 5. 

Case II. The structure is given as follows : 
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Ci = ( Co, Ci, C2, C3, C4, C5, C6) , 

~l1=(Ca+C1, C2+C3+C4+C5+Cs), 

fil2=(Co+C2, C1+C3+C4+C5+C6), 

2{3=(Co+ C3, C1+C2+ C4+Co+Cs), 

ill:4=(Co+C4, C1+C2+ C3+C5+ C5), 

ill:5 = (Co+ C5, C1 + C2 + C3 + C4 + Cs) , 

ill:5=(Co+C6, C1+C2+C3+C4+C5), 

where nc. : nc, : nc. : nea : nc, : nc, : nc, = 1 4 : 4 : 4 : 4 : 4 : 4. 
§ 4. Structure ·of decompositions of interactions. 

Theorem 4. (i)• Pw.,w..=Ps11_,+Pw., holds if and only if 211, ill:2, ill:3, 2!4 

correspond to classifications determined by rows, by columns, and by a com

plete set of orthogonal Latin squares of side 3. 
(ii) The interaction 't\1 \82 \83···'.13n (n.?:. 3) can not be decomposed into two 

classifications. 
Proof. 

ad (i). It follows from Lemma 2 and § 3 (Case P=4). 

ad (ii). Suppose that P'J3,'.B•···'.Bn=Pw., +Pw., holds. Then d(\81) d(~2)···d(\Bn} 

=d(ill:1)+d(~z). We may assume that d(\81) > d()82) > ··· ?':. d(l.]jn). It fol

lows from d()81),··, d(\Bn)?d(ill:1), d(ill:2) that d(\81)=2, d(IB2)=d(\83)=··· 
. . . N 

=d()8n)=l. Choose Bj e \Bj (J=l, 2,-··, n) such that ns, < 3 , ns,, ···, nBn 

< ~- If we take A;e2!; (i=l,2) such that B1 B2···BnA1 Az=l==O, then 

P<.B,<.B•···f.Bn =Pw., + Pw., implies that 

-----·------~-

10) Cf. [2]. Lemma 9. 
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Let t be variable fundamental unit vectors. Comparing the values taken by 

both sides of this equation, we obtain (____Ji_ -1)( _/If___ 1) ---(•-- N -1) =2. 
nB1 \ nB2 nBn-l 

Hence __!!_=3, --. N =2,···, _l'j_=2. Similar argument shows that __!!_ 
nB1 nB, nBn-l nBn 

=2. Therefore 'Si, '82,···, 5Bn are regularly orthogonal. Then there exists a 

-classification 5B m such that Pi:s,!B•···!Bn =Pflw& where d(5S)=l. Then we obtain 

P'J3,i:a=PSJJ.1 + PJJr.. which is impossible by (i). Thus we complete the proof. 

Theorem 5. (i) Pw.1&2 =P&a+P&,+P&, holds if and only if it corresponds 

to the case I, II given in § 3 (Case P=5). 

(ii) The interaction 'Br 5B2 583· · · 'Bn (n ~ 3) with d ('81) 2, · · · ?_ d ('Sn) is 

decomposed into three classifications if and only if '81, '82,···, 1.8n are-regularly 

orthogonal and d('l.31)=3, d('S2)=···=d('Sn)=l. 

Proof. 
ad (i). It follows from Lemma 2 and § 3 (Case P=5). 

ad (ii). Necessity. By the similar argument as in the proof of Theorem 
4 (ii) we may conclude that '81,···, \Bn are regularly orthogonal and d(5B1)=3, 

d('S2)=···=d(5Bn)=l. Sufficiency. Since there is a classification 'Sm such 

that 'S=\S2 '83• · ·'Sn, we can write P&i&•--&n =Pc;r 0;. Then (ii) follows from § 3 

(Case P=5). 

Theorem 6. P&iJJx.=P&,+Pw.,+PSJJ.,+P&. holds if and only if 2!1, ~(2, 2!3, 

-W4, ~ 5, 216 correspond to classifications determined by rows, by columns, and 

by a complete set of orthogonal Latin squares of side 5. 

Theorem 7. (i) The interaction 1.81 i12 583 is decomposed into 4 classific

ations if and only if \B1, '82, 5E3 are regularly orthogonal and d ('il..11) = d ('132) 

=d(5B3)=2. In this case the decomposition is unique. 

(ii) The interaction \B1 'il..)2 583· • ·'Sn (n ~ 4) can not be decomposed into 4 

classifications. 

Proof. 
ad (i). Suppose that Pi:s1<JJ,cs,=PSJJ.1 +Pw.2 +P&.+P&, holds. We may assume 

that d ('81) > d ('82) ~ d ('i!..13) ~ d (~!1) >- (212) ?_ d (213) ?_ d (214). Since d (581) 

d ('1.32) d (583) = d (211) + d (2!2) + d (2!3) + d (214) holds, we can conclude that the 

decomposition is possible only if 

11) Cf. l2]. Theorem 9. 
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(II) d(l81)=d(l82)~2, d(l83)=d(211)=···=d(214)=1. 

(III) d ('B1)=d (SS2)=d(IS3)=d (211)= ··· =d (214)=2. 

Let B; be a 18;-class and Aj be an ~rclass. If B 1 B 2 B 3 A 1 A 2 A 3 A 4 =½=0, we 
·have 

(a) 

(_!i___-1 )( - N_ -1 )( _!j____ 1)( t, eB,B,B• -(L-1).(--~-l) 
ns, · n11• · ns. ns, . .. ns, 

={( _!!__-1 )+( _!j____l )+( ___!!__ )+( _}Y__l )}(,, eA1A2A,A,) 
nA, nA, nA• nA, 

+ {-1 +( _l'j_ _ 1 )+ ( ___!j___ 1 )+ ( __!j___ 1) }(,, eA~A•A•A•) + · ·· 
nA, nA, nA, 

+ {-z+( _Jj__ _ 1) +(_!I[_)}(,, eA~A;AaA,) + ... 
nAa nA, 

Suppose that B; are chosen such that ___!!__ >. d (~:\) + 1. It follows from 
nsi 

(I), (II), (III) that (d) implies (__l'!.__-l)(~n--1)=4. Hence _N_=d('B1} 
ns, ns, nB, 

_+l, _!j___=d(l82)+l must hold. Therefore 181, '82 are regular. If d(5S2) 
nB, 

=d (583) holds, we see also that 183 is regular. 

Case I. Since 182, 183 are regularly orthogonal and d(~2)=d(l83)=1, the 

interaction 182183 is regarded as classification IS, and we have Prs,'J3 =Psa1 + · · · 
P'J.u• This is impossible by Lemma 2 and § 3 (Case P=6). 

Case II. Let CI=l81 /\ 182 /\ \83. (a) implies that (t, eB1B•B•)=(t, eA,A,A,A,), 

· that is, A; intersect in precisely one ~-class. We remark that this statement 

for any A; such that A1 A 2 A 3 A 4 =½= 0. Since CI-consists of 3 x 3 x 2( = 18) 
CI-cla~ses. But 211, i212, 213, 214 generate at most 2 x 2 x 2 x 2( = 16) CI-classes. 

This is a contradiction. 

Case III. 181, 182, 183 are regularly orthogonal and d(~:\)=d(l82)=d(SS3)=Z 

holds. Thus the case III only is possible. That the converse is also true 

follows from the known fact from 3 x 3 x 3 factorial experiment. We can 
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show that in this case the decomposition is unique. Its proof is not so 
difficult, so we omit it. 

4 

ad (ii). Suppose that Pm,!B•···!B = Li PSJXk. Here we may assume that 
n k-1 

d(~1) >:···> d(~,,). We can show by an argument used in the proof of 
Theorem 4 (ii) that ~ 2,···, ~ .. are regularly orthogonal and d(l83)= ···d(lB,,)=1. 
Hence the interaction ~ 3 ~ 4---~,, is regarded as a classification i~. Then 

4 

Pm,m,m= Li P'l,k. (i) shows that this is impassible. 
k-1 
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