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Introduction and Summary.

In the previous papers [1, 2], we have proposed to replace the “Lorentz
transformations without rotation” by the new fundamental group of transfor-
mations, as representing the relations between the coordinates in two inertial
systems one of which is moving with uniform velocity to the other. In this
paper we shall investigate some property of the new fundamental group of
transformations comparing with the “Lorentz transformations without rotation”.
In § I,we shall state the character of the ‘“Lorentz transformations without
rotation” and the new fundamental group of transformations, and then show
that the transformation of the new fundamental group is obtained by means
of a suitable combination of the “Lorentz transformation without rotation”
together with certain spatial rotation. The explicit expression of such spatial
rotation will be obtained. In §2, corresponding to the Thomas precession
[3, 4], introduced in his theory of the kinematics of an electron with an axis
on the basis of the Lorentz transformations without rotation, we shall calculate
the precession caused by the successive transformations of the new group. In
§ 3, for the transformations of the new group, we shall give the tensor expres-
sion in the 4-dimensional space-time. - In § 4, we shall investigate the transfor-
mation from the fixed system to the momentary rest system of a particle in
arbitrary motion. As a special case we shall show that the successive rest
systems of a particle in a periodic motion coincide with the rest systems after
a period of the motion to each other.
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§1. The “Lorentz transformations without rotation” and

the new fundamental group of transformations.

The “Lorentz transformations Without rotation” are defined by the follow-

.
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ing equations [2, 3, 4]:

&i:xi+ui[(lg) {VI—LW?_I}__VT%/CZ] emhey (L.1)

[t — @x)/]/v1—u2/c

I

r

where xi(i=1, 2, 3), ¢ and (=1, 2, 3), f denote the apace-time coordinates
in the systems K and K, the components of the uniform velocity of K relative
to K being u*(h=1, 2, 3). The round bracket of v and =x: (ux) denotes the
inner product of ' and x’. In (l.l), it is assumed that the component of the
positional vector x¢ in the dirction transverse to the velocity u’ undergoes no
change. For, if v denotes the vector perpendicular to u’ from the condition
that (uv) =0, (l.1) give the relation (vx)= (vx). Only the component of the
positional vector x in the directin parallel to the velocity u, i.e. (ux)/u,

undergoes the transformation of the form :
@®)/u=[@wr)/v—ut]/v1—u/c

While we take the above assumption, the corﬁbination of two “Lorentz trans-
formations without rotation’ in general is not the same form but is equivalent
to a Lorentz transformation with a rotation. Namely (I.1) do not form a
3-parameter group regarding u*(h=1, 2, 3) as parameters, although (1.1) make
the form of ds?= (dx')® + (dx?)® + (dx%)® — c2d¢? invariant. So, abandoning the
above assumption, we modify the Lorentz transformations defined by (l.1) such
that they form a 3-parameter group (regarding u*(h= 1,2, 3) as parameters)
and make the form of ds? invariant. In the previous paper [1], we have
described the equations of such modified transformations (i.e. the new funda-

mental group of transformations) in the following form :

=iy due o wi/ediy/1—w/e
[8’ T—(@w/e™ ¢ {VT:W 1 —(du)/c } ]
+ 1 [di w/c—(du){l —y1—w/2} uf ] ' (1.2)
{1—(du)/c} v —u?/c? 1 —(du)/c

v =[t—-@x)/]/vVIi-w/ec Gj=1223)

which are the equations (1.2) in the previous paper [1]. Here d*=d,
(h=1, 2, 3) are any constants satisfying the condition: (dd)=dsdy=1. The

equations (1.2) are regarded as representing the relations between the coordinates
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in two inertial systems K and K, the velocity of K’ relative to K being uh.
By elimination of the four variables (x%, t) between (1.1) and (1.2) we can

show that x*(=x}) and % (=21%,) are connected by the following spatial rota-

tion :
#h=Dy%y o % =Dysh (j=123) (1.9)
where
D.:=28,—d.d: 1=/ 1 —u2/c? u;d; 1
i ij T T —(duw) /c c 1—(du)/c

_ (1.4)
wuy 1=v1—w/c 2{l —y/1—w2/c2} (@du) />~ 1/c

o 1—(du)/c P8y 1—(du)/c

(The time coordinate is unaltered). Namely (1.2) are equivalent with the com-
bination of (1.1) and (1.3). (The condition of orthogonality: D;;Dy =208 is
easily verified by actual calculation) The axis of rotation of (l1.3) is given by
considering X; = &;j;u;d; since D;; X; = X;, namely the axis of rotation is perpen-
dicular to the plane determined by u; and d;. And the angle @ of rotation

(measured from u; to d;) is given by the following equations:

o= e Vi -2 o 42 1)

c2

(1.5)

sin @ =

Vr—(du)? [(duw) /7 2 (du) 1 17
lli(du)/c [_u B {_uT h T}J

u? c2

This is verified by considering the special case where u;=(u, 0, 0) and d,=
(di, dz, 0). From the other point of view, we can say that (1.3) represent the
rotation of the Cartesian axis in K which would give these axes the same

orientation as the axes in K.

§ 2. The precession caused by the successive

transformations of the new group.

Let us now consider three inertial systems K, K’ and K’ of which K’
moves with the velocity u' relative to K while K’ moves with the velocity v
relative to K. The connexion between the coordinates (x,¢) in K and («/, ¢)
in K’ is given by the equations (1.2) (not by (l.1)). In the same way, the

connexion between (x/, #) and the coordinates (x”, #/) in K’ is represented
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by the equations obtained from (1.2) after replacing (%, ¢ u) by («, ¢, v) and
(«', #) by (x”,¢’). By elimination of the four variables («/, ) between these
eight equations we obtain the connexion between (x,%) and (x,¢’) and, by
the group property of the transformations (1.2), this relation must also be
expressed by the equations obtained from (1.2) after replacing («/, ¢) by
(x”, ") and uwi(i=1, 2, 3) by certain parameters, say w’, (leaving x unreplaced).
The wi(G=1, 2, 3) represent the components of the velocity of K’ relative to
K. 1In the previous paper [1], we have shown that the actual form of w' is

given by the following equations:

[vi{l —(du)/c} +d' [(uv)/c —(dv){1—1/] _u2ﬁ}]]

. +ui{l — (dv)/c} {1 = (du)/c} /V'1 —u2/c? o
{(du)/c—u2/c2} (dv)/c+1 —(du)/c N () — (du) (dv) .

VI1i—uz/e c?

which are the equations (1.4) in [1].

Now we consider the case where the transition from K to K’ is an
infinitesimal transformation, i.e. where vi(f=1, 2, 3) are infinitesimal quantities.
In this case, the coefficients of the rotation of the Cartesian axes in K’ which
would give these axes the same orientation as the axes in K', are obtained
from (1.4) after replacing u’ by v’ and neglecting all terms of higher than the

first order in vs. Namely
Dij = 8” + (’Ui d] - di ’UJ) /C . (2.2)
Here v; is the vector in K'. Now putting
w; = u; + Bu,- (2'3)

in the rest system K, we shall investigate the above infinitesimal rotation. For

this purpose we introduce the system (y’) defined by the following equations:
y: = D,]x] (i,j = 1,2,3) (2.4)

Then the systems (y’) and K’ are connected by the Lorentz transformation
without rotation, the velocity of K’ relative to (y) being given by D;ju;.
The coefficients D;; in (2.4) depend on u;s viz. D;; are functions D;;(u) of
u;s.  When u; is changed into u; + 8u;, we introduce the second system (y”)
defined by '
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where D;;(u+ 6u) denote the expression obtained from (1.4) after replacing u;
by u; +du;.  Thus the transition from (y’) to (y”):

yi = D;;(u+8u)Dy;(w) yi Gjh=1,23) (2.6)
corresponds to the transition from K’ to K”.  From (2.6), after a simple, but

lengthy, calculation 'neglecting all terms of higher than first order in du;’s, we

have
vi' = (& + L) yi G, h=1,2,3) (2.7)
with
({Q(I_I/I—uz/cz) (d- u) *éﬁ}(d,-guh*dh&“)
~2(1— yT=w7e) L (g, — dyuy
1
Ly =-—"F7— (2.8)
(du)
[ LA . | (u-du)
¢ ( V1 —uzjer ) cur . (ditn = i)
— = vT—u2/c2 ) 5 (wdun — wdu)

These equations give the rotation of the axes of coordinates [from (y') to (y")]
caused by the infinitesimal change Su; of the velocity u; in K. If we put L;;
= &z ¥, and consider the vector £ whose components being £, £; is expressed

as
Qu=3%euly  Gjk = 1,2,3) (2.9)

which represents an infinitesimal rotation around the direction of the vector
£, the angle of rotation being equal to the magnitude of the vector £. This
fact does not occur in the Thomas precession deduced by L.H. Thomas from

the Lorentz transformations without rotation [3, 4].

§3. The temsor expression of the transformations of the new

fundamental group in the 4-dimensional space-time.

For future investigation, we shall express the transformations (l.2) in a
tensor form in the 4-dimensional space-time. In the previous paper [2] we
have shown that the new fundamental group of transformations (1.2) is

generated by the infinitesimal transformations of the form:

%, = x, + (b, 8w, — k, 8 w,) x, (v =1,..,4) (3.1)
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Here %, (=1, ..., 4) denote the coordinates x,(A=1,2, 3) and ict, and k. is

the four-vector having the components
ku. = (dla d2, d37 l) (3'2)

~ And 8w,(u=1, ..., 4) are arbitrary infinitesimal quantities.

So, for rewriting (1.2) in a tensor form in the 4-dimensional space-time,
we shall directly obtain the tensor form of the transformations generated by
(3.1). For this purpose we introduce the four-velocity: Uy =dx,/d7, 7 being
the proper time defined by —c2dt2=(dx))? + (dx2)* + (dx3)* — 2d 2, viz.

U= W/vI—u/3 ic/vV1—uz/c2) (3.3)

where u* is the usual three dimensional velocity vector. Then we can show

that the transformations generated by (8.1) are expressed in the form :

xﬁ\ == A?\,lL x;’.L ()\, = l’ AR ] 4') <3'4)
with
_ U.-U., ., U,—U o) —(UU)
Ay = 8z + ka &) + D) k, + 0 ) kx k. (3.5)

Here Uy is defined by Uy, =dx./dt and, for brevity, the notations (kU), (kU’)
etc. are used in place of kU, kU, etc. Accordingly (UU)= —c2 (The
calculation for deduction of (8.5) is described in the Note at the end of this
paper).

Now, let u*(h=1, 2, 3) be the velocity of K’ relative to K. The corres-
ponding four-velocity U, is then given by (3.3), and- the components of this

four-velocity relative to K', i.e. Uj, are
U, =1(0,0,0,ic) (3.6)

since U, is the four-velocity of a point at rest in K’, which means that the
vector U, lies in the direction of the xj-axis. Th’erefore, the iransformations (3.4)
accompanied by (3.5) and (3.6), are the desired tensor forms of the transformations (1.2)
of the new group. . Hereafter, in (3.5) we always take U, as (3.6), and regard
A, as the function A,,(U) of Uy, ..., U,. 7 "

~ From (3.4), we can easily see that the coniéoncnts‘of the vector k, relative

to the system K’ viz. k, are given by »
=k &U)/&U) or ki =k[l - (@uw)/c/vV1-w/c (3.7)

since (kU)=[(du) —c]/vT—u2/cz and (kU)= —c. (The vector —ck,/(kU) is
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independent on the multiple of k., and is equal to k.v'1 —u2/¢2/[1—(du)/c]
which is introduced in the momentum mass vector defined in the previous
‘paper [1]. Cf. the foot-notes at the end of the previous paper [2])

In concluding this section, we shall give the composition law of two four-

velocities. Since the inverse transformation of (3.4) is given by
xp. = Az\,u, x,/\ (3.8)

putting dx,/dr=W ',L and dxi/dr=V,, from the above we have W,=A4,,V,,
or, using (3.5),

U, — U’+(U’V) <UV)k +(UU)+C

W= Vu+ &) =ars D) &) T

&V )k, (3.9)
Substituting (3.6) for Ul in the above, we have the formula for sum W, of

four-velocities U, and V.

'§ 4. Successive transformations of the new group.

By the similar way by which C. Md¢ller has treated the successive Lorentz
transformations without rotation [4], we shall investigate the successive trans-
formations of the new group. As in §2, let us consider three inértial systems
K, K’ and K”, and let

o) = A (Nx, K—>K), =AW x, K —K" (4.1

be two successive transformations of the new group (3.4). Here A,,(V) means
the 'expression obtained from (8.5) after replacing U; by V., V., being the
four-velocity (correspondmg to v*) of K’ relative to K. By the group property

of (3.4), the coefﬁments of the resultant transform"ttlon
= A V) A (D), | (4.2)

are égain given by the expressioh obtained from (3.5) after replacing U, by

certain four-velocity,.say W, viz.;
A,y (V) Ay (U) = Ay, (W) (4.3)

W, represents the four-velocity of K’ relative to K. In the special case where
the transformation from K’ to K” is an infinitesimal transformation, i.e. where
v1, vy, vy are infinitesimal quantities, we have, neglecting second-order terms in

these quantities,
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Vi=wv, (h=1,2,3), Via=1ic (4.4)
Accordingly, by (3.5), 4,,(¥) reduces to
A (V) = Bap + @rp (4.5)
with
ore=[ =k (Vu = UL + W = D) k] /c (4.6)
Hence, according to (4.3) and (4.5),
Ayy (W) = @Bru + @an) Apy (U) = Ay (U) + or 4, (U) 4.7)

Let x, = fi(r) \=1, ..., 4) represent the time track of a particle in arb-
itrary moticn in K, 7 being the proper time of the particle. We shall now
try to determine the successive rest systems of the particle such that the
coordinates of two consecutive rest systems at any time are connected by the
transformation of the new group (3.4). Let K’ and K" in (4.1) be momentary
rest systems of the particle at the times 7 and 7+ dT, respectively. The four-

velocity of K’ relative to K is then
Uy (1) = dx\/dt = f, (1) (4.8)
Similarly, the four-velocity of K relative to K is
Wi=U (1) +dU (1) = Uy (7) + U\ (v)dr = f, (v) + fr (*)d (4.9)
The components of these four-velocities in K’ are
Ui (1) = A4, (U) U,= (0,0, 0, ic) (4.10)
Vi=W,=U\+dU, = A,,(U)[U, +dU,] =U; + A4,.(U)dU, (4.11)

Since the transformation from K to K” was supposed to be an infinitesimal
transformation, the coefficients 4,,(/) in the transformation from K to K’ are ‘
obtained from (4.7) and (4.6), V. in (4.6) being given by (4.11). Since, from
(4.11) V\ — Ui, = 4,,(U)dU,, (4.6) is expressed as

ore = [ —kr Ao (U)dU, + A, (U)dUk,]/c (4.12)
Thus, from (4.7) and (4.12)
A (W) — A (U) = [ ~knd U, + Axo (U)d Uk, KU) /(EU)] /¢ (4.13)

since Ay, A, =0d,, and k“A“V(LT)ZkV(I;Ulj/(kU). Further, if we use the rela-
tions (3.7) or kx= Ay (U k,(kU)/(kU) and (kU)= —e¢, (4.13) is rewritten as
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Ay (W) = 4 (U) = 430 (U) [kod U, — k,d U, ]/ (RU) (4.19)

The coefficients A,,(U) can now be regarded as functions A,,(7) of 7, A, (W)
being then equal to A, (7 +d7). Hence we get the following differential equa-

tions for the functions A,,(7):
dAy, (1) /d7 = Axo (7) [k U, — K, U]/ (EU) (4.15)

In fact, these equations are directly deduced from the expression (3.5) by
regarding U, (w=1, ..., 4) as functions of 7. This result is different from the
one deduced from the Lorentz transformations without rotation [4].

Next, let us attach a space vector e’(r) of unit length to the particle con-
sidered in such a way that the components e’/ with respect to the spatial axes
of K'(v) have the same values at all times. In 4-dimensional space this vector
is represented by a space-like four-vector with components given by e = (e, 0)
in K'. Tts components in K are given by e, = e\ Ay, (7), 4:,(1) being given by
'(3.5) regarding U, (w=1, ..., 4) as functions of 7. These components satisfy

the following differential equations:
de,/dt = efd Ay, (7)/d7 = e, [k, U, — k, U]/ (kU)
i.e. de,/dr = [(ek) U, —k, (U)]/&U)

which is also different from the result deduced from the Lorentz transform-
ations without rotation [4].

Lastly we consider the special case where x,=f,(r) represent the time
track of a partcle in a periodic motion in K. Let the period be T and the
corresponding proper period be [, ie. fi(r+D)=f(7) (h=12,3), filr+1])=
fi(@) +icT, T and I being constants. Since U,(r+1)=U,(r) and the solution
Ay, (7) of (4.13) is the functions of U,(7) (@ =1, ..., 4) regarding U, () as (4.8),
we have Ay, (v +1)=A4,,(r). This means that two momentary rest systems
of the particle at the times 7 and 7+ coincide with each other. This is not

the case for the Lorentz transformations without rotation. [4].

Note. Deduction of the equations (3.5) from (3.1).

In order to obtain the finite form of the transformations generated by the
infinitesimal transformations (3.1), we put dw,=w,€ (for a time regarding w,

fixed and & as parameter) and solve the following differential equations:

) dxl./d&= (b w, — k, w,) %, (N.1)
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with the initial condition that x,=2x, when &=0. For brevity, we use the
notations (kx’), (wx’), etc. in place of k,xj, w,x}, etc. Then (N.1) are expressed
as

dxg /d&=lky(wx') — wy (k) ' (N.2)

We can easily see that the following equations:
8)\,“,5 xﬁ\ vkp. wy = SAIL’VE X ku’ll,’y (N.S)
(kx') = (kx) exp [ — (kw) €] (N.4)
2 (kw) (wa’) — (ww) (kx') = [2 (kw) (wx) — (ww) (kx)] exp [(kw)&] (N.5)

are the integrals of the equations (N.2) satisfying the initial condition, the
: laktt_erl two equations of the above being deduced from the relations: d(kx')/dé
= — (kw) (k') and d(wx')/d&é=(kw) (wx') — (ww) (kx’). Then we can solve
(N.3), (N.4) and (N.5) for % in the following manner: Obtaining the relations :

%) = xr + Ak + Bw, (N.6)

from (N.3), 4 and B being arbitrary, énd, substituting (N.6) into (N.4) and

(N.5), we can determine 4 and B. . The resulting equations are given by

: A e 2(wx) (kw) + 2(ww) (kx)— (ww)(kx) exp [ — (kw)&]"
=0 Sy ' ]
: +{2 (kw) (wx) — (ww) (kx)} exp [(kw)e]

+ (kx) {exp [ — kw)&] — 1} w, /(kw) (N.7)

This is the finite form of the tran’sfovrmatiobns geherated by the infinitesimal
transformations (3.1), regarding w,& as paxl'ameters..,

Next, we express (N.7) in terms of the four;vectors Uy,=dx,/dr and
Uy, = dx,/dr. The relations between‘U)\vand U, are expressed by the equations

obtained from (N.7) after replacing x and «’ by U and U, viz.
Ui=U+ k[ 1/2Fkw) + (kU) {exp [— (kw) €] — 1} w./(kw) (N.8)

Our problem is to eliminate w,, & from (N.7) and (N.8). From (N.8), dividing
all terms by (kU), we express the last term: {exp[ — (kw)&] — 1}w,/{(kw) by
the remaining terms, and substitute this expression into the coefficient of (kx)

in the last term of (N.7). Then the resulting equatiébns become

xy = x2x — ka {1 — exp [(kw) &]} (wx) / (kw) +
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Ui-Us , h(wl) ;o e
+ [ (kU) + (kw) (&U) {1 exp [(Au)éj}] (k) (N.9)

Further, in order to express (wx)/(kw) in the above in terms of U’s and U'’s,
we multiply (N.8) by %, and sum up the resulting equations for A=1, ..., 4.

Then we have
(U %) = (Ux) +Ex)[--- -1/ 2(‘kw)2+(kU) {exp [ — (kw)e]—1} (wx)/(kw) ~ (N.10)
"But the last term is expressed as
(kU){exp [ — (kw)é] — 1} (wx)/(kw) = (kU ){1 — exp[ (kw)€ ]} (wx)/(kw) ~ (N.11)
since (kU') = (kU) exp [ —(kw)&] from (N.4). Using (N.10) and (N.11), we can

see that (N.9) are expressed in the following form :

x;\ = A,\,U. Xy (N.l?)
with
Ay = 8y — kr Ui Us U)"—U)‘k,L‘Fpk)\kM (N.13)

&U) (&U)

p being certain factor. We can determine p, from the condition of orthogon-
ality : Ay, Ay, = 8.5, as follows: p=[(UU) —(UU)}/kU) kU).
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Note on the previous papers (on the suggestion
given by H.P.Robertson)

In the previous paper entitled “Some results deduced from the new funda-

mental group of transformations in special relativity and quantum mechanics”
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(J. Sci. Hiroshima Univ. Vol. 17 (1953) 67-73), we have shown that a light
beam in the direction d' suffers no aberration under the condition that an
observer moves transverse to the direction of the beam. But, without using
this condition in the process of the proof, the same result’ can be obtained.
This is pointed out by H.P.Robertson from the standpoint of the group of
transformations in Math. Reviews Vol. 15, No. 8 (1954) p. 752. (This result is
also shown by the equations (3.7) in the previous paper [2] of the above
references) Further, he has suggested that the new term appeared in the
energy momentum vector defined in the previous paper [1] is interpretable
as a beam of radiant energy along the given null-ray. I think that this
suggestion has interesting meaning connected with the fact 'mentioned in the
foot-notes at the end of the previous paper [2].

I wish to express my hearty thanks to Prof. H. P. Robertson for his

valuable remarks concerning the contents of the previous papers.
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