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§ I. Introduction. 

In this note, we shall seek for the canonical form of the system of n 

differential equations 

(J.l) dx,_ = !;. (x) 
dt ' 

(:;=],2, ... ,n) 

in the neighborhood of the center. For the system of two differential equations, 

making use of a formal transformation of the variables, Hukuhara has deduced 

the canonical form of the system [l]. Here, by making use of the invariant 

integral of the group of transformations [2], we shall show that, by a suitable 

analytic transformation, the system of n differential equations can be reduced 

to that of the form analogous to that which Hukuhara has deduced for the 

system of two differential equations. 

In this note, we agree that the center 1s a critical point such that the 

characteristics passing through any point lying in the neighborhood of that 

point are all closed. \Ve assume that fv (x)'s are all analytic in· the neighborhood 

of the center and that the period w (x) of the charaaeristic passing through any point (xJ 

lying in the neighborhood of the center is bounded. 

§ 2. Reduction of the linear parts. 

Without loss of generality, we may assume that the center Is the origin. 

Then let the expansions of ?;v (x) be 

n 

(2.1) ?;v(X) = ~Cv,,_Xµ. + :::S"c,1>X1P1 .,,XnPn, 
µ-1 IJ 

where h II denotes the summation over lJ = (p1, p2, ... , pJ such that s (p) = 
D 

dl + P2 + "· Pn ~ 2. Let the characteristic roots of the matrix C = II Cvµ II be 



83 M. URABE and Y. SIBUYA 

Xr, X2, •··, Xn. Then, since the origin 1s a center, it must be that X/s are all 

pure imaginary inclusive of zero, consequently we put 

(2.2) X, = i 0,. 

(2.3) 

Let the transformation of the one-parameter group defined by (I.I) be 

x~ = <p, (x, t), 

then, it rs evident that 

(2.4) rp, (x, t) = e'x (x,) = x, + ti;, (x) + ~\ X (/;,) + f ! X2 (!;,) + 

n 

where X == ::81;, (a /ax,). Evidently, cp, (x, t) is a system of the solutions of 
11= l 

(I.I) such that <p, (x, O) = x,. By the assumption, 

(2.5) <p, (x, w (x)) = x,. 

Put 

(2.6) x, = pl,, 

where 

(2. 7) 

Let one of the limits of w (x) be w0 when p - 0 l, being arbitrarily fixed. 

Since w(x) is bounded, w0 must be finite. Then, from (2.5), we see that 

or, 1n the form of the matrix, 

(2.8) ( C + _<,)Cl_, c2 + wo2 C3 + ... ) .. 7 = 0, 
2 ! 3 ! 

where 7 1s a column vector whose components are Zr, l2, ... , ln. We choose a 

suitable matrix S so that Scs- 1 = Co may be of the canonical form as follows: 

(2.9) 
Co= SC s- 1 =~EB (X O··· ··· ···O), 

1 X : 
0 I X : . . . . . . . . . 
0 ··· ··· l X 

where ~ EB denotes the direct sum. Since C is real, the imaginary character-
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istic roots of C occur in conjug_ate pairs :X.v and ;\, = :X.,, consequently we can 

choose S = II Sv,,_II so that s;;,,_ = Svµ. and, when A.v is real, sv,,.'s may be real. In 

the sequel, we take such S. Put 

(2.10) s1 = 11• 

Then, from (2.8), it follows that 

namely, 

( 2.11) + ( e'Co - [) : Z' = 0, 
t=w 0 

where I is a unit matrix. Since 

0 

t t/1. 

rt 
O······~i • 0 : 

e'11. : 
. . 

•. : :e•11. 

corresponding to any one of the blocks, from (2.11), there hold the relations 

of the forms as follows : 

(2.12) 

•• , ••••••••• ,➔ 

where 

(2.13) E11. (t) = + (e"' - 1). 

If Co is not of the diagonal form, from (2.12), it must be that, when A, 1S 

imaginary, li =Zr= 0 and, when A, IS real, Zi = 0. In the latter case, 

:::s S1µ. l,,. = 0, that 1S to say that the direction T lies in a certain hyperplane. 
µ. 

This contradicts the fact that the direction 1 is an arbitrary direction. In the 

former case, we have 
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then, as in the above case, we again obtain a contradiction. Thus it IS seen 

that Co must be of the diagonal form. 

Then, from (2.12), the relation (2.11) IS written as follows: 

E,. 2 (w0) l~ = 0, 
(2.14) 

Since C is real, from (2.2), the characteristic roots of C occur m the forms as 

follows: 

(2.15) 
(0k > 0, k = I, 2, ... , m) 

(p = 2m + 1, ... , n) 

Then, if E,.k (wo) =I= 0 for at least one k, from (2.14), it must be that lk' = l~ = 0. 

This contradicts the fact that l is arbitrary. Thus it must be that 

(k = 1, 2, ... , m) 

from which it follows that w0 =I= 0. Then, from (2.13), it must be that 

exp (;\,kwo) = 1, consequently there holds the relation as follows: 

(2.16) 

where 8/s are positive integers. Thus we have 

THEOREM 1. Under our assumption, the canonical form of C must be of the diagonal 

form, and the characteristic roots of C must be pure imaginary or zero, and moreover they 

must be relatively commensurable. 

COROLLARY. If all the characteristic roots of C are zero, then C must be a zero 

matrix. 

In virtue of Theorem 1, as is well known, by means of a suitable real 

linear transformation, the differential equations ( 1. 1) can be reduced to the 

equations of the forms as follows : 
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(2.17) 

dxk _ ---
dt 

} (k ~ I, 2, ... , m) 

dxp _ 
"at- (p = 2m + 1, ... , n) 

where [x] 2 denotes the sum of the terms of the second and higher orders 

with respect to x,. 
For the equations of the form (2.17), we shall seek for the solutions 

<p,(x, t) such that cp,(x, 0) = x,. By analyticity of the equations, <p,(x, t) can 

be expanded in the power series with respect to x, as follows : 

(2.18) <p, (x, t) = <p,o (t) + ::E <p,,,. (t) x,,. + ::E "<p,u (t) xf 1 ••• x~n. 
µ. lJ 

From uniqueness of the solutions, it is easily seen that qJ,o (t) == 0. From <pix, 0) 

= x,, it follows that 

(2.19) cp,,,. (0) = o,,., 

where o,,. 1s a Kronecker's delta. Substituting (2.18) into (2.17), we have : 

cl<p Pf' = 0 
clt . 

Integrating these equations, from (2.19), we have: 

f CJ)kf' = Okµ. cos ek t - or.,,. sin ek t, 

1 
Consequently the solutions (2.18) are written as follows : 

(2.20) 

{ ,p, (x, t) - x, cos e, t - x,sin e, t + ~,, "'" (t) xf• ... x:•, 

<pi, (X, t) = Xk sin ek t + XT, COS ek t + h 11 <pT,;p (t) Xl 1 • • • X~n, 
lJ 

cp P (x, t) = x P + ::E "cp p'V (t) xf' ... x~n. 
lJ 

§ 3. Analyticity of the period. 

First we consider the case where !Cl '1=- 0. When !Cl '1=- 0, the characteristic 

roots of C are all not zero, consequently n = 2m. Let one of the limits of w(x) 
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n 

be w0 when Xv- 0. From (2.7), ::S l/ = I. Consequently, if we take a suitable 
v-1 

subsequence of (xv), there exists the number lov to which lv tends as Xv- 0. 
n 

Then, for such w0 and lo= {lov}, there holds the relation (2.8). Since ~ l~v = I, 
v-1 

at least one of l0 /s is not zero, consequently, from (2.14), it must be that, for 

certain J!, 

Now, in the present case, Av=/= 0. 

of the form as follo~s : 

(3.1) 

where nk 1s a positive integer. 

E,._v (wo) = 0. 

Thus we see that, for certain k, w0 must be 

Since w(x) is bounded in the neighborhood of the origin, for fixed k, there 

exist only a finite number of nk's for which (3.1) hold. Let the least common 

multiple of such n/s be Nk. Then there exist the multiples of the period 

which tend to 2n:Nd 0k as xv- 0. Let these multiples be wk (x), and let us 

seek for a multiple of wk(x)'s which tend to a fixed value as Xv-0. For 

this, it is only necessary to seek for the positive integers M/s such that 

(3.2) 

Now, by Theorem 1, 0/s are relatively commensurable, consequently there 

exist relatively prime positive integers 0/s such that 

(3.3) 
_ em _ 2n: - g;;:- -0-, 

where 0 > 0. Substituting (3.3) into (3.2), we have: 

~ = ~ = 
81 82 

(=a-) 

N1 N2 

From this, M/s can be determined. For our purpose, it 1s sufficient to take 

M/s such that they are relatively prime. Then, corresponding to such M/s, 

we have a multiple of the period which tends to 

(3.4) 
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as x,- 0. Let us call this multiple of the period the universal period. In the 

sequel, instead of the original period -- if necessary, we shall call the 

original period the primitive period --, we consider the universal period as the 

period of all the characteristics and denote it by w(x). Then, from the above 

results, it is seen that the universal period w (x) is continuous at the migi,n. 

In the sequel, we shall show that the universal period w (x) becomes 

analytic at the origin. Put 

(3.5) 

then, for sufficiently small positive numbers o and c ( < w0), in the 1:loiilain 

U,xDa where U,:lt-wol<c, Da:lpl,/<o, the functions (I/p)q:Jv(x,t)==<f>/p,l,t) 

are analytic with respect to the arguments and, in the domain D8, /w(x)-w0 / 

= / w (pl) - ro0 I < c. From (2.20), it follows that 

(3.6) I <pk (p, l, t) = l,, cos 0" t - h sin 0kt + [p; l. t]1, 

<pr. (p, l, t) = lk sin 0k t + Zr. cos 0k t + [p; l, t]i, 

where [p; l, t] 1 denotes the sum of the terms of the first and higher orders 

with respect to p. Consequently we have: 

(3.7) { 
(i) 

(ii) cpr, (0, l0, roo) = ll, 

Let p and z:s take the complex values which lie in the domains 

C,,: Ir!<,,,, 

and D1c: a- .:s;: I Z1c I < o', I 1,1 < o' (v =1= k) 

or Dk: a-< I 1" I ;;;;. o', I lv I .:s;: o', (v =I= k) 

where ,,,o' < o and a- is an arbitrary positive number. Then, from (3.7) (i), it 

is seen that, in the sufficiently small neighborhood C~,(l•J X Vr.(1°) x U,,(Z') where 

'T/i (l0) .:S: 17, Vr. (1°) C Dr. and c1 (1°) .:S: c, the equation 

(3.8) (i) 'Pk (p, l, t) = I,, 

has the unique solution 

(3.9) (i) t = ())k (p, l), 

such that / wk(p, l) - w0 I< c1 (1°) for p E C,,,(zo>, (l,) E Vr.(1°). Evidently this unique 
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solution is regular in the domain C1 .rz•l XV;. (l0). Now, from (3.6), it is evident 

that <pk(O, l, w0) = lk for (lv) E V;.(l0 ), consequently from uniqueness of the 

solution of (3.8) (i), it follows that 

( 3.10) wk (O, l) = Wo. 

Let the function (t)k (p, l) defined corresponding to czn E Dk be w;, (p, l) and assume 

that Vr.(l0)n V"(l0') =\=¢. Let any (Zv)E V;.(l0)nV;;(l0') be (l~ 11). Then there 

exists a small neighborhood C1 ,<zon) X V"(l 0") X U,1 uo"l in which the solution of 

(3.8) (i) is unique. Since wk(p, l) and wi(p, l) are continuous with respect to p, 

from (3.10), there exists a small neighborhood C1, in which wk(p, l0"), w;,(p, l0") 

EU,,110,,J. If we take C1, so small that C1,(C11<1•"JnC11<10JnC11<wJ, then, from 

uniqueness of the solution of (3.8) (i), it must be that wk(p, l0") = wi(p, l0") 

for pEC1'· Now wk(p, l0") and wi(p, l0") are regular in C11Uo)nC11(/0'l, conse­

quently wk(p, l0") = w;.(p, l]") in c11<zo)r\C11(/0')• But cze") is any point E Vi(l0)n 

V;.(l0'). Thus we see that wk(p, l) = wi(p, l) in (C1 ,<zoJnl\,<wJ) X (V;.(l0)n V;.(l0')), 

in other words, each of wk(p, l) and w;,(p, l) is an analytic continuation of the 

other. Now, since Dr. is compact, D;. is covered by a finite number of {V"(l0)}. 

Thus we see that the elements of the functions wk(p, l) define a one-valued 

regular function in the ring domain c11(0-) X D;. where c11(0-) = nC11UO)• We 

shall express this one-valued regular function also by wk (p, l). Then, from 

the method of construction, it is evident that · 

(3.11) (i) wk (O, l) = Wo and / wk (p, l) - Wo I < E. 

In the same way, starting frovi (3.7) (ii), we obtain a one-valued regula_r 

function w;.(p, l) in the ring domain C1 ,(o-J x Dk such that wr,(p, l) is a unique 

solution of the equation 

(3.8) (ii) <pk (p, l, t) = l;. 

in C12(/0) X vk (l0) X u,,(10) where r12 (l0 ) _:s;: 17, vk (l0 ) C Dk and E2 (l0 ) .:s:: c. As Ill 

wk(p, l), it is valid that 

(3.1 I) (ii) wr, (0, l) = Wo and / wr, (p, l) - Wo I < E. 

Now, smce w (x) is a universal period, it is valid that 

(3.12) cpv (x, w (x)) = Xv, 

consequently, since w(O)=w0 , for real p and lv's such that pEC1 and /lv/.:S::o', 

it is valid that 
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(3.13) c/;v (p, l, w (pl))= l,. 

Since w(x) = w(pl) is continuous at the origin, for any real (l,) E Dr,, it is 

possible to take (;1 (l0) so that, for real p E C1;,u">• w (pl) E U,,<1"> where (le) is a 

point such that (Z,)E Vr,(Z0). Since, for pEC1;1 uo1nC,,,<cr>• (l,)E Vi(l0 ) and tE U,,U">• 

the solution of the equation (3.8) (i) is unique, it must be that w(pl) = wk(p, l) 

for real p E C1;,uo>nC,,,<crJ and real (l,) E V;/l0). Now, as is remarked before, Dr. 

is covered by a finite number of {Vi(l0 )}. Consequently, if we write C1;1 = 
nC1;,uoJ, we see that w(pl)=wk(p, l) for real pEC1;1 nC,,,(cr) and real (l,)EDr,. 

Reasoning on the equation (3.8) (ii), in the same way as on (3.8) (i), w~ see 

that, for real pEC1;2 nC,,2(cr) and real (l,)E•Dk, w(pl)=wr.(p,l). Thus we see 

that, for real p E c,,o(k) = (C1;,nC1;.)n(C,,,(cr)nc,,.(u)) and real (l,) E .::h = DknDk, 

(3._14) (J) (pl) = (J)k (p, l) = W!i (p, l). 

Now the functions wk(p, l) and wr.(p, l) are regular in the domain C,,0(k) X Llk, 

therefore, from (3.14), we see that the functions wk(p, l) and OJr,(p, l) coincide 

with each other in the domain C,,0 (k) X L1k. Then the Laurent expansions of 

wk(p, l) and wr,(p, l) in C,,0 (k) X L1k must coincide with each other, consequently 

their expansions cannot contain the negative powers of lr. and lk, because 

wk(p, l) and wr/p, l) are regular in c,,.(k) X D1c and c,,o(k) X Dk respectively. 

Thus we see that the function wk(p, l) = wk(p, l) can be continuated to Zr.= lk 

= 0, in other words, in the domain c,,o(k) x L1 (L1: / lv / ~ o'), a regular function 

<•h(p, l) can be constructed so that llh(p, l) may coincide with wk(p, l) and 

wr,(p,l) in c,,.(k)XDr, and -c,,.(k)xDk respectively. From (3.11) and the proof of 

(3.14), it is seen that <d(O, l) = w0 and, for real p and l;s, ldk(p, l) takes a real 

value which cincides with w (pl) when p E C,,0(k) and (lv) E Dliv Dk. 

For real p such that O < Ip/ < 'T/o (k), consider the function 

(3.15) <dk (p, x / p) = <dkp (x). 

Then ldkp(x) is regular in the domain l\: /x,I <lp/o' and takes a real value 

(l)(pl)=w(x) for real x:s such that lpla-_s::(/x1c/ or /xk/) < lp/o' and /x,/ ~ 

Ip Io' (!i =I=- k or k). Then, since ldkp, (x) and <dkp, (x) coincides with each other 

for real x,'s such that a- max (lp1 I, lp2 /) <(!xi.I, /xk/)~o' min (/p1I, /p2/) and 

Ix, I < o' min ( / p1 I, I p2 I) (v =I=- k, k), <dkp (x) determines a function <dk (x) regular 

in the domain Dk: Ix,/< 'T/o(k)o' such that (dk(x) = (dkp(x) in fjp• Put min 'T/o(k) 
k 

= 'T/o and let us consider the domain D: / x, / < 7JoD1• 'fhen the functions 
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<iJk(x)'s (k = l, 2, ... , m) are regular in D and moreover they coincide with 

w(x) forrealx;s such that /p/lT<(/xii/, /x,/)</p/o' for 0</p/<no• Conse­

quently they coincide with one another in D, in other words, in the domain 

D, they determine a regular funtion <iJ (x) which coincides with w (x) for real 

x:s such that, for certain k, Ip I IT< ( I XjC I or I xk I) < Ip Io' and Ix, I < Ip Io' 

()) =I= k or k) for O < / p / < 'lJo· 

Take real (x,) arbitrarily m D. Then, if the point (x,) is not the origin, 

we take p = xr,/ o' or p = xk/ o' according as I Xi, I = max Ix, I or I xk I = max Ix, 1. 
V > 

Since the point (x,) is not the origin, p =I= 0, consequently it is valid that 

[p[IT<([x;;I or [xk[)=Jplo', /x,/.S:[p[o' ())=t=k or k) and 0</p/<110• Then, 

from the characteristic property of <iJ (x), it holds that <iJ (x) = w (x). Now <iJ (x) 

and w(x) are both continuous at the origin, consequently the equality ciJ (x) = 

w(x) holds also at the origin, namely the equality <iJ(x) = w(x) holds for any 

real (x,) ED. Since <iJ(x) is regular in D, ultimately we have: 

When /C/ =\=0, there exists a universal period w(x) and it is analytic at the origin. 

When /Cl= 0, there may not exist a universal period, namely a multiple 

of the primitive period continuous at the origin. But, when C =I= 0, namely 

when at least one of the characteristic roots of C does not vanish, as in the 

case where / C [ =\= 0, it is readily seen that, not in the whole space but in the 

subspace R such that, for a small positive number IT'< 1 / ✓-;- , x,,/ ✓~x,2 

or xk/✓~x,221T1 for at least one k, there exists a multiple of the primitiv-e 
> 

period continuous at the origin. Let this multiple be w(x), then, making use 

of this <u(x) instead of the universal period and taking IT so that Zr,/ ✓~z,2 
> 

or lk/ ✓~z,2 2 IT/ ✓--;; 01 > IT1, namely so that the point (x,) corresponding to 
> 

any real (p, l,) E C~ x (D-,; V Dk) may belong to R for any k, we see that there 

exists a function <iJ(x) regular in D such that, for any real (x,) ED, <iJ(x) = 
w(x) provided that x;s satisfy the conditions as follows: 

for certain k, 

(3.16) 
I p I IT .s:: ( I x;; I or I Xk I) < I p I o' 

and I Xv I < I p I o' ()) =I= k or k) 

for p such that 0 < / p / < 'lJo· 

Now w(x) is a multiple of the primitive period, consequently it is valid that 

cp,(x, <v(x))=x, for real (x,) satisfying(3.l6). But,from(3.ll), /<iJ(x)-w0 /<c 
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for (x,)ED, consequently the functions (f),(x, <v(x)) (v= 1, 2, ... , n) are regular 

in D because /x,/<110 0'<170'<0. Thus we see that 

(3.17) rp, (x, <v (x)) = x, 

for any (x,) ED. Now, from the characteristic property of <v (x), <v (x) is real 

for real x: s and, from / <u (x) - o>o / < c < w0 , <ti (x) > 0 for real x; s, Th us, from 

(3.17), we see : 

When IC I = 0, zf C =I= 0, there also exists a universal period <v (x) analytic at the 

origin. 

§ 4. The canonical form of the system. 

In this paragraph, we consider the case where there exists a universal 

period analytic at the origin. By § 3, the case where C =I= 0 falls under our 

case. Let the universal period be w(x) and let the relations w(O) = w0 and 

0/s be (2.16). 

Suggested by the invariant integral of the group of transformations (2.3) 

defined by ( I. 1) [2], we consider the integrals as follows : 

( 4. 1) 

1 l'"(x) 
FP (x) = w(x) 

0 
(f)p (x, T) dT. 

Since, for /x,/<:1, w(x) is expand as 

(4.2) w (x) = wo + [x] 1 , 

where [ x] 1 is the sum of the terms of the first and higher orders with respect 

to Xv, 2fhn: / w(x) becomes 

2 (··hn: _ 2 Ehn: ] -- - ] = 0k + [x i-
w(x) wo + [x 1 

Consequently, from (2.20), for /xv/<(l, it follows that 
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l \ w(x) 

Fk (x) = --;(x) Jo [ (xk cos 0kT - Xii sin 0kT + [x] 2) (cos 0kT + [x] 1) 

+ (xk sin 0kT + Xii cos 0kT + [xJ2) (sin 0kT + [xJ1)]dT 

l \ w(x) 

= -w(x) Jo (xk + [x] 2)dT 

= Xk + [xJ2, 

where [x]N denotes the sum of the terms of the N-th and higher orders with 

respect to x,. In the same manner, Frc(x) and Fp(x) are calculated. Summa­

rizing these results, we can write them as follows: 

(4.3) 

Put 

(4.4) 

F, (x) = x, + [x] 2• ()) = 1, 2, ··•• n) 

y, = F, (x), 

then, from (4.3), this gives an analytic transformation of the variables. 

Now, since w (x) is an invariant of the equations ( l. l ), w [ ip (x, t) J = w (x). 

Then, by means of the property that ip,[ip(x, t), T]=ip,(x. t+T), Fk[ip(x, t)]'s 

are calculated in the following way: 

l lw(x) 2 fh n: 
Fk [ip (x, t)] = w(x) 

0 
[ 1Pk (x, t + T) cos w(x) T 

. 2fhn: ] + q>;; (x, t + T) sm w(x) T dT 

smce the integrands are periodic with the period w(x). In the same way, 

Fii[ip(x, t)] and Fp[ip(x, t)] are calculated. Thus 
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Fk[q> (x, t)] = A (x) cos ::C:) t - Fr, (x) sin ::C:) t, 
F;;[,p (x, t)] = Fk (x) sin 28(k7r) t + F;, (x) cos 20(k7r) t, 

wx wx 

These formulas can be written in terms of Yv as follows: 

( ) 2€Jk'71: . 2('/k'l( 
,Yk y, t = Jk cos ~( ) t - yr, sin -~(-) t, 

wy wy 

(4.6) .,. ( ) . 20k7r 2Eh7r 
'fk J, t = Jk Sln ~( ) t +Ji.COS~( ) t, 

ltJJ WJ 

,Yp (y, t) = Jp, 

99 

where tv(y) = w{F-1 (y)} and ,Jrv(y, t) = F[rp{F-1 (y), t}]. Differentiating (4.6) 

with respect to t, we have,: 

d,h __ 20k'71: ., _ 
--- __ 'j_,,k, 

dt tv(y) 

. d,Jr;; = 2Ehn: ,Yk 
dt ti>(y) ' 

d,fFp = 0. 
dt 

Since ii>(y) = to[,Jr(y, t)], the above equations can be written as follows: 

I dyk _ 2Eh7r _ 
dt - - to(y) Jk, 

(4.7) dyr, 20k'71: 
dt = ~v(y) Jk, 

dyp = 0 
dt . 

Thus we see that, by the analytical transformation (4.4), the system (2.17) is 

reduced to the system ( 4.7). Here <i> (y) is an invariant for the reduced system 

and, for /yv/<(I, from (4.2), it is expressed as 

(4.8) 

where Wo > 0 when m > 0. Now the system (2.17) 1s a reduced system of 

(I.I) by a linear transformation. Thus we have the conclusion: 

When there exists a universal period analytic at the origin, by the anal,ytic trans-
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formation leaving the origin fixed, the system ( 1.1) can be reduced to the system of the 

form (4.7) where iv(y) is an invariant of the form (4.8). 

When C =I= 0, by § 3, the condition of the above conclusion is fulfilled, conse­

quently the conclusion is valid. 

From the method of constructing (4.7), it is evident that the general so­

lutions of (4.7) are the functions given by (4.6). Consequently we see that the 

motion described by the original system ( 1.1) is equivalent to a direct sum of the plane 

rotations and that, in the Xv-space, any point on the variety V: Yi= YI= · · · = Ym = Ym 

= 0 is fixed. The variety V is a point-wise invariant variety and any point 

on V is a center. When O < 2m < n, such variety V contains a continuum 

of points, consequently the center can not be isolated. When 2m=n, 1. e. /C/ =I= 0, 

the variety V consists of only one point, consequently the center is isolated. 

REMARK. The case on which Hukuhara has studied [I] is the case where 

n = 2 and /C/ =I= 0. Our results are a generalization of those of Hukuhara, 

though the methods taken are entirely different. 
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