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§ 1. Introduction.

In this note, we shall seek for the canonical form of the system of n

differential equations
(L.D) o) =12

in the neighborhood of the center. For the system of two differential equations,
making use of a formal transformation of the variables, Hukuhara has deduced
the canonical form of the system [1]. Here, by making use of the invariant
integral of the group of transformations [2], we shall show that, by a suitable
analytic transformation, the system of n differential equations can be reduced
to that of the form analogous to that which Hukuhara has deduced for the
system of two differential equations.

In this note, we agree that the center is a critical point such that the
characteristics passing through any point lying in the neighborhood of that
point are all closed. We assume that &, (x)’s are all analytic in- the neighborhood
of the center and that the period  (x) of the characteristic passing through any point (x,)
lying in the neighborhood of the center is bounded.

§ 2. Reduction of the linear parts.

Without loss of generality, we may assume that the center is the origin.

Then let the expansions of &, (x) be
<21) 51« (x) = ch.s Xy + E”Cw X P x,Pm,
m=1 i)

where >1” denotes the summation over P = (py, ps ---, p,) such that s(p) =
1

di+p,+ -p,=2. Let the characteristic roots of the matrix C = |¢,.| be
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A1, Mg, .o, M. Then, since the origin is a center, it must be that A,’s are all

pure imaginary inclusive of zero, consequently we put
(2.2) ‘ X, =0,
Let the transformation of the one-parameter group defined by (1.1) be
(2.3) %, = @, (x, 1),
then, it is evident that

(24 9 (00 =X () = x + k) + LT XE) + L XE) +

where X = }_}lfv (6/9x,). Evidently, @, (x,t) is a system of the solutions of

(1.1) such that @, (x, 0) = x,. By the assumption,

(2.5) Py (%, o (x) = x,.
Put

(2-6) Xy = le
where

(2'7) . P = }/éxvz.

Let one of the limits of ®(x) be @, when p—0 [, being arbitrarily fixed.

Since ®(x) is bounded, w, must be finite. Then, from (2.5), we see that

R _ 2 B}
2‘1 Cyx l)\ + LO’ Z Cyp Cun l)\ + _(1)_0’ 2} Cv,u.l Cy.uq C,u.g)\ l)\ + e = O’
A . 2 HENTIPN 3 o MpsfgsA
or, in the form of the matrix,
@9 2 ®o? 3 7 _
(2.8) <c+7!‘c 2 +--->l—0,

where [ is a column vector whose components are I, Iz, ..., l.. We choose a

suitable matrix S so that SCS™ = C, may be of the canonical form as follows:

(2.9) Co=SCS =3B /N 0--eemeee 0\,
I A :
0 1 X
0 ..... :l ) X

where > @ denotes the direct sum. Since C is real, the imaginary character-
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istic roots of C occur in conjugate pairs N\, and A; = Nos consequently we

choose S = |[|s,.] so that s;, = 5, and, when A, is real, $,’s may be real.

the sequel, we take such S. Put
(2.10) Si=T.

Then,b from (2.8), it follows that

<Co + —;)OTC(? + a)oyz Co3 + > ! = 0,

3
namely,
1 L f 7
@.11) “T(e 0-—[)} I =o,
t=w,
where [ is a unit matrix. Since
efo =" @ et 0 Qe o\,
[ 2507 S
1—!_6 e 0 :
2 oh Lgth gr
A

corresponding to any one of the blocks, from (2.11), there hold the

of the forms as follows:

( E, (w()) Ih=0,

€Ml + Ey (wo) 15 = 0,

(2.12) .

%’2’, Ml + el + Ey (00) I = 0,

where

(2.13) E@=-"1( — .

89

can

In

relations

If G is not of the diagonal form, from (2.12), it must be that, when M\ is

i =0.

imaginary, 1 =1lf =0 and, when A is real,

In the latter case,

>isipl. = 0, that is to say that the direction ! lies in a certain hyperplane.
L

This contradicts the fact that the direction [ is an arbitrary direction. In the

former case, we have
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Z (sl/-b + ST[L) lp. = 2 (Sl;l. _-'ST[L> l,u. = 09
“ “

then, as in the above case, we again obtain a contradiction. Thus it is seen
that Co must be of the diagonal form. -
Then, from (2.12), the relation (2.11) is written as follows:

E,\1 (030) =0,

E;, (@) Iz = 0,
(2.14)

E)\n ((1)0) l;. = 0.

Since C is real, from (2.2), the characteristic roots of C occur in the forms as

follows :

[ M=i0s M= —ib; (6:>0, k=12 .,m)

(2.15) l
Ay, = 0. (p=2m+1, ...,n)

Then, if Ex(wo) #0 for at least one k, from (2.14), it must be that I, =1;=0.
This contradicts the fact that [ is arbitrary. Thus it must be that
E)\k (w9) = 0, E=1,2, ,m)

from which it follows that ®, =+ 0. ~ Then, from (2.13), it must be that

exp (Mtwo) =1, consequently there holds the relation as follows :

2y 2y =
(2.16) wWo = 01 61— 02 92—-— 0

where 6;’s are positive integers. Thus we have

THEOREM 1. Under our assumption, the canonical form of C must be of the diagonal
form, and the characteristic roots of C must be pure imaginary or zero, and moreover - they

must be relatively commensurable.

COROLLARY. If all the characteristic roots of C are zero, then C must be a zero

mairix.

In virtue of Theorem 1, as is well known, by means of a suitable real
linear transformation, the differential equations (l.1) can be reduced to the

equations of the forms as follows:
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( —ddi" = = Opaz + [] 5
(k = 19 29 AL m)
(2.17) $ dxm g
. W* = Ur X +[x]2,
dCZP = [x2]5 (P =2m+1, .., n)

where [x]: denotes the sum of the terms of the second and higher orders
with respect to «,.

For the equations of the form (2.17), we shall seek for the solutions
?y (%, t) such that @,(x, 0) =x,. By analyticity of the equations, ®,(x,?) can

be expanded in the power series with respect to x, as follows:

(2.18) Py (2, 8) = Puo (£) + D3Py (@) 2, + D07 Pop (£) 20 ... xIn,
L4 p

From uniqueness of the solutions, it is easily seen that @, (#)=0. From @,(x,0)

=x,, it follows that

(2-19) Py (0) = 8v,u.a

where §,, is a Kronecker’s delta. Substituting (2.18) into (2.17), we have:

= —0 Phus dd(pfft =6, Prus d?:# = 0.

Integrating these equations, from (2.19), we have:
[ @iy = Oy cos Ot — 8, sin O, 2,
Prp = Oy sin O, ¢ + gy cos O, 8,
1 Ppw = Oppe
Consequently the solutions (2.18) are written as follows :
J @iz, t) = 2, cos Ot — x5sin O, £ + Z”@kb (t) %81 ... xPn,
(2.20) @i (%, 1) = a3, 8in Ot + xzcos Ot + %”(pzb (2) %51 ... xBn,
1

@p(x, 1) =x, + 2" P @) 21 ... xin
p

§ 3. Anﬂyticity of the period.

First we consider the case where |C|+ 0. When |C|+ 0, the characteristic

roots of C are all not zero, consequently n=2m. Let one of the limits of o(x)
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be @y when x,~—>0. From (2.7), >)1,°’=1. Consequently, if we take a suitable
v=1

subsequence of (#,), there exists the number l;, to which I, tends as x,—0.

Then, for such wy, and ZJ= {lo,}, there holds the relation (2.8). Since Mg, =1,
v=1

at least one of ly,’s is not zero, consequently, from (2.14), it must be that, for

certain v,
E)\v (CL)()) = 0.

Now, in the present case, A, #0. Thus we see that, for certain k, @, must be

of the form as follows:
2
(3.1) @y = Tfnka

where n; is a positive integer.

Since ®(x) is bounded in the neighborhood of the origin, for fixed k, there
exist only a finite number of n;’s for which (3.1) hold. Let the least common
multiple of such n;’s be N Then there exist the multiples of the period
which tend to 27N;/0; as x,—0. Let these multiples be wi(x), and let us
seek for a multiple of ;(x)’s which tend to a fixed value as x,—0. For

this, it is only necessary to seek for the positive integers M,’s such that

MlNl — M2N2 —_ . — MmNm
(3.2) 0 = 6, = 0

Now, by Theorem 1, 6’s are relatively commensurable, consequently there

exist relatively prime positive integers 6;’s such that

6 _ 6 _ . _ 6 _ 2n

(3.3)

6, O, On 6 °

where 8> 0. Substituting (3.3) into (3.2), we have:

Mo _ M M. (= o)
6, 6, 6.,
N N, N,

From this, M;’s can be determined. For our purpose, it is sufficient to take
M;’s such that they are relatively prime. Then, corresponding to such M.s,

we have a multiple of the peridd which tends to

2
(3.4) o= ZEM Ny = ZEM Ny = oo = G- My No = 00
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as 2,—>0. Let us call this multiple of the period the universal period. In the

sequel, instead of the original period if necessary, we shall call the
original period the primitive period —, we consider the universal period as the
period of all the characteristics and denote it by w(x). Then, from the above
results, it is seen that the universal period w(x) is continuous at the origin.

In the sequel, we shall show that the universal period ®(x) becomes

analytic at the origin. Put

(3.5) - %, = pl,

then, for sufficiently small positive numbers 6 and & (<), in the domain
U:.x Ds where Uy :|t—awo| <& Ds:|pl,| <8, the functions (1/p)p,(x, )=d,(p, L, £)

are analytic with respect to the arguments and, in the domain Ds, ]w(x)——wol

= |o(pl) —wo | <& From (2.20), it follows that

b (py 1, 0) =1l cos Ot — Iisin G2 + [p; L t]y,
(3.6)
Qi (p, b, 2) =l sin O, ¢ + Lz cos Ot + [p; L, ],
where [p; [, 2], denotes the sum of the terms of the first and higher orders

with respect to p. Consequently we have:

@ G a) =1 -3 (0, Py00) = — 6.1
(3.7) ‘
() e 0 I wo) = I o pi (0, I o) = 6, 1%,

Let p and [,’s take the complex values which lie in the domains

G,: IPI<”I’
and Dip: o L8, LKLY w+k
or Dp: o= |L| ¥, |LIXV, (v + k)

where 8’ <8 and o is an arbitrary positive number. Then, from (3.7) (i), it
is seen that, in the sufficiently small neighborhood Gy, X V;(1°) X Us,uey where
7 ) <9, Vi@® Dy and & ({°) < & the equation

(3'8) (1) (!)Ic (Ps la t) = lk
has the unique solution
(3.9 (i) t = w; (p, 1),

such that [wi(p, ) — wo| < & (%) for p€ Cpan, (I,) € Vi(°). Evidently this unique
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solution is regular in the domain C,un X V3(°). Now, from (3.6), it is evident
that ¢:(0, 1, @) =1, for (I,) € V;(), consequently from uniqueness of the
solution of (3.8) (i), it follows that

(3.10) 0 (0, 1) = wo.

Let the function .(p, I) defined corresponding to (I;) € Di be v} (p, I) and assume
that Vi) N\Vi(l¥) % 4. Let any L)EVil®NVi(”) be (3”). Then there
exists a small neighborhood C, ¢y X Vi(1%') X Ug o in which the solution of
(3.8) (i) is unique. Since 0:(p, !) and oi(p,l) are continuous with respect to p,
from (3.10), there exists a small neighborhood C, in which w.(p, I*), wi(p, ")
€ Us,0n.  If we take C,, so small that C,, CCpanNGCya0NGC, e, then, from
uniqueness of the solution of (8.8) (i), it must be that o.(p, %)= w}(p, I")
for p€C,. Now wi(p, ") and wi(p, ") are regular in C,,aaNC,un, conse-
quently w;(p, I”) = 0}(p, I’) in C, unNCypan. But (I¥”) is any point € Vz(I°)N
Vi(@). Thus we see that wi(p, ) =i(p, 1) in (C,,40 NCyyan) X V) NViI™)),
in other words, each of w;(p, ) and }(p, !) is an analytic continuation of the
other. Now, since D; is compact, D; is covered by a finite number of {Vi(@®}.
Thus we see that the elements of the functions ©;(p, ) define a one-valued
regular function in the ring domain C, ) X Di where C, )= NCyay. We
shall express this one-valued regular function also by .(p,!). Then, from

the method of construction, it is evident that
(3.11) (i) 0, (0,1) = @ and |wr(p,l) —wp | < &

In the same way, starting from (3.7) (ii), we obtain a one-valued regular
function ;(p,!) in the ring domain C,,m X Di such that wz(p, ) is a unique

solution of the equation
(3.8) (ii) de(p, L) =1L
in Can X Vi(l®) X Ugyuoy where 7,(I°) <9, Vi(I®)CDy and &) X & As in
or{p, 1), it is valid that
(3.11) (ii) @5 (0,1) = @ and |wp(p, 1) —wo| <&
Now, since o(x) is a universal period, it is valid that
(8.12) Py (%, © (1)) = %,

consequently, since ®(0) = wo, for real p and l,’s such that p€C, and [}, |7,
it is valid that '



On Center of Higher Dimensions 95

(3.13) Oy (py 1, 0 (p 1)) =1,.

Since (x) =w(pl) is continuous at the origin, for any real (L,)EDj it is
possible to take & (I°) so that, for real p€Cg oy, ®(pl)€ U,y where (1) is a
point such that (1,) € V3(°). Since, for p€ CanNCy o) (1) E Vil®) and tE Uy, oy,
the solution of the equation (3.8) (i) is unique, it must be that o(pl) = w(p, 1)
for real p€ C¢uyNCy oy and real (I,) € Vi(l°). Now, as is remarked before, Dj
is covered by a finite number of {Vi(I’)}. Consequently, if we write C¢, =
NCt o we see that w(pl) =w,(p, 1) for real p&€CyNC, ) and real ()€ Ds.
Reasoning on the equation (3.8) (ii), in the same way as on (3.8) (i), we see
that, for real p€CNC,ey and real (I)€D,, o(pl)=wi(p,l). Thus we see
that, for real p € C,,y = (Ce,\C,) N (Cyy0y N\ Cryiey) and real (1) € 4y = DzN\D,,

(3.19) 0(pl) = o, (p, ) = wi (p, ).

Now the functions w,(p, l) and wz(p,!) are regular in the domain C,u X 4,
therefore, from (3.14), we see that the functions o,(p,?) and i(p,!) coincide
with each other in the domain C, 4 X 4;. Then the Laurent expansions of
or(p, I) and wz(p, I) in C, 4 X 4 must coincide with each other, consequently
their expansions cannot contain the negative powers of I; and l;, because
oi{p, ) and wp(p,l) are regular in C,uxDi and C,u XD respectively.
Thus we see that the function ;(p, l) =waz(p,l) can be continuated to lz=1,
=0, in other words, in the domain C, x4 (4: |l,] <¥&), a regular function
@i(p, l) can be constructed so that @;(p,l) may coincide with i(p,l) and
w5(p, 1) in G, X Di and -C, 4y X D; respectively. From (3.11) and the proof of
(3.14), it is seen that @®(0,l) =w, and, for real p and l,’s, @x(p, I) takes a real
value which cincides with w(pl) when p&€C, 4 and (,) € Dz\JD,.
For real p such that 0 <|p|<7,(k), consider the function
(3.15) ar (p, £/ p) = @, (%)

Then @, (%) is regular in the domain D,: |%,| <|p|8 and takes a real value
o(pl) =o(x) for real x,’s such that |plo << (Jxg] or |x:]) <|pl& and x| <
|p|& (v+k or k). Then, since @, (x) and @,(¥) coincides with each other
for real x,’s such that o max ([p;], |p:]) (x|, [%:]) <8 min (|p1], |p2]) and
[, <8 min (|p], |ps]) (v F ks k), @ (x) determines a function @(x) regular
in the domain D*: |x,| < 75,(k)& such that @:(x)= @,(x) in D,. Put n}cin 70 (k)

=19, and let us consider the domain D: [x,|<#,8. Then the functions
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@x(x)’s (k=1,2, ..., m) are regular in D and moreover they coincide with
o(x) for real x,’s such that |p|lo <(|x5], |%,]) < |p|8 for 0<|p|<#y Conse-
quently they coincide with one another in D, in other words, in the domain
D, they determine a regular funtion @(x) which coincides with o(x) for real
x,’s such that, for certain k [plo<"(|xz| or [x]) <|p|d and |x,| < |p|&
(v+k or k) for 0<|p| <7,

Take real (x,) arbitrarily in D. Then, if the point (x,) is not the origin,
we take p=u;/8 or p=ux:/8 according as |xz|= mvalx[x,,I or |x;| = rnvax]xv].
Since the point (x,) is not the origin, p # 0, consequently it is valid that
lplo < (|xz| or |x])=]p|¥, |2, | Z|p|& (v#Fk or k) and 0<|p|<7n, Then,
from the characteristic property of @(x), it holds that @(x) =w(x). Now a&(x)
and w(x) are both continuous at the origin, consequently the equality @(x) =
o(x) holds also at the origin, namely the equality @(x)=w(x) holds for any
real (x,)€D. Since @(x) is regular in D, ultimately we have:

When |C|==0, there exists a universal period w(x) and it is analytic at the origin.

When |[C| =0, there may not exist a universal period, namely a multiple
of the primitive period continuous at the origin. But, when C+0, namely
when at least one of the characteristic roots of C does not vanish, as in the
case where [C|==0, it is readily seen that, not in the whole space but in the

subspace R such that, for a small positive number o’ < /v, x;;//fo

or %/ Sx,2=>0’ for at least one k, there exists a multiple of the primitive
< .

period continuous at the origin. Let this multiple be (x), then, making use

of this o(x) instead of the universal period and takmg o so that I;/ 1/2Jl 2
or I/ 1/}_,[ :>0/1"n & >0, namely so that the point (x,) corresponqu to

any real (p, l,) € C, x (D5\V D;) may belong to R for any k, we see that there

exists a function @(x) regular in D such that, for any real (x,) €D, &(x)=

o(x) provided that =x,’s satisfy the conditions as follows:

for certain £k,

lplo<(m] or |m|)<|p|&
(3.16) -
and |%, | < |pl|d& (v+kork

for p such that 0 < |p| < 7.

Now ®(x) is a multiple of the primitive period, consequently it is valid that

@v(x, @(x)) =x, for real (w,) satisfying (3.16). But, from (3.11), |@&(x) —w,| <&
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for (x,)€D, consequently the functions @,(x, @(x)) (v=1,2, ..., n) are regular
in D because [x,]| <78 <58 <8 Thus we see that

(3-17) Py (%, & () = %,

for any (%,)€D. Now, from the characteristic property of @(x), @(x) is real
for real »,’s and, from |@(x) — | < &<y, @(x) >0 for real x,’s, Thus, from

(3.17), we see:

When |C|=0, if C+ 0, there also exists a universal period @& (x) analytic at the

origin. .

§4. The canonical form of the system.

In this paragraph, we consider the case where there exists a universal
period analytic at the origin. By §3, the case where C+ 0 falls under our
case. Let the universal period be ®(x) and let the relations ®(0)=w, and
0:’s be (2.16).

Suggested by the invariant integral of the group of transformations (2.3)
defined by (1.1) [2], we consider the integrals as follows:

w(x)
% . 20,
F, (x) = co—(a-c)—g [, (x, T) cos %@(—x;—t 7 4+ @z (x, 7) sin i—(x)zq-] dr,
0
1 (e 20,7 26,
(4.1) Fp (x) = o) [ — @, (x, 7) sin o) T + @; (%, T) cos o) v]d,
0
l a)(x)
F,(x) = m—<x)~g @p (%, T) dT.
Q

Since, for |%,]€< 1, @(x) is expand as
(4.2) o) = oy + [x],

where [x], is the sum of the terms of the first and higher orders with respect

to x,, 26,7 /w(x) becomes

o) ~ et x]

Consequently, from (2.20), for |x,|< 1, it follows that
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o(x)

w(x)

1

Fp (x) = S [(xk cos 07 — x sin Op7 + [x],) (cos Opr + [x],)
0

+ (xx sin O + x5 cos O + [x],) (sin G, + [x] 1)](11-

1 w(x)
= o) go(xk + [%]y) d7

= X + [x]z,

where [x]y denotes the sum of the terms of the N-th and higher orders with
respect to x,. In the same manner, F;(x) and F,(x) are calculated. Summa-

rizing these results, we can write them as follows:

(4.3) F, (x) = %, + [x],. =12 ...n
Put
(4.9) y, = F, (%),

then, from (4.3), this gives an analytic transformation of the variables.

Now, since @(x) is an invariant of the equations (l.1), o[@(x, £)]= o (x).
Then, by means of the property that @,[@(x, ), 7]=@,(x. t +7), Fi[p(x, )]s
are calculated in the following way:

(%)

Filp @ 0]= :o(leS [‘Pk (%, + 7) cos *——2(00(;;, T

0
26
+ @i (x, ¢ + 7) sin T(;;t T] dr

20]571'
@

t4+ow
1 26
= S [(/)k (%, T) cos k7 (r = t) + ¢z (%, 7) sin (r — t)] dr

[0)
t

I

1 ‘+“’( 20,7 . 26,7 26,7
s [wkcos o T T @psin— T) cos pal’

11

8].,77,’

20,7 ]

20
— (— @, sin o T T @rcos wkﬂf)sm t|ldr

2 8k T
()

20],7[
o(x)

= F, (x) cos t — F; (x) sin L,
since the integrands are periodic with the period w(x). In the same way,

Fi[p(%, )] and F,[@p(x, t)] are calculated. Thus
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26 20,
F;,[q) (x, )] = F; (%) cos o) t — F (x) sin 252 o(x) L,

(4.5) _ _ . 20w 20,7
Filp (%, )] = Fy (x) sin () t + F; (x) cos o) t

Flo @ 0] =F, ().

These formulas can be written in terms of y, as follows:

Hkﬂ'

_ 260, . 260w
i (¥, t) = y3 cos a0y) ¢ — ¥z sin (B(y) t,

(4.6) . Vi (y, &) = 7, sin 20,

& (y) ——t+ cos

~( )
Vo (1) =y,
where @(y) =0 {F'(y)} and (y, )= F[(p {F'(y), t}]. Differentiating (4.6)

with respect to 7, we have:

d\!"k —_ 20k7f

ar aly) VP
d\l/‘k 2@k7f

di a(y) Vi
dv_ o,

dt

Since @(y) = @[y (y, t)], the above equations can be written as follows:

¢ odyr _ _ 20km
a  ay) e
d 20w
4.7 e 7k
.7 dr (u(y)y
dy,p —
dt

Thus we see that, by the analytical transformation (4.4), the system (2.17) is
reduced to the system (4.7). Here @(y) is an invariant for the reduced system

and, for [y,|< 1, from (4.2), it is expressed as
(4.8) & (y) = oo + [y]y

where @9 >0 when m>0. Now the system (2.17) is a reduced system of

(1.1) by a linear transformation. Thus we have the conclusion:

When there exists a universal period analytic at the origin, by the analytic trans-
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formation leaving the origin fixed, the system (1.1) can be reduced to the system of the
form (4.7) where @ (y) is an invariant of the form (4.8).

When C+ 90, by §3, the condition of the above conclusion is fulfilled, conse-

quently the conclusion is valid.

From the method of constructing (4.7), it is evident that the general so-
lutions of (4.7) are the functions given by (4.6). Consequently we see that the
motion described by the original system (1.1) is equivalent to a direct sum of the plane
rotations and that, in the x,-space, amy point on the variety V: y1=y1= " =y,=yn
=0 is fixed. The variety ¥ is a point-wise invariant variety and any point
on V is a center. When 0<2m<n, such variety ¥ contains a continuum
of points, consequently the center can not be isolated. When 2m=n, i.e. |C|+0,

the variety ¥ consists of only one point, consequently the center is isolated.

REMARK. The case on which Hukuhara has studied [1] is the case where
n=2 and [C|+#0. Our results are a generalization of those of Hukuhara,

though the methods taken are entirely different.
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