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§ I. Introduction 

In this paper it is our mam purpose to obtain the exponential representations 

and the factorization of the complex orthogonal transformations. For this purpose we 

shall first consider the exponential representations of the orthogonal transformations, 

by means of which· some properties (Theorem 2) of the special orthogonal group is 

obtained. By starting from this representation we shall obtain the factorization of 

a complex rotation into the plane rotations, and then we shall show the number of 

these plane rotations and the relations among these plane rotations. 

As for. the orthogonal canonical form of complex orthogonal matrices J. 

Wellstein1> has already obtained the elaborate results, and by K. Schroder2> a general 

theory for the exponential representation of semi-simple Lie group has been develop­

ped, and also recently J. L. Brenner3> has obtained an excellent result for the fact­

orization of an orthogonal transformation into the plane rotations. 

§ 2. The canonical representations of an 

orthogonal transformation 

Let V be a complex n -dimensional vector space, and let g= [Jg;j!! be a non­

degenerate symmetric covariant tensor (i. e., g;j = gji and det I/ g;i II=\= 0), then the 

complex orthogonal transformation in V with respect to g is represented by a 

matrix M of order n such that M* gM = g, M* being the transposed matrix of M. 

If we write M(gl=g-1M*g and call Af(gl the transposed matrix of M with respect 

to g, then this operation has the same properties as the ordinary transposition ( *­
operation), and M*gM=g is written as M<r;>M=l (the unit matrix). In particular, 

l) J. Wellstein, Uber symmetrische, altPrnierende and orthogonale Normalformen von Matrizen, ]. 
Reine Angew. Math., Vol. 163 (1930), pp. 166-182. 

2) K. Schroder, Einige Siitze aas der Theorie der kontinuirlichen Gruppen linear Transformationen, 

Schriften des math. seminars der Univ. Berlin, Vol. 2 (1934), pp. 111-149. 
3) J. L. Brenner, The factorization of orthogonal matrices, (abstract), Bull. Amer. Math. Soc., Vol. 

60 (1954), p. 359. 
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if g~ ( .•• 1 ')' M''' mean, the Lrnnsposition of M with ,espect to its second di,gon,\. 

For a coordinate transformation v=P 'v, the covariant tensor g= :lg;jti and the mixed 

tensor k= !!k1 ii are transformed as 

'g = P* gP and 'k = p-1 kP 

respectively. By a suitable coordinate transformation 'v=Qv, g is transformed to 

o= ilo;J (Kronecker's delta), and then g=Q*Q, and M*gM=g is equivalent to 

'M*'M=l where 'M=QMQ-r. In the following we shall consider the orthogonal 

transformation in a suitable coordinate system where g takes a convenient form for 

our consideration. 

1Ev1MA 1. Mis orthogonal with respect to both g and gr, if and only if M*gM=g, 

g, =k*gk for kE C(M), C(M) being the set of all the matrices commutative with M. 

PRooF. By a suitable coordinate transformation 'v=Uv, g is transformed to o, 
then we ha.ve g=U*U, g 1=U* 1gU and 1/1.f=UMU-r. Since 'M*'M=l, 'M*'g 1M= 1g1 

is equivalent to 1g1 'Al= 'M 'g1, that is, 'g1 EC ('M). If we write 'k =exp(½ Log 'gr) 

where Log 1g1 indicates a principal branch of the logarithmic function of matrix 'gi, JJ 

then 1g 1* = 'g1 E C('M) implies 'k* = 'k E C('M), hence we have 'g1 = 'k*'k and 'k* = 
'k E C('M). Conversely, it is easily seen that 'k E C('M) implies 'k~ E C('M ), and 

therefore 1g 1 = 'k*'k is symmetric and belongs to C('M). By returning to the original 

coordinate system we see that M is orthogonal with· respect to both g and g 1 if 

and only if M*gM=g, g 1 =k*gk for kE C(M). 

REMARK 1 Let 5 (M) be the system of metrics g such that M is orthogonal 

with respect to g, then we can prove that if g 1 E ®(M), then ® (M) contains an­

other metric g( =\= ag,, a is any complex number). We have only to prove, in a 

coordinate syetem where g 1 =o, that there exists a nondegenerate symmetric tensor 

g such that gEC(M) and g=\=ao. If M+M*=\=(:JI, then g=M+M*+ 17 I 

(det(M + M*11l) =\= O) satisfies the above conditions. If M + M* = (-3 I for some complex 

number (3, then, since M*M={, M 2 -(3M+l=O, that is, llf 12 =,c2 l where /1.!1= 

M- ~I; therefore we have C (M) = C (M;), and by a suitable coordinate t~ansform­

ation, M' is transformed to 1vf1' = K (In,+ ( - J,,2)), (11 1 + n2 =n), where I, means the 

unit matrix of order r. In this coordinate system, if we take g" = g(ni) + g<n,J ( =\= ao) 

for K=\=0, g''=g(n)(=\=ao) for K=O, where g<,) means any nondegenerate symmetric 

1) K. Morinaga and T. Nono, On the logarithmic functions of mairices I, J. Sci. Hiroshima Univ. 
(A), Vol. 14, pp. 107114. 
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matrix of order r, then our requirements are satisfied. 

LEMMA 2. If M*gM=g, M1*glM1 =g1 and M1=U-1MU, then there exists a 

matrix V such that gl =V*gV and M1=V- 1MV. 

P,wor. If we put g=U*gU, then we have NI,*/g/111 = tg, and hence, by Lemma 1 

we have g1 =k*/gk, lrE C(M1), and consequently g1 = k*U*gUk = (Uk)*g(Uk). If 

we write V=Uk, then g1=V*gV and v- 1 MV=(Uk)- 1lv[(Uk)=k-iu- 1MUk=k- 1M1k 

=llf1. 

By 0,, we shall denote the group of orthogonal transformations with respect to 

g, and then, by considering the case where g1 =g we have 

LEMMA 3. If M, Mi E 0g and i1-11 =U-1 -;J[U, then there exists a matrix; V sush that 

M1= v- 1MV and VE 0,,. 

Next let M be an orthogonal matrix with respect to g, i. e., AfCrl M =I; then 

as shown in our previous paper,1l there exists a unique matrix K such that M = exp K 

and KE ~f(o), where ~{(OJ is the set of all the matrices satisfying the condition: the 

imaginary parts of characteristic roots lie in the half-closed interval ( - n:, rr]. 

From AfC'ilM=l it follows that KK(1,l=KC,lK 1l and exp (K+K(g))=I. If we 

write );J=K+K(Jl, we have K);J=);JK and exp);)=/; and hence M=expK=exp (K+);J], 

that is, );J is a period for K. Therefore K and );J are simultaneously transformed into 

Jordan's canonical forms,1> denoted by Ko and );)0 respectively; and then we have 

(2.1) Ko + (K(g))o = tJo = ~ +- 17(2n:i _ ·), 
2m 

2n:i, 

(17 = 0, 1), 

wht're A-t--R means the direct sum of A and B, and 11= 1 only for the blocks of 

Ko belonging to its characteristic roots a+ n:i (a is real). Therefore, (K(1,>)0 is also 

Jordan's canonical form of K(g); Since K and KC") are similar, that is, they have 

the same Jordan's canonical forms, it follows from (2.1) that there exists a one-to­

one correspondence among the blocks of the same order of Ko, corresponding the 

characteristic root <T to the characteristic root T such that <T-f-T=O or 2n:i. Since 

KE ~-l(o), except for the blocks where <T=O, n:i, the blocks of K~ are in pairs by 

the above correspondence. If we put M0 =exp K~, since K0 =U-1 KU by means of 

some U, we have Mo=U- 11lfU and J1/lo*g0 Mo=g0 where g0 =U* gU. And then we 

have 

(2.2) Mo = exp Ko = ~ +- exp K(<r) +- exp K(o) +- exp K(ni) 
0"=\=0,ni 

1) K.:\1odnaga and T.No:10, ibid. 
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where K(a-)=(u !:::r )' and 

(J" : 

K(o) and K(-rtiJ mean the total blocks belonging to the 

characteristic roots O and n:i of Ko respectively; therefore it follows from Mo*g0 = 
g 0Mo- 1 that 

(2.3) 

- -corresponding to (2.2), and that exp K(oJ and exp K(,riJ are orthogonal with respect 

to g<oJ and g(,riJ respectively, i.e., by considering (2.1), K(oJ+K)ffi<oJ)=O and 

(K(,,iJ - n:il) + (K.(,riJ - n:il) (g(,r;J) = 0 where I means the unit matrix of the same other 

as K(-rti)• That is, K(oJ and (K(rtiJ - n:il) are skewsymmetric with respect to g (OJ and 

g (1tiJ respectively, and consequently K}0";+ 1 and (K(,riJ - n:il) 2m+I are also skew­

symmetric with respect to g (OJ and g (1tiJ respectively, and hence Klo";+ 1 and 

(K(,,i) - n:i[) 2m+I are of even ranks. Therefore the blocks of even order of K(oJ are in 

pairs with the blocks of the same order of K<oJ, and as for the blocks of even order of 

K.(,riJ the same is said. Now we shall denote by K' the matrix obtained from K 

by replacing, in K =U Ko u-1, by - (a+ n:i) the characteristic root - a+ n:i corres­

ponding to the characteristic root a+ n:i in the above pairs (a is real), that is, by 

replacing in the pairs of blocks K (a+1ti) and K(-a+1ti) the blocks K(-a+,ri) by the 

blocks K(-a-1ti), since K(-a+1ti) = 2n:il + K(-a-,ri) where I means the unit matrix of 

the same order as K(-a+1tiJ, we have M=exp K=exp K', and K' has Jordan's 

canonical form satisfying the conditions : IJ 

1 °. The blocks belonging to the characteristic roots a- ( * 0, n:i) are in pairs with the 

blocks of the same order belongin(? to the characteristic roots - a-. 

2°. The blocks of even order belonging to the characteristic root O are in pairs with 

the blocks of the same order belonging to the characteristic root 0. 

3°. The blocks of even order belonging to the characteristic root ni are uz pairs with 

the blocks of the same order belonging to the characteristic 1mt - n:i. 

Thus K' is similar to the following matrix K : 

(2.4) K = ~ --i- Ki (a-, 2r) --i- ~ --i- Ki (n:i, 4r') --i- ~ --i- K 11 (2s + 1) 
u,¾:0, n:i 

--i- ~ --i- Krn(4t) --i- ~ --i- Kiv(2p+l) --i- Oq, 

where 

1) This result is essentially the same as the result in J. Wellstein, ibid. 
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On the Complex Orthogonal Transformations 

2r 2s+l 

K1 (a-,2r)= (a- 1 __ ') 
a-.. · 1 

(J" 

, Ku(2s+ l)= ·o 1 
o·. 

0 1 
0-1 

0 

Km(4t)= 

(

-(J" -1. ) 
-a-·. 

· .. -1 

-a-
type I. (a- =\= 0, r 2 1) 

4t 
---

0-1 
0 

type II. (s 2 1) 

2p:+-!__ 

'0 1 ) 

( o:::io 
, K1v(2p + 1) = -n:i 1 

n:i .•• 

-n:i 1 

(
'O - ~:·• ) 

·.-1 
0 

-n:i-1 
-n:i ••• 

· .. -1 
77:L 

type III. (t 2 1) type IV. (p 2 0) 

and Oq means the zero matrix of order q. Here if we take 

(2.6) g = ~ + g (2r) + ~ + g (4,✓) + h + g (2s + 1) 

• + h + g ( 4t) + ~ + g (2p + 1) + g (q), 

where then we can easily verify that i'I=expK is orthogonal with 

respect to g, i.e., M* g M= g. Therefore, by means of Lemma 2 we have by a 

suitable coordinate transformation v= Vv: M= v-1MV and g = V*gV. 

In the following we shall often consider the orthogonal transformation m the 

coordinate system where g takes the form g, and we shall write M-i-=g- 1M*g. 

§ 3. The exponential repre.-1entations of an 

orthogonal transformation 

In this section we shall consider the exponential representations of an orthogonal 

transformation by means of the skew-symmetric matrices. 

For a linear transformation T in V, let V1 be the minimal subspace of V such 

that V = V1 + V2, V1__LV2, TV1 C V1 and Tv =v for all v E V2 ; if necessary, V1 will 

be precisely denoted by V1(T). Then we shall indicate by T1 __LT2 that V1 (T1)__LV1(T2) 
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and V1(T1)nV1(T2)=(0). Moreover we shall define the dimension of T as follows: 

dim T= dim Vi(T), 

i.e., 

n-q, (see (2.4)). 

It is easily seen that 

where ; .IJ is the s ymmtric part of K, i. e., ; .IJ = ; (K + K (gl) and K - ; .IJ IS the 

skew-symmetric part of K, i.e., K- ;i!= ~(K-K("'>). From (2.1) we have 

(3.2) (17 = 0, 1 ; n1 + n2 = n), 

and consequent! y 

exp ; .!Jo~ In, + (-I,,,), 

where A~ B means that A is similar to R 
1 

It Is clear that exp 2 .IJ is 

1 
similar to exp 2 .\Jo, i.e., to In,+ ( - In,), and /,,1 + ( - I,,,) IS orthogonal with 

1 
respect to J,, 1 + g(n2), and that exp 2 .\J Is orthogonal with respect to g; therefore 

1 
by means of Lemma 2, exp 2 .\J and g are transformed to I,, 1 + ( - J,,,) and 

J,, 1 + g(n2) simultaneously by a coordinate transformation. Furthermore we have 

nz -----~-~ n2 

- In, = exp n:i ((n:i) occurs only for detM= -1)) and 
✓-~-- ---·-·----- --.. 

n:i 

71: i n:i 
(n:i) (O) 

-n:i 

-n:i 

((O) occurs only for det M= -1) Is skew-symmetric with respect to g(n2). By 

returnnig to the original coordinate system we have 1> 

l) K. Schroder proved that any element of the component of semisimple Lie group@ is expressed 
hy expUexpV where U and V are the elements of the infinitesimal group of @. K. Schroder, ibid. 
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(3.3) 
1 

exp 2 lJ = I' exp K 2, and consequently M = I' exp K 2 • exp K1, 

where I' 1s a symmetry whi~h occurs only for the case where det M= -1, and K2 

and K1 are skew-symmetric with respect to g. Furthermore we can prove 

T11EOREM 1. A rotation R is in one-to-one c01Tespondencc with a pair of skew-symmetric 
1 2 

matrices F and F as follows: 
I 2 12 21 

R = J exp F· exp F, (FF= FF), 
1 2 2 

where exp Fl. exp F, V1(exp F) = V1(J), (V1(J) is of even dimension), I l(µ(l>) I< 7t 
l 2 

for the charactristic roots p./1) of F, I(µ< 2J) = 0 for the characteristic roots 1)2) of F, and 

Jv= -v for all vE V1(J). 

PuooF. From (3.1) a rotation R is expressible as 

(3.4) R = J exp F 

1 1 
where J=exp2 lJ, det]=l and F=K- 2 p. By remembering the process from 

(3.1) to (3.3), we see that 
1 2 I 2 12 21 

(3.5) R = J exp (F + F) = J exp F• exp J,~ (FF= FF), 
1 2 

where F and F are the skew-symmetric matrices with respect to g such that 

(3.6) 

I 2 2 f exp F _l_ exp F, V, ( exp F) ~ V, (J), ( V, (J) is of even dimension). 
1 

I I(µ(l)) I < n: for the characteristic roots µ(ll of J,~ 

l 
2 

I (µ,<2l) = 0 for the characteristic roots p/2l of F, 

and Jv= -v for all vE V1(J). 
1 2 

Conversely, corresponding to the skew-symmetric matrices F and F satisfying the 
1 2 

conditions for only F and F in (3.6), there is uniquely determined J such that 
2 

V1(J)=V1(expF) and Jv=-v for all vE V1(J), and therefore a rotation R is 

uniquely determined by means of (3.5). Thus a rotation R is in one-to-one corres-
1 2 1 2 

pondece with the pair F and F satisfying the conditions for only F and F in 

(3.6). 
2 

J can not be continuously determined from F by the condition: 

For, if we take g=g(n)=(' ... /) and l;- 0 ··o, ..... . 

1 ; ("• .. ! J 
0 . , 

-r; 
0 

0 

2 

Vi(])= V1(exp F). 
2 . 2 

where pt-= -F 
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and ( }--~: ) is of order 2r, then we have J~ = 1 here if 77 tends 

1 

-1 ~~>~t+l) 
-1 

1 

1 
2 2 2 

to zero, then F~ tends to F= 0 , and corresponding to this F we 

0 

( ·-:·1 ) 
0 ••. 

0 

0 
2 2 

have J= 1 therefore, for 77---➔0, F~ tends to F but J~ does not 

tend to J. 

1~ 
-1 "-.2r 

-1 
1 

1 

Thus our theorem is proved. 
3 

Moreover J is expressed by a skew-symmetric matrx F as follows : 

(3.7) 

where 
3 

F~("'~'.,,~i )' 
'l/2r7ri, 

3 

3 

J = expF, 

(dimJ=2r), 77a+112,+1-a=O and 77!=1 for a=l,2,··•,2; 

That is, there exist 2' F satisfying (3. 7) for a J. Thus a rotation R 1s expressible 
3 1 2 

as R=exp F exp F exp F with these 2' arhitrarities. 

Next if we write 

(3.8) 

where ~' -1- means the direct sum of the blocks K 1v of different order, each of 

which occurs odd times in K, then we have · 

that is, m the original coordinate system, 
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(3.9) 

This exponential representation will be used in § 5 to obtain the factorization of 

a complex rotation into plane rotations. Furthermore we shall put as lollows : 

B2 = A~ + C~-~' +- 0 1 +- O}, 

(3.10) 

then we have 

0 1 
0-1 

0 · .. 
· .. -1 

0 

A; - ~, + C' "'-.. ,J .j. o, 

by the same method which was used to obtain (3.3) we have 

(3.11) M = I' exp A2 exp Ai 

where A1 and A2 are skew-symmetric with respect to g, and I' being a symmetry 

which occurs only for the case where det M= - 1. 

From (3.11) we have another representation of R by the skew-symmetric 
1 2 

matrices f and f: 
1 2 1 2 12 21 

(3.12) R = j exp (f + f) = j exp f exp f, (ff= ff), 
2 I 2 

where Vi(})= V 1(f + Po), exp f _L exp f, I I(µP>) I~ n: for the characteristic roots 
1 · 2 

µUl off, and µ<2>=0 for the characteristic roots µ/2l off; Po occurs only for the 
2 

case where dim exp f is odd, and then Po indicates the position of (0) corresponding 
2 

to ( -1) (in the canonical form (g, K.)) in the correspondence j and f: 
2 

j: • I f: / • .. 
( -1)+-----~- 1~--1-(0) 

, (p is odd and =t= 1). 

p 

1 
0 • •• 

. ·. 1 
-1 p +-------11----1---l> ••• -1 .. . 

· .. -1 
0 

1 

Since.--it .. ,may happen that I /(µPl) I = 7t for some . characteristic roots µ,<1 > of f, -the 
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1 2 

corresponce R ~ (f, J, P0) is not one-to-one in general ; and as seen before, the corres-
2 1 2 . 

pondence J- j is not continuous, consequently the correspondence (J, f, Po)-R is 

not continuous. As will be seen in Proposition 1 (§ 4), in the representation (3.12), 
2 

J=0 if and only if R=exp f (f being skew-symmetric), but in the representation 

(3.5), this fact is not seen. 

§ 4. Some properties of rotation groups 

In this section we shall consider the rotat!on group o+, i. e., the special 

orthogonal group. As it is clear from (2.4), the necessary and sufficient condition 

for M=exp KE o+ is that the sum of the ranks of the blocks of K belonging to 

the characteristic root -n:i be an even number ; and then M is expressible as 

(4.1) 

where A1 and A2 ares kew-symmetric with respect to g. Moreover, it is easily 

seen by taking t as an infinitesimal value that exp tXE Og for every real number 

t if and only if X is skew-symmetric with respect to g, i.e., X + x<g) =0. Such a 

one-parameter sudgroup exp tX will be called an orthogonal path. By the same 

consideration as used in § 2 to obtain (2.4) we see1> that Xis skew-symmetric with 

respect to g, i.e., X + x<g) =0, if and only if 1 °, 2°, 3° and 4° are satisfied: 

4°. The blocks of odd order belonging to the characteristic root -n:i are in pairs with 

the blocks of the same order belonging to the characteristic root - -n:i. 

If there exist odd blocks of the same odd order belonging to the characteristic 

root -n:i in K, then, by adding the term of period lJ(M) such that log M=K +i:,(M), 

the property 4° can not be obtained. That is, there exists the case which can not 

be expressed by a skew-symmetric matrix. 

Let o; be the set of the elements M of o; which have the orthogonal path, 

i.e., M=exp A, A+ A<cl =0, and let Ou=O;-o;, then we have a decomposition 

of o;: o;=OlVOu, o;vOu=cp. 
From the above consideration we have 

PaoPosrTION 1. ME o; if and on?y if A2=0 in the representation M=exp A2 exp A1, 

in other words, B 2=0 in the representation M=exp B2 exp B1 • 

As for the decomposition of o;: o;=OtvOtr we have 

THEOREM 2. (i) Otr,t.cp for n24 and Otr=cp for n.:S:3, (ii) this decomposition is 

orthogonal invariant; Q-1otQ=Ot and Q-1 otrQ=Otr for every Q E Og, (iii) o; = 
{h2 ;hEO;}={h2 ;hEOc}, (iv) Otr={h1h2;h1h2=h2h1, h~=l, h1,t.I; h1,h2EOn. 

1) This result is essentially contained in J. Wellstlin, ibid. 
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PROOF. 

)
, then 

-1 

7r:L 

11=exp K is orthogonal with respect to g, but by Proposition 1, M has no ortho­

gonal path, i. e., ME Ou ; it is clear from Proposition 1 that such an element can 

not exist for n .<::: 3. 

(ii) IfMEOt, then M=expA, A+A<gl=0; for everyQEOg,Q-1MQ=exp 

Q-1AQ and (Q-1AQ)<iil=Q(gJA(gJ(Q- 1/gl=-Q-1AQ. That is, Q- 1MQEOt. Since it is 

obvious that Q-1o;Q=O; for every QE Og, we. have Q-10i~Q=Ou. 

(iii) If JlfEOt, then M=expA, A+A(g)=0; putting M1=exp-tA, we have 

M~Jlf/, M1EOtco;cog, that is, OtC{h2 ;hEO;}C{h2;hEOg}. Conversely, if 

M=M12 and M1EOg, then MEO"t. In order to prove this we write ilf1=expK1, 

K1 E ir(O) and .\J=K1 + K1 (i;l, and then from M1 E Og it follows that exp.\J=exp (Ki+ K{g)) 

=I. Moreover Mt =exp K1 =exp{(K1 -½.\J) +½.\J} where K1 -1.\J is skew-symmetric 

with respect tog, therefore we have ilf=M/=exp{2(K1 -½.\J) +.\J} =exp2(K-½.\J) E Ot, 

that is, {7i2;hEOg}(Ot. Thus we obtain Ot={h2;hEO;}={h2 ;hEOg}. This 

fact means that if M=M12 for M1E Og, then M=M2 2 for M2 E Ot. 

(iv) This is clear from the expression : M = exp · A2 exp A1 and Proposition 1. 

REMARK 2. Let %{ be the set of all the matrices satisfying the condition : the 

imaginary parts of the characteristic roots lie in the open interval ( - n:, n:), then 

from Proposition 1 it follows that if ME Og has no characteristic root -1, then 

ME Ot; and that if M= exp KE Og and KE ~l, then ME Ot, that is, Ot= 

exp W.vOg C Ot. From (iv) of Proposition 2 we have Ot, C (Ot) 2 and hence o; C (Ot) 2• 

But we can prove that o; C (00)2• For ME o; we have from 

(3.9) 

where /'J1 1s skew-symmetric with respect to g, /'J2 = ~, + K 1v and K =B1 + IJ2• 

Therefore exp½ i'J1 E00, consepuently exp!J1=(exp½B1)2E (00)2. Since det M=l, 

B2=b+(K1v(p1)-+-K1v(p2)) and exp(K1v(p1)+K1v(p2)) is a rotation with respect to 

g(pi) +g(p2). (p1 and p2 are odd and Pi <p2). And we see that K1v(p1) +K1v(p2) 

is similar to n:il2 p + D, where 
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p p 

~ 
0-· D= a1 (p2- p1), p+l 

2 • 

, (n1· = - D, Pi+ P2 = 2p), 

· .. 1 
0 ap, p+p1+I 

0 -1 
o· .. 

· .. -1 
0 

a1 (p,-p,), p+i, ···, ar, p+p,+l being taken suitably. Bec~use, if we put 
2 

P1 P2 

+ 'O 1 
o·•. 

1 ··. l 
·-.-1 ··.-1 

··.-1 ··.-1 
0 0 

then it is verified that the ranks p(D) and p(D0 ) of D and Do satisfy 

(4.2) { 
p(D') = p(D~) = 2p - 2r, 

p (flPi+s) = p (Dti+s) = (p2 - Pi) - S, 

(1 .-S:: r < pi), 

(1 < s;:;;;; P2 - Pi)-

Therefore, exp (K1v(Pi) + K1v(p2)) is similar to exp (1til2p + D), and also it is clear 

that exp (K1v(p1) +K1v(p2)) is orthogonal with respect to g(p1) +g(p2) and exp(rril2r 

+ D) is orthogonal with respect to g(p1 + p2). Hence, by Lemma 2 we see that by 

a suitable coordinate transformation, g(p1) + g(p2) and exp (K1v(pJ + K1v(p2)) are 

simultaneously transformed to g(p1 + p2) and exp (rril2P + D) respectively. · And then 

we have 

(4.3) ! exp(rril2 p+D) =.exp 1til2p•expD = exp(rriIP+ (-rri)Ip) •expD 

~, exp ½(ml, + (-N;)I,) • exp ½ (Nil, + (-Nil,)) T :·-. --~ J 
It is clear that exp½ ( rriIP + ( - rri)I p) E Ot and exp½ ( nil P + ( - rri)I p) • exp DE Ot, 

(with respect to g(p1 +p2)). Therefore we have exp(rril2 p+D)E (Ot) 2 (with respect 

to g(p1 + p2)), that is, exp(Krv(p1) +K1v(p2 )) E (Ot)2 (with respect to g(p1) +g(p2)); 

consequently, exp!J2 E (Ot) 2 (with respect to ~+(g(p1)+g(p2)). Thus we conclude 
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that ME (Ot)2 (with respect to g), i.e., ME (Ot) 2 (with respect to g). 

It is noticed that Wnm,s is mapped topologically onto Ot by the mapping 

M=expA where mis means the set of all the skew-symmetric matrices with respect to 

g. And moreover Ot is the largest subset of a; which can be mapped topologically 

onto the subset of the Lie algebra m,s of the rotation group a;. 1J 

§ 5. The factorization of a complex rotation 

In this section we shall consider the factorization of a complex rotation into 

the plane rotations. 

LEMMA 4. If Mr, M2 and SM1M2s- 1 E Og, then SM1M2S-1=M1M2, where Mr= 

Srllf1Si1, M2=S1M2S1 1 and M1, M2 E Og. 

PnooF. If Mr, M2 and SM1M2s-1 E Og, then by Lemma 3 

SMrIII2s-1 = S1 M1M2S11 = S1M1S-1 1 • S1M2S1 1 = M1M2 

where S1 E 0 8 , Mr =S1M1S11 and M2 =S1M2S1\ i.e., Mi, M2E Ow 

REMARK 3. Lemma 4 is written as follows: If M1, M2 and M3 E Og, and 

M1M2~Ma, then Ma=M1M2 where M1~M1, M2~M2 (simultaneously) and Mr, M2 E Og. 

REMARK 4. Uuless <r=2ln:i where l is a non-zero integer, we have 

For, 

"T ! g::JT g !::J ~ S,xr !::::::J_,_ 

'T ! g::J"T g !:::Jr<~.:J 
- e" e" 

,,. e"-1,,. # e ---e 
<T 

e" 
e" 

1 0 
e"-l # l~-

e" e" 

e" 
e" 

(since e" - le"=\= 0 from the hypothesis, these two matrices have the same elementary 
<T 

1) K. Morinaga and T. Nono, ibi,;t,. Concerning the results mentioned in this section we will 
consider in more detail in the forthcoming paper in this Journal: On·the paths in the matrix space. 
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0 -Sexl :::: tJ_, '" exp T :<:~J-, 
~ expl !::::::J_, ~ Sexp(ff !<:J_,_ 

(r =f' 0) 

Moreover, similarly, we have foi; <T =f= 2lrri (l is a non-zero integer) 

exp a- 1 
<T··. 

· .. 1 
<T 0 

o·-. 

··.O 
0 

exp 0 0 

·-.1 
<T 

= S exp <T 1 
<T·· 

· .. 1 
<T 

We shall call a rotation R=expK' as the rotations of type I, II, III or IV 

according to K' ~K=Ki(a-, 2r) (a-=f= 0), Kn(2s+ 1), Km(4t) or K1v(2Pi + 1) +Krv(2p2 + 1) 

respectively (see (2.5)). The rank of a rotation is defined as the rank of K, and 

the rotation of rank two will be called a plane rotation. The plane rotations are 

classified into types I, II and III according to the form of K as follows : 

R = expK', K' -- K, g-- g (simultaneous! y) 

Type I Type II Type III 

G 
0 ~) (~ 

0 0 

!) g: (~ ~) 1 0 1 
1 0 

0 0 0 

(~ 1 0) 

,o 1 0 0) , 0) (~ 0 0 0 K.: (;_(J (a- =f' 0) 0-1 
0 0-1 

0 0 0 0 0, 

r~c\cO k_3 = 0 k_2 = 0 

Characteristic (R -I)m =f' 0 (R - /) 3 = 0 (R -/) 2 = 0 
property 

(m is any integer) 
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u X u 
1 2 

(u, u) = 0 
1 2 

II u !l • II u II =F 0 
l 2 

in other forms, 

k (e x e) 
1 2 

V XV 
1 2 

(v, v) = 0 
I 2 

w X w 
2 

(w, w) = 0 
I 2 

II vii =¾= 0, II v !i = 0 ii w !! = 0, II w ii = 0 
I 2 l 2 

k(e x (e + ie)) k((e + ie) x (ex ie)) 
l 2 3 1 ~ 3 4 

(e, c) = Oab (a, b = 1, 2, 3, 4), 
a b 

363 

1 
wher nxu=uu-uu, (u,u) means the inner product of u and u, and llull=(u,u}IT. 

1 2 12 21 I 2 1 2 

It is worthy of notice that an ordinary plane rotation is of type I. 

T11EORE,1 3. A rotation of type I and of rank p = 2r is a product of a plane 

rotation of type I and a rotation of type I and of rank p - 2. A rotation of type 

I and of rank p=2r is a porduct of 1C=½p=r plane rotations of type I: 

R = R1 R2 . "" R"' IC = ½p, 

where 

R _LRj, RiRj = RjR, for Ii - jl =¾= 1, i,j = 1,2, ···,tc. 

P1tooF. By means of Remark 4 we have 

exp k1 exp k2 = S exp k • s-1, 

wher k1 = <T 

0 
, k2= 0 1 

<T··. 
\ and k= <T !-.. 

··. l · .. 1 

0 

Since exp k1, exp k2 , exp k E O g, form Lemma 3 it follows that 

· .. -1 

And exp k1 is a plane rotation of type I, and exp k2 is a rotation of type I and of 

rank p-2; since S1EO!J,.it is clear that S 11 expk1 •S1 and S 11 expk2 •S1 are the 

rotations of the same properties as exp k1 and exp k2 respectively. Hence, by the 

mathematical induction, this theorem is proved, remaining the relation among the 

plane rotations Ri• In order to see the relation among R;, we must consider more 

in detail the factorization of R. If we put 
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0 

0 

, h2= 0 1 
<T 

K MORINAGA and T. NONO 

and h3 = 0 

0 
0 1 

<T 1 

· .. 1 
<T 

-<,-1 
-<, • •• 

· .. -1 
-<,-1 

0 
0 

then we have 

exp h1 exp h2 exp hs = 

<T 

• •• e,,. 

e-u 
-u e-u -1 

e ---
<T 

-u e-u -1 
e -~ 

<T 

=T-1 e,,. 1 T= s-1 exp <T 1 S=S- 1 exp k · S, 
<T··. 

··.l ·-.1 

· .. -1 

and exp h1, exp h2 , exp h3 -and exp kE 01,. Hence, by means of Lemma 3, we have 

exp k = S1 exp h1 exp h2 exp h3 S ~ 1 = exp k1 exp h2 exp lz3, 

where Si, exp h1, exp h2, exp ha E O;,. And then it is easily seen that exp Tz1 and 

exp h2 are the plane rotations of type I, and exp ha is a rotation of type I and of 

rank p - 4. From the above construction of hi, h2 and ha, by means of the mathe­

matical induction, the following relation among R; is seen : 

R;___LRj, R;Rj=RjR; for /i-j/=rl, i,j=l,2,···,,c. 
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Thus, this theorem is completely proved. 

LEMMA 5. A Plane rotation of type II with respect to g is a product of two plane 

rotations of type I with respect to g. 

PROOF. If we put 

then we hs:ve 

0 0 ) and exp k2 = ( er err - 1 
1 0 e <T 

0 err 0 1 

0 0 

(a- =f' 0), 

_ (cash <T-1) )' 
<T' 

e-cr-1 
<T 

e-cr 

ecr-1 
and since <T can be taken such as -- =f' 0, we have 

, <T 

that is, we have 

and moreover 

exp k1 exp k2 = (: 

. 0 

1 

0 

# l = s (t i ~)s-1 
1-ecr .0 0 1 

<T 

1 

= S (1 1 o)· S-1 = S exp(O 1 #)S-1 

0 1-1 0 0-1 . 
0 0 1 ,0 0 0 

= s-1 exp(O 1 O)S. 
0 0-1 
o.o 0 

exp (0. 1 O)· = S exp k2 exp k1 s-1
, 

0 0-1 
0 0 0 

exp k1, exp k2, exp (0 1 0) E Oi· 
0 0-1 
,0 0 0 

Hence, by Lemmas 3 and 4 we have 
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where 

S1, exp kr, exp k2 E Og and k;', k'{' =\= 0 (m is any integer). 

Here, since exp k1 and exp lc2 are the plane rotations of type I, exp k1 and exp h·2 

are also the plane rotations of type I. Thus the lemma is proved. 

LEMMA 6. A plane rotation ol tyve III with respect to g is a product cf two plane 

rotations of type I willz respect to g. 

PnooF. We shall first determine <T1 , <T2 , Tt and T2 such that 

( 1 +<T1 T1) (1 +<T2 T2) = (1 1 \, 
0 1 0 1 0 1) 

that is, 

(5.2) <71 <72 =\= 0 ; 

and we shall take <Ti, T\, <T; and r; determined by 

Here if we write 

(5.3) k1 = (Pi O ·)· k2 = (P2 0 ) where P1 = (<Ti Ti), P2 = (<To; To;), 
0 -Pt O -Pi O 0 

then we have expk1, expk2EOg because kT=-ki, k!=-k2, (k.,,=g-1k*g). 

Form (5.2) and (5.3) it follows that 

exp k1 exp k2 = (11 1 0 0') = exp (0 1 ) 0 1 0 0 0 . 
0 0 1-1 0 -01 
,0 0 0 1 

On the other hand, since <T1<T2 =\= 0, i.e., <T't<T; =\= 0 we have k'{' =\= 0, k2' =\= 0 ; and 

moreover the ranks of k1 and k2 are both two. Therefore exp k1 and exp k2 are the 

plane rotations of type IL Thus, a plane rotation of type III 1s a product of two 

plane rotations of type I. 

REMARK 5. The rotation which is a product of two symmetries 1s a plane 

rotation of type I or II, and vice versa. 

For, let v and v be the axes of two symmetries, then the rotation which is a 
1 2 

product of these two symmetries is given by exp k such that gk=v xv. And since 
1 2 

//v// =\= 0, this rotation is a plane rotation of type I or II. The converse is evident 
1 

from the fact that v x v=v x (v +v). 
1 2 1 1 2 

REMARK 6. A plane rotation of type III is expressible as a product of four 
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symmetries but not as a product of two symmetries. 

For, from Lemma 6 and Remark 5, a plane rotation of type III is a product 

of four symmetries. A rotation is a product of an even number of symmetries, 

but from Remark 5 a plane rotation of type III is not a product of two symmetries. 

Thus our assertion is proved. 

LLMMA 7. 
A rotation exp( 0 6 1 ) w1:th respect to g is a product of two plane 

0-1 
0-1 

0 

rotations of type I with respect to g. 
PROOF. If we put 

k1 = (0 ! 0 ) and k2 = (0 _?a- 6- l )' 

-o--1 a- 0 
0 0 

then we have 

exp k1 = 1 
e,,. -1 

# and exp k2 = 1 0 
(T e_.,. 
e.,. 0 

1 0 
e_.,. e-u -1 

(T 

1 

and therefore 

(a- 4= 0), 

e_.,. -1 # 
-(T 

1 
e.,.-1 

(T 

e,,. 0 
1 

(T 

1 
1-e.,. 
-(T 

1 
eu-1 

= 5-1 
exp(O ~ 1 )5, 

0-1 
0-1 

0 

1 

1-e.,. 
where a- can be taken such as ~~ 4= 0. Hence we have 

(T 

5 exp k1 exp k2 5-i = exp(O 6 1 )' 

0-1 
0-1 

0 
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and moreover, since exp k1, exp k2, exp (0 6 1 ) E Og, S1( E Og) can be taken 

0-1 
0-1 

' 0 

m place of S ; exp k1 and exp k2 are the plane rotations of type I, so that we obtain 

exp(O 6 1 ) = exp k1 exp k2, 

0-1 
0-1 

0 

where exp k1 and exp k2 are the plane rotations of type I. Thus, this lemma 1s 

proved. 

LEMMA 8. A rotalion 
exp[O 6 6 ) wi

th 
respect to g is a product of two 

0-1 
0-1 

0 

pl,ane rotations of type I with respect to g. 
PRooF. If we put 

(<r =f' O), 

then we can prove this lemma similarly as in the proof of Lemma 7. 

TnEOREM 4. A rotalion R of type II and of rank p=2s is expressible as a product 

of IC plane rotalions Ri, R2, ···, RK of type I: 

R = R1 R2"·RK, IC= ½(p + (1- ip)), 

where R; _l_Ri and R;Ri=RiR1 for Ii- jl =\= 1, i,j=l, 2, ... , IC. 

PnooF. If we put 

0 

0-1 
<T 

0 
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then we have 

On the Complex Orthogonal Transformations 

ka = 0 
0 

0 1 

0 1 
0-1 

o·•. 
· .. -1 

0 
0 

0 

(a- =f O), 

exp k1 • exp k2 • exp ka = T,(l 1 r-1 = s-1 exp O 1 
1 ·•. 

1 1 
1-1 

1 · .. 
··.-1 

1 

In a similar manner as bofore we have 

exp O 1 

0 1 
0-1 

o·•. 
· .. -1 

0 

0 1 
0-1 

o·•. 
· .. -1 

0 
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s. 

where S1, expki, expk2, expk3 E 01,. And then expk1 and expk2 are the plane rota­

tions of type I, and expk3 is a rotation of type II and of rank 2s-4. 

Therefore, in the case where 2s=O (mod 4), by means of the mathematical 

induction, from Lemma 7 it follows that R is expressible as a product of s plane 

rotations of type I; in the case where 2s==2 (mod 4), by the mathematical induction, 

from Lemma 5 it follows that R is expressible as a product of s + 1 plane rotations 

of type I. Thus, in general, a rotation of type II ·and of rank p=2s is expressible 

as a product of ½(p + (1- iP)) plane rotations of type I. The remaining part of this 

theorem is evident from the construction of k1 , k2 and k3• 

THEOREM 5. A rotation R of type III and of rank p=4t-2 is expressible as a 

product of ,c plane rotations Ri, R2 , • ··, RK of type I: 



P1tooF. If we put 

k1 = 0 1 
(T 

0 

and ka = 0 
0 

0 
-<,-1 

0 

0 1 
o· .. 

· .. 1 
0 

0-1 

0-1 
0 

0 

(T 1 
0 

0 

0 

0 
0-1 

-<, 

0 

(<T =t 0), 

then we can prove this theorem by means of Lemmas 6 and 8, in the similar 

manner as in the proof of Theorem 4. 

THEOREM 6. A rotation R of type IV and of rank p is expressible as a product of 

IC plane rotations Ri, R 2 , • .. , R< of type I: 

PRooF. If we put 

k1 = n:i 1 
0 0 

R = Rr R2 · · · R 0 IC = 2p, 

n:i I 

· .• 0 
0-1 
-n:i 

0 0 

··.O 
0-1 
-n:i 

0 



and 

then we have 

= -1 ~i 
7t 

1 
1 

= -1 

and moreover, 

1 

-1 
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ka = 0 

2. 
--i 

7t 

1 

-1 

-1 -1 

0 

2. 
-i 
7t 

1 
1 

ni 1 

ni 1 
m-1 

m ... 

1 
1 2. 
-i 
7t 

-1 
1 

· .. -1 

1 

ni 
0 

0 

1 ...:.·i·::.r·············= 

-1-1 
-1 1 

-1 ·-. 
. . . I: 
-1: 

1 
1 

=Sexp 7ii 1 

ni 1 
1ti-l 

1ti ... 
··. -1 

-1 -1 ni 

-1 1. 
-1 ·. 1 

2. 
-i 

-1 7t 

-1 ~~i 
7t 

-1 

371 
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= T exp (1ri . ~ o)r-1• 

m-1 
1l'L 

Therefore, by the method used above repeatedly, we have 

2pt+l 

exp K,v (2p' + 1) == exp n:i 1 

n:i 1 
n:i-1 

n:i ..• 
· .. -1 

77:L 

= R'i Ri · · · R~, N', 

2pi+I 

where R'i, R;, · · ·, R~, are the plane rotations of type I, and N' =exp 0 
\, ·. 
\ . 

p"\__0 
77:L 

0 

0 

As seen easily from this result by taking the transposition with respect to g ( -t­
transposition), we have 

2p,,+l 

exp K1v (2p" + 1) = exp n:i 1 

p~i-.1 

n:i-1 

= N" R~,, ··· R'i', 

n:i"·. 
,• .. -1 

77:L 

2p,,+l 

where R'{, R'..{, · · ·, R~,, are the plane rotations of type I, and N" = exp 0 

\o 
P" . -n:i 

0 

0 
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2p1+l 

Since N = exp 0 1s orthogonal with respect to both 

0 
?n 

0 

0 

0 

g= (/) and g= 

(-_.7) 
l ' 

2p11+l 

0 
-m 

0 

L 

(1··.J 

0 

(./) _e_ 

C··.l) 

, by mean of Lemma 2, we 

see that by a suitable coordinate transformation, g and N are transformed to g and 

N=exp (o· .. J 
·c0

··•0_J 
simultaneously. Therefore, N 1 N 2 is a plane 

(o· .. ). 
0, 

rotation of type I; consequently, a rotation R~exp (K1v(2p' + 1) +.K1v(2p" + 1)) of 

type IV and of rank p = 2(Pi + p2 + 1) is expressible as a product of IC plane rotations 

of type I: 

It follows from the construction of these plane rotations R; that R, .l R j and 

RiRj=RjRt for Ji-jl=\=l, i,j=l,2, ···, IC. 

Ry ,summarizing Theorems 2, 4, 5 and 6 we have 
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THEOREM 7. A rotation R is expressible as a product of K(R) plane rotations Ri, R2, 

···, K of type I: 

where R;_j__Ri and R;Ri=RiR;for li-jl=\=l, i,j=l,2, ···,K(R), 2m1, 2m2, 2ma and 

2m4 are the total sums of the ranks of the blocks of type I, II, III and IV respectively, 

p(R) is the rank of R, s22 is the number of the blocks of type II and of rank ==2(mod 4), 

and s3 is the number of the blocks of type III. 

In particular, as for the blocks of type II and of rank =2(mod 4), we have 

seen that 

and 

2s' +l 

exp Ku(2s' + 1) == exp 0 1 = R'i ··· R~,-1 L' 
0 · .. 

0 1 
0-1 

0 · •• 

exp Kn(2s" + 1) == exp 0 1 
o·-. 

2s" +l 

0 1 
0-1 

0-1 
0 

0 • •. 

0 -1 
0 

= L" R;~,-1 ... R'{, 

where R'i, R;, ···, R;,_1 and R'{, R'{, ·· ·, R~'.,_1 are the plane rotations of type I, and 

L' = exp (0 1 ·), 
0-1 

0 

L" = exp (0 1 )· 
0-1 

0 

with respect to both 

1) As easily seen, p(R} = 2(m1 +m2+ma+m4). 
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I)) and 1/l I I 1 I l)' by means of lemma 2, 
we see 

that by a coordinate transformation, L and g are transformed to L and g simulta­

neously, so in the latter coordinatate system, by lemma 8, this rotation L is 

expressible as a product of two plane rotations. By this procedure, the rotation 

corresponding to the total blocks of type II is written as a product of m2 + ½ (1-

( - l)m•) plane rotations of type I, 2m2 being the rank of total blocks of type II. 

After this process it is not asserted that R;_LRi and R.Ri=RiR. for li-jl =f' 1, 

i,j= 1, 2, ••·, IC. 

Thus, in the notations of Theorem 7 we have 

TmmREM 8. A ratation is expressible as a product of w( R) plane rotations, wlzere 

Next we shall consider the dimension of a rotation R. The dimension dim (R) 

of R is by definition: dim (R) =n-q (see § 3, p. 312), so that we have 

m the notations used above, and s2 being the number of the blocks of type II. By 

taking account of m2 2 s2 and m3 2 s3,. form the above expression of dim(R) we 

have 

p (R) < dim (R) .:S:::: 2p (R) 

and moreover it 1s obvious that dim (R) < n, so that we have 

p (R) < dim (R) < min (2p(R), n). 

(As for tc(R) and w(R) also we have ½p(R) < w(R) .:S:::: tc(R) ~ p(R)). 

Next, for any integer ;,\. such that 2m.:S::::;,\.<min(4m,n), we shall take the 

integers li, 'IJ and l2 such that 

4Z1 + 3'/J + 2l2 = :\. and 2l1 + 211 + 2l2 = 2m, 

for example, Z1 =½(;\.-11-2m), l2=m-(l1 +11) and 

1 for the case A. is odd 

(l 2 .:S:::: 0 since ;\. < 4m). 

0 for the case X 1s even 
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Here, if we take 

(
0 1 · 

11 ~ 0 1 ' 1, 

K=~-i-- o o-1)+~+( o-1)+t:-1+(ci-~J+oq, 
0 ,' 0 (o-;,l;,0) 

and corresponding to this K, 
Zi r, l2 

g = ~ -i-- g(4) -i-- ~ -i-- g(3) + h -i-- g(2) -i-- g(q), 

then the rotation expK with respect to g is of rank 2m and of dimension :\.. Thus 

we have 

TmoREM 9. The range of the dimensi,ons of the rotations with respect to any various 

met,ics, the ranks of these rotations being equal to 2m. is the closed interval [ 2m, min( 4m, 

n)] rf integers. 

REMARK 8. It is well known lJ that a rotation R is expressible as a product 

of µ symmetries such that µ < dim(R). From this fact, Remark 5 and Lemma 5 

it follows immediately that the rotation is expressible as a product of )) plane 

rotations of type I such that )) < dim(R). Our results give explicitly the number 

of symmetries : µ= 2w(R) = p(R) + 2s3 + (1 - ( -1)™•), the number of plane rotations 

of type I: )) = w(R) = ½p(R) +s3 +½ (1-(- l)m•) and moreover the orthogonality 

relation of these plane rotations. As well known, a real rotation of rank p. is 

expressible as a product of ½p real plane rotations : 

where H.; _l_Rj and R;Rj=RjR; for all i ='f= j, i, j= 1, 2, ···, }p. Our result (Theorem 

7) is considered as an extension of this fact for the complex rotation. From our 

consideration the number µ of the symmetries are calculated more exactly; that 

is, if we remember that a plane rotation of type I or type II is a product of two 

symmetries (Remark 5), and that a plane rotation of type III is expressible as a 

product of four symmetries but not as a product of two symmeties (Remark 6), 

then we obtain the number µ of symmetries as follows : 

Type I (rank p): µ = 2,c = p (from Theorem 2). 

Type II (rank p) : By tracing the proof of Theorem 3, we see that in the case 

where p == 0(mod 4) a rotation R is expressible as a product of }p plane rotations 

of type I, consepuently, as a product of p ( = 2 x ½p) symmetries, and that in the 

case where p == 2 (mod 4) R is expressible as a product of ½(p - 2) plane rotations 

I) E. Cartan, Le,ons sur la theorie des spineurs I, (1938), pp. 13-17. 
J. Dieudonne, Sur les groupes classiques, (1948), pp. 20-17. 
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of type I and one plane rotation of type II, and hence R is expressible as a pro­

duct of p( = 2•½(p - 2) + 2) symmetries. That is, µ = p. 

Type III (rank p): µ=2K=p+2 (from Theorem 4). 

Type IV (rank p): µ=2K=p (from Theorem 5). 

Thus we have 

THEOHEM 10. A rotation of rank p is expressible as a product of p + 2s3 symmetries 

where Sa is the number of the blocks of type III. 

Mathematical Institute, 

Hiroshima University 
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