JoURNAL oF SciENCE oF THE HirosuiMA UNiversiTY, SER, A, Vor. 18, No. 3. MarcH, 1955

On the Complex Orthogonal Transformations

By
Kakutaro MORINAGA and Takayuki NONO

(Received Sept. 28, 1954)

§ 1. Introduction

In this paper it is our main purpose to obtain the exponential representations
and the factorization of the complex orthogonal transformations. For this purpose we
shall first consider the exponential representations of the orthogonal transformations,
by means of which some properties (Theorem 2) of the special orthogonal group is
obtained. By starting from this representation we shall obtain the factorization of
a complex rotation into the plane rotations, and then we shall show the number of
these plane rotations and the relations among these plane rotations.

As for the orthogonal canonical form of complex orthogonal matrices J.
Wellstein” has already obtained the elaborate results, and by K. Schréder® a general
theory for the exponential representation of semi-simple Lie group has been develop-
ped, and also recently J.L.Brenner” has obtained an excellent result for the fact-

orization of an orthogonal transformation into the plane rotations.

§ 2. The canonical representations of an

orthogonal transformation

Let ¥ be a complex n —dimensional vector space, and let g=|/g;;l be a non-
degenerate symmetric covariant tensor (i. e., gi;=g;; and det |/ g;;||=£0), then the
complex orthogonal transformation in FV with respect to g is represented by a
matrix M of order n such that M*gM=g, M* being the transposed matrix of M.
If we write M® =g 'M*g and call M® the transposed matrix of M with respect

to g, then this operation has the same properties as the ordinary transposition (e

operation), and M*gM=g is written as M®M=1 (the unit matrix). In particular,

1) J. Wellstein, Uber symmetrische, alternierende und orthogonale Normalformen von Matrizen, J.
Reine Angew. Math., Vol. 163 (1930), pp. 166-182.

2) K. Schroder, Einige Sdtze aus der Theorie der kontinuirlichen Gruppen lincar Transformationen,
Schriften des math. seminars der Univ. Berlin, Vol. 2 (1934), pp. 111-149.

3) J. L. Bremner, The factorization of orthogonal matrices, (abstract), Bull. Amer. Math. Soc., Vol.
60 (1954), p. 359.
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if g=/ 1\, M® means the transposition of M with respect to its second diagonal.
1
1
For a coordinate transformation v=P v, the covariant tensor g=1g:;ll and the mixed

tensor k=|k:|| are transformed as
g=P*gP and %k =P kP .

respectively. By a suitable coordinate transformation 2=Quv, g is transformed to
8=1/8,;]| (Kronecker’s delta), and then g=Q*Q, and M*gM=g is equivalent to
‘M*'M=I where ‘M=QMQ™"'. In the following we shall consider the orthogonal
transformation in a suitable coordinate system where g takes a convenient form for
our consideration. ,
Lumma 1. M is orthogonal with respect to both g and gy, if and only i M *gﬂ =g,
g =k*gk for k€ C(M), C(M) being the set of all the matrices cammutative with M.

Proor. By a suitable coordinate transformation 2=Uv, g is transformed to &,
then we have g=U"U, g=U"gU and ‘M=UMU"". Since '‘M*'M=1, 'M* g’'M=g
is equivalent to 7g,’M = 'M‘g:, that is, g7 € C('M). If we write % = exp(3Log /g1
where Log /g, indicates a principal branch of the logarithmic function of matrix 7g,"
then g*=/g,€ C’M) implies %*="k€ C('M), hence we have /g,="%"% and %"=
ke C('M). Conversely, it is easily seen that %€ C(’M) implies %*< C(’M), and
therefore /g, ="%""% is symmetric and belongs to C("M). By returning to the original
coordinate system we see that M is orthogonal with respect to both g and g, if
and only if M*gM=g, g,=k*gk for k€ C(M).

Remark 1 Let & (M) be the system of metrics g such that M is orthogonal
with respect to g, then we can prove that if g€ &(M), then & (M) contains an-
other metric g(3«ag;, a is any complex number). We have only to prove, in a
coordinate syetem where g, =3, that there exists a nondegenerate symmetric tensor
g such that g€ C(M) and g=ad. If MAM*FpLI, then g=M+M*+ I
(det(M+M*ynl) == 0) satisfies the above conditions. If M+ M*=pT for some complex
number 3, then, since M*M=1, M?—BM+I=0, that is, M>=x2] where M’ =

) .
/V[~{7J]; therefore we have C(M)=C(M’), and by a suitable coordinate transform-

ation, M’ is transformed to M =« (s, 4 (—1I.)), (m1+ny=n), where I, means the
unit matrix of order r. In this coordinate system, if we take g/ =g, + gy ad)

for k=0, g’=gm(F ad) for k=0, where g, means any nondegenerate symmetric

1) K. Morinaga and T. Néno, On the logarithmic functions of matrices I, J. Sci. Hiroshima Univ.
(A), Vol. 14, pp. 107-114.
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matrix of order r, then our requirements are satisfied.

Lemma 2. If M*gM:g, M*g My =g, and M,=U""MU, then there exists a
matrix V such that g, =V*gV and M,=V"'MV.

Proor. If we put ’gZU*gU, then we have M{"/g M, =g, and hence, by Lemma 1
we have g =k"gh, kcC(M,), and consequently g =Fk*U*gUk= Uk)*gUk. If
we write V=Uk, then g =V*gV and V*MV=Uk)"MUk)=k"'U*MUk=k""Mk
=M,

By O, we shall denote the group of orthogonal transformations with respect to
g, and then, by considering the case where g;=g we have

Lemva 3. If M, Mi€ O, and Mi=U"'MU, then there exists a matrix V such that
My=V"'"MV and V€O,

Next let M be an orthogonal matrix with respect to g, i. é., M@M=1I; then
as shown in our previous paper,” there exists a unique matrix K such that M=exp K
and K& W), where A, is the set of all the matrices satisfying the condition : the
imaginary parts of characteristic roots lie in the half-closed interval (—m=, 7).

From M@M=I] it follows that KK®=K®K?"Y and exp (K+K®)=1 1If we
write p=K+K @, we have Kp=pK and exp p=/; and hence M=expK=exp (K+p],
that is, p is a period for K. Therefore K and p are simultaneously transformed into
Jordan’s canonical forms,” denoted by K, and p, respectively; and then we have

(2~1) K, + (K(g})o = Po = >, + n [27i ) \> ("] =0, 1),

27
.27ri

where A+ B means the direct sum of 4 and B, and =1 only for the blocks of
K, belonging to its characteristic roots a-+=i (o is real). Therefore, (K@), is also
Jordan’s canonical form of K@ ; Since K and K are similar, that is, they have
the same Jordan’s canonical forms, it follows from (2.1) that there exists a one-to-
one correspondence among the blocks of the same order of Ko, corresponding the
characteristic root o to the characteristic root 7 such that o-+7=0 or 27i. Since
Ke ¥, except for the blocks where o=0, =i, the blocks of K, are in pairs by
the above correspondence. If we put M,=exp Ko, since Ky=U"'KU by means of
some U, we have Mo=U"'MU and M,*g,My=g, where g,=U*gU. And then we
have

(2.2) M() = exp Ko = 2 -?- €xp K(g-) —i.— exp K(o) -;— €xp I%(ﬂ‘)

ox0,7i

1) K.Morinaga and T.N6ao, ibid.
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where K= /o 1 , and IZ(O) and IZ(,,,-) mean the total blocks belonging to the
o'
1

o/
characteristic roots 0 and 7 of K, respectively ; therefore it follows from Myg,=
oMy ' that
(2.3) & =21+g0 + &0 + &wn

o0, i

corresponding to (2.2), and that exp K, and exp Kz are orthogonal with respect
to & and gy respectively, i.e., by considering (2.1), Iz(o)+lz§§,(°)) =0 and
(Iz(m-)——ﬂil)+(12(,,i)—7ri[) @) =0 where I means the unit matrix of the same other
as K. That is, IZ(O) and (IZ(,,i)—m'I) are skewsymmetric with respect to &, and
& respectively, and consequently KZi*' and (Kiu)—mil)*™*' are also skew-
symmetric with respect to g and g respectively, and hence Iz(zéf“ and
(IZ(,”-)——m'I )*"*1 are of even ranks. Therefore the blocks of even order of IE‘«,) are in
pairs with the blocks of the same order of If(o), and as for the blocks of even order of
IZW) the same is said. Now we shall denote by K’ the matrix obtained from K
by replacing, in K=UK,U™", by —(a+ni) the characteristic root —a+7i corres-
ponding to the characteristic root a+7i in the above pairs (a is real), that is, by
replacing in the pairs of blocks K (s4ziy and K s+ the blocks K ... by the
blocks K(_4-riy» since K suriy=2mil+ Ko iy where I means the unit matrix of
the same order as K(o+riy, we have M=exp K=exp K’, and K’ has Jordan’s
canonical form satisfying the conditions : "

1°.  The blocks belonging to the characteristic roots o (S50, wi) are in pairs with the
blocks of the same order belonging to the characteristic roots — o-.

2°.  The blocks of even order belonging to the characteristic root O are in pairs with
the blocks of the same order belonging to the characteristic root O.

3°.  The blocks of even order belonging to the characterisiic root i are in pairs with
the blocks of the same order belonging to the characteristic root — ri.

Thus K’ is similar to the following matrix K:

(2.4) ID{ :_\_; —I— KI (()', 2T> -?— Z —f.— KI (7TL, 47'/) -T— 2 —i— K]I (2S+ 1)

+ >+ K (4e) + >4+ K (2p+ 1) + Oq,

where

1) This result is essentially the same as the result in J. Wellstein, ibid.
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) 2r 254
KI(O‘,zr): ol ,vK11(23+1)= 01 \,
o‘".l 0.
| o .0.1
0—1
—o —1 0 .
__o".c. ..' ...
. -1 0-1
’ -0 0 }
(2.5) type I. (o0, 7r>1) type II. (s=1)
B g2l
Km(dt)=({0 1 , Kn(2p+1)= [ni 1 \,
0.'.1 7l'i".
0 @
0 —1 wi—1
0 ..
-1 o1
\ 0 12 J
type III. ¢ = 1) type IV. (p = 0)

and O, means the zero matrix of order ¢. Here if we take
(2.6) E§=2+8@ +>2+gW@)+XFE@s+ 1)
318U+ Hg@p+ D £,
€ o
where g(I)= 1\, then we can easily verify that M=expK is orthogonal with
1
5

respect to £, i.e., A3[*§A°l=g° Therefore, by means of Lemma 2 we have by a
suitable coordinate transformation v="V3: M=V"'MV and §=F"*gV.

In the following we shall often consider the orthogonal transformation in the

coordinate system where g takes the form &, and we shall write MT=g"'M*g.

§ 3. The exponential representations of an

orthogonal transformation

In this section we shall consider the exponential representations of an orthogonal
transformation by means of the skew-symmetric matrices.

For a linear transformation I' in ¥, let V; be the minimal subspace of V such
that V=V,+V,, Vi1V, TV,CV, and Tv=v for all v€ V,; if necessary, V, will
be precisely denoted by V(7'). Then we shall indicate by 7, _| Ty that Vi(Ty) | Vi(Ts)
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and Vl(Tl)/\VI(Tz):(O)‘. Moreover we shall define the dimension of T as. follows :
dim T= dim Vy(T), '
ie. = n—dim Vs(T)
= n—y, (see (2.4)).

It is easily seen that
1 1 1 1
3.1) M=expK= exp(-'gp + (K — Ep)) = exp Ep -exp (K — o D),

where %p is the symmitric. part of K, i.e., ‘;—DZ’;‘(K—J—K@)) and K—%p is the

skew-symmetric part of K, i.e., K— %}J_:%(K—K(”’)). From (2.1) we have
1 e, A .
B.2)  SPo=21+9jmi ~ O, + 7ilny, (n=20,1; ny + np = n),
7L
7l
and consequently

1 . ’
exp 5‘30 ~ ["1 —+ (_‘In2>,

where A~ B means that 4 is similar to B- It is clear that exp é‘*p is
1 . ‘., . .

similar to exp 5 Pos i.e, to In+(—1I.,), and I, +(—1I.) is orthogonal with

respect to ., + g(nz), and that exp é*p is orthogonal with respect to g; therefore

by means of Lemma 2, exp —é‘p and g are transformed to I.,4(—/:,) and

In, - g(ny) simultaneously by a coordinate transformation. Furthermore we have

: ng ng
——— D b N
—In,=exp (i ((7i) occurs only for det M= —1)) and /ni . \
; . 13
(i) (0)
— i 1]
i -

((0) occurs only for det M= —1) is skew-symmetric with respect to g(ns). By

returnnig to the original coordinate system we haveV

1) K. Schroder proved that any element of the component of semisimple Lie group ® is expressed
by expUexp ¥V where U and V are the elements of the infinitesimal group of &. K. Schroder, ibid.
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(3.3) exp é'b = I"exp K;, and consequently M = I"exp K, - exp K1,

where [” is a symmetry which occurs only for the case where det M= —1, and K,
and K; are skew-symmetric with respect to g. Furthermore we can prove
Tueorem 1. A rotation R is in one-to-one correspondence with a pair of skew-symmetric

1
matrices F and I* as follows:

2 12 21

R = Jepr exp F, (FF = FF),

1 2
where exp F | exp F, Vi(exp F)=V1(]), (V\(J) is of even dimension), |I(p®W)|<m
1 2
for the charactristic roots p® of F, I(u®)=0 for the characteristic roots p® of F, and
Jv=—v for dl ve V. (J).

Proor. From (3.1) a rotation R is expressible as

(3.4) R=JexpF

where J =expé—p, det/=1 and F=K ——p By remembering the process from
(3.1) to (3.3), we see that

2 12 21

1 2
3.5) R=Jexp(F+F)=Jexp F- exp F, (FF=FF),
1 2
where F' and I are the skew-symmetric matrices with respect to g such that
1 2 2
expF | exp F, V,(exp F)=V.(J), (V1(J) is of even dimension).

1
[ I(pM) | <7 for the characteristic roots @) of F,
(3.6) 2

I(p®)=0 for the characteristic roots u® of F,

“and Jv= —v for all ve V,(J).

1 2
Conversely, corresponding to the skew-symmetric matrices F and F satisfying the

conditions for only F and ]« in (3.6), there is uniquely determined J such that
Vi(lJ)=Vi(exp F) and Jo=—v for all v€V,(J), and therefore a rotation R is
uniquely determined by means of (3 5). Thus a rotation R is in one-to-one corres-
pondece with the pair F and F satisfying the conditions for only F and ﬁ
(3.6). . .

J can not be continuously determined from FZ’ by the condition : V1(J )=V21(e.ﬁcp l?' )2.
For, if we take g=g(n)= 11‘) and FD,,=(0.. where F'= —F

SRR I R)
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and ( 0 #> is of order 2r, then we have J,= (1 ; here if n tends
1
—1.\§r+1)
~1
1
. | .1}
2 2 2
to zero, then F, tends to F= [0 : , and corresponding to this F' we
0
(5%
0.
0
0
2 2
have J= /1 ; therefore, for »—0, F, tends to F but J, does not
1
—1.2r
-.. \
-1
1

tend to J. Thus our theorem is proved.
3

Moreover J is expressed by a skew-symmetric matrx F as follows:

3
3.7 J=expkF,
. .
where F~ [ni7i \, (dimJ =2r), 9,+752+1-o=0 and 5%=1 for a=1,2,--, 2
’)72717: .
.772r7ti4

3
That is, there exist 27 2F satisfying (3.7) for a J. Thus a rotation R is expressible
. 3 o1
as R=exp F exp Fexp F with these 2" arbitrarities.

Next if we write
(3.8) B.=>+ Ky 40, B,=K~—B,

where >V 1 means the direct sum of the blocks Kiy of different order, each of

which occurs odd times in K, then we have -
]fl: epr%= explc?z-expl%l, lg))lBoz = égél,

that is, in the original coordinate system,
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(3.9) M= expK = expB:+expB;, B:B; =B B..

This exponential representation will be used 'in §5 to obtain the factorization of

a complex rotation into plane rotations. Furthermore we shall put as lollows:

By=Ay + {3 + /0 1 1 0},
01
. 0—1
(3.10) 0 .
.1

0

(| 4=+ jmi +0, 4=K- 4,
(12
7L

then we have .

M= exp Ay exp Ay, Ay A5 = Ay 4y ;
by the same method which was used to obtain (3.3) we have
(3.11) M = I'exp As exp A,

where 4, and 4, are skew-symmetric with respect to g, and /" being a symmetry
which occurs only for the case where det M= —1.
From (3.11)2 we have another representation of R by the skew-symmetric
1

matrices f and f:

. 1 2 . 1 2 12 21
(3.12) R =jexp (f+f)=jexpfexp f, (ff = ff),
2 1 2
where Vi(j))=Vi(f+P,), expf L expf, [I(pW)|<m fozr the characteristic roots
g ,
#1 of f, and pu®=0 for the characteristic roots u® of f; P, occurs only for the
2 .
case where dim exp f is odd, and then P, indicates the position of (O)2 corresponding

to (—1) (in the canonical form (g, K)) in the correspondence j and f:

2

j: / f: ( \, (p is odd and == 1).
(=D« —(0)
* 1
0 .
. o1
—~ 1, —> =1
. 1
0

1
Since-it -may happen that |I(u®)| == for.some characteristic roots u® of f, -the



358 K. MORINAGA and T. NONO
12
corresponce2 R2(f f, Pq) is not one-to-one in general ; and as seen befmlre,2 the corres-
pondence f—j is not continuous, consequently the correspondence (f, f, Po) >R is
not continuous. As will be seen in Proposition 1 (§ 4), in the representation (3.12),
;=0 if and only if R=exp [ (f being skew-symmetric), but in the representation
(3.5), this fact is not seen.

§ 4. Some properties of rotation groups

In this section we shall consider the rotation group 0%, i.e., the special
orthogonal group. As it is clear from (2.4), the necessary and sufficient condition
for M=exp K€ 0* is that the sum of the ranks of the blocks of K belonging to

the characteristic root #i be an even number; and then M is expressible as
(4.1) M = exp Az exp A1,

where A, and A, ares kew-symmetric with respect to g. Moreover, it is easily
seen by taking ¢ as an infinitesimal value that exp:X€ O, for every real number
¢t if and only if X is skew-symmetric with respect to g, i.e., X+X®=0. Such a
one-parameter sudgroup exp:X will be called an orthogonal path. By the same
consideration as used in § 2 to obtain (2.4) we see” that X is skew-symmetric with
respect to g, i.e., X+ X®=0, if and only if 1°, 2°, 3° and 4° are satisfied :

4°.  The blocks of odd order belonging to the characteristic root mi are in pairs with
the blocks of the same order belonging to the characteristic root — mi.

If there exist odd blocks of the same odd order belonging to the characteristic
root 7i in K, then, by adding the term of period (M) such that log M=K+p(M),
the property 4° can not be obtained. That is, there exists the case which can not
be expressed by a skew-symmetric matrix.

‘Let Of be the set of the elements M of O} which have the orthogonal path,
i.e., M=exp 4, A+ A® =0, and let O1i=0,;—Of, then we have a decomposition
of O;: 0;=0{V0f;, O7\JOi=¢.

From the above consideration we have

Prorostrion 1. M€ O if and only if A>=0 in the representation M=exp A, exp A1,
in other words, B:=0 in the representation M=exp B; exp Bi.

As for the decomposition of Oy : O;=0{\JOi; we have

Tueorem 2. (i) OfiF ¢ for n=4 and Ofi=¢ for n<3, (ii) this decomposition is
orthogonal invariant : Q707 Q=0f and Q7*0HQ=0% for every Q€O0,, (iii)) Of =
{#;he0sy={r;h€ 0}, (iv) Ofi={hhs;mhy=hohy, hB3=I, hy=1I, hy,hy€ OF}.

1) This result is essentially contained in J. Wellstlin, ibid.
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Proor. (i) For n=4, if we take g=/ 1 \ and K=/ni 1 \, then
. , . 1 w —1
1 ‘ L
1/ X 7Ti

M:explz is orthogonal with respect to g, but by Proposition 1, M has no ortho-
gonal path, i e., M O3 it is clear from Proposition 1 that such .an element can

not exist for n=<_3.

(i) If Meof, then M=exp A, A+A®=0; for every Q€ 0, Q'MQ=exp
Q740 and (Q7'4Q)©=0Q©@UD(Q)®=_Q'4Q. That is, Q"'MQE O;f. Since it is
obvious that Q7'0}3Q=0} for every Q€ O,, we have Q7'0:Q=0".

(ii1) .If Me Of, then M=exp A, A+A®=0; puiting ]V[lzexp%/l, we have
M=M? M, € Of CO} CO,, that is, Of C{h*; he O3} C{r*; h€ O,}. Converseiy, if
M=M® and M,€O,, then MEO7. In order to prove this we write M;=exp K,
K1 € U, and p=K,+K,®, and then from M, € O, it follows that expp=exp (K, +K¥)
=]. Moreover My=exp Ki=exp{(Ki—%p)+%p} where K;—1p is skew-symmetric
with respect to g, therefore we have M= M,>=exp{2(K, —4p) +p} =exp2(K —1p) € 0},
that is, {A*;h€0,} COf. Thus we obtain OFf={h*;1€0!}={*;h€0,}. This
fact means that if M=M? for M, e O, theﬁ M=M,2 for M, Of.

(iv) This is clear from the expression: M=exp ‘4z exp 4; and Proposition 1.

Remark 2. Let 9 be the set of all the matrices satisfying the condition: the
imaginary parts of the characteristic roots lie in the open interval (— =, 7), then
from Proposition 1 it follows that if M& O, has no characteristic root —1, then
Me O3 ; and that if M=expK€ O, and K€%, then McOf, that is, Of=
exp ﬁUOgC Ot. From (iv) of Proposition 2 we have Of; C(0f)* and hence O} C (O7)%

But we can prove that O C(0;)*. For Me O} we have from
(3.9) M~ M= exp (B, + B) = exp B, 1+ exp B,

where B, is skew-symmetric with respect to g, B;=>V 1Ky and K=B8, 1 B,.
Therefere exp % B, eog, consepuently exp Blz(exp 1B)?€ (07). Since det M=1,
Z?2=24'-(K1v(p1)-f—K1v(p2)) and exp(Kiw(p,) +Kiv(p,)) is a rotation with respect to
&(p) +£(p,). (p, and p, are odd and p,<p,). And we see that Ki(p,)+Kiv(p,)

is similar to zil;,+ D, where
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P P
01 \
D= 0:'. . 012 (!’2-1’1).P+1 ’ (D‘ = - D’ P + _Pz = 2P)9
. .:1 .
0 ap’ p+p1+l
0 —1
0
\ )
0

AL (pa=pr)s p+1s """s Qp, piprtl being taken suitably. Because, if we put

) P1 P2
Do:va(pl)-T-Klv(])2)——m'IgP: 01 I /0 (1) s
0,
., 1 .1
"1 -l
| R
0 0

then it is verified that the ranks p(D) and p(Do) of D and D, satisfy

{ pW) = pDs) = 2p — 2r, I=r=p)s
4.2)

P(DP]'H) —_ p(D?Pﬁs) = (p2 — pl) — s, (1 ésépz — P1>'

Therefore, exp (K (p;) + Kw(p,)) is similar to (;Xp (mil;,+ D), and also it is clear
that exp (Kwv(p,) + Kw(py)) is orthogonal with respect to g( py) +&(p2) and exp(wils,
+ D) is orthogonal with respect to g(p,- p,). Hence, by Lemma 2 we ‘see that by
a suitable coordinate transformation, g(p,)+ g(p,) and exp (Kw(p,) + Kw(p,) are
simultaneously transformed to g(p,+p,) and exp (wil;,+ D) respectively. -And then

we have
exp (mily,+ D) =.exp mils, - exp D = exp (wil, 4 (—=i)l,) - exp D
(4.3)
=exp % (mil, ¥+ (—mi)1,) < exp % (wil, + (—=il})) - 11 B

0 .
1

It is clear that exp%(wil,+(—ni)l,)€0; and exp}(nil,+(—ni)l,):expDe Oy,
(with respect to &(p,+ p,)). Therefore we have exp (wil,,+ D)< (0F)* (with respect

to g(p,+p»)), that is, exp(Kw(p,) +Kiv(p,) € (03)* (with respect to g(p,) +&(p) s
consequently, exp B,€ (0;)? (with respect to 3]+ (&(p1) +&(p2). Thus we conclude
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that M€ (0F)? (with respect to &), i.e., M€ (0F)* (with respect to g).

It is noticed that ANIM® is mapped topologically onto OF by the mapping
M=exp A where I° means the set of all the skew-symmetric matrices with respect to
& And moreover Oj is the largest subset of OF which can be mapped topologically
onto the subset of the Lie algebra M of the rotation group O;."

§ 5. The factorization of a complex rotation

In this section we shall consider the factorization of a complex rotation into
the plane rotations.

Lemva 4. If My, Mz and SMiM,S™'€ O,, then SM\M,S™'=M'M? where M,=
SiM: ST, Mo=S:M,S7* and My, M,€ O,

Proor. If My, M; and SMM,S™*€ O,, then by Lemma 3

SM1M2$_1=SIM1M25I1 =SlMISI1 . SlMgsi—l =M1M2

where 51 S Og, MlzslMlsfl and M2=51M25I1, i. €., Ml, Mz & Og.
Remark 3. Lemma 4 is written as follows: If M;, M, and Ms€ O, and
MiMy~Ms, then My=M,M, where My~ M,, My~ M, (simultaneously) and #M,, M, € O,.

Remarx 4. Uuless o=2I7i where ! is a non-zero integer, we have

expfo 1 exp /0 0 = Sexp[o 1 S
o 0 01 o,
0. o,
.0 -1 -1

0 o o

For, exp/o 1 exp /0 0 = fe” ¢ 10
a0 01 I ¢ 0 1 ee—1 4%

0., o,
o'.O .'-1 ... 0 e(r ea

= (e & =S/ 1 N

e —1

(since ——¢"F 0 from the hypothesis, these two matrices have the same elementary

1) K. Morinaga and T. Nono, ibid. Concerning the results mentioned in this section we will
consider in more detail in the forthcoming paper in this Journal: On the paths in the matrix space.
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divisors), -
=Sexp o T # St=expSfoc T % St T30
O'.'. O'".
. "
- o
=expSfo 1l St=Sexp /(o1 S
o, o
1 1

Moreover, similarly, we have for o==2lzi (! is a non-zero integer)

exp o 1 “\exp/0 0 = Sexp [0 1 S
o .

.'. 1
o

g .

0
0 01
0 o'

—t

0 -1

0 o o
We shall call a rotation R=expK’ as the rotations of type I, II, III or 1V
according to K'~K=Ki(o, 21) (02 0), Ku(2s+1), Km(4?) or Kiy(2p, +1) 4 Kiv(2p, +1)
respectively (see (2.5)). The rank of a rotation is defined as the rank of K, and
the rotation of rank two will be called a plane rotation. The plane rotations are

classified into types I, Il and IIl according to the form of K as follows:

R=-expK', K' ~ K, g~g (simultaneously)

Type I Type II , Type I
0 0 0 1
(01 01 o 0010
‘ 1 0 0 O
01 0 O
. 01 o

s {0 _ 0000
K: (0_0> (0% 0) (8 8 (1)) 0 0 0-1
0o 0 0 O

K™ 0 K% =0 K*=0
Characteristic (R—T)" =0 (R—1P=0 (R—I¥=0

property
(m is any integer)
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u X u v X0 w X W

1 2 1 2 1 2

(w,u) =0 (v,v) =0 (w, w) = 0

12 12 1 2

F=kK: lull-lul 20 ol %0, Joll =0 Jwl=0, fw=0

1 2 1 2 1 2

in other forms,

k(e xe) k(e x (e +ie) E((e +ie) x (e x ie))
1 2 1 2 3 1 ? 3 4

(67 C) = Bab (a, b= 13 27 37 4)’
a b

12 21 1

. 1
wher uXu=uu—uu, (u,u) means the inner product of u and u, and |u|=(,w)z.
1 2 2 1 2
It is worthy of notice that an ordinary plane rotation is of type L

Turorem 3. A rotation of type I and of rank p=2r is a product of a plane
rotation of type I and a rotation of type 1 and of rank p—2. A rotation of type
I and of rank p=2r is a porduct of k=%p=r plane rotations of type I:

R=R, R, R, x=%p,
where
Ri 1 R;, RiR;=R;R;, for |i—jl &1, i,j=12 -«
Proor. By means of Remark 4 we have
expkiexpk, = Sexpk-S~,

wher kbi=/o , ke=/01 and k= [o 1

0 o' ‘ o’

Since exp k1, exp ks, exp k€ O;, form Lemma 3 it follows that
(5.1)  expk=Si'expkiexpks+S = Si'expki Si-Si'expk:+ Si, Si€ 0,

And expk; is a plane rotation of type I, and exp k. is a rotation of type I and of
rank p—2; since S;E€ 0, it is clear that Si'expk; +S; and Si'expk:+S; are the
rotations of the same properties as exp k; and exp k. respectively. Hence, by the
mathematical induction, this theorem is proved, remaining the relation among the
plane rotations R;. In order to see the relation among R;, we must consider more

in detail the factorization of R. If we put
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h1= a > }lzz 01 and h3= 0 ,‘
0 o 01 ‘
0 ol
0 0 1
-0 —a —1
0 —o—1
—5
vo—1
—o—1
0
0
then we have
exp hy exp hs exp hs = ( il |
o
s €€ —1
€ - ¥
e’ ¢
l..e‘r
eﬂ'
e 7 e 7
: 'e“’
s e 71
e
o
St |
o
6—0’
=T"1/e" 1 T=S"exp/o 1 S=S"'expk-S,
a’.,
1 .1
ol 'z
e "—1 —c—1
—0o .
o—1 -1
e —0o

and exp Ay, exp hs, exp ks and exp k€ Oz Hence, by means of Lemma 3, we have
expk = S; exp hy exp hy exp hs ST' = exp k1 exp h; exp &,

where Si, exph;, exphs, exphs€Og And then it is easily seen that exp A and

exp h; are the plane rotations of type I, and exp s is a rotation of type I and of

rank p—4. From the above construction of i, 2, and ks, by means of the mathe-

matical induction, the following relation among R; is seen:

Ri._LRj’ RiRjszRi for [i—jl:\:]_, i,j=1,2,"',1€.
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Thus, this theorem is completely proved.
Lemma 5. 4 Plane rotation of type II with respect to g is a product of two plane
rotations of type I with respect to g.

Proor. 1If we put

kh=/—0c 0 O\and ka=/c 1 0 (o %= 0),
0 0 O) 0 0-—1
0 0 o 0 O0—0

then we have

expk; = (e O O\ and expky = ( . ¢ —1 _(eosho—1)\,
0 1 0 o o?
0 0 ¢ 0 1 e —1
a
0 0 e’
and since o can be taken such as e:?—_i:\: 0, we have
expkiexpky = (1 1—e™” # =8/110\8"
o 01 1)
0o 1 1—¢ 001
g
0 0 1
=8/11 0,5 =2S8exp/01 #S
0 1—-1) (0 0—-1
00 1 00 O
=S'exp/0 1 O\S
0 0—1)
00 0

that is, we have

exp (0 1 0) = Sexpkrexpk: S7%,

and moreover

exp ki, exp ks, exp (8 (1) (1))6 ()
00 O

Hence, by Lemmas 3 and 4 we have

00-1

exp(O 1 0) =S, expkz expks + S1' =S expke S7' - Siexp ki Si' = exp k2 - exp ky,
00 O
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where
S, exp ki, expks €0, and k%, k7 &= 0 (m is any integer).
Here, since expk; and expk; are the plane rotations of type I, exp ky and expk,
are also the plane rotations of type I. Thus the lemma is proved.
Lemma 6. A plane rotation ol tyve III with respect to g is a product of two plane
rotations of type I with respect io g.
Proor. We shall first determine oy, 03, 71 and v, such that

1_{-0-1 T1 1+O—2 T2 = <1 1>7 g1 02 :\:\05
0 1 0o 1 01

that is,
(5.2> (1+0‘1>(1+0‘2):1, (1+O‘1)7'2+7'1:1, 0"10'2:;‘:0;

and we shall take o}, 71, o% and 7% determined by

exp <(r’1 'T’1> = (140, 71>, exp (o3 'ré) = (1 + o9 72).
00 0 1 (O 0 0 1,

Here if we write

(5.3) k= <P1 0N\, ke = (P2 0 ) where P, = <o*ﬂ "r’1>, P, = <a"2 T’2>,

0 ——Pf) 0 —P§ 00 00
then we have expk,, exp kzeoé because ki = —Fky, ki = —ko, (K"=g"%"g).
Form (5.2) and (5.3) it follows that

exp k1 exp ke = (

On the other hand, since 010250, i.e., ol 0 we have k730, k3 0; and
moreover the ranks of k; and k. are both two. Therefore expk, and expk, are the
plane rotations of type Il. Thus, a plane rotation of type III is a product of two
plane rotations of type L

Remarxk 5. The rotation which is a product of two symmetries is a plane
rotation of type I or II, and vice versa.

For, let v and v be the axes of two symmetries, then the rotation which is a

1 2
product of these two symmetries is given by expk such that gh=vxv. And since
i . 3 . . 1 2 3 3
[v]| #= 0, this rotation is a plane rotation of type I or II. The converse is evident
1
from the fact that v X v=vx (v+).
1 2 1 1 2

Remark 6. A plane rotation of type III is expressible as a product of four
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symmetries but not as a product of two symmetries.

For, from Lemma 6 and Remark 5, a plane rotation of type Il is a product
of four symmetries. A rotation is a product of an even number of symmetries,
but from Remark 5 a plane rotation of type III is not a product of two symmetries.

Thus our assertion is proved.

Livma 7. A rotation exp/0 1 with respect to & is a product of iwo plane

rotations of type I with respect to g.
Proor. If we put
kb= /01 and k= /0 0 R (o 2= 0),

g

1
0 0—-1
o

(=R

then we have

exp kb, = =1 ~\ and expk.= /1 0 ,
1 o # - € 7—1 1
e 0 ¢ —0 :
10 e’ —1
o e —1 1= o
o e 0
1 1

and therefore

exphy exphy = [; 1—¢™” # =S"exp/01 S,
o 01
1—¢° 0—1
L= T o0-1
L -1 0
—
1 @ (T—l
1
where o can be taken such as 1;3":\: 0. Hence we have
Sexpkiexpk, ST =exp/0 1 R
01
0-—-1
0_.



- 368 ) K. MORINAGA and T. NONO

_and moreover, since exp k;, exp ks, exp /0 1 € 0z, Si(€ 0g) can be taken
01
0—-1
0—1
0

in place of S; expk; and exp k., are the plane rotations of type I, so that we obtain

exp/0 1 = exp ks exp ks,
01
0—1
0—1
0
where expk; and expk, are the plane rotations of type I Thus, this lemma is
proved.
Lemma 8. A rotation exp/0 1 with rtespect to & is a préduct of two
1
0

0~1
0—1
0
Plane rotations of type I with respect to 8.
Proor. If we put
kbh=/01 and kb, = /0 O , (c%0),
o —c1
0 0
0 0-1
—o—1 T
0 0
then we can prove this lemma similarly as in the proof of Lemma 7.
Turorem 4. A rotation R of type II and of rank p=2s is expressible as a product
of k& plane rotations Ri, Rs, -+-, R, of type I:

R:RlRZH'RKQ ’Cz%(l)'*‘(l"ip))’
where R; | R; and R:Rj=R;R; for |i—j|=F1, i,j=1,2, -, «.

Proor. If we put

k= 401 - , ka= /0 0
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and ks = /0 , (o = 0),
0
01
01
0—-1
0.
1
0
0
0
then we have
expky - exphky-expks=T/1 1 T"l-——S—Iyexp 01 S.
01
11 0—1
1-1 0,
1. t.—1
-1 0
1
In a similar manner as bofore we have
exp /0 1 = S, expk; expks expks + Si* = expk, expkz expks,
‘ .0.1
0—1
0,
1

0,

where Si, expk;, expks, expks € Oz And then expl'cl and expl_cz are the plane rota-
tions of type I, and expks is a rotation of type II and of rank 2s—4.

Therefore, in the case where 2s=0 (mod 4); by means of the mathematical
induction, from Lemma 7 it follows that R is expressible as a product of s plane
rotations of type I; in the case where 2s=2 (mod 4), by the mathematical induction,
from Lemma 5 it follows that R is expressible as a product of s+1 plane rotations
of type I. Thus, in general, a rotation of type Il 'and of rank p=2s is expressible
as a product of % (p+(1—:")) plane rotations of type I. The remaining part of this
theorem is evident from the construction of ki, k. and ks. »

Turorem 5. A rotation R of type III and of rank p=4t—2 is expressible as a
product of « plane rotations Ri, Ry, -+, R, of type I:

R"—"Rle"‘R,(, K=2p+1=2t,
where R; | R; and R:R;=RR; for |i—j|¥1,i,j=1,2,, k.



370 . K. MORINACA and T. NONO

kh=/01 , ke= /0
2 ol
0 0
0
0
0 0-—-1
—oc—1 -0
0 0}
and ks = (0 , (o == 0),
0
01
0,
1
0
0—1
0-1
0
0
0

then we can prove this theorem by means of Lemmas 6 and 8, in the similar

manner as in the proof of Theorem 4.

Tueorem 6. A rotation R of type IV and of rank p is expressible as o product of
& plane rotations Ry, Re, -+, R of type I:

RleRz"'RK, IC=2P,

where R; | R; and RiR;j=R;R; for |i—j| %1, i,j=1,2,,«.

Proor. If we put

k= /ni 1 , ko= /0
00 w1

0—1 — i



and

then we have
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expkiexpksexpks

=(—1—2-i
T
1

and moreover,

kg—_—' 0 ’
0
w1
712 1
7wt —1
i’
—1
i
0
1 1 \
2. L,
—1 21 :
1 e, e, :
1 —-1-1 :
-1 1 :
1 1 -1
2, 2 - L
1 ‘;l 1 v _12
-1 —1 1
) 1)\ .
1 —Ei \=Sexp 7ti. 1.
-1 2. i 1
. mi—1
-1 -1 i’
.. .. .__1
-1 —1 7L
1t
-1
- 2.
-1 =
—1 —2—i
T
—1

371
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exp/ni 1 O\exp/O =/ . 2. 1. =/ . =2
( 0—1) (m’ 17rL# 17-:L#
— i/ 0 1 _2_i -1 1 éi
T
-1 1 -1
=Texp /mi 1 O\
wi—1
i

Therefore, by the method used above repeatedly, we have

2pr+1
T T N
expKiw(2p +1) =exp /ni 1 =R\R% R, N,
‘w1
wi—1
1
i,
2pr+1
where Rj, R%, -+, R}, are the plane rotations of type I, and N’ =exp 0
\
M0
(12
0
0

As seen easily from this result by taking the transposition with respect to & (+-

transposition), we have

2prr+1

ST
exp KIV(ZPH + l)Eexp i 1 = N/ g” -« RY,
P
wi—1
L',
.‘.‘ _1
vi1)
2prr+1

where RY, RY,---, R}/, are the plane rotations of type I, and N =exp/0
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2pr+1

Since N=exp//0 is orthogonal with respect to both
0
7L
0
0
2prr+1
0
0
— 7l
0
0
2pr+1 o
&= 1 and g= //1 ) , by mean of Lemma 2, we
1
[
1 : 1
2prrt1 1

\

see that by a suitable coordinate transformation, § and N are transformed to & and

1
1 1 | p
1 ] < )
1

N =exp (0 ) simultaneously. Therefore, N;N; is a plane
0

i1
0
0

—

<0."0)

rotation of type I; consequently, a rotation R~exp (Kw(2p’+1) L Kw(2p”+1)) of
type IV and of rank p=2(p, +p,+1) is expressible as a product of x plane rotations
of type I:

R=RR, R, c=3p=((p,+p+1).
It follows from the construction of these plane rotations R; that R; | R; and
RLRJ——_R]R, for Ii_]l—'-x:l, i,j= 1, 2,"', K. '

By,fsumgnarizing Theorems 2, 4, 5 and 6 we have
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Treorem 7. A rotation R is expressible as a product of x(R) plane rotations R, R,,
-, R of type I:

R=RiR; Ry «(R) =my+ my+ ms+ mqg+ sp2 + s3= }TP(R) + 595 + 83,7

where R; | R; and R;R;=R;R; for |i—j|&*1, i,j=1,2, -, k(R), 2m1, 2ms, 2ms and
2m4 are the total sums of the ranks of the blocks of type I, II, III and IV respectively,
p(R) is the rank of R, s is the number of the blocks of type II and of rank =2(mod 4),
and s3 is the number of the blocks of type III.

In particular, as for the blocks of type II and of rank =2(mod 4), we have
seen that

-

U S
exp Ku(2s +1) =exp /0 1 N\ =R, R,
o -,
01
0—1
o
0—1
0
25’7 +1 )
e,
and exp Ki(2s"+1) =exp /0 1 \ =L"'R!, ,...RY,
0.
01
0—-1
0 .
0 -1
0

where Ri, R, -+, Ri,-1 and RY, RY, -+, Ry,_; are the plane rotations of type I, and

L'=exp/01 \, L"=exp/01 .
( O—l) ( 0—-1
0 ' 0

Since L=exp (0 1 ) is orthogonal with respect to both
' 0—-1

1) As easily seen, p(R)=2(m;+ma+mz+my).
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&= ( 1) and g= 1\, by means of Lemma 2, we see
1
1

1
1 1
1 ) 1
1 1

that by a coordinate transformation, I and & are transformed to I and & simulta-

1

neously, so in the latter coordinatate system, by lemma 8, this rotation L is
expressible as a product of two plane rotations. By this procedure, the rotation
corresponding to the total blocks of type II is written as a product of my-+%(1—
(=1)™) plane rotations of type I, 2m; being the rank of total blocks of type II .
After this process it is not asserted that R; | R; and R.R;=R;R; for |i—j|&1,
Lj=12,,«

Thus, in the notations of Theorem 7 we have

Turorem 8. A rotation is expressible as a product of o(R) plane rotations, where
oR)=m+mz+mst+mt+3(1—(=D") +55=2pR) +1 (1 —(=1)™) +s5.

Next we shall consider the dimension of a rotation R. The dimension dim (R)
of R is by definition: dim(R)=n—gq (see § 3, p.312), so that we have
dim (R) = 2(my + mz + ma + ma) + 52 + 255 = p(R) + s5 + 2s3,

in the notations used above, and s, being the number of the blocks of type IL. By

taking account of my=s, and ms=ss, form the above expression of dim(R) we

have
o (R) < dim (R) < 20 (R)
and moreover it is obvious that dim(R)=<|n, so that we have
p(B) < dim (R) < min (2p(R), ).
(As for «(R) and »(R) also we have #p(R) < o(R) =< «(R) < p(R)).

Next, for any integer A such that 2m <A< min(4m,n), we shall take the
integers I;, # and I such that

4‘l1 + 37] + 2l2 =N\ and 2l1 + 2’)] + 212 = 2m,
for example, [,=4(\—7n—2m), ly=m~— (l,+7) and

1 for the case A is odd
n = , (12 <<0 since N < 4m).
0 for the case \ is even
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Here, if we take
01 .
% ll‘ H 0 . E\ H O 1 . lﬂ1 * .o—i 0 I

and corresponding to this K,

g=31 4@ 14 4®) F 31 4@ § Q)

then the rotation expK with respect to & is of rank 2m and of dimension X. Thus
"we have

Taeorem 9. The range of the dimensions of the rotations with respect to any various
metrics, the ranks of these rotations being equal to 2m. is the closed interval [ 2m, min(4m,
n)] of integers.

Remarx 8. It is well known” that a rotation R is expressible as a product
of ;1 symmetries such that x<<dim(R). From this fact, Remark 5 and Lemma 5
it follows immediately that the rotation is expressible as a product of v plane
rotations of type I such that v<dim(R). Our results give explicitly the number
of symmetries: p=2w(R)=p(R)+2s5+ (1—(—1)"), the number of plane rotations
of type I: v=0(R) =3p(R)+s3+3(1—(—1)") and moreover the orthogonalivty
relation of these plane rotations. As well known, a real rotation of rank p is

expressible as a product of §p real plane rotations :
R = R] Rz A Rlzp

where R; | R; and R;R;=R;R; for all i}, i,j=1,2,---,5p. Our result (Theorem
7) is considered as an extension of this fact for the complex rotation. From our
considerdtion the number u of the symmetries are calculated more exactly; that
is, if we remember that a plane rotation of type I or type Il is a product of two
symmetries (Remark 5), and that a plane rotation of type IIl is expressible as a
product of four symmetries but not as a product of two symmeties (Remark 6),
then we obtain the number p of symmetries as follows :

Type I (rank p)’: p=2x=p (from Theorem 2).

Type II (rank p): By tracing the proof of Theorem 3, we see that in the case
where p=0(mod 4) a rotation R is expressible as a product of ¥p plane rotations
of type I, consepuently, as a product of p(=2X3p) symmetries, and that in the

case where p=2(mod 4) R is expressible as a product of #(p—2) plane rotations

1) E. Cartan, Le¢ons sur la théorie des spineurs I, (1938), pp. 13-17.
J. Dieudonné, Sur les groupes classiques, (1948), pp. 20-17.
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of type I and one plane rotation of type II, and hence R is expressible as a pro-
duct of p(=2-3(p—2)+2) symmetries. That is, p=p.

Type HI (rank p): p=2x=p+2 (from Theorem 4).

Type IV (rank p): p=2x=p (from Theorem 5).

Thus we have

Turorem 10. A rotation of rank p is expressible as a product of p+2ss symmetries

where ss is the number of the blocks of type III.

Mathematical Institute,

Hiroshima University




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


