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Introduction.

Given the system of the differential equations

(B L P, B oo,

where P(x, ) and Q(x, 0) are periodic with regard to 6 with a common period.
As is well known, for the equations of the above form, there may appear the
periodic solutions of the second kind *’, namely the solutions corresponding to the
periodic solutions of the equation as follows :

dx __ P(x,0) —

(E2) W 0w )

X (x, 0).

For the equations (E)), we assume:
1° P(x,0) and Q(x,0) are continuous with regard to (x,60) for |x|, |0] <oo;
2°  the conditions of the uniqueness of the solutions are fulfilled ;
3° P(x,0) and Q(x,0) are analytic with regard to x for |x| <oo.
Then the method of infinitesima! deformation which has been previously applied
to the cycles by me ® is also applicable to the periodic solutions of the second
kind of the equations (E:).

In this paper, first, we establish the general theory of infinitesimal deformation
of the periodic solutions of the second kind of (E;). Next, we apply the general
results thus obtained to the equation of a pendulum as follows;

d*0

P 2L v ar@ 2 +e@ =0,

1) N. Minorsky, Introduction to Non-Linear Mechanics, (1947), p.116.
2) M. Urabe, Infinitesimal Deformation of Cycles, J. Sci. Hiroshima Univ., Ser. A, 18 (1954), 37-
53. In the following, we denote this paper by [P].
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where f(¢) and g(f) aré the periodic integral functions and f(6)>0. Then it is
shown that, for a certain range of «, there exists a unique periodic solution of the
second kind having the fixed absolute stability ™. Lastly, again making use of the
method of infinitesimal deformation, we determine the boundary values of the range

of a for which a periodic solution of the second kind exists.

Chapter I. Infinitesimal deformation of the periodic
solution of the second kind.

§ 1. Deformation of the solution.

By our assumption, in any point except for the points where Q(x,6)=0, the
function X (x, 0) is continuous with regard to (x,0) and is analytic with regard to «x ‘
for |x|, |@] <eco. Consequently, for (E.), the Lipschitz condition is locally fulfilled
in any point except for the points where Q(x,¢) =0. Without loss of generality,
we may assume that the period of P(x, ) and Q(x, ) be 27.

We consider the deformed equations of (E;), which can be written as follows ;

{ (tji_f =P (x,0,¢) = P’(x, 0) + eH (%, 0, ¢),

(1.1
1 % =Qi(x,0,6) =Q (x,0) + eK(x,0,¢). .

Here we assume that, for sufficiently small |e|, H(x,0,¢) and K(x,0,¢) are con-
tinuous and periodic (with the period 27) with regard to 6, and are analytic with
regard to (x, &) for [x|<oco. Moreover we assume that, for (1.1), the conditions
of uniqueness of the solutions are valid. Then, from (1.1), corresponding to (E),
the following equation is deduced :

dx

(1.2) 90

=X, (x,0,¢e) = X (x,0) + L (x, 0, ¢).

By our assumption, as for (Ej), for (1.2), the Lipschitz condition is locally fulfilled
in any point except for the points where Q; (x, 0, ¢) = 0.

In the phase (6, x)-plane, we take a point (6o, k) such that Q(%, 6,) == 0, then
there exists a unique solution x = x(f) of (E,) such that x(6)) =k From the con-
tinuity of Q.(x, 0, ¢), for sufficiently small |e|, Qi(x,0,e) 30 in the sufficiently
narrow neighborhood of (6o, %), consequently, for sufficiently small |c| and |e],

1) We say that, when the solution is stable or unstable, it has the absolute stability and that,
when the solution is semi-stable, it has the half stability.
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there exists a unique solution x =x(6;c¢, ¢) of (1.2) such that x(6; ¢, &) =k-+c. Put
(1.3) x(@; ce) —x(0) =u(@; ce),
then, from (F;) and (1.2), it follows that

(1.4) %%:xu+mao_X@w=Umaa

Here U(u, 6, ¢) is continuous with regard to ¢ and is analytic with regard to (u, ¢).
Consequently, for (1.4), the Lipschitz condition is locally fulfilled in any point except
for the points where Q(x,0) =0 or Q.(x,6,¢) =0. From the initial conditions of
x(0) and x(0; c, &), it follows that

(1.5) u(by; c,e) =c.

From the analyticity of U(u, 8, ¢), the solution u(0; c,&) of (1.4) is expanded as

follows :

u(ﬁ;c,ve)=uo(0)+u1(9;c, ORRZICHRE RIS Fun(05c8) + oo,
where u,(6; c, ¢) is a homogeneous polynomial of n-th degree with regard to (c, ¢).
Then, from (1.5), it follows that
(1.6)  uo(0o) =0, u1(0o; c, &) =c, u2(6p; c, &) =+++- =u,(0o; ¢, &) =---=0.

Now, for c=e=0, from (1.4), it follows that
duy/d0 = X (x + uy, 0) — X (%, 6).

This is satisfied by u,=0, consequently, by the uniqueness of the solution, u,(0)=0

because of (1.6). Thus the expansion of u(; c, £) beeomes
(L.7) w(@s c,e) =uw(l; c,e)+u(@; ¢,6) ++u, (05 c,8) + .

From the analyticity of X;(x, 0, ¢), it follows that

+ eLo (%, 0) + -+,

1.8) U6, = u2X®0)
) Ox

where the unwritten terms are those of the second and higher orders with regard
to (u, &) and Ly(x, 0) = L(x, 0,0). Substituting (1.7) and (1.8) into (1.4), we have:
X (x

+o= (AUt Fut ) — O 1 Lo, 0)+ -

du,
o+ 3

do de do

Comparing the terms of the same degrees with regard to ¢ and &, we have:
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1.9)
d 'n
I dlz9 = %f‘un + Rn (uh u27"'un—l)’ (n 2 2)
where R, is a polynomial of u;,us,------ » U1 Put
0
(1.10) re) =\ 2Xa.
0, Ox

Then, by the initial conditions (1.6), the equations (1.9) are integrated as follows :

0
l/ u (0;c,¢) = ce® + ge"(g)g e "L, (x, 0) d6,

. 9
(1.11) :
I 0
U w,(05¢,8) = eh(e)g e @ R.do. (n=2)
fo
Thus (1.7) becomes
, )
(1.12) w(l;c, &)= (ce" —+ ae"S e"‘Lod(9> +us (@5¢,8) +---.
; 5

§ 2. Stability of the periodic solution.

We assume that Q{x(0),0}=0 for 6,<0<0,+2n, and that x=x(0) is a
periodic solution of (E;), namely the solution corresponding to the periodic solution

of the second kind of (F;). Then it is evident that
(2.1) x (0 + 27) = x (0).

In this paragraph, making use of the results of the preceding paragraph, we shall
investigate the stability of such a periodic solution. From the continuity of Q(x, ),
it is evident that, in the sufficiently narrow neighborhood of x==x(6), Q(x, ) = 0.
Therefore, for sufficiently small |[c|, the solution x=x(0;c, 0) lies in the neighbor-
hood of x=x(0) for G, <6 <6,+27.

For ¢=0, from (1.12), it is valid that

(2.2) u=u;c0) = ce® + uy (0) + -+ c"u, (0) +---,
where

(2.3) u, (0) = u, (0;c,0)/c"
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From (1.6) and (1.10), it is valid that

(24} 2] (50) TRt = Uy (90) =.-=0, h (‘90) = 0.
Put

0o+271
(2.5) he = B (6 + 27) = 9X g9,

00 Ox

then, from the periodicity of X(x,0) and x(6), it follows that
(2.6) h(0 + 27) = h(0) + he.
Now, so long as ¢==0, from (2.2), it follows that
2.7 u(@o+275¢,0)/ul;c,0)=e"+cus(@o+2m) + -+ " un (O +2m) + .

Consequently, if ho==0, it follows that

u(ly+27 5 ¢,

0)
when ho<0, 0< 10 ; ¢, 0) < b

namely x = x (0) is stable ;

u(Gy+27 ¢, 0)

when ],lo > O, 1 < u(@o . c, 0) ’

namely x = x (6) is unstable.””

These are the conditions corresponding to bth(‘)se of orbital stability of Poincare.
When hy=0, uy (0o + 27) = = tp_y (0p+27) =0 and u,(0y+27)=a,=F0,
(2.7) is written as follows:

u(0o+2m 5 ¢, 0)

- "V (0o + 2) + e,
(@ :.0) 1+¢ vu (6 )

Consequently,. we have the conditions of stability as follows:

m sign of an stability of x=2x(6)

- S stable
odd - absolute stability
+ unstable
stable for c >0
unstable for c < 0
even . half stability
unstable for c >0
+
stable for c <0

~ 1) For the equation of the form (E2), we mean the stability with regard to increasing 6. Con-
sequently, for the equations of the forms (E,) and (E2), the stability is same or opposite according
as Q(x, ) >0 or <O. )
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When hg=0, uy(0p+2n)=-+=u,(@+2x)=---=0, from (2.7), it follows that

u(0y+27;¢,0) =c for any ¢, namely there appears a cor_zt;'nuum of the periodic solutions.

§ 3. Deformation of the periodic solution.

As in §2, we assume that Q{x(0),0} &= 0 for 8, < 6 < 0, + 27 and that x =
x(0) is a periodic solution of (E;). From the continuity of Q;(x, 0, ¢), it is evident
that, in the sufficiently narrow neighborhood of x=x(0), Q;(x, 0, ¢) 3= 0 for sufficiently
small |e|. Therefore, for sufficiently gmall lc| and |e|, the solution x==x(0;c, &)
of (1.2) lies in the neighborhood of x =x(f) for €pb <0 <0,+ 2.

We consider the quantity @(c, &) =u(o+2m;c, ¢)—u(bo;c, e). Then, whether
or not, in the neighborhood of x=x(f), there exists a periodic solution of (1.2),
namely the periodic solution of the second kind of the deformed equations of (E)),
is decided by whether or not there exists a real root ¢ of small absolute value of
the equation @(c, e) =0 for sufficiently small |e|. From (1.12), the equation @(c, ¢)

=0 is expressed as follows :

3.1) D(c,e) =cle—1) + ge"] + uy (0 + 27 5¢, €) + - =0,
where ‘

0y+2m
3.2) [= S e L, do.

9%

Then, as in §4 of [P], we have the conclusion :

For sufficiently slightly deformed equations of (E»), in the neighborhood of x=x(0),
(1) in the case where x=x(0) has the absolute stability, there exists at least one
periodic solution. x = x(0; c, &) having the same absolute stability as that of x=x(0);
moreover the periodic solution x = x(0 ;c, ¢) is unique when hy==0 or [3=0, and specially
when I3 0 for any 6,, the solution x = x(8 ; ¢, &) does not intersect with the solution x=x(0) ;
(if) in the case where x = x(0) has the half stability,

(a) when el/a, <0, there exists one and only one periodic solution lying in
each side of x=x(0) in the phase (6, x)-plane having the same stability as that of
the side containing that periodic solution ; ’

(b) when el/a,>0, there exists no periodic solution ;

(¢) when I=0, the existence of a periodic solution is decided by that of a real
root of the equation (3.1); when there exist the real roots ci,cs, -*+, €1, there exist k

periodic solutions which are arranged in the phase plane according to the magnitude
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of c1, a5 *++, Ci 3 when ¢y, cop *++, ¢i are all distinct, the corresponding periodic 'solutions
have the alternating absolute stability ; when some of the roots coincide with each other,
the corresponding periodic solution has the absolute or half stability according as the
number of coincident roots is odd or even ;
(iii) in the case where there exists a continuum of the periodic solutions in the
neighborhood of x=x(0),

(a) when I3=0 for x = x(0), there exists no periodic solution ;

(b) when I=0 for x=2x(0), the existence of a periodic solution is decided
by that of a real root of the equation as follows : '

3.3) “03 (0ot 25 c08) F v (B + 27w 5¢,6) + =0,

where

Vn1(Oo + 2w 5¢,8) =u, (0 + 275, 6) /&

§ 4. Deformation of a continuum of the periodic solutions.

In the case where there exists a continuum of the periodic solutions. the equa-
tion (3.3) by which the existence of a periodic solution is decided is not:of the
convenient form since it begins with the term u;. Therefore, in this paragraph, as
in §5 of [P], we deduce the equation of the different form which is convenient to
decide the existence of a periodic solution.

In the case where there exists a continuum of the periodic solutions in the
neighborhood of x = x(6), the solution of (E,) in the neighborhood of x=x(0) is

expressed as follows:
(4.1) x=x(0) +u(f;c)
where

u@;0) =u0;c0) = ce + ug (0) + - + 'uy (6) +---.
Making use of the letter @ instead of ¢, we express the equation (4.1) as follows:
(4.2) x = x (0;a).
Then, evidently, for sufficiently small |a|, x(0;a) is analytic with regard to a.
Consequently, if we write the function A(0) for x=x(0;a) as h(0;a), h(0;a) is
analytic with regard to a. If we write  the function u(f;c,¢) for x=2x(0;a) as
u(@;c, ¢, a), then, from the analyticity of the equation (1.4), u(f;c, &, a) is also
analytic with regard to a. Let the integral (3.2) for x =x(6;a) be I(a), then it is

readily seen that I(a) is also “analytic with regard to a.

/.
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If we express the quantity @(c,e) for x=x(0;a) as @(c, & a), then, from
(3.1), it follows that -

(4.3) D0, e,0) =e[I(a) + emi(a) + -+ e o (@) + -],
where

ﬂm—l(a> =Un (90 + 27[ > 09 &, a)/gm‘

‘Then, as in'§5 of [P], we have the conclusion :

I. The case where I(a)=£0. When there exisis no real root of I{a)=0, there exists
no periodic solution of the deformed equation - in the neighborhood of x=x(0). When
there exists a real root ay of small absolute value of the equation I(a)=0, let the multi-
plicity of the root ag be p. Then we have ; }

1° when p is odd, there exists at least one periodic solution of the deformed equation
which is stable or unstable according as &l ‘P (ap) <0 or >0; specially when p=1 or
71 (a0) == 0, the periodic solution is unique ;

2° when p is even, .

(a) when emy(ao) /1P (ap) <0, there exist two and only two periodic solutions
of the deformed equation having the opposite absolute stability ; ‘

(b) when emi(ao) /1P (ag)>0, there exists no periodic solution of the deformed
equation ; '

(c) when mi(a) =0, the existence of a periodic solution of the deformed
equation is decided by the existence of a real root of the equation (4.3); when there

exist the periodic solutions, their stability is of the same character as in the case (ii)

(c) of §3.

1I. The case where I(a)=0. When = (a)= - =m, (@)= =0, there
appears dgain, a continuum of the periodic solutions of the deformed equation. When
(@) =---+-+ =n,1(@)=0, 7,(a)=0, we have:

(i) when there exists no real root of m,(a)=0, there exists no periodic solution of
the deformed equation in the neighborhood of x=x(0) ; ‘
(i) when there exists a real root ay of multiplicity q of the small absolute value of
the equation m ,(a)=0, we have : 4
1% when q is odd, there exists ot least one periodic solution of the deformed
equation, which is - stable or unstable according .as e*'7, P (a)) <0 or >0; specially
when q=1 or 7p.1(a0) == 0, the periodic solution is unique ;
2°  when q is even,

(a) when em pui(an)/m, P (a) <O, there exist two and only two periodic solutions
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of the deformed equation having the opposite absolute stability ;

(b) ‘when &7 ,e1(a)/ 7, ?(ao) >0, there exists no periodic solution of the deform-
ed equation ;

() when 7pai(a) =0, the existence of a periodic solution of the deformed
equation is decided by the existence of a real root of the equation (4.3); when there

exist the periodic solutions, their stability is of the same character as in the case (ii)

(c) of §3.

§ 5. Motion of the periodic solution.

In this paragraph, we consider the system of the equations depending on one

parameter as follows:

dx a9
(5'1) g; - P(x’ 07 a)’ _C?t‘ - Q <x7 03 a)9

where P(x, 0, «) and Q(x, 8, @) satisfy the conditions as follows:
1° they are continuous with regard to 0 for || <oo;
2°  they are ‘analytic with regard to (x, @) for |z|, |a]<oo;
3° they have a common period independent of o with regard to 0;
4°  for the equations (5.1), the conditions of uniqueness of the solutions are fulfilled.

Corresponding to (5.1), we consider the equation as follows :

dx _ P(x,0,a) _
(5.2) EGT = 6'(‘;, 9,&7 = X(x, 6, a),

then, in any point except for the points where Q(x, 6, @) =0, namely the singu-
larities of (5.2), X(x, 0, ) is continuous with regard to ¢ and analytic with regard
to (x, ) for |x|, |0], |a] <oco. Consequently, for (5.2), the Lipschitz condition
is locally fulfilled in any point except for the singularities. Without loss of gener-
ality, we may assume that the common period of P(x, 0, ) and Q(x,0,a) be 2.
We denote the periodic solution of (5.2) by x=x(0, «). If there exists a periodic
solution x = x(0, &) for a =y, then, for the equation (5.2) for o=, + da, the
discussions of §§3 and 4 are applied by putting 8¢ =& and 0X/0a, = L,.
Then, as in §6 of [P], we have the following theorems.

Theorem 1. When, in the neighborhood of the periodic solution x = x(6, &), there exist
the continuums of the periodic solutions for a=c, and o =y + 8, each periodic
solution x = x(0, qty) varies continuously forming a periodic solution from the initial solution

to the periodic solution for = ay + da.
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Theorem 2. If there exist 'k periodic solutions x = x(0, a,+8) in the neighborhood
of x=2x(0, &), then k periodic solutions x=x(0, ctg+¢) varies continuously keeping
the stability unaltered from x = x(0, &) to x =x(0, &g+ 8c) as & varies monotonely.

In Theorem 2, if 730 for any point of x=x(0, o), then, in the phase (0, x)-
plane, the trajectory x=x(f, ap+e) varies inonotonely upwards or dqwnwards
without interserting with each other.

As in §6 of [P], when there exists always at least one periodic solution x=
%(0, a+8a) in the neighborhood of the periodic solution ‘x = x(6, @) for dc of the
fixed sign of the sufficiently small absolute value, we say that the condition of
positive or negative continuation is fulfilled according as 6a>0 or <O.

Here, for example, let us assume the condition of positive continuation and,
increasing & from «,, suppose that, for any « such that ay<<a < a’< oo, there
exists a periodic solution x =x(0, «). We assume that, in the phase (0, x)-plane,
the trajectories {x =x(0, @)} are uniformly bounded and x=x(6, @) does not tend
to the singularities of (5.2) for a=a' as a—«.

In the phase (0, x)-plane, let any point be P, to which x=ux(0, @) tends as
a—>a’. Then there exist the numbers «,’s and the points P,s of x=x(0, «,)
such that ap <, <« and P,—»P as «,— .. From our assumption, P lies at the
finite distance and is an ordinary. point of the equation (5.2) for ¢ =a’. Then
there exists a unique trajectory x =x(6, «’) of (5.2) for a«=a’ in the neighborhood
of P. Extending the trajectory x=x(d, @’) in both sides of P, let the maximal
interval be (€', 0”) in which x(6, «’) is defined. We shall show that /= — oo and
0=+ co. For example, let 6" be finite. Let any point be Q, to which the tra-
jectory x=x(f, @) tends as 0 — 6”. Then there exists a sequence {6,} such that
Ao, P, 6,) > Q as 6,— 0", where A(«’, P, 0,) denotes the point at 0 =0, of the
trajectory x = x (6, &’) passing through the point P. Namely, when Q lies at infinity,
for any given large positive number G, it is valid that |x(0. )] >G+1 for
sufficiently large n, and, when Q lies at the finite distance, for any given small
positive number 5(y<1), it is valid that A(a’, P, 0,)Q <7/2® for sufficiently
large n. Now, from the continuity of the solutions, for sufficiently large m,, it is

valid that A(&m,, Pm., 6.) A0/, P, 68,) <n/2. Then, when Q lies at infinity,

|%(6,, Amy) | >G+ (1——1-)>G. This contradicts the assumption that {x(6, @)} are
9 P

uniformly bounded. When Q lies at the finite distance, A(Qmn, P, 0,)Q <2. This

means that Q is a point to which the trajectory x = x(0, dm,) tends. Therefore, by
the assumption, Q is an ordinary point of (5.2) for a«=a’. Then we can extend

1) The upper bar denotes the distance.
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the trajectory x=x(0,a’) beyond 6=0". This contradicts the assumption that
(6, 0") is a maximal interval of definition of x(#, a’). Thus it must be that §’'=
+ oo, Likewise it must be that 8’= — co.

From the continuity of the solution, it follows that A(c, P,, 6,) — A(a/, P, 6,),
A(a,, Py, 00+ 27) —> A(a’, P, 8, + 27) "as a,— . Now, from the periodicity,
% (0o, ) = x(6p+ 27, ). Consequently it must be that x(6p, &) = x(0,+ 27, '),
that is to say that there exists a periodic solution x =x(f, @) of (5.2) for a =«
Then, by the condition of positive continuation, for sufficiently small positive da/,
there exists at least one periodic solution of (5.2) for a =’ + da’.

When the condition of negative continuation is assumed, the similar results are

also obtained. Thus, corresponding to Theorem 3 of [P], we have

Theorem 3. When ihe condition of posiiive continuagion is fulfilled, if a’<oo is a
least upper bound of & such that, for any o such that Ww=a=<a, the periodic solution
x=x(0,) of (5.2) exists, then, in the phase (0, x)-plane, as a—> o, the trajectory
x=x(0, &) tends to either singularities of (5.2) or points at infinity. When the condition
of negative continuation is fulfilled, the conclusion is also valid iff /> —oo is a greatest
lower bound of & such that, for any o such that a=<a=xa,, the periodic solution x=2x(0, ct)
of (5.2) exists. |

Chapter II. The periodic solution of the egquation

of a pendulum.
§ 6. Preliminaries.

In this chapter, we apply the general theory of the preceding chapter to the

equation of a pendulum as follows :

d*o
2

6.1) +af @)L +g0 =0,

where f(0) and g(0) a;e the periodic integral functions and f(@) > 0. Without loss
of generality, we may assume that & =0 and the period of f(#) and g(0) is 2.
The equation (6.1) is as usual transformed to the simultaneous equations of the
first order as follows :
de
dt

L~ af -2 0.

:z’

6.2)
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Corresponding to (6.2), we comsider the equation as follows:

©.3) b _ —af@:=g@

The singularities of (6.3) are the points where z=0. A -
Put z=1/x, then the equation (6.3) is transformed to the equation as follows:

(6.4) , —-7 = af (@) x* + g0 =* = X (x,0, a).

For the equation (6.4), there does not exist any singularity at the finite distance.
Besides, it is readily seen that, in the phase (6, x)-plane, the trajectories of (6.4)
do not intersect with the line x =0 except for the trajectory x=0, consequently
the trajectories lie in a half plane separated by the line x=0. If we suppose a

as a parameter, then, for o =g + ¢, from (1.2), it follows that
(6.5) X(x,0) =ayf (0) "+ g0 2> L(x0,¢) = f() "

consequently, from (1.10) and (3.2), putting ¢, =0, we have:

)
(6.6) h(6) =S [2a,f (6) x + 3g(0) x*] d6,
0
and
2 . ’
6.7 . I ::S e™® £ (0) x*d6.
0

From (6.7), it is readily seen that I of (3.2) is positive for any 6, except for the
solution x=0.

§ 7. The solutions of (64) for a=0.

In this case the equation (6.4) is easily integrated, and the solution such that

x(0) =k is given as follows:

k
@1 T A @
where
6
(7.2) GO = S g (0) do.
0

When G(27) =0, G(0) is periodic and x(27) =x(0) =k Consequently, except

for the solutions which tend to infinity, all the solutions are periodic, that is to
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say that the solutions for certain range of % containing zero constitute a continuum
of the periodic solutions. When G(27) =0, the solution x =0 is a unique periodic
solution and it is stable or unstable according as G(27) <0 or >0. The feature

of the trajectories in the phase (6, x)-plane is shown in Fig. 1.

x X

e N

|
A |
// t ‘
I !
i |

G (27) < 0 G(27) >0

§ 8. The periodic solutions of (6.4) for 0 <a<1.

In this paragaph we seek for the periodic solutions of (6.4) for 0<a <1 by
means ofthe theory of the preceding chapter. ‘

First we consider the case where G(27)==0. According to the notations of the
preceding chapter, we write ¢ instead of «. In the neighborhood of the solution
x=0, we consider the solution x==x(0; ¢, ¢) of (6.4) such that x(0; ¢, &) =c.
For (6.4), the periodic solution x=x(d) of §3 is x==0, consequently the function
u(@; c, ¢) defined by (1.3) is equal to x(0; ¢, ¢). Now u(0;0,¢) =x(;0,¢ =0,

consequently uz(0; c, &) can be written as follows:

8.1 u@;c,e¢) =C[W0.(9) +w(@;ce) Fwa(@;c,8) + -]
From the condition that x(0;c, ¢)=c, it must be that

(8.2) wo (0)=1, w,(0;c,¢) =wy;(0;¢c,¢8) =--=0.

Substitute (8.1) into (6.4), then, comparing the terms of the same degrees with
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regard to (c, ¢), we have:

dW() . dw1 —
G0 =% g =0
| (f;;" = c[efwo® + cgw®],
aw, T
o = cbod

Consequently, from (8.2), it follows that

0 ,
wo=1, w; =0, w,=c [ES f0) do + cG (6)], -,
0

that is to say that

0 -
8.3) w(@sc ) =c+ cz[{cG((?) + SS f(e)de}+{ ------ }+ ------ |
0 ’
where the unwritten terms in the square brackets are those of the second and
higher orders with regard to (c, €).
From (8.3), the function @(c, &) =u(27 ;c, &) —u(0;c, &) becomes

2m
(8.4) @, ¢) =cz[{cG(27z) +eS f(0)d0}+{ ------ }+ ------ |

0 .
Consequently the equation @(c, ) =0 has a unique non-vanishing real root ¢, which
is written as follows :

2n
— s e
(8.5) o= — a—(z—ﬂ)gof(ﬂ)dﬁ + o

Since f(6)>0 and ¢>0, we see that, except for x=0, there exists a unique periodic
solution which is stable. and - positive or unstable and negative according as G(2x) <0 or
>0. From (8.4), it is seen that the solution x =0 is stable for the negative side and
is unstable for the positive side, namely that x=0 is semi-stable. ~The feature of the

solutions is shown in Fig. 2.
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GQ2nm) <0 G(2m) >0
Fig. 2. '

Now we shall show that, for any a>>0, there can not exist the periodic solu-
tions more than one except for x=0. If there exist two periodic solutions x = x;(6)
(¢=1, 2) except for x =0, then, from (6.4), for these 'solutions, it is valid that

1 dx

xi

= af(@)-

# Integrating both sides of these equations frem 6 =0 to § =27, we have

2w
f(6) —
ago 2 0) dé + G (2n) = 0,

since x;(27) = x;(0). Then it follows that

“S 70 (S = @) =0

Since «, f(0)>0 and (1/%:(0)) — (1/x2(0)) is of the fixed sign, it must be that
%1(0) = x2(0), namely, the periodic solution must be- unique except for x=0. Thus
we see that, for 0 < a1, there does not exist any periodic solution besides the periodic
solutions obtained above in the neighborhood of the line x = 0.

Next we consider the case where G(27z)=0. In this case, it can be shown
that, for any « >0, there exists no periodic solution except for x=0. If there
exists a periodic solution x =x(0)==0, then, from (6.4), for this solution, it is valid

that

i = af () -

Integrating both sides of this equation from 6 =0 to 0 = 2=, we have
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2n
ago 0 © do = 0.

~

‘This is a contradiction since «, f(#) >0 and x(d) is of the fixed sign. Thus we
see that there exists no periodic solution except for x=0. For the solution x=0, from

(8.4), we see that the periodic solution x=0 has the same stability as in the case
where G(27) 0.

§ 9. Motion of the periodic solution.

First we investigate the motion of the solution'x =0 for ¢ =cp. By §8, for
0 < ap<1, the solution x =0 is semi-stable and, for this solution, from (6.7), I=0.
Consequently, in order to investigate the motion of the periodic solution x=0, we
must consider the terms of the second and higher orders in the expression (3.1).
For this purpose, we seek for the expansion formula of the solution x=x(0;c, &)
of (6.4) for a =y + ¢ such that x(0:¢,s) =c. Then, in like manner as (8.3) is

deduced, the following formula is deduced:

where the unwritten terms in the square brackets are those of the first and higher
orders with regard to (c, &). Consequently the function @(c, ¢) defined by (3.1)

becomes

2
01(6,6)202[6108 f(g)dg»_{_{ ...... }+ ...... ]

0 .
Since f(0) >0, @(c,e) >0 for ¢ 0. Thus we see that, whén « increases from
Qg > 0, the periodic solution x =0 stays fixed and keeps the stability unaltered.

Next we investigate the motion of the periodic solution x==x(6) distinct from

x=0. By §8, for 0 <«a,<1, there exists one and only one periodic solution, which
has the absolute stability. Now, from (6.7), for any point of such solution, 7 > 0.
Therefore, by §3, the condition of both continuations is valid, consequently the
trajectory of such periodic solution moves monotonely upwards or downwards keeping
the stabilily unaltered as « increases. Then, from §§2 and 8, when Ay ==0, Ao and
G(27) are at the same time negative or positive according as the periodic solution

By
&€

T I+’
eO

is stable or unstable. Since the unique real solution of (3.1) is c¢=
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the trajectory of periodic solution moves upwards or downwards according as the

solution is stable or unstable. When %, =0, the unique real solution of (3.1) is

: 1
c=<—il>'”+ .-+, where m is odd since the periodic solution has the absolute
m

stability. Now @, <0 or >0 according as the periodic solution is stable or un-
stable. Coﬁsequently the periodic solution moves in like manner as when A =:0.
Thus we have the conclusion :

The unique periodic solution x = x(0) distinct from x=0 which appears for 0<a<l1,
moves monotonely upwards or downwards from x =0 according as G(27) <0 or >0 and
this periodic solution is always stable or unstable according as G(27) <0 or > 0.

If we return to the equation (6.3) from (6.4) by means of the substitution
z=1/x, then the solution x =0 of (6.4) becomes a line at infinity, consequently it
does not give a periodic solution of (6.3). Thus the results obtained on (6.4) are
stated on (6.3) as follows :

" When G(2n) =0, there exists no pertodic solution except for the case where o= 0.
In the case where o =0, there appears a continuum of the periodic solutions.

When G(2m)=0, for a suitable range of & such that 0 < a <, there exists a
unigue periodic solution, the trajectory o which lies in the half plane of the phase (0, z)-
plane separated by z=0. This periodic solution is stable and positive or unstable and
negative according as G(27) <0 or > 0. When « increases from 0, the trajectory of the
periodic solution moves monotonely downwards or upwards from infinity according s G(2m)

<0 or >0. For a=0, there exists no periodic solusion.

Chapter III. The least upper bound of the value of the

parameter for which a periodic solution exists.

§ 10. Preliminaries.

In this chapter, we seek for the least upper bound of « for which a
periodic solution of (6.3) exists. For this purpose, first, we seek for the least upper
bound «’ of @ such that, for 0 <a <@, there exists a periodic solution of (6.3).
When G(27) =0, from §9, it is evident that a’ =0. Now, if we put 0= —6"in
{6.1), we have:

4o L do’ N
Gt af(—0) S —g(—0) =0,

Put f(—0)=f1(0") and —g(—0") =g:(¢), then the above equation becomes



200 M. URABE

‘fi‘i +af, @)Y+ g @) =o.

Of course f1(0") and g:(0") have the period 27 and f,(6") >0. Now >GI (27) corre-
2 —
sponding to the function g1(0’) becomes G,(27)=— Soﬂg(—t‘)’) de’ = SO 27tg(0)d6’

= —G(2m). Consequently, when G(27) =0, without loss of generality, we may
assume that G(27) < 0. In the following we assume this. Then, in the phase
(0, z)-plane, the trajectory of the’ periodic solution of (6.3) lies in the ‘upper half
plane separated by the line z=0.

By Theorem 3 of §5 and the results of §9, if a’ is finite, the periodic solution
of (6.3) must tend to the point on the line z=0 as @ —> a’—0. Now, for any
finite value of «, the solution of (6.3) crosses the line z=0 at the right angle in
any point except for the critical points of (6.2). Consequently, when «’ < o, the
periodic’ solutions of (6.3) can not tend to the ordinary point on the line z=29,
namely they must tend to some of the critical points of (6.2). Now the critical points
of (6.2) are the points where z=0 and g(f) =0. Therefore we see that, if g(0)
%0 for any 0, then it must be that &’ = + oo, for, in this case, there .exists no

critical point.
§ 11. The character of the critical points of (6.2).

From (6.3),

aLy d—Z‘“an( af>

Let the curve z + aif-: 0 in the phase (0, z)-plane be 4. Then, from af >0, it
is seen that dz/d0>0 in the region £ bounded by the line z=0 and the curve
4, and that dz/d0<0 in the complementary region £’ of £. Then, making use of
the method by which S. Lefschetz has dealt with the critical points®, we can
see the behaviour of the trajectories in the neighborhood of the critical points.
For our purpose it needs only to know the behaviour of the trajectories in the
upper half plane separated by 0-axis, therefore the results are stated only for the

upper half plane :
The critical point (6, 0) such that g(d) <O for 6 <6, and g(0) >0 for 6>6,,

1) S. Lefschetz, Notes on Differential Equations, Contributions to the Theory of Nonlinear
Oscillations, Vol. II edited by S. Lefschetz, (1952), 61-67.
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is of the character of a focus, a center, a node or of a multiple point of these as

shown in Fig. 3. We shall call such a critical point a focus-like point.

Fig. 3.

The critical poiﬁt (6o, 0) such that g(6) >0 for 0 <0, and g(0) <0 for 6> b,
is of the character of a saddle as shown in Fig. 4. We shall call such a critical
point a saddle-like point and the trajectories passing through the critical point the
separatrices.  Of the separatrices, those which make the upper and lower boundaries
will be called the greatest and least separatrices respectively.

Z

greatest left separatrix 4 X

>greatest right separatrix

' A
\\ ‘\

: AR
: N N \?/Q’ &2 .
le_:a.st left separatrix &\’,;,::t)?»,’r least right separatrix
. LoAASOR
23

SO 2 ’
*
N

x

Fig. 4.

The critical point g(¢) >0 for 0 =6 is a mixed point consisting of left half
of a saddlelike point and of right half of a focus-like point as shown in Fig. 5,

consequently it has the left separatrices, but none of the right separatrices.
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The critical point (6o, 0) such that g(6)
<0 for § =6 is a mixed point consist-
ing of left half of a focus-like point and of
" right half of a saddlelike point, conse-
quently it has certainly the right separa-
trices. However, the existence of the left
separairices is uncertain. In the sequel, we
shall show that it has certainly also the left
separatrices. Take any negative number
¢ such that 0 >c¢> —«af(6y), and consider
the curve 4 : z= —g(0) /[c+af@].
Then, for |0 — 6, <1, 4 lies above 4.

Fig. 5
Now - {
3 g - ctaf(d) | _‘5_(@%
cT ¢ { af 6) — = } 2 {” c+af(9)}> 0

for any point above &', consequently, in this domain, in the neighborhood of the
critical point (0o, 0), the left half of a trajectory passing through a point (0o, k)
for any k£ > O lies above the line z —k=c(@—0,. We consider the intersections
of the line z=c(0—0,) with 4. They A

are determined by the equation as A A Z QA
follows: |

_80) __
11.2) +af ) c(0—6,).

From our assumption, for [0—0o| <1,
g(0) can be expanded as follows:

(n)
@ =" g—gyra ...

where n is even and g™ (6,) < 0. Conse- Fig. 6.
quently the equation (11.2) becomes

(n) ‘
g n(vg()) c(@—8)" + -+ (0—0yc {c-!— af (G,) + qf'(é’o) (0 —86y) +---}= 0.
Therefore the intersections except for the critical point (6y,0), are determined by

3.‘%%?0_) SO =) c{c+af<0o) +af () (0 — 0p) + } — 0.
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If we take sufficiently small |c|, then, by the Weierstrass preparation theorem, the

above equation is reduced to the equation of the form as follows:
g("’(é’o) _ n-1 _ n-2 —
(11.3) Tl < (60— 6o + Py (c) (0 — 6o) -4 Pooy (0) =0,

where P; (c)’s ¢=1,2,--, n—1) are the analytic functions vanishing with ¢ and

in particular
P = af(eo) T A

Since n is even and g™ (6,) <0, by the Newton’s polygon method, it is seen that

(11.3) has a unique real root

. nlaf (@) \¥ ™D 4 -
6—90~<— g‘”’f(ﬂ—:)> e .o 0.

Namely the line z =c(0—6,) intersects the left half of 4’ in the neighborhood of

the critical point. Let this intersection be S. 'Then the left half of a trajectory
passing through a point (6o,k) for any k>0 crosses 4 in the left side of S,
consequently there exists a trajectory V
crossing 4’ in the left side of S and
passing through the éritical point, name-
ly there exists a left separatrix. It is
evident that the trajectories crossing
the arc of 4’ limited by the ecritical
point and the intersection of the great-

est left separatrix with 4’ are all the

left separatrices. The feature of such

a critical point is shown in Fig. 7. We
shall call such a point also the saddle- Fig. 7.
like -poifiz.

Let the right separatrix be /. From (6.3), it is seen that dz/dO increases on
I and 4 when « decreases, consequently, by means of the method of Lefschetz®,

we see that I” moves upwards when & decreases.® In like manner, it is readily seen

1) S. Lefschetz, ibid.
2) Here we mean that there exisis at least one right separatrix lying above I'. Consequently,
when the right separatrix is unique, I' moves upwards in the literal sense as « decreases.
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that the left separatrix I moves downwards when o decreases.

Fig. 8.

The arrows at the point of I' and
4 denote dz/d6 for decreased w.

§ 12. Condition for finite least upper bound «'.

From the preceding paragraph, it is seen that, any trajectory passing through
any point Q which lies on the perpendicular % of the f-axis at the critical point
P and moreover lies near P, crosses the f-axis at -the right-angle near P so long
as P is not a saddle-like point. Therefore, when «' is finite, any trajectory for «
near o passing through the point"Q crosses the ¢-axis near P so long as P is not
a saddle-like point. Thus we see that, when Q' is finite, the trajectory of the periodic
solution can not tend to the critical point exce)m for the saddle-like point. From this, it
is seen thyat, when there exists no saddle-like point, it must be that o’ = + oo.

We assume that «’ is finite. Then, from the above result, as a—a’—0, the
trajectory of the periodic solution moves monotonely downwards and tends to some
of the saddle-like points. Let any one of the saddle-like points be P, to which the
trajectory of the periodic solution tends. The trajectory of the periodic solution lies
above the 0-axis. Therefore there exists a limiting set C to which the trajectory of
the periodic solution tends.

Take a point 4 near P on the 0-axis, and draw perpendicular & to the f-axis
through 4. Let the point of C on k£ be R. Then R=:4, for, otherwise, the trajec-
tory of the periodic solution will tend to the ordinary point on the @-axis, which
is contrary to the result of §10. Let the trajectory for a’ passing through R be
C'. Then, by virtue of the continuity, the trajectory of the periodic solution must
tend to C'.in the neighborhood of R, that is to s4ay that C =C’ in the neighborhood

of R. Continuing this process, we see that C becomes the solution for « except

1) S. Lefschetz, ibid.
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for the saddle-like points to which the trajectory of the periodic solution tends,
namely that C coincides with the separatrices passing through the saddle-like points
to which the periodic solution tends.

Now, on the right side of 2, 0<a’ —a<1, the trajectory of the periodic
solution for a lies above the right greatest separatrix /'(a) for « and, by the
results of §11, I'(«) lies above the right greatest separatrix /'(a’) for a’. There-
fore the periodic soluton for « lies above I'(a’) on the right side of %, consequently
C must lie on or above /'(a’) on the right side of A. Thus, on the right side of
h, C must coincide with the right greatest separatrix ['(«’), namely C is composed
of the left separatrix and the right greatest separatrix passing through the saddle-
like points to which the periodic solution tends. In other words, when ' is finite,
there must exist a curve C extending over — oo < @ < oo composed of the left separarices
and the right greatest separatrices. 'We shall call such a curve the seperatrix-curve. Then,
from this result, it is seen that, if there does not exist any separatrix-curve, it must
be thar o is infinite. A

Making use of these results, in the subsequent paragraphs, we shall seek for
o

§ 13. The equations of the separatrices.

~ In the following we assume that any saddle-like ~ critical point of (6.2) is an
elementary critical point, namely a saddle.
Let any saddle of (6.2) be P, which corresponds to 6. Then, in the neighbor-

hood of P, the equations (6.2) are written as follows:

dz » ’
r E:-af(ﬁo)z—fg (60)+ ’

13.
13.1) 1 a

— =z,

dt

where £=6 — 0,, and the unwritten terms are those of the second and higher

orders with regard to £ and z. The characteristic equation of (13.1) is
(13.2) A+ af (o) N+ g7 (8) = 0.

Since P is a saddle, it must be that

(13.3) g’ (6, < 0.

Since the function g(f) is periodic with the period 27, it can be expanded in
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a Fourier series as follows:

(13.4) B ' g0 = -8B+ @),
where
1 (7 G(27)

@0 = i (a, cos nd + b, sin nb).
n=1

“Then, since & (6) =0 and g’ (8, < 0, it holds that
(13.6) @) =B, @’ (0) =g’ (6) <O.

Considering B as a parameter, we denote the root of the equation g(¢) =0, namely
@) =P by 6,(8). Then, if 6,(B,) corresponds to a saddle for 8=/, from
(13.6), it is seen that, for 3 sufficiently near to 3, the root 6,(8) becomes an

analytic function of (8 — B,), which is expanded as follows:
- N TS SN
137) 00 (B) = 00 (B0 + g gy B = B0 +

In the following, we assume that 6,(8,) =6, corresponds to a saddle. Then,
from (13,7), it is evident that, for 3 sufficiently near >,6’0, the critical point corre-
sponding to 6,(B) is also a saddle. If we put 0p=0,(8) in (13.2), from (13.7), we
see that the characteristic roots N;, A2 of the equation (13.1) for 6, =06,(B) are
analytic with regard to (8 — 3,). Consequently, if we consider the characteristic
roots \j, Ay as the functions of « and [, then, from (13.2), it follows that \; («, 5)
and Xy (a, 8) are analytic with regard to « and B in the region 4: [B— 3, | L1,
0 < a=<M, where M is an arbitrary positive number.

Making use of this result, we shall investigate the analyticity of the equations
of the separatrices passing through the saddle corresponding to 6,(3). By the linear

transformation of the variables as follows:

S w -
(13.8) 1
S WA R
g 6By .
£ N2 (a, B) - A (a’ ,8) (Z 5)7
_ 1 - i
E B Az (a, B) — M (a, ,8) {)\‘2 (a’ B) z A (a’ B) f},
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the equations (13.1) are transformed to the equations' of the forms as follows:

dz _ _
[ =M@ E =z
A N o AVE e =5
1 d Xz(aaﬁ)f"' =

where the unwritten terms are those of the second and higher orders with regard
to (2, &) with the coefficients which are analytic with regard to («,3) in 4. Then,
since N (@, B) Na(a, B) < 0, as is well known, the equations of the separatrices
are given by z=12(f) and £=E£(z), where z(£) and E(z) are the.regular.solutions
of the equations |

o di _ dE _
(13.9) EE =7 emd 25 =

respectively, and vanish with their derivatives of the first order when the arguments
vanish. Now, if we substitute the Taylor series of z(§) and £(2) with regard to
the arguments into (13.9), it is readily seen that the coefficients of these series are real
and analytic with regard to («, 3) in 4. Then, since, for sufficiently small positive
number &, |mhz(at, B) —M(a, B)], [m(a, B) —N2(a, B)| > e(n—1) for any positive
integer n == 2, it follows that the solutions z(§) and £(z) of (13.9) considered as
the functions of («, B) are analytic in 4.7 Consequently, if we return to the vari-
ables (z,£) by means of the transformation (13.8), the equations of the separatrices

are written as follows:

1 . 1 .

T (@B z+5_z{_ WEA “’B}’
(13.10) i

s T @ B e8]

where 2(0; @, 8) =0z/0€|i=0=0 and £(0; a, B) = 0E/0z|z=0=0. Solving these
equations with regard to z, we have the equation of the form z=12z(£; @, B), where
the function z(£; «, 8) is analytic with regard to & and (@, ) -in -the : region:
[£1 L1, (a, B) € A. Now, since

E=0-0,8)=0-08)~ [ CRYSE

#'{6:(Bo)} (B)}

from (13.7), the equations of the separatrices are ultimately written as follows:

(13.11) , z=1z(0; a, ),

1) M. Urabe. On solutions of the linear homogeneous partial differential equations in the vicinity
of the singularity, II. J. Sci. Hiroshima Univ., Ser. A, 14 (1950), 195-207.
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where the function of the right-hand side is analytic with regard to the arguments
in the region: [0—6,(B,)|<1, (a,8)€ A. Then, by continuation of the solution,
we see that, for 0 < a < oo and |B—By| <1, the equation of the separatrix
of the form (13.11) is analytic with vregard to (o, B) in the interval I of the
0-axis containing the saddle corresponding to 6,(8,), in which the separatrix does not

intersect with the f-axis in the point except for the saddle corresponding to 6,(53).

§ 14. Infinitesimal deformation of the separatrix.

We consider the neighborhood of (&, 3,) and put
(14.1) a—ae=a, B—PBo=b, 6,(Bo)="0.

Then the equations (6.2) are written as follows:

J %: (’__aof(ﬁ)z—!-/S’o—(p(o)}‘_ af (0) z +b,
(14.2) J
dg _
1 “dT = Z.

Let the equation of the separatrix for a=a, passing through the saddle correspond-
ing to 6o be z=12,(f). For |a|, |b| <1, we consider the separatrix passing through
the saddle "corresponding to 6o(8) = 6, (B, + b), then, by §13, the equation of that
separafrix is written as follows: z=12(0; a,b), where z(0;a,b) is analytic with
regard to (a,b) for 6& I explained at the end of the preceding paragraph. There-
fore, since z(f;0,0) =z,(f) by the assumption, the function z(6;a,b) can be

expanded in a power series of (a,d) as follows:
(14.3) z2(0;0,8)=2(0) +z.(0;a,b) + z,(0; a;b) + -+ 2,(0; a, b) + -,

where z,(0; a,b) is a homogeneous polynomial of the n-th degree with regard to a
and b. Since the separatrix z=z(0; a,b) passes through the saddle corresponding
to 6o(Bo + b), it must be that z{6,(Bo+b); a,b}=0. From (13.7) and (14.3), this

condition is written as follows:

(14.4) {f;Eﬁij bzl @b} + {4 =0

where' the unwritten terms are those of the second and higher orders with regard

to ¢ and 4. Now, from (13.10), it follows that

(14.5) 2 @) =lim -2 — X (@, B (=),
98, 0 — o
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consequently, from (14.4), it must be that

Ao
@’ (60)

Here, since \y is a root of the équation (13.2) for a =, it holds that

(14.6) 2 (03 a,b) = — b, z3(0p;a,b) =

aof () _ _ g’ (6o)
(14.7) L S = > O

Now, by the substitution (14.1), the equation (6.3) corresponding to (6.2) is
written corresponding to (14.2) as follows:

(14.8) z—— = (—ofz + Bo — @) —afz + b.

Since the separatrix z=12z(0; a,b) is a solution of (14.8), substituting (14.3) into
(14.8), we have:

(zo+z1+z2+ +z”+ “)<d7.o dZ1 d22 deoeee 2 BZn dZn + . )

0 T de T a0 a0
—':{“'aof(zo+z1+zz+"'+Zn+“'>+:80'—(P}
—af (20 + z1 + 22 + - + 2. + ) +b.

Comparing the terms of the same degrees with regard to @ and b, we have:

«

(@) 2 %‘%‘ = — fzo + Bo — @,
(14.9) ¢ (). zo% + (‘;zé’ + aof) zn = —afz + b,
(iii) 20 30 + (Zzé) + aof)zn“ ‘zld;; + +Zn 1—+afz,.— )

(n=2)
Since z =2,(0) is a solution of (14.8) for a=4=0, (i) of (14.9) is automatically
satisfied. The equations (ii) and (iii) of (14.9) are written as follows:

dZI 1 dZO aof> - _ L
I a+ (o a=—afton

2o d0 20 20
(14.10) ) o . ) )
B%n L G% | &y 21 Qzp-1 | | Za-1 A3 Zn-1
l 16 +(z0 d6+zo> (m a0 Tt L, ae +“fzo>'
(n=2)

These are the linear equations, consequently, in the interval I, except for the point
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corresponding to @, these equations are easily integrated as follows:

0 f 0 o f
‘ - < de ao| —<-db 4
141D 20305 =—c wlis [S e Radf+k|,  @=1D
. 0 cr
where
R]_ == — afzo + b,

dz
do

dz,,_l dZnA_g
1

d& — 22 dg afzn—19 (n 2 2)

R,=—z

— e — Z,

and k,’s are the constants of integration. For [8—6,|<1,

' 0
JO 5\ [)+ (0—00)f (6) + -
SC 20(6) C{H S (60— 60) 25 (8p) + - do

_ 1O 0y 16— g+

26(90)
consequently,
agje—f—de, &g -——f,‘(80)

(14.12) e "% =[0—6| =0 E@),

where E(6) is analytic with regard to ¢ and E(6,) == 0. Then, ‘from (14.5) and
o 0:0.[0 Ld?

(14.7), for any function R(6) analytic at §=#6,, the integral e ‘% R(O)do
or

0 f 4o '
converges as 0> 0p, and Zo(ﬁ)eaojc 2 —0 as §—> 6. Then, from (14.11), it

follows that

90 wojg—f—de
e “¢% R,df +k,=0.

o
Thus (14.11) is written as follows:

: - Ldﬂ o G—f—d9
(14.13) z, (05 a,b) = ~1—e OJC o S eaojc %0 R.do.
20

8o

Here it is easily seen that the functions z,(0; a,b)’s are independent of the lower ’
9
limit ¢ of the integral S I de.

Z
c 0

From (14.12), it follows that



Infinitesimal Deformation of the Periodic Solution of the Second Kind 211

7 | 6 — Gy |1+ @ @0 1zi00)

1+ (ctof (0)/75(60))
2 (00) (0 — Oo) | 6— By |/ @ =@ E 6y + -

E (6o) Ru (00) + -

Rp =

where =+1 or —1 according as >0, or <&, consequently it follows that

Rn (00)
zh (B) + o (6o) *

(14.14) 2, (603 a,b) =

For example, for n=1, from (14.5), it follows that

b _‘>\0 b

2100 6 B) = S T = 8

since Ao is a root of (13.2). Namely the condition (14.6) for z,(6;a,b) is auto-
matically satisfied. Since z,(0; a, b)’s given by (14.13) do not contain the arbitrary
constants, it is expected that they satisfy  automatically the condition (14.6), even
if (14.6) is not verified.

The series (14.3) for which 2,(0;a,b)’s are given by (14.13) denotes the

infinitesimal deformation of the separatrix for the infinitesimal variation of @ and §@.

§ 15. The condition of the continuation for the separatrix-curve.

First, we consider the irajectory passing through two saddles and we shall
call the arc of such trajectory bounded by the two saddles the separatrix-arc. When
" the separatrix-arc exists for‘[3=,80 and a@=«y, does the separatrix-arc exist for B3
and « such that |8—R,|, |a—a|<1? In order to study this problem, suppose
that, for 8= /3 and &= «,, there exists a separatrix arc z=2z,() passing through
the saddles correéponding to 6,(Bo) and 6,(R,), where 8,(8,) < 6:(By) and these are
the roots of @ (6) =B,. Then, for ,6’=Bo+b and a=a,+a such that |af, [0]|<L]1,
the separatrices passing through each one of the saddles corresponding to 6;(3)
and @-(B) are represented by the equations of the form (14.3). Consequently, the
condition that there may exist the separatrix-arc for 8 and «, becomes that, for ¢
such that 6, (8) <@ < 6:(8),

(15.1) 2V (p; a,b) = 2P (p; a, b),

where z"(6; a,b) and z®(6; a, b) are the functions such that z=z%(0; ¢, b) and
z=2z9(0; a, b) repreéent the separatrices passing through the saddles corresponding
to 6:(8) and 65(5) respectively. By (14.3), z9(0; a,8) (i=1,2) are of the forms

as follows:

Z(i) (6; a, b) = 20 (9) + Z(Li) (9; a, b) + z:(li) (9; a, b) + e
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consequently the condition (15.1) is written as follows;

15.2) {z{z)Qp;a,b)—zll)(¢,a,b)} {zé‘?’((p;a,b)—zo)((p,a,b)} =0,

From (14.13), the linear part of the left-hand side of (15.2) is written as follows:

- a’oj‘p ide ¢ aoj.e »Ldg ¢ (245 ‘-eide
(15.3) e e n T\ e n T (mapmrbydo—\ ¢V (—afz+b)do]
%o (¢ 02 9
¢ f 02 e f 4 f
— A/ ~d
=f-71—e e %0 e[a eao ¢ %o fz a6 — b e J” %0 9 ]
zo(p) 9

where 0,=0,(8,) (=1, 2). Since f(f) >0 and z () >0 for §; <<, the coefficient
of a in (15.3) is positive, consequently (15.2) is solved uniquely with regard to a

as follows:
02, (0 f 4
S e O'L 2o odé?
(15.4) a = jo f p e ,
¢ % ond9
31

where the unwritten terms are those of the second and higher orders with regard
to b. Thus we see that, if there exists a separatrix-arc for 8=p, and a=a,,
then, for |8—p,|<1, there exists always one and only one separatrix-arc lying in
the neighborhood of the initial one. This fact means that the condition of both continu-
ations defined in §5 for the periodic solution is also wvalid for the separatrix-arc. From
(15.4), it is also seen that a increases with b, namely that « increases with A.
Next, we consider the continuatioq of the separatrix-curve. Suppose that there exists
a separatrix-curve C for 8=/, and a=ao‘. Let the saddles. passed by C lying in
[0, 27) be Py, Py, ---, P,, which correspond to 0 <X 6;(8,) <62(Bo) < -+ < 0.(Bo) <27,
and let the saddes corresponding to 0;(Bo)+ 2kx be Piira _ Let the separatrix-arc
passing through P; and P;.; be [';. Then, by the preceding results, for 8=/
such that 0<f8;— 3oL 1, corresponding to [7;, there exists a separatrix-arc /("
for a«=a; >, which passes through the saddles P; and P/, corresponding to ¢;(31)
and 6;,:(B1). In this case, in general, a;,’s are not necessarily equal to each other.
Suppose that, for certain i, @;> ;1. Let the right and left éeparatrices for a and
B=3, passing through P; be I'"(«) and I;'"(a) respectively. Then, from the
remarks at the end of §11, in the neighborhood of the saddles, when « is decreased
from «;, B being fixed, the right separatrix /'{”(a) moves upwards from /' and
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the left separatrix /";{)(a) moves downwards from I'{". Now, from (6.3), in any
point, dz/df increases when « decreases, consequently I'"(a) for 0 <<a < a; can
not cross I'{" except in P and P/,;. Thus we see that ['(a) for 0<a < «;
runs over P;,;. In the same manner, [{}(«) for a>a,,, runs over P/,;. Let the
equations of I'{"(a) and ["}{3(«) be z=z(f, @) and z =z (6, @) respectively.. Then,

for the quantity 4(a) =z[6;41(B8,), ¢] — 2’ [0:41(B1), @], it is valid that
4(a;) = — 2’ [6:41 (B), a;] <0,
4 (ai+1)_= 2 [ 041 (B1)s Qisa] > 0.

Now, from §14, it is readily seen that 4(«) is analytic and monotone decreasing
for ;1 <a<a; and moreover is continuous at a=c;,; and a=c«; Consequently,
there exists a unique @ such that a1 <a<a; and 4(a)=0, that is to say that,
for B8=/3,, there exists a unique separatrix-arc /" passing through P; and Pl
which corresponds to @ such that «;,;<<a<a; Since the separatrix-arcs appear
periodically, if we continue the above process, then, after finite times of the
procedures, we get a separatrix-curve ¢’ for B=/f: and « such that min. a; < a =
max. ;. This fact means that the condition of positive continuation is wvalid for the
separatriz-curve.  Since ;> 0 and o;—~> oy as By —> By, the value of & ensuring the
separatrix-curve increases continuously and monotonely as B increases. When 0<B;—Bo
<1, 0<a—agL1, consequenily C' lies near C, namely the separatrix-curve moves
continuously as (3 increases. In the same manner, it is proved that thé condition of

negative continuation is also valid.

§ 16. Relation between the least upper bound «’

and the separatrix-curve.

' Suppose that there exists a separatrix-curve C for B=4, and a:ao>0.i Let
the saddles passed by C lying in (0, 27) be Py, P,, -+, P,, which correspond to
0=<0,< 8;< -+ < 0,< 2m, and let the saddles corresponding to 0,+ 2w be Pis.
Let the right and left separatrices for « and 8=y pasing through P; be /()
and () respectively. Then, as is remarked in §15, for &« =0 such that a<ay,
I'y(a) runs over Pi,.. Consequen’ﬂy the right separatrix [o(«) passing through
P, can be extended to #=2z. Let the solution corresponding to this extended
I'fa) be z=2z(0,). Then it is seen that z(0, @) <z(2w, «). Now, for a>0,
let the maximum of —g(0)/af(@) be M. Then the solution z=2z(f) passing
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Fig. 9.

through the point (0,z) such that z; > M attains the value z, at §=2n, which
is smaller than z; by §11. Then, by the continuity of the solutien, there exists
at least one periodic solution for @. Thus it must be that ap<a’.

Suppose that, for a=a;>cp, there exists a periodic solution z=z,(f). In the
same manner as before, it is readily seen that, for a;, the left separatrix [, (c)):
z=1z(0, a;) passing through P,.; can be extended to =0 and that z(0,a,) >
z(2m, a;). Then, from the uniqueness of the periodic solution, z=2z, (¢)- must be semi-
stable, for the trajectory z=2z,(0) lies below the solution z=2z(6) passing through
the point (0, z;) explained above. By (6.7), for "z=2,(f), =0, consequently, by
continuation of the semi-stable periodic solution, we see that, for « sufficiently near
to «;, there exists two distinct periodic solutions. This contradicts the uniqueness
of the periodic solution. Thus, for any a>da,, there exists no periodic solution,
consequently o’ < .

Summarizing the results, we have

Theorem 4. If there exists a separatrrix-curve C for B= £ and o= x>0, then
the least upper bound o is equal to o and, moreover o becomes the least upper bound

of « for which a periodic solution exists.
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By this theorem, the problem to seek for the least upper bound &’ is reduced
to the problem to seek for « for which a separatrix-curve exists.

For B=a=0, the equation (6.3) is easily integrated as follows:
(16.1) ' z=*1vV2{c—-GO)} »
where ¢ is a constant of integration. In this case, the saddle corresponds to the

value of § for which G(f) becomes maximum. The trajectories of the solutions

(16.1) are shown in Fig. 10. From this figure, it is easily seen that there exists a

.
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Fig. 10.

separatrix-curve. Now, from §9, it follows that a’=0 when S8=0. If there exists
a separatrix-curve for 8=0 and >0, then, by Theorem 4, it must be that a/=
a>0 for 8=0. This is a contradiction. Thus, when 8=0, there exists one and
only one separatrix-curve C;, which corresponds to a=0.

Next we increase 3 continuously from zero. Then, by §15, we see that there
appears a separatrix-curve C such that C moves continuously from the initial position

Co and the corresponding « increases continuously from zero. Let the value a’ of
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« corresponding ‘in this way to B be «(B). Then, by Theorem 4, a(B) is the
least upper bound of «a for which a periodic solution exists for B3 given. Since
the least upper bound of « ensuring a periodic solution is uniquely determined,
the function a(B) is one-walued. Besides, from §15, it is seen that the fu,nctiori a(B)
is continuous with regard to 8 and is monotone increasing.

Remark. The function a(8) was studied first by Tricomi” for the equation

where

(16.2) f© =1 and g(6) = — B + sind,

and the estimation of a(B) was given- first by him. Since then, for the equation
of the above form, the estimation of @ (8) has been improved gradually by Amerio®,
Seifert® and Hayes™. The results of Seifert are certainly better than those of
Tricomi and Amerio. For 0<<B<1, his results are

_ - 1/2 -1/2
ass | > 423)(§1L 32) — | za@> ,f 0 [ﬂf O Foosto|

where B=sin 6, and 0<8,<7/2. The results of Hayes which are better than those

of Seifert are
9 11/2
(16.4) 2 siHT" =a(B) = [1/3003200+ 1 — 2cos90J .
For 0<3<1, these results become
Seifert’s:  0.9772y/F = y/ 2 VB za@ > =031833;
T
Hayes’:  Bza@z- B=058,

Now, for the equation of the form (16.2), from (15.4), it follows that

aB) = % B = 0.7854p,

1) F. Tricomi, Integrgzione di un’equazione differenziale presentatasi in elettrotecnica, Ann. R. Sci.
Norm. Sup. di Pisa, (1933), 1—20. This paper we could not refer to our regret, since we could not
receive it.

2) L. Amerio, Determinazione delle condizione di stabilita per gli di un’equazione interessante U’elettro-
tecnica, Ann. Math. pura appl. [4] 30, (1949), 75-90. This paper we could not refer directly to
our regret, since we could not receive it.

3) G. Seifert, On the existence of certain solutions of a nonlinear differential equation, Z. angew.
Math. Phys., 3 (1952), 468-471.

do., On certain solutions of a- pendulum-type equation, Quart. Appl. Math., 11 (1953), 127-131.

4) W. D. Hayes, On the equation for a damped pendulum under constant torque, Z. angew. Math.

Phys., 4 (1953), 398-401.
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since ®=0 and z,(d) = 2co0s(0/2) for —7w<6<w. Thus, for S<LI, it is seen
that the result of Hayes is considerably accurate than that of Seifert, but the former
is still pretty rough compared with the true value calculated by our method.

For the equation of the general form, the estimation is not yet given by anyone,
except for the lower bound given by Seifert, which turns to the right-hand side of -
(16.3) when the equation becomes that of the special form (16.2).

Our results do not give directly the estimation over the whole range of /3, but
they give the method of calculating the true value of «(S3) successively in the
general case, and they make clear the functional praperties of the function « ()
in the general case.

The actual calculation of the true value of a(3) by means of our method will

be illustrated in the next paper for the equation of the form (16.2).

§ 17. The bounary behaviour of the function a(B).

In this paragraph, we shall consider the least upper bound B’ of 3 for which

a separatrix-curve exists, when we increase B from Zero.

Suppose that /3’ is finite and that the critical points to which the separatrix-
curve for B tends, are also the saddles. When there exists a separatrix-curve
passing through these saddles, the condition of the positive continuation is fulfilled
for the separatrix-curve for B, consequently there exists a separatrix-curve for
B>p'. This contradicts the assumption for /3. When there exists no separatrix-
curve passing through the saddles explained above, it is seen that there does not
exist any separatrix-curve for 3. For, suppose that there exists a separatrix-curve
C’' for B’ which passes through the saddles distinct from the saddles explained
above. Then, by the condition of negative continuation, there exists a separatrix-
curve C lying arbitrarily near C' for B sufficiently near and less than /', con-
sequently the saddles which C’ passes must be the saddles to which C tends.
Now, since «(B) is one-valued, the separatrix-curve for A is unique. Therefore,
the saddles which C' passes must be the saddles to which the separatrix-curve for
B< B tends. This contradicts the definition of C'. Thus we see that there does
not exist any separatrix-curve for 3. ' Then, by §12, the least upper bound of «
for which a periodic solution for B’ exists is infinity. Next, suppose that B’ is
finite and that at least one of the critical points to which the separatrix-curve for
B<fp’ tends is not a saddle. Then, as before, it is again seen that there does not

exist any separatrix-curve for 3, consequently, as before, the least upper bound of
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« for which a periodic solution for B’ exists is infinity. Thus it is concluded that,
when (3’ is finite, for any finite «, there exists always a periodic solution for B'.
Now, if we substitute (13.4) into (6.4) and think /3 as the parameter instead

of «, then, corresponding to (6.5), we have:
X (x,0) = of 0) 2> +{pO) — Bo} x>, L(x,0,¢e) = —2".

‘Consequently, from (3.2), we have:

2 _
17.1) ) I = -S e " x%de,
where, from (1.10),

0 v
R (6) =g [2af (0) x + 3 {p (0) — Bo} x*] db.
0 .

From (17.1), 1< O except for x=0. Then, as in §9, we see that the condition of
both continuations is fulfilled with regard to /3.

Making use of this result, we shall show that, when 3" is finite, @ (8)—> oo as
B— 3. Since «(B) is motone increasing, if «(B) does not tend to infinity, there
exists a finite number «’ such that «(8)—>« as 8—(F’. Since B’ is finite, there
exists a periodic solution for («, B). Then, by the result just obtained, for
0< B — B<L1, there exists a periodic solution for (&, 3). Then, by the condition
of the continuation with regard to «, there exists a periodic solution for («, )
such that a(B) <a< & and o —a<<1. This contradicts the fact that there
exists no periodic solution for a > a(B). Thus we see that a(B)—>o0 as B—f,
namely that, even when 3=, a(B) is equal to the least upper bound of « for
which a periodic solution exists.

If there exists a value of 8> 3 for which there exists a separatrix-curve, let
the greatest lower bound of such B be 8” = &'. Then, in the same manner as in
B, letting B— B+ 0, we see that the least upper bound of a for which a

periodic solution exists for 3" is infinity. Let lim «(B) =«”. Then, by the
B—>B"+0
continuation with regard to B, for « > «”, there exists a periodic solution for 8

such that 0<B—pB"<L1 and a(B) <«a. This is a contradiction. Thus, for any
B> 3, there exists no separatrix-curve,. namely, for 8> ', by §12, the least upper
bound of « for which a periodic solution exists is infinity. Consequently, if we
extend a(f3) so that a(B)=oo for B =, then, for any B =0, the function «(B)
gives the least upper bound of o for which a periodic solution exists.
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Now, @(6) is a periodic function, conseqﬁently it is bounded for — oo <A oo,
Therefore, for sufficiently large (3, there exists no root of the equation ¢ () =75,
namely there exists no critical point. Consequently, of course, there exists no
separatrix-curve. Thus we see that the least upper bound B’ of B for which a
separatrix-curve exists is finite. This says that there ex.ists a finite value B of B
such that, for 8=/, there always exists a periodic solution for any finite value
of  and for B < [3, there exists a periodic solution for « less than the certain
positive number determined corresponding to 3. In the first part of this paragraph,
it is shown that the value B’ of B of the above properties is the valug of B such that
either the critical points to which the separatrix-curve for 3<[3' tends are the saddles and
there exists no separatrix-curve passing through these saddles, or at least one of the critical

points to which the separatrix-curve for B<[3' tends is not a saddle.

Remark. In §13, we have assumed that any saddle-like point is an elementary
critical point, namely a saddle. Consequently the conclusion of this paper is net
necessarily valid' when there exists a saddle-like point which is not a saddle. For
example, we suppose that, as B— (', the separatrix-curve for B8 </’ tends to a
saddle-like point P which is not a saddle. Then there may exist a separatrix-curve
passing through P, consequently, for &', it may be that the least upper bound of
« for which a periodic solution exists is finite. In fact, as will be shown in the
next paper, this occurs for the equation of the form (16.2), for which 5 =1 and
a(B)==1.193.
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Hiroshima University.
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