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It is ouT purpose to give some remarks on the previous paper [4]. Let A be 

a R*-algebra over the complex field. It has been shown by Kaplansky [2, Theorem 

2.1] that the following conditions are equivalent: (1) A is dual, (2) A has a faithful 

*-representation by completely continuous operators on a Hilbert space, (3) the socle 

of A is dense. In our previous paper [ 4] we have proved that these conditions 

are also equivalent to the condition that (4) A is weakly completely continuous. It 

is easy to see from Kaplansky's proof and a result established in [ 4, Theorem 8] 

that the conditions (1)-(4) are also equivalent for Banach *-algebras with II x /12 < 
k !ix* xii- In this paper we show that a B*-algebra or Banach *-algebra with /Ix // 2 

< k // x* x Ii is dual if and only if (5) every self-adjoint element has a spectrum 

without cluster points other than zero, and that for an A*-algebra the condition (5) 

implies (2). 

1. A Banach algebra A over the complex field is called a Banach *-algebra 

if A admits an involution x--+ x*, that is, a conjugate-linear· anti-automorphism of 

period two. If A has also the property /Ix // 2 = // x* x I!, then A is called a B*-alge

bra. 

THEOREM 1. Let A be a B*-algebra or a Ranach *-algebra with II x /j 2 S: k I/ x* x //. 

Then the following statements are equivalent : 

(i) A is dual. 

(ii) Eveiy maximal commutative *-subalgebra is dual. 

(iii) The Gelfand space of eve1y maximal commutative *-subalgebra is discrete. 

(iv) Eve,y self-adjoint element has a spectmm without cluster points other than zero. 

PnooF. (i) --+ (ii). This follows from the fact that every closed *-subalgebra 

of A is dual [ 4,, Corollary of Theorem 8]. 

(ii) --+ (iii). Let B be a maximal commutative *-subalgebra. Since B is dual, 

it is weakly complete! y continuous, and therefore its Gelfand space is discrete [ 4, 

Lemma 5]. 

(iii) --+ (iv). Let x be any self-adjoint element. Embed x m a maximal corn-
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mutative *·si.Ibalgebra B. B is *-isomorphic and equivalent to the algebra C(J2) 

of continuous functions vanishing at infinity on the Gelfand space SJ. Since SJ is 

discrete, the spectrum of x has no cluster point other than zero. 

(iv) - (iii). Let SJ be a Gelfand space of a maximal commutative *-subalgebra 

B. Consider any compact neighbourhood U of po E SJ. There exists a real-valued 

-continuous function x (p) such that O _:s=;;: x < l, x (p0) = 1, and x ,(p) = 0 for p $. U. 

The range of X has no cluster point other than zero since x is a Gelfand represent

.ation of some x EB, and therefore the set {p; x (p) = 1} is a compact open set 

-contained in U. If po is a cluster point of .Q, then we can take a sequence of 

-compact open neighbourhoods Un of po in such a way that Un+I is a proper 

·subset of Un. Let en be the self-adjoint element whose Gelfand representation is 

the characteristic function of Un. Put x = :::8- \ en. It is easy to see that ~ _!--
n ~ 

.is a cluster point of <T (x). This is a contradiction. 

(iii) - (i). Let x be any self-adjoint element. Embed x in a maximal com

mutative *·subalgebra B. Since the Gelfand space SJ of B is discrete, there exists 

.a family of orthogonal self-adjoint primitive idempotents ecr, EB such that every ele

ment z EB can be expressed as ~ \.,.ecr,, where ez"' = \.,.e"' and the number of :\"' such 

that I:\,. I > E, E being any positive number, is finite. It follows from the maximality 

of B that ecr,Ae,,, = (the complex field) x e,,,, and therefore e"'A is a minimal right 

ideal of A. Therefore x is contained in the closure of the socle S of A. Any 

element of A 1s a linear combination of self-adjoint elements, and therefore S is 

dense in A. This implies that A is dual. The proof is completed. 

Co:rnr.LAiff. Let A be a B*-algebra of a Banach *-algebra with Ii x jJ 2 < k !: x*x //. 

If every selfadjoint element has a finite spectrum, then A is finite-dimensional. 

Pr:ooF. Let J2 be the Gelfand space of a maximal commutative *·subalgebra B. 

SJ is finite and therefore compact since it is discrete and every self-adjoint element 

of B has a finite spectrum. Therefore B has a unit e. We show that e is also a 

unit of A. Let x be any element of A. Put y=ex-x. Then yy*=(e- l)xx*(e-1). 

It follows from the maximality of R that yy* E B, and therefore yy* = 0. This 

implies ex=x. Similarly we have x~=x. Therefore A is finite-dimensional [4]. 

2. A Banach *-algebra is called an A*-algehra [5] provided A has an auxiliary 

norm Ix I which satisfies, in addition to the usual multiplicative property, the condi

tion Ix I 2 < k I x*x I (the completeness with respect to Ix/ is not assumed). 

THEOREM 2. Let A be an A*-algebra in which every self-adjoint element has a spect

rum without cluster points other than zero. Then 
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(i) A is symmetric. 

(ii) A has a unique auxiliary norm (to within .equivalence). 

(iii) A is dense in a dual R*-algebra. 
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PRooF. (i). Let x be any element o:£' A. Embed x*x in a maximal commuta

tive *-subalgebra B. Let :\=\=O be in a spectrum CT(x*x). By hypothesis).. is an isolated 

point of CT(x*x). We can find by contour integration the existence of a non zero 

idempotent e EB such that ex*x = ;\e, and therefore x*xe* = ~e*. It follows from 

;\ee*=ex*xe*=:(ce* that ;\ is real. This implies that A is C-symmetric. By a the

orem due to Kaplansky L3] ;\ can not be negative. Therefore A 1s symmetric. 

(ii). Let B be any maximal commutative *-subalgebra. B 1s *-isomorphic 

with a dense subalgebra of the algebra C(S2) of continuous functions vanishing at 

infinity on the Gelfand space !2 of B since B is semi-simple [5] and symmetric as 

proved in (i). Let U be any compact neighbourhood of a point po E !2. Let cp (p) 

be a real-valued continuous function such that O S. cp < I, (p (p0 ) = I, and (fJ (p) = 0 

for p$. U. Take a self-adjoint element x in such a way that its Gelfand representa-

tion x satisfies [ <p (p) - x(p) [ < ~}- on !2. The range of x has no cluster point 

other than zero, and therefore x(po) is an isolated point of CT(x). We can find by 

contour integration a self-adjoint idempotent e whose Gelfand representation is the 

characteristic function of the set {p; x(p) = x(p0)}. Thus any maximal commu

tative *-subalgebra is regular in a sense· defined by Silov. This implies that A has 

a unique auxiliary norm to within equivalence f4l 
(iii) We use the same notations as in (ii). By the same argument as in the 

proof of Theorem 1 we can show that po is an isolated point of Q. Therefore SJ 

is discrete and the characteristic function of one point set corresponds to the self

adjoint primitive idempotent of A. Let iI be the completion of A by its auxiliary 

norm [ x /. Then e is als~ a primitive self-adjoint idempotent and e~ is a minimal 

right ideal. As in the proof of Theorem 1, A is containdd in the socle S of &, 

and therefore Sis dense in &. This shows that & is dual. The proof is completed. 

We remark also that if A in the above theorem is algebraically embedded in 

a Banach *-algebra A', then the spectrum of x E A is the same both in A and A'. 

We can show this by the same line as in the proof giveq by Rickart [6] in 

case A is a B*-algebra, in which the regularity of commutative B*-algebras plays 

an essential role. 
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