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In our previous paper [2] ¥, we have obtained all the non-commutative solutions
of ee? =e**7 for the complex algebras of degree two, and then, as the special‘cases,
for the tefnary algebras of degree two, the quaternion algebra and the total matric
algebra of order two. '

In this paper, we shall first consider the non-commutative solutions of e"e”=e**”
for certain iteration pairs, which, as a special case, contains the case for the complex
algebras of degree two, secondly for the algebra composed of the triangular matrices
of order n, and finally we shall obtain all the non-commutative solutions of e*e” =

e’e*=¢""7 for the total matric algebra of order three.

I. NON-COMMUTATIVE SOLUTIONS OF e%e” =e**? FOR CERTAIN ITERATION PAIRS

1. Preliminary. Let U be an algebra with the unit 1 over the complex field €,
and let us denote by Greek letters «,(3,---,\,u,... the elements of .
We shall consider the set & of all the pairs (x, y) of elements x,y € A such that

(1.1) ‘=a’x, Y=, A’y=yx*=0a’y and xy’=yx=["%,

where «,3€ €. Here it is easily seen that (x, x+y) € & is equivalent to (y, x+y)€
‘©, and for this it is necessary and sufficient that x(x+y)*=7* and y(x+y)*=7%.
But, in the following we shall never assume that (x, x+y)€ &. We shall investigate
‘the non-commutative solutions of e%e” =e**” for the set &. o

For(x, y)€ &, the following are easily seen:

(1.2) e*=1+ p(a)x +r(a)x’

where

1) Numbers in brackets refer to the referenences at the end of the paper.
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shal
ple)=—" (a=0),.
=1 (a=0),
(1.3) | r@=2"1 (a0,
1 .
L =T (azo)’
and
(1.4) B = azyz.

Lemva 1. For (%, )€ S such that xy=cyx, it is ncceséary .and suﬁicieﬁt: for €%
=e’e® that x*+Pn’x=0 or y3 + m2n2y=0 where | and m are non-zero integers, in other

I3 m
words, that e"=1+‘1—lg%1)x2 or e7=l+1—m(2%1)y2.

Proor, Since (x,y)€ &, by means of (1.1) and (1.2) we have
(1.5) ee” —e’e" = p(a)p(B)(xy —yx) ;

hence, for x and y such that xy=Fyx, p(@)p(B)=0 if and only if e"e”=e’¢*.. By
(1.3), if p(a)=0, then a=+7/ 11, where [ is a mnonzero integer, and then, by

) z
(1.3), r(a):i_ll. Therefore we have

Pr?
!
(1.6) e"=1+1_l§;;1) x%
If p(8)=0, then similarly we have
1 —( 1 m
(1-7> ey=1+% 72-

Thus this lemma is proved. ,
Next we shall calculate e**” for (x,y)€ &. By the mathematical induction we

have

[ @+y)'=clx+y)+1lx—y)+oalx—y)z+u, ’
(1.8) (r=1)

(x4 =0ox+y)+7.(x*—y*) +o,,

where z=yx—xy, and
(1-9) O'r+1=0"0"r—'TTr, Tr+1:70-r, (Tg 1)7
(1.10) co=T1==0, o1=1, co=0=2(a’+ 5%, o=7=(F*—a?),
(1.11) v, =0,212"+ X+ Yy Ur1=(x+Y)V,,

(1.12) u;=v;=0.
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Also, by the mathematical induction we have

[x+y]" =0, (x+y)+7(x—y),
(1.13) (r=1),
[x+y]"=olx+y]*+7.(x~y),
where [x+y]" means x"+,C1x" 7"y +,Cox™ Py + --- e 9™
From (1.8) and (1.13) it follows that
(x+y)? T=[x+y]" " +o(x—y)z+u,
(1.14) F=1).

x+y)=[x+y]"+oz+v,
Since it is easily seen that

11s) s L

7o nl

[%-+ y]".: e“e”?,

from (1.14) and (1.15), it follows that

(1.16) e =e"e’ +rz+p(x—y)z+w,
where

. v Oy — < Or—1
(L.17) Catenr P 2 (2r—1)1
and
(1.18) w= S Y +§_} b

S =0 A @1
Here if we put

a+RB=v and Bﬁa:S
then we have

c=7+8, 7=v8 and daB=7>—8%;

by means of (1.9) it is easily seen that
(1.19) (V=8 o, =v" =87, (V=) 1,=70(v"—5%),  (r=1).
For a0, by (1.19) we have

(1.20) kz—;—p(a)p(ﬁ) ;

also for =0, it is easily seen that (1.20) holds. Similarly, after some computa-

tions we have
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(1.91) p= mwmq(m— p(B)g(@), (a7,
1 2 o2
= (2a)2<p(2a>—1>, (@*=p7=0),
_ 1 A
= , (a=p=0),
where
(1.22) gla)=cha.

Moreover, since xz= —zx and yz=—zy for (x,y)€S, from (1.11) and (1.12)
it follows that u, and v, are commutative with x+y, consequently by (1.18) we

have

{1.23) : ‘w(x+y)=(x+y)w.
Now we shall consider the condition for
(1.24) ’ (x+y)e'e” =e"e’(x +y).
From (1.16) and (1.23) it follows that (1.24) is epuivalent to
(1.25) w(x+y)z— (82— a?)pz=0.
By (1.20) and (1.21), (1.25) is equivalent to

(1.26) 0z—w(x+y)z=0,
where
(1.27) O0=p(a)q(B)—p(B)g(a), o=p(a)p(B).

By multiplying x to (1.26) from left and right respectively, and by adding

these results together, we have

(1.28) 0f=0;
from (1.26) and (1.28) it follows that

(1.29) T 02°=0.

Therfore if 0=p(a)q(B)—p(B)q(c)=0 or o=p(a)p(8)=0, then z°=0. And
then, by multiplying (x—7y) to (1.26) from left, and by using of (1.28), we have

(1.30) (82— a)oz+60(x — y)z=0.
From (1.26) and (1.30) it follows that
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(1.31) (B*— a®)0® — 0%z + 200%2=0 ;

by multiplying x to this from left, we have

(1.32) 2000z + ((B*— a?)w*— 6%) xz2=0.

From (1.31) and (1.32) we have

(1.33) Xz=0

where X=((8?— a®)o?— 0%)?—4a%?0>. After some computations we have
X=(0+olat+p)) (0-ola+p)) (0+ola—p)) (0—ola—7a)), and also
(1.34) 0 —o(a+B)=e""Fe(—20) —e(23))

where e(&)zeg—g—l, (¢%0) and e(0)=1, so we have

(1.35)  X=(e(2c)—e(2)) (e(2c) —e(—213)) (e( — 2a) —e(2B)) (e — 2c) —e(—28)) .
From (1.33) it follows that for (x,y)€ & such that xy % yx, X must be zero.

We shall consider the non-commutative solutions of (x+ y)e"e” =e"e”(x + ) accord-
ing to the following classification of the cases.

(I). The case where e*e”=e’¢*. In this case, from Lemma 1, we have
o=plc)p(B). And from X=0 it follows that H:p(d)g(ﬁ)fp(/a’)q(a)zo; hence
pla)=p(B)=0, i e, ’

(1.36) a=y/ =1lm, B=y =1 mm,

where | and m are non-zero integers. Conversely, for (1.36), (1.26) is satisfied, that

is, (x+y)e"e” =e"¢”(x+y) is satisfied. And then we have

(1.37) e=14+1 T e =1 +1_—m<27—21Ly;
(II). The case where e¢’¢” =e”¢”. In this case, from Lemma 1, we have o=

p(a)p(B)=F0.

(II;). The case where w=0 and 0=0. In this case, X=0 is equivalent to
2

a’=[% And also (1.26) is equivalent to
(1.38) (x+y)z=0.

(IL;). The case where w30 and 6=0. In this case, we have a’==3? because
a’=* implies 0=p(a)q(8)— p(B)q(@)=0. Under the condition X=0, taking, for
example, 0=o(a+ ), (1.26) is equivalent to

(1.39) (@+y)z=(a+ Bz,
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and also (1.30) is equivalent to

(1.40) (x—y)z=(ax—B)z;
hence we have \
(1.41) xz=0az, yi=[33,

where e(—2a)=e(283) and «*== 3% It is easily seen that from the other cases for
X =0 the same result (1.41) is obtained. )

Summarizing these results we have the following lemmas.

Lemma 2. For (x, ¥y)€& such that xy=ryx, it is necessary and sufficient for
(x+7y)e"e” =e"e’(x+y) and e%e” =e’e” that &°+ 2’z =0, &y =yx*= — Iz, xy*=y"x
= —m?r’x and y3+m27tzy=() where 1 and m are non-zero integers, in other words, that

———( l)x and e’ = _1)my

Pr? mir

=1+

Lzvma 3. For (x,y)€ @ su.’;h that xy =+ yx, it is necessary and sufficient for
(x+y)e'e” =ee”(x+7y) and €'’ “re’e” that

(I1,) x3=a2xi, Py =yx’=a’y, xy® :y?x:ﬁzx, y’'=R% and (x+7y) (xy—yx)=0
or (II) ©*=a’x, Py=yx’=a’, xy*=y’x=[F", y'=L% x(xy—yx)=aley—yx) and
y(xy — yx)=B(xy —yx), where e(—2a)=e(23) and o&® =[5> And then (xy—yx)*=0 is
satisfied.

2. Non:commutative solutions of e“e” =e**”. Since c¢%” =e"7 implies
(x+7y)ee” =e"e’(x+y), according to the above classification of cases (I), (I;) and
(Il.) we shall consider the non-commutative soltuions eof e%e” =e”e*.

(I). The case where e¢” =¢”e”. From Lemma 2 we have

Tueorem 1. For (x, y)E© such that xy=ryx, it is necessary and sufficient for

e’ ="V =ee¢" that x*+Pr’x=0, Fy=yx’=-—-0Dry, xy’=yx=-—mirx, y'+
: " —(=D) . .
mz7t2y =0 and *r=1 + (l ) 2 where | and m ‘are non-zero integers.  And then
7

=7 =N =1 is satisfied.
(II). The case where e%” Z=c”¢*. From Lemma 3, we have z2=0. Therefore,
by means of (1.11) and (1.12) we have w,=v,=0 (r==1), and hence w=0. So,

- from (1.16) it follows that e"e”=e**” is equivalent to
(2.1) kz+pla—y)z=

(IL;). The case where @ =0 and #=0. In this case «®’=/3?, and then we

have
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K= é—w = %p(a)2 =0,

and from (1.21) we have
=P -1, (@0),

—_ (C{ = 0).

Therefore (2.1) is written as

| P+ 5a(p20)—1) (x=5)2=0, (@ 0),

(2.2)
z+%(x——y)z=0, (=0).

By Lemma 3, (x+y)z=0, so (2.2) is equivalent to

s+ (p2a)—Nwz=0,  (a0),
(2.3)
z+»§—xz=0, (a=0).

For the case where a=0, we have x°z=0; sc by multiplying » to (2.3) from left
we have xz=0, and hence from (2.3) z=0; that is, for this case there is mo non
commutative solution of e*e”=e**Y=re’e*. For the case where a =0, by multiplying

x to (2.3) from left we have

(2.4) pla)’xz+(p (éa) —-1)z2=0.

From (2.3) and (2.4) we have

(2.5) {ap(a)®—(p(2a) —1)} {ap(a)®+(p(2a)—1)} z2=Q;
and for z3=0 we have

(2.6) ap(a)?+(p(2a)—1)=0 or ap(a)*—(p(2a)—1)=0.
For example we shall take ap(a)’+(p(2a)—1)=0, i. e,

2.7 e(2a)=1,

then by substituting p(2a)—1= —ap(a)® into (2.3) we have xz=az, since w=
pl@)’ 0. And by means of (x+y) z=0 we have yz= —az, and hence we have

(2.8) XE=z, yz=— Az,

where e(2a)=1, a=0. Starting from ap (a)®~(p(2a)—1) =0, we also arrive at
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the same result (2.8).
(II;). The case where =0 and 0. In this case, by Lemma 3 we have
a’2=A% and then we have

k=—g-0=—p(@) p(B) %0,

and from (1.21) we have
p= 5 P (@ 18 =p (8 g () 0.

Therefore (2.1) is written as
(2.9) (BP—a®) oz + 60 (x—y)z=0.
This is the same one as (1.30); that is, (1.26) implies (2.9), in other words,
(x+7y)e"e”=e"e” (x+7y) implies e*e? =¢""7..

Thus summarizing the above results we have

Turorem 2. For (x,y)ES such that xy=yx, it is necessary and sufficient for .
e e”=¢e""7 - e”e” that '

() *=a’x, Py=yx’=a’y, xy’=y’x=a’s, y’=a’y, x(xy—yx)=c(xy—yx)
and y(xy —yx)=—a(xy —yx) where e(20)=1 and @ *0, or

(L) **=d’x, Py=y*=a’y, xy’=y’x=pL%, y*=F% x(xy—yx)=a(xy—yx)
and y(xy —yx)=B(xy —yx) where e(—2a)=e(23) and o’ 2

Remarx, For (x,y)€ & such that ¢'e¢”=¢e"*”, (x,x+7y)€ S does not necessarﬂy
occur. For example we shall consider the case (II). (x,x+y)€& is equivalent to
(y, x+y)€ &, for this it is_ necessary and sufficient that
(2.10) x(x+y)’="x and y(x+y)*=7%,

by means of (2.8 from this we have
(@ + B2 =7 x+ 20y — at (xy — yx) =0,

(2.11)
2%+ (& + B — 7)) y + B (xy —yx) =0,

so we have
((a+B)*—7%) (Bx+ay)=0,

since xy % yx, and « and (3 are not both zero, we have Bx+ay=0, and hence
(a+B)*=9" Therefore (2.11) is equivalent to

(2.12) o xy —yx=—2Bx+ 2oy

and by means of (2.8), from this it follows that
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aB(—Bx+ay)=0;

since —PBx+ay 0, we have @3=0. That is, in this case, (x,x+y)€ ©, if and
only if aB=0.

3. Matrices representing the non-commutative solutions of e*e”’=e"*’. In

this section we shall determine the matrices representing the mnon-commutative
solutions of e'e”=e"*” for the set &. We shall denote 1. and O the unit matrix

and the zero matrix of order r respectively.

Now let x and y be the complex matrices of order n such that (x,y) € &, then
we* have ' '

(3.1) P=a’x, ’y=y*=a’y, xy’=y*s=% and y’=p%.

If «==0, then from x’=a’x we have

(3-2> x:_—p"lxop, xo:(gl 8) and .'h:(gln‘_c?l >,
ng

where p is a regular matrix of order n. From x’y=yx’=a’y it follows that

- 0
(3-3) Y=p lyoP, y0:<%l O>,

where y; is a matrix of order n;+n;. And also from xy’=y’x=03%, i. e., x,y,°=

y12x1=62x1 we have
(3'4) 4 y12=ﬁ)21"1+"27

and then y*=p% is satisfied automatically. ,
(I). The case where e*e”=e’¢". By Theorem 1, the above mairices x; and y,

must satisfy
(3.5) x12: —l2ﬂ21n1+n2, y_lz: —m27172].n1+n:_. and ezl+y1=(— 1)l+m1nl+n3,
where ! and. m are non-zero integers. And from e *7'=(—1)"*"1n4n, we have

x+y1=5"fs,
(3.6)

rvairlSernegg (e, ol

where @ means the direct sum of matrices, f1,":*, fp+q are all distinct non-zero
even numbers for [+ m=0 (mod. 2), and all distinct odd numbers for /+m=1
(mod. 2); the last term can occur only for the case where [ +m=0 (mod. 2).

If we put
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3.7 x=sx; 5! and y%syl s,

then from (3.5) and (3.6) we have

(3.9 ==L lnjany, ¥=—m"7"1o4n, and x+y=41.

From this it follows that y*=(f—x)*=f*+%"— (fx+Zxf), that is, by means of (3.5),
(3.9) fx+xf =f*—Pa Lojsny+ 0° 7 Layan,.

If we put x=lx;;]/, then from (3.9) we have
¢

(3.10) o (fi“l‘fj)xij=1/:—iﬂ<fi2+l2_m2) 8ij
where ‘ o '
fi. 0
f:l/?].‘n’ fz.. D i9j=1’29"’9n1+n2'
. O fn1+n2

From this we obtain .

_—]- T 9 2 r
x,-j=1/ —(fi+1*—m’) for f:=0,
of.
xijzo for fi+fj:\:09
and x; is undetermined for f;, this can occur only for the case where *=m’
and also x;;({=¢j) is undetermined for fi+fj=0. By means of (3.6) and (3.11)

we have

(3.11)

(312) =yl Ronl. 0o 1) e

a=pP+1
where a,, ba(azp—l—l,-~-,p+q) and ¢ are arbitrary matrices, this matrix ¢ can -

occur only for the case where l2¥m2, and M=—"—(f’+0*—m?) (k=1,2,-, ptq.

o

And then, from %*= —[*7%1a,4n, it follows that

(3'13) xa: 4——19 BaE%(fa‘,' l +m> (fa+ l _m)_ (fa_‘ l +m> (fa_l '—m>=0’

a=1,2,---,p;

0 a,\*_ [asb, )
<bw o> —< 0 bwaw =%+ ligria

(fw+l+m) (fatl—m)(fo—1+m) (fo—1—m)
a:P+1’ ...,p_}_q;

(3.14)
4f2

and
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(3.15) E A=p.1,,

where @ is the order of the matrix c. Here if we put

\
iw=<16w _](-)tm) and hw =<2w (16>

then we have

(3.16) <" alea {’“La —Nyiy +ha,

where i2 = Lig+tys R2=04*Logst, and ihy+hai, = 0.

From (3.14) we have
O am' 72_ sm+ta
(det(bw 0>) =3, .

0 a,
b, 0

S ) : 1 0 a,
‘V‘(o | —1sw> and jo = =Vs. ( )

If 6,0, then we have det( >“T— 0; and hence s, =t,. If we put

then we have

Nelsy ag . <.
<bw — lsa.,): Mala + /Sw]a
where 2 = j2 = 12., and inj, + juia=0. And moreover we have

3.17) ‘ @b, =bya, =08, 1,

that is, there exist a,”* and b,”!. Since

(3.18) (5“472)—](};’“— ) (5”q2>=<3§}f2wp;@;ffﬁ>’

where p, and ¢, are regular matrices of order s, and z, respectively, if we take

3

1
Pa= 1/Ta“ and ¢,=1,, (this is posyble when s,=t,), then we have

(3.19) Po 8qa =V'8, Lies qu baPpa=—"—"bu2a =18, 1ss

1/3

Therefore, for the case where §,=1*—), =0, we have

)\m]-’a, Qy ‘>“a15m ‘l/gy]sw >\‘d ],/8:
(3.20) q—-l q= . = o X 135,
by, — Ao Ly 1/8w Lsg —7\%1% ]/Bw — Ay

= (Aol + /8, /) X Leas
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—a, O .
@ . 1 0 . 01
where ¢ = (1/ ), i= (0 _1> and j= (1 0).
. If 8,=0, then from (3.14) we have

(3.21) » Ne = *1, aby, =0 and b,a, = 0.

Here also, by taking a suitable matrices p, and ¢,, we have

(322) .aft = wal QuQo = (éud 8)

where u, is the rank of a, and hence u, =X min (Ss¢,); and then by means of

asb, =0 and b.a, =0 we have
_ 00
(3.23) = ghp=(] 5x)

where by is an arbitrary matrix of (¢,—u,)-rows and (s,—u,)—columns. Furhter-

more, by taking the matrices

o el D) ()

@&
where py and g% are the regular matrices of order s,—u, and ¢,—u, respectively,

0.0

0 Lo, ), v, being the rank of the matrix b} i.e., b, and

such that ¢}~ "6 p} = (
hence v, <min (¢, —u,, s,—u,); we have

’ - / 1., O 00 .
(3.25) P la;qm—-—(() @ O>’ qa” lbapa <0 1%‘)’

where u, and v, are the ranks of matrices a, and b, respectively. R

As for the matrix ¢ in (3.12), since ¢*=[*+1,, we have
S
(3.26) , a=("5"_r1..)
Thus we have

3.27) xy=rdr, 2=y —1 75[2.@}\ 1ra@2.r@(x l’i”_xﬁ"j) @ (f).lill?lwz\)]

a=1 a=P+1 S

=4/=1 75[;_%@ Nalra @g@ Vo + hra) @ 121w, D (—1) '1"’2]9

where
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Xa‘_'.—'il, u:Os a:1a2s"',p
w 2f (f“ -+ l2 2), dtt = “/g 1’&9 i)a: 'I/Sj 'lsw, Sa =1y for 8¢ :% 0;
@

Ne =& 1, d, _<1“w

o 0 0 . .
(3.28) ¢ 0 0) by = (0 1%>, u, + v, < min (s,,t,) for 8, = 0,

a=p+lup+g;

sksztv:—@}—f(fmzﬂum) ftl=m) (faml+m) (fi—T—m),

k - 1""9[) + q;

and the last term in (3.27) can occur only for the case where 1> =m?
And then, from the above results, (3.6) and (3.8) we have

629 yi=r'yn y=v/=Tr[ 3Ol 0@ (M i Jo(s )]

@=p+l ba —tali,

— /17 5O 11 @ X (pade — 1) DL 10, D (=D 1],

where ‘ .
I e = *m, 8, =0, a=-1,2,---,p,
(3.30) Mo = on (fa = P m?), for 3, % 0,
2fa
p,m::_'i—m, for 8, = 0

_and the last term in (3.29) can occur only for the case where I°=m’

Moreover, since
P+q
(3.31) i) = i =22 @ fu- ( i “5)

it is necessary and sufficient for xy == yx that either-d, or j, is not the zero matrix
for some o, a=p+1,--, p+gq, that is, if 8,%0 for some «, then xy F yx, and if
8,=0 for all «, then xy=zyx if and only if either u, or:w, is not zero for some a.
Thus we have
Tueorem 3. All the matrices of order n representing the non-commutative solutions of
e'e’ =&’ =e’e" for the set © are given by x=u"'ku, y=u"'ju (u is a regular matriz),
/ +q, .
i=yTx [, @ (D1, @%@((%/fx )x 1,“) @3o(p'e, ]

=q1+1
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5}: 1/?171’[’”1[,11@(—777/) 1Pm®m1p12®(-—m) 1P25‘®

q1
1

a=1 o p-T+1 \ T b3 —Mgltg

(5 i gl i)

‘where

1 o 5 2 1 r2 g2 2 2 2 2 2
Ne=5— (fot P —mD), po=_"7(fE—1F+m"),8,=P—No=m’>— p2 F0,
2fw f /‘b 2fwf ) @ Iu’ :k:

a=1, 29"'991,
. _(lis Oy & _ (00 -
7\’,3 = =% l5 Mg = * m, uﬁ_—: (0 B O>, bﬁ = (0 1vﬁ>’ 182 q1+ 17"', q1 + q2s
I, m and f, are non-zero integers such that 1+ m+ fo, =0 (mod 2), p, s P, Py Py
Py Py §'s and t’s are arbitrary natural numbers such that

91+ 92

1
P11+P122P1’ p21+])22=p2, p]+p2+2?_,:lsm-{j%‘,q(lial+tﬁ)=n and ql+q2:\'—‘0;

and if q,=0, then either ug or vg must not be zero, at least, for some B, B=gq, +1,-,
(11 + qz'

(II). The case where e%” =e”e®. We shall first consider the case (II;) and
the case for @30 of (II;). We have to determine the matrices x and y of order
n such that

B =ak, dy=y=aly, xd=ryx=pg% > =@a%,
"{(3.32) N
x (xy —yx) =& (xy — yx) and y (xy — yx) = B (xy —yx),
from which the case (II) is obtained by taking 8= —a. From (3.2), (3.3) and
(3.4) we have

-1 _(*1 0 - (a]_nl 0
TTP P TR0 o) "1_(0 —ala,)
(3.33)

- s 0 .
Yy=r lyOP’ y(’:(gl O>’ y% 262‘111,1-9-"._,.

And then we have

(3.34) 1 (xy1 — yix) = & (xyy1 — yi%1), ¥1 (Xay1 — x21y1) = B (Xy1 — y1%1)

if we put y1=<§; ;Z) where y5, and ¥ are the mairices of order n; and n»

respectively, then from the first of (3.34) we have

(3.35) ya =0,



On the Non-Commutative Solutions of the Exponential Equation €*e¢¥ =e*+Y I 151

and then from the second of (3.34) we have

(3.36) yuyiz = 3y

And also from yi :.[32-1,,1”2 we have

(3_'37> ¥h =By, i =1s, and y1y12+ Y1222 =0

from (3.36) and the last of (3.37) it follows that

(3.38) Y12y22 = — By

By taking the suitable regular matrices ¢; and ¢» we have from the first two of (3.37)

(3.39) Yo=q¢ yuq = ( _’8(}"“,301”1), Vhe = qz' Y22 qz = (_Bg"“bgm),

where ni;+ni2=n; and nz +ux=n.. Then by the matrix ¢= (Ol q0>, we have
. . 2

(3.40) X =q¢ g T x, yi=q Ng= (%n ;Z) Yiz = gi'y1ags

and also (3.36) and (3.38) are written as
(3.41) Yi1Yiz 218)’32, YieYbe = "’:8}’32-

Here if we put

3.42 ’ =(““ “12>,

( ) Yiz2 Upi  Usg

where u;, is the matrix of n;;-rows and ng;—columus, then from the first of (3.41)
we have

(3.43) uy; = O and U1g =— 0,

and then from the second of (3.41) we have
(3.44) Ugg = 0.

Hence we have

(3.45) ‘ Yiz= <0 O) H

Uy 0

furthermore we can take the regular matrices r» and ry; such that

71—21 UaTor = (?u 8);

where z is the rank of the matrix u,, the orders of r; and ry are n;s and no

respectively. So, by taking the regular matrix
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(N 0 . .].nu 0 _(7'21 O)
r—(o r2>’ where r; —(0 le) and r, = 0 1n,)

we have

(3.46) [
l 1 — =1, _ O O> — /0 0)
y12_ 1 y12r2_ (T;21U21T21 0 - lu 0 ’

where u<"min (n,2, ns;).

Thus we have

x=1t""%, y=¢"yt, (¢t is a regular matrix),
x = alnl @ (_a) 1n2 @ Ons,
(3.4‘7) R :).} = [(_18) 1"11 @ 18]-"12 @ (_B) 1"21 @ 181"22 @ O"s] + j'”
0 0
o[ %10
Ju= =2
Vo 1 0

where u, ni, na, na, N1, M2, N2y and ny; are the non-negative integers such that
ni + i =n1, ngy + e =ny, ny +n2+ nz=n and u=<min (s, n21). It is easily seen
that xy == yx if and only if 1 <u.

Next we have to consider the case where a«B8=0 in (II;). Since in the case
(I) &® = 8%, either a or B is not zero. So we shall first consider the case where
=0 and B=0. Then in (3.33) we have ~ |

(3.418) y12 = On]+n2;
(3.34) is replaced by

(3.49) X1 (xlyl - ylxl) = (xlyl _ylxl), Y1 (xlyl - ylxl) = 0”1"‘"2‘

If we put y1=(g: ; ; ;2) where y1; and y» are the matrices of order n; and ny

respectively, then similarly as in the previous considerations, we have from (3.48)
and (3.49),

(3.50) Y21 =0, yuy. = Q, Yizyez = 0, }'§1 =0 and y§z = 0.

By choosing the _suitable regular matrices ¢; and ¢», we have from y‘f’1=0 and

y§2 = 07
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0 0,0 0.,.0 '0
(3.51) }’31 = (]Ilyn q1 =(lsu 0 0 ), yé2 = q51y22q2 :(O 0321 O >’
0 0 O, : 0 1,090,

where 2s;; +\312=n1 and 2sy; + 522 =ny. And then, by the matrix q=((q)1
. have
yh yiz"

), yis = qI’quz-

(3.52) 2= qTimg =m, Y=g (o Yia

And moreover we have
(3.53) }’31}”12 =0, }’12}’52 =0.
Here if we put

S22 S21 Sa1
> & o

V11 Vi2 v13' 3311
(3-54‘> }"12 ={ V21 V22 1723)?,511 s
. Us31 Us2 Uss $812

-

then from (3.53) we have

0 0 0
y'12= v V22 0,
vs1 Vg2 0

that is,

(3.55) ) }’/12 = (0 8);

- v

where v is an arbitrary matrix of (s;; + si2)-rows and (sz1 + s35)—columns.

Thus we have
( x =t y=t"y, (¢t is a regular matrix),

X = alnl @ (—a) 1n2 @ Ong,

(3.56) y= [((g 8> X 1) @"'*?“22@(((1) 8) x 1> @04”3] + T

i
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4

where v is an arbitrary matrix of (s;; + s12)-rows and (sy; + Sz2)—columns, 2s1; + 812

=ny, 2551+ S22 =ny and n; +nz +nz=n. And xy=Fyx, if and only if v==0.

As for the case where a=0 and B0, by exchanging the role of x and v,

we have from the above result
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x=s"ds, y=s"ps (s is a regular matrix),

{ £= [((‘1) g) x 1511)@05!2+322®<((1) 8) x 132‘)@0n3] + T

.,};:[31”1@(_6)1"2 @ O".':’

where v is an arbitrary matrix of (s;1+si2)-rows and (sz1+ szz)—columns, 2s;;+s12=
M1, 285+ ssa=ny and n;+na+ns=n. And xy=Fyx, if and only of v=0.
Summarizing the above results we have A
Tucorem 4. All the matrices of order n representing the non—commutative solutions

of €e’ =7 e"e” for the se¢ © of iteration pairs are given by

x=u""%u, y=u""ju, (u is a regular mairix),
(1) Ei= al'ﬂ@(“a)lﬂz@onm y* = [(_:3> lnu @81"12@<—B>1"21@61"22@0"3] +ju’
0 0

/
. Culq, 0
]uA:- [""“ 2
0ol o

where e(—2a)=e(2), a?=% 3% and aB =0, or e(2a) =1 qnd B=—ax0; n+ns
=, Ne1 F Nae=ns, i + 12+ ns=n and 1 <u<min (n13,121) ;

and
(11) x= alnl@(_a)lng@()na,

-_~[<( >>< Lo )@ Oepcs ((‘1) >>< L J® 0n,| 7.5 ,
(i) % =[ ) x 1, )@osl e @® (( g) x 1, 1>@on]+J@,
$ =Bl ®(— ) Ln@® Ony 5’
n o8
= 0| 0 ;

where e(—20)=1 and a=x0; e2B) =1 and Bx0; 2sp+s13=m1, 259+ s2=ns,

mtnetns=n; v is an arbitrary non-zero matrix of (si1+ s12)—rows and (sp1 + S20)—columns.

II. NON-COMMUTATIVE SOLUTIONS OF e"” =e**” FOR AN
ALGEBRA REPRESENTED BY THE TRIANGULAR MATRICES

4. Actual construction of the non-commutative solutions of e*e’=¢e*"”

In this section we shall consider the non-commutative solutions of e%e”=¢**” for
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an algebra which is represented by the triangular matrices. We have only ‘to
confine ourselves to a subalgebra of the algebra Z, which is composed of all the
complex triangular matrices of order n. An example of such an algebra is given
by a matric algebra which is a solvable Lie algebra.

We shall state the method to construct actually all the non-commutative solut-
ions of e*¢?=¢"*” for T,. Now let x and vy be the elements of ¥, then x and y

are written as

@) x;:(x 0), y::(ﬂ 0»

u xo v Yo.

where x, and yo are the elements of ‘,_;; A and x are complex numbers. It is

easily seen that

0 0) 0 0>
ee=¢e"ce\u x,)" e =¢é" e\vy)
(4.2)

X =2o— N, Y1=Yo—jt}

and then

(4.3) ‘ e<2 x?>=<1 o>, 'eCz)'y?):(l o>,

U, e™1 (4] er!
where
2 x
_ X1 X1 o s, e € l—‘],
m= A+ g gt u=—
2 Y1
= Yoo Ly, =l
ﬂl—(1+‘§! + 30 + v 7 v.

And then we have

(4.4) et = e, (1 0" )
Wy exl+y1
where
1 1 “i+1_ ]
wl=<1+~2T(xl+y1)+vj(x1+yl)2+---)(u+v)=ex1 y1 (u+v).

On the other hand, from (4.2) and (4.3) we have
(4.5) e"e? = e\*H, ( 1 0 >

u, +e“v; e*e’!
Hence, from (4.4) and (4.5) it follows that e’¢” =¢™*” is equivalent to

(4.6) el == "1 j e, €%’ =¢e""7 and u; + "0, = wi.
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By means of the above expressions for u;, v; and w;, the latter of (4.6) is written

as
X _ 1__ X1+ _—
(4.7) ¢’ 1°u—+—e"1-ey 1v~elyl 1(u+v)=0,
X1 Y1 %1+ 1
Xy Xp+y1 Yi1__ T1tyr__
e, (CL 1)u+<exle 1_ a7 1>v=0.
X1 21ty Y1 %1+y1

But then under the condition e*e”'=¢"*7! we have

i1 eutn_]

x1

el P PR = (o +y) 7 (e + y) e @ —1) — @71 =1)y1) y1 77
= (%1 + y) 7 ({01 + y2) (€171 — &) — (€7 = Dy1) y1 7!
= (%, + }’1)—1 ("1~ 1)y — (2, + yl) (e* — 1))}’1—1
_ (e —1 ex1_1>x 1
( X1+ Y1 %1 RA
(if necessary, by replacing yo by yo+/, y1~' can be considered),
that is,
, N1 el (el @1\ _
4.8 it S =( - L
(4.8) € I R ) x1)1

x1+y1 LI

hence we have

4.9

ettt ] ef1—1 ) -1,
- % v—u) = 0.
( x1+y1 X1 @0 )

Here if we assume that x;¥;=7y%;, then (4.9) is written as

(4.10)

1 <e"‘”‘—1 _e1—1

L —ym) =0,
Y1\ x1+n X1 >(x1v yat

or in the other form

1 e’1—1 e"‘l—l)
4.11 — i — = 0.
( ) (21 +_’)’1) ( Y1 — X1 (o0 yIU)

And moreover we have from (4.1)
4.12) xy—yx=, 0 0 >
(xlv'—ylu X1Y1-—Y1%1
Thus we have

Tueorem 5. All the non-commutative solutions of e“¢”=e**? for T, are given b
& i’

LR
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such that

e*ero = g*otro

At T i | ( -1 )_
<(”°+yo)_(x+/45 xo")\) (o —\) (o= o—u) =0

and

X0Y o # yox() or (x0—7\) v — (yo - /.l) u # 0,

where %9, yo€ T,_1 and N, p are complex numbers. .

By means of Theorem 5, we can find inductively all the non-commutative solu-
tions of e%” =¢e**” for L,. For I;, the solutions are giifen by all the pairs of
complex numbers. Let xp ‘and Yo be any elements of ¥, ; such that e®e’°=e™*7,

then it follows from (4.9) that all the non-commutative solutions x=<)\, O> and
U Xo

y:(ﬂ 0) of e*e” =¢"*” for &, is obtained by taking

v Yo
(4.13) u = (xo—N) (yo—p) o+w
‘where
/ eTovyo)=(Aer) ] e A —1
4.14 € _ > =0,
( ) .(xo +:)’0) '—(X'*‘/Jz) Xo— N v

for any complex numbers N and p, and any matrix v.

But if xoyo=1y0%0, theni the following condition must be satisfied :

1 e(xo+yo)—(>\+#)_1 et — 1\
4.15 det ( - ) —=0.
(4.15) [(yo—#) (wotyo) —(Mtpw)  m—N }
If we put
%o = (M 0\, yo=/m 0\,
g ( /1'2.
# 7\‘7—1 # Mr-1
then (4.15) is written as
r=1, eRitpd) =) 1 eli—?\_l
4.16 ( ) =0,
(4.16) 1 (sn (Grm=arn ~ ay)

‘or in the other form

1 etiTh ] e~ hitN -]
4.17 1] - = 0.
4.17) e N ) — (Xﬂb)( —p - (M—K)>

From this it follows that
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1( fetiTh—1 e-(?\i-h)_l)
4.18 — =0
¢ ) Nt p) =N+ \ gy —p == A)

for some i, i=1,2,---,r—1; and hence

et M- i —

1
= d N p Nt .
- P pENA

(4.19)

for some i, i=1,2,---,r—1. That is, we must take N and p satisfying (4.19).

Thus we see that all the non-commutative solutions of e%e¢” =¢e**7 for &, are
obtained inductively.

By the method of construction we have

CoroLLary. Any non-commutative solution x= [\ 0\ and y= [ 0\ must

XZ. M2.
N o

and N;—N;j3=p;—pj for some pair i, j; i, j=1,2,-,n.

Aimhj ] _etitri—1

. €
satrs
s —Aj i T

5. Some properties of the solutions of e”e”=e**” for T,. In this section

we shall consider some properties of the solutions of e%¢”=¢**7 for I,.

Let x&€ X, be written as

* 0
. =
(5.1 x=|_ Ya
Yug Xg
k% ok %

{where %, and %; themselves need not be triangular, but may be any square matrices

in the following considerations), then we shall .write
wa: 0 7 0), Y 00
6.2 0000/ V00
l and %y = 2, + %3+ Xag;
and furthermore by P, and P,; we shall denote the mappings :
(5.3) P,: x—>x, and Pg: x> x,

respectively, and call P, and P,, the projection operations.

The following are easily seen:
(5.4) XaYpg = XgY¥a = Xa)Yag = Fag)s = Xeglap = 0,

i e., Pu(%) Pa(y) = Py(x) Pu(y) = Pyu(x) Pag(y) = Pag(®) Pa(y) = Pag(x) Pug(y) = 0,
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{ P‘/ (x+)') = Py(x) +Py<}’)’
(5.5)
P, (xy) =Py (x) « Py(}’),
(5.6) P'y(x) = P,(x) + P[:}(x) + Pap(x)’ Papg(x> = Pﬂpaa(x) =0,
and
(6.7) ‘ P,e* = é%

oo r

. X
where €Y =P, 1+ 312,

: =

If e*e” =e**?, then from (5.5) we have
(5.8) e’ = eFtVy = g¥y+ry ;
and if xy=yx, then xyy,=yyx,.
And furthermore by means of (5.4), it follows from %,=x,+ %+ %,, that

()™ = 2, + 25" + D0™1 2,50,

mi+ma=m—1

and hence

(5.9 e = o B 3] e,

mi+mo=m—1

= P+ P+ 2> ) A 2™ X g X%

m=1 mi+ma=m=1 m!

But, on the other hand, from (5.6) and (5.7) we have
(5.10) 7 = Pye* = Poe* + Pye® + Poe”,

therefore we have

v ' X m‘ Y ]- m< m
(5.11) Pye =2> 3] T %6 Xap % 2,

m=1 mi+mo=m~1 M

By means of (5.4), we have from (5.10)
(5.12)  Py(e’e”) = ee’Y = P,e" » Pye” + Pye"Ppe” + Pye® « Pyge” + Ppge®« Poe?,
and by (5.5)
= P, (€"¢”) + Py (e"e”) + Pye"Pppe” + Pge"Pre” 5
and, on the other hand, since . |
(5.13) Py (¢¢”) = P, (¢'¢”) + Py (€%€?) + P (%),

-we have
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(5.14) ' Py (%) = Pye*Pyge” + Poge™Poe.
Moreover, from (5.11) we have'
(5.15) x5 (Puge) — (Puge®) 2, = (€8 —1) Xy — Xpp (€7 — 1) = €Bx,5 — x,,6™%.

Here if e"¢”=¢"*7, then P,g(e"e¢”)=P,ge™*?,and hence by (5.14) we have

(5.16) v P ™7 = e8P, e” + Pyge” e’

Thus we have
Lemma 4. If ee”=¢""7, then e*ve’s = e"a*7a, e"8e?8 = e"8* 78 and P;Be"” =

o0

: . 1,
€8+ Pyge” + P,ge"+e”2, where Pyg(e”) =32 2] — % LY e

m=1 mi+me=m—1

II. NON-COMMUTATIVE SOLUTIONS OF e*e? =¢**7 =¢%e”
FOR THE TOTAL MATRIC ALGEBRA

6. Equation e*e”=e"*"=e’e” for the complex total matric algebra. Let

A be the complex total matric algebra of order n, Ay the set of all the
matrices of order n all of whose distinct characteristic values x; have the imaginary
paft I{;) such that —w <I(p;)<m, ¥, the set of all the matrices of orther n
some two of whose characteristic values have the difference 2lzy/—1 (I is a non-
zero integer), and o= —A,. We shall call the elements of ¥, and ¥, the
ordinary elements and the singular elements of U with respect to the exponential
function e® respectively. From this definition, it is easily seen that Ay is open in
U and U, is closed in Y, and moreover that ) CU,.

From the results obtained in our previous paper [1], we have the following
lemmas :

Lemma 5. Any element x of U is uniquely expressed as x = xq) + %y where x,
is the element of Wy such that e =e*; and then is a polynomial of e* (here its
coefficients may depend on €*), %@y %(py=%(p %oy and " PN=1. x is expressed as x(p
=s"'fs, where s is any matrix such that sxoy=2x)s; and f has the following form :

f=GI® f)g fi=2my/ I3 fun Ly

corresponding to

P Pi
xoy = q" (21: D xwy) ¢ Xy = 0‘2]196(0)&», Xeoyiw = | A; ".1 ,
= = . .
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where q is a regular matrix, %e); and %), are the matrices of order n; and n., respec-
tively, fi and fi, are arbitrary integers and N, ZN;E=)).

Lemva 6. x is an element of o, if and only if fiu=fip for dl a,B=1, -,
Di» in Lemma 5 ; that is, if and only if x is written as a polynomial of €.

Lemua 7. €%¢” =e”e” implies xy =yx, if and only if x,yE?Io. The general solu--
tions of e’ =e’e” are given by x=2x0y+* %, and y=1yo + y such that xe ye =
Yo Xw©)-

Proor. If x,y€ N, then x and y are written as the polynomials of e* and e”
respectively ; therefore e%e” =e’¢® implies xy =yx. If x&¥U,, then it can not be

27/ =1 0)

asserted that e"e” =e”¢” implies xy = yx; for example if we take x= ( 0 0
and y = (’6’ i), then e*e” =e”e” but xy==yx. The last half is clear, because ¥,
C %o.

Lemma 8. If x€ o, then e*=e” implies xy=1yx.

Proor. e*=e” implies ye*=e"y, and since x€Wo, xis a polynomial of e, there-
fore xy=yx.

We shall call x the matrix of degree n if x has the minimal polynomial of
degree n. Now we shall prove

Tueorem 6. If x and y are the elements of N such that either x), Yoy or (x+y)
has the degrée n, then e"¢” =e’¢*=¢"*7 implies xy=1yx.

Proor. e"e” =e’e” is equivalent to e*©e?® =¢e”®*®, and by Lemma 7, this is
equivalent to
(6.1) : X©)Y(©0) = Y©) %©) 3
and hence we have

(6.2) ' £ Y0 = O *+r (),

on the other hand, we have

(6.3) e () = %Y = ¢ = FOFIO+P+Y(P)

therefore we have

(6.4) HOFT0) = HO)+Y () +H(P)+7(P),

Since the degree of x() is n, x¢) is transformed to its canonical form

N 100

- r‘ XL' % . .
(6.5) P lxop = %6—) 0... 1b i %=y for 1527,

A
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by means of x)y©)=7Y %> we have

1 2
Bi 1Bi.'-ﬁi
~1 'rw ;8;' "- 2
{6.6) P Yop = }_;@ LB )
i=1 0 o1
B;
And, by Lemma 5, we hahe
(6.7) X0) X(p) == X(p)%(0)s
hence we have
12 mg
Y ViV
r 1., 2
(6.8) ' p"lx(P)p =>1@ Y Vi)
i=1 0 ',.f;

therefore, by comparing the form of (6.6) and (6.8), we have

(6.9) Yy %(p) = %(p) Y03

moreover, we have

(6.10) Yo Y = YnYo-
By these results (6.1), (6.9) and (6.10), it follows from (6.4) that

(6.11) £5(0) = g O+ AP)*+Y(P),
From this, by Lemma 8, we have

%0 * (X(p + Yip) = @+ Yip) Xops

i e.,

(6.12) X©) * Yp) = Yipy * Xlo)y-

By the same argument as used in order to obtain (6.9), it follows from (6.7)
and (6.12) that

(6.13) EpYin = V¥ -
Therefore we have xy=yx. Also by exchanging the role of x) by y© or (x+ %))

we arrive at the same result xy=1yx; because from e%e¢” =e’e® =™+
b b

x

we have e "e""Y = ¢**7¢™* =¢”. Thus our assertion is proved.

Remark. It is easily seen that the degree of xq) is n, if and only if x€,
and the degree of x is n.

7. Some cases where e”e”=e"*” implies e"e”=e”e”. In this section we shall

consider some cases where e"e”=e**” implies e’e”=e”¢".
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1°. Let x and y be the matrices of order n which are simultaneously trans-
formed to the hermitian matrices, and if e¢*¢” is transformed to the hermitian matrix
by the above transformation, then e"e”=e’¢"

For, x and y may be considered to be hermitian, i.e., ‘t=x and ‘y=y where
‘x denotes the transposed matrix of x, and % the complex conjugate matrix of x;

then we have

T

(71) (€x> == Cti = ", @5 = g7,

Since €*¢” is hermitian, i.e.,

t*_
(7.2) (ee”) = e*e?,
we obtain

(7.3) e = Ve = e¥e”. -

As a lcorollary of this fact, if x and y are simultaneously transformed to the
hermitian malrices, then e“e”=¢e"*” implies e’ =e”¢". ’

Similarly, if x and y are simultaneously transformed to the symmetric matrices
such that e"¢” is simultaneously transformed to be symmetric, then e"e”=e’¢*; {rom
this it follows that if » and y are simullaneously transformed to be symmeirie,
then ¢"e”=¢"*7 implies e"e”=e’¢". And moreover, if ¥ and y are simultaneously
transformed to be pure imaginary such that e"¢” is simaltaneously transformed to
satisfy z-z=1, then e%¢”=e’¢"; from this it follows that if x and y are simultane-
ously transformed to be pure imaginary, then ee”=¢"*” implies e*e¢”=e”¢"

Remarx. €” is hermitian, if and only if x) is hermitian; and if x and e* are

hermitian, then x=xq.

For, since e*=¢"®, if x4, is hermitian, then clearly ¢” is hermitian; conversely
z

if e* is hermitian, .then t(eT“”j = ") =¢"®), consequently " =e*©), since here ‘Z),
x0) € U(0), (the characteristic roots of x) are all real, since the characteristic roots
of e* are all real), we have x¢)="%q), that is, ¢, is hermitian. If x and e* are
hermitian, then ‘%="%@) + % =% T %, and ‘X = %), consequently T,
=2x(y. Therefore all the characteristic values of x, are real, while on the other
hand, these are pure imaginary (see Lemma 5); so we have x,,=0, i e, x=x().

Similarly, if and only if ¢ is symmetric, then xy) is symmetric; and, if and
only if x(, is skew hermitian, then e* is unitary.

2°. As another examples of the case where e%”=c**” implies e%e¢”=¢"¢", we

shall consider the following cases. Let e, and f., a=0,1,2,3 be two quaternion
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bases, 1.e.,
(7.4) ewejy = ~—&js  fufp = — 8
802=€o, foz—'“-fo, €9€; = €;€9 = €4y fofi:fifozfi, i=1,2,38.

3

Let £ be the algebra of elements >} tge, f, where e, f.= f,e,, G are complex
b

a,b=0

numbers, and let

(7.5) x = ayerfs + Qsesfi, ¥y = PBuerfi + Baeafi .

-

Since it is easily seen that
{7.6) es'wey; = —x, e 'ye; = —,
from e"e” =e**?, it follows that »

es”! (e%e?) es=e3"'e* ey ie, e Y =e ",

and hence®we have e”¢*=e**?, that is, e’e*=¢e"".

Similarly, if we take
X = Qioe; + Quzerfs + Qgoer + Agserfs,

Yy = ,Bdlf1 + 1931€3f1 + Bozfz + Bazeafz,

then we have

(esf o) x (eafs) = — 2 (eaf )y (esf) = —7,

and hence, by the same argument as the above, we see that e%e¢” =e™*”

implies
e'e? =e%e”. _
Finally we note that for the real quaternion algebra, e’e” =¢**” implies xy = yx. !
8. Non-commutative solutions of e*e” = e’e” = e**” for the total matric
algebra of order three. We shall consider the non-commutative solutions of e*e”
=e’e"=¢""7 for the total matric algebra of order three. By Theorem 6, for the

non-commutative solutions x and y of €'¢”=e’e*=e™7

it is necessary that the degrees
of %0y and y() are less than three. ‘x and 'y satisfy e"e”=e’¢"=¢""7, if and only
if x and y satisfy it. And e"e”=e’¢*=e™*” is equivalent to ¢*e”’=e’’e” =¢"*”’

where
(8.1) x = p—lxp +a-l, y= p'lyp + B - 1.

By making use of these facts we shall investigate the non-commutative solutions of

1) See (2], p. 354.
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ee?=¢e"=e"*7.
The types of the canonical form of matrices of degree less than three under

the transformation (8.1) are given as follows:

000 010 000
(8.2) 00 O), 000jand {0 O O) O = 0).
000 000 0 0\,
000
(I). The case where xo={0 0 0), (A==0) : Since %)y =¥ %0 by Lemma
00X
7, we have
) /0 0 O »y 00 010
(8.3) Yoy = (0 0 O), 000)] (w0 or{0O0 0).
0 0 «, 0 9 0, 000
000 000 ‘000
(I]) X0) = 00 O) ()\):\:0), y(o):(O 0 0). If y(o)=(0 0 0) (IC :\: 0), then
00X » 00 « 00 g/

by Lemma 5 we have
* % 0 . x x (O
(84) = p"l (* * O)P’ y = p"l (* * O)p
00 = 00 =
If y(o)=0; then by Lemma 8, from e*©e?©@ =" @*7O)T*A*Y(p) j ¢, €@ =g O PA*7(p)
we have x()y(p) = ¥(n%@) ; therefore we have
' PEE * % ()
(8.5) x=p (* * O)p, y=p! (* * O)p. , .
. 00 =% 0 *

Thius, in this case, our problem is reduced to the case for the total matric algebra

of order two. As for this, see our previous paper [2].

000 » 0 0
(I). %0={000] A%0), yp={00 0) (»%0). From e*@+7©) =
00X 000
e+ *(p)¥(p) we have
v 00 /v 00
(8.6) (0 00 (0 00)
e\0 ON/ =¢e\0 ON + x5 + yp)
v 00
But since {0 0 O)E Ny, by Lemma 8 we see that x(, -y, is commutative with
0 0 A\

v 00
,(0 0 O) therefore x(, + 7y has the form
00X
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* 0 x
(87) . X(p) + y(P)‘:<O * 0 N

Gk 0 o*

on the other hand, xo)x(;) = %(p¥e) and yey ;) =)y e imply

) x x () 00
(88\; Xy = | * * O), Yipy = 0 x *)
00 \

%k 0 *x /

#* 00
s Yip) — 0 * 0)7
00 %/~

From (8.7) and (8.8) we have

X(p) :< .

therefore, in this case, xy=yx.

{’0 00 010
I5). %0 ={0 0 0] A30), y={0 0 0] In this case, xqx(,)=2%(,%p and
\0 (1IDY 000

S D ¥
< O
¥ OO

Yo (m»=YpYo imply
x x () T % ok
(8.9) X(p = <* * 0), Yipy = (0 T 0)‘
x 0

‘On the other hand, since e* @+ = F@*Y@**(*> (M and x¢) + ¥ =<

coo
oo
OO
SN—
m
2
g

by Lemma 8, we have

(xoy + y0) @y + ¥im) = @i + Yip) @oy T Yo)

therefore from this we have

p*0
(8.10) Xy + Vipy = (0 p 0]
00 H*y
By comparing this and (8.9) we have
fo * 0 (7 x O
(811) Xipy = (0 g 0), Yip = (0 T O)
: 00 = 00 =

‘Thus we have

@Y = Y% oY) = Yo and %Yo = Y0¥,

that is, xy=1yx. ’
0
0

and besides v, belongs to the type
0 ‘

(II). The case where x«»z(

SO0

1
0
0

T
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10 000
0 O) or (O 0 0] In the case we have
00 000

010
(8.12) " x=(000) yo'=0.
000

From x(‘))y(q) = Y (0)%(0) and y<0)2: O, it follows that

o [0 0
000 0

* O ¥
SO0
~——

. 010 010 0x0
But, by means of [1 0 0}, the matrices x ={0 0 0) and y={0 0 O) are
001 \000 0 =

* 0
/00 0 000 :
simultaneously transformed to (1 0 0) and [ * O O), which are the iransposed
: 000 * 00
010 * ok
matrices of [0 O 0 and O O>, so that we have only to consider the case:
: 00 O 000
010 0 p o)
(8.14) Xy — 00 0), Yoy = 00 0)
000 000
Then, by means of Lemma 5, we may take
00 0 ‘
(8.15) Xy ={0 0 0 )
00 27y -1
0 1+p o
Since xgy+yo =0 0 O)EQI(O,, by Lemma 8, from e*@*7(0) = *O*Y*=(p*7(p),
0 0 0 ' )
we have '
(8.16) @0+ y) @i + i) = @+ ¥in) @ + Yoy

From this and y©y(» =YY@, it follows that

0 p0O T T1 T2
8.17) - yo =100 0) Y =107 0}
O O 0 T3 O
or
0 p o P pr P2
<8.18> y(()) =10 0 O ((D ZJF 0), y(P) == 0 P p3 N
0 0 0 00 «
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where p3 = —2lry/ =1+ 0, k—p=2my/~1+p; if I=0, then xy = yx.
By (8.16), from &@*7® = *70**(N*7(p) we have e* PP =1,
so that we have only to determine y(, to satisfy

(8.19) e’ = " P r(p =1,

But from (8.17) we have

(8.20) 0

0 Telc—7) e

' 1 my+7orsh(oc—7) Te(c—1)\
e’ (P =¢", 1 0 ),

1 T1+‘7'2'7'3h(0‘—7'+2l;t1/:—]_) 7s¢ (o — 7 + 2/ =T)
e Prrp) = ¢ o [0 1 ; ),
0 Tse(o— 7+ 2lmy/ 1) P

where A (€) = giz(eé —1-8 (¢E=0), (0)= % ; therefore (8.19) is equivalent to

T=2mmy/ —1, c=2mymy/—1, Tee(c—7)=Tse(c—T7) =71+ ToTsh(c—7)=0

(8.21) ] and tee(c—7+2my/~1) = 1¢ (60— 7 + 2wy /1) = 11+ Tamsh (0 — T +,
\ 2lmy/=1) = 0. |
Here if r=0, or T—o=2lwy/—1, then 7,=7,=73=0; from which we have

xy=yx. If o and 7— o % 2lwy/—1, then we have Tyrs=(0c—T)7 =
(6—71+2lmy/—=1) 715 since I %= 0 for xy == yx,

(822) T1 = 0, ToT3 — 0, m; — mg 4: 0, L.

And then xy=Fyx if and only if 7,50, so that, for x and y such that xy :\:yx,
7230 and 73=0. Thus we have

. 01 0 2m17t1/—-—_1 R T2
(8.23) x=100 0 ___>, y = 0 2wy —1 0 5
00 2=y —1 0 0 2mamy/ —1

where [, m; and m, are arbitrary integers such that mi—m.=:0,7; 7, is an arbitrary
complex number.
Similarly from (8.18) we have
(1 p1 mpsh(fc—P)+Pze(K~P))
ey(}?) == ep . y

01 pse(c—p)
00 P

(8.24)

PP =¢ « |0 1 pse(k—p+ 2w/ —1) ,
O 0 er(—p+2l1ty’°__j
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so that (8.19) is equivalent to

p= 2m17t1/;—_1, K= 2m27t1/—~—1, P1 :0, pP2€ (IC et p) =pae (K - p) =0,
(8.25) . .
and pse (k—p+2my/ —1) = pse (k—p+2my/—1) = 0.
Here if p=+« or p — x =2lmy/—1, then we have p;=p; =0, and hence from p;=
~2lry/=1+w we have [=0; so that xy =yx. If pF«x and p—rF2nry/ -1,
then we have from (8.25) and (8.18) .

(8.26) p=2mmy/ =1, k =2mymy/ =1, p1=0, ps=—2ny/ —1o,
mg — my =+ 2z —1.
Thus we have

01 0 /2m17r1/:_i ® 0 \ -

(8.27) x = (0 0 0 ) y= 0 2mymy/ —1 v __),

\0 0 2lzy/—1, \ 0 0 2mymy/—1

where my—my=pl, p=0, —1, 50, v==0 and @ are arbitrary complex nurﬁbers.
~ (IIl). The case where x)=0, y) =0, i.e., e#=e” =¢e**”=1. In this case we

have from Lemma 5

my/=1T O 0
X =% =5 0 27y —1 0 )sl,

0 0 2wy —1
y=Yp =3 0 2momy/~1 0 s
and
2mymy/ —1 0 0 '
x+y=s"" 0 2nomy/—1 0 _) S35
0 0 2'7,3711/—1

where s, s; and s; are arbitrary regular matrices, I;, m; and n; (i =1,2,3) are

arbitrary integers. Therefore e*=e” =¢™” =1 is equivalent to

ll 00 m; 0 0 'nl 00 1)
(828) 81—1 0 lz O) S1 + 82—1 0 ms 0 )Sz = 33—1 (0 Tig 0) S3.
0 0 l3 0 O ms O O Ty

/ \

By taking account of the transformation: ¥’ =x+a, y'=y+ 3 we may take [3=10

and n3=0. Thus we have to solve the following equation

1) This fact is true for the case where x and y are the matrices of any order =n.
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l1 0 0 my 0 0 n; 0 O
(8.29) s 0 I, O)S +10 mg O) =110 n 0) Z,
000 0 0 ms 000

here we shall put
/ll O 0 ,7”/1 0 0\ 1251 0 O
a:JJazj”:S—l(O ls O)s, b:(O ms 0) and c:t"l(() ne 0]t
000 0 0 ms 000

(IIT). Iin; =0, I;=0 and no=0: In this case a is characterized by

3
(830) a = “Y\'atbj ”’ E“ibi = Zh
=1
. m; 00
and then (8.29) is equivalent to that the rank of la:b;ll +{0 ms 0) is equal to 1
0 0 ms

3 3
and D) ab; + D> im; =mn;, 1i. e,
i=1 =1

: 3 3
(8.31) ’ SMab, =1L =n — 21111;.
- i=1 i =

i=

By these conditions the non-commutative of (8.29) are obtained as follows:

Lhap 1,00
(1) . a:(() 0 ()) or{y O 0)’
00 O,,-' \8 0 0.
m; 0 O
5=(0 o 0),
0 00
where Lim; (L +m;) £ 0; « and B are not both zero, ¥ and 8 are not both zero.
ma (b -+ ms) o 0
<li> a = my— Mg —Mﬂ? 0
‘ T my—my i
0 0 . 0
my 0 O
b=10 me 0),
0 0 0

mamg (L +m) (1 +ms)

p——r o limams (my —ms) (I +my+msy) == 0, and, o and
17 e

where o7 = —

7 are not both zero. This result coincides with the result of the case (I,).

(IHZ). =0, and Limina(ni—n2)FF0: In this case (8.29) is equivalent to

3
that @ =lla;b;ll, >Dla;b; =1, and the characteristic roots of a+b are n;, ny and 0.
i1
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So we have
an+age +ags =1, = ny +ns— (ny +mg+ms),

(8.32) { (ma+ms)an+ (ms-+my)ag+ (my+ms)ass = — (mumg+moms +mums) +nins,
mamstyy + mamsasg +mimaeass = — mamams.

-(i). The case where m;, my; and ms are distinct: From (8.32) we have

ay = m; (mli—n.l) (ml—llz)
(ml - mz) (ma - ml)
‘ my (mg—n1) (mg—ny)
8.33 3 Qa2 = s
( ) * (m1—m2) (mg—ma)
gy = M3 (mz—m1) (my—ns)
\ (mg—ms) (mz--m,)

Since a = Haiij, we have aia09 =anass, @303 = a11033 and Qa3dse = aspass.  For the
case where a@;1asa33 3 0, we have @200 F 0, @305 &+ 0 and agsas; = 0; so by
100 m 0 0
means of the matrix (0 p 0] leaving invariant b=[{0 ms 0 ), a= |la;|| is trans-

00g 0 0 mg,

formed to Ci:”(iz]” such that dijzdji’ and then Qq1, Q22 A33, 23032, A13037 and U390

are invariant under this transformation. So we have

. ay 1/(;;&; 1/a11a33
: (834) d = 1/1111(122 227 '|/a22a33 b (11022033 :\: 09
1/11111133 1/0522033 Q33 /

where a1, a2 and ass are given by (8.33). For the case where 11055033 =0, by

100 m 0 0
using of the matrix |0 p 0] leaving invariant 6 ={0 m; O ), a= ”ain is trans-
00g 0 0 ms .

- formed to either of the following forms :

aL_V‘lnazz Vanas, au 1/011(122 0 a1 1/0116122
d= 1/011(122 QA2 223 s 1/011022 (253 0]or 1/(111’122 az O
0 0 Y Vanas, a0 .0 0 O

where = — =M (M1 o ong g, 2 m) (ma=m) g,

(8.35). § my—ms m;—ms

L11\ /LLOOy /510 01 5L 0O
=000),100),000>, 01 (000)
000/ \1 00/ \;;710 OOO 000

where /; is a non-zero integer.
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(ii). The case where m;=m;=ms. From (8.32) we have

(836) ms (TIL3 — n]) <m3 — n2> =0,

-

that is, ms =0, n; or n». By taking account of the transformation: z/=p~'zp+7,
we may assume ms=0. And then among the equations (8.32), the first two are
linearly independent and the third is a linear combination of these two; from these

two we have

1

j an = — —nt— (ml'—nl) (ml—nz)»
{8.37)

m;

2233 :'—a-l--w, (mlz\:o)‘
l ass = Q,

where m;, n; and n, are integers, and @ is an arbitrary number. Thus we have

'ml O 0
a = ”aibj“’ b= (0 nmy 0),

0 0 nmsg/
where

1
b = — — (ml - nl) (ml - nz),

m;
(llbz = —a + ———~n1n2 N

my

a363 = .

(ILy). mlls(i—1) =0 and n;=0: Since &=’ =¢**? =1 is equivalent to
e’ =¢ " =" =1 where ' =x+y and y’ = —y, this case is reduced to (IIl;), by
V putting as follows: lb=n.=0, =1, nh=1Il, l{=n and mi=-m:(E=1,2,3).
And from the result of the case (IIl;) we have the following result:

(i). The case where m;, m, and ms are distinct :

m; O 0
a = !l‘(ll] ”, b= 0 msq 0)
O 0 mg

where
a;; = aibj @ # ]),
a;n = by — my,
G2y = azbs — my,
ass = ashs — ms,

and
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—my (ml + ll) (ml + lz)

b, =
o (my — ma) (ms — my)
arbo = —my (mz + ll) (mz + lz)
2U2 — ]
(mg — ms) (my — m,)
Cl;gb3 — — N3 (m3 + ll) (ma +‘ lg) .

(mg — my) (mg — my)

(ii). The case where m; = my = ms:

m 0 0\
a=la;l, 1):(0 0 0), .
0 0 O
where
a;; = a;b; @ =D
an = aby — m,
Qe = A by,
azz = azbs,
and

a b, = —1—' (m'l +1) (mz + lz),
Lom

02b2='“05‘“ ’

(Zab3 = .

(II). 4Ll:(,—1)=0 and nny(n,—n2) 3 0: In this case the condition (8.29)
is equivalent to that @ and a+b have the distinct characteristic root and /;, /5, 0, and

ni, ng, 0, respectively ; that is,
( an+ @+ ags =1 + 1y = 1+ ng — (my + mg + my),
aaz) + ags) + a@y = hils, (agy = Q;; Q55 — aijaij)a
det a = 0,
(8.38) (m2 + ma) iy + (ma + m) azs + (M1 + mo) ass
= mns — U1 ls — (mams + moms + mam,),

Mama Qa1 + Munateg + MuMmadss -+ MyQes)y -+ Meaas) + Mmsape = — Mmamgms,

\ Mamsa1 + Mamadse + mamaeass -+ miaesy + meaasy + msaaz) = — mumsms.

Since ab=-ba, we may assume without loss of generality that m;=Fm,, and then
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we have from (8:38)
ay = p (ma — ms) + du1,
(8.39) azz = p (ms — my) + daa,

ass = p (my — ms) + dss,

and
a@sy = p (ma® — ms®) + o (my — my) + kass
{8.40) ' *9 a@gy = p (ms® —mi®) + o (ms — m1) + kay,
l aaz = p (m® — ms%) +k0v' (my — ma) + fazs

where p and o are arbitrary complex numbers, di;, dg» and dss is a special solution

of
an F o2+ azs = UL+,

(me~+ms) a11 + (ms+ma) age + (my+ mz)azs = nung—Lils — (mymg + mams + mamy),

and is taken, for example, as follows :

1 M2

I dllz ™ 1 [(l1+l2) (m1 +m3) + lllz + (mlmz + m2m3+NL3nzl) —_ nﬂh],

: -1
l Q2= —[(ll +13) (ma+ms) + lilz + (muma + moms + msmy) — n1n2],
my—msg* .
dzs = 0,
and (fOT these dll, dzz, d33,) ,1223, ]:;31 and ];12 is a special solution Of
kos + kay + kiz = Ui,
makos -+ moks: + mskiz = ms {fllz —(ms — ny) (m3 — n2>}s

and is taken, for example, as follows:

[ 7223 =-— L - [(mz — m3) hily + ms (ms — ny) (ms — n2)]5

my—ms
. 1 -
k= —— [(”11 — mg) Lils + ms (ms — ny) (ms — nz)],
ny —msg . .
];:12 = 0.

Since

det a= auyass + @3 + ey — 2011022033 + Q12023031 + 13032001,

by (8.39) and (8.40) we have from det a =0,
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Q12023031 + Aizazzaz = G,
G = 2P3 (m1 - mz) (mz - ms) (m3 - ml)
+ p* [2{d11 (ms — m1) (m1 — m2) + doa (M1 — my) (M2 — ms)}
— {(m® —mo®) (m1—my) + (m2®— ms®) (ma—ms) + (ms® —mi®) (ms—my)} ]
(841) ¢ — po[(mi—mo)? + (m2—ms)* + (ms—ma)*]
+ p[2d11d22 (M1 — m2) — {d11(m2® — ms”) + daz (ms® — my®)
+ ko3 (ma—ms) + fis1 (ms — ma)}]

- O'Edﬁ (mg — ms) + dgz2(ms — ml)]

— (d1ikes + d2okar)-
And moreover from (8.39) and (8.40) we have
o3z = F1= 2(m1-mz) (ms—m,) +p {(m1—m2) dgg— (mzz—m32)} — o (mg—msy

{(mz ms) lily + ms(ms — ny) (ms — nz)},

ml

aysa3 = Fy= (mz —mg) (m1—mg) + p{(my—my) d11 — (ma® — m,®) — o-(ms —my)}

(8.42)

i m2 {(m1—ms) lll; + ms(ms—n,) (ms—ns)},

Q1209 = F3= p2(m2 - ma) (ma - ml) + P{(mz - ms)dzz + (ms - ml)dll - (m12 - mzz)}

— o (m1—my) + d11dae.
Since 19023031 + @13232021 = G, (012023031) (0130321221) = F\F>F;, we have

(8.43) 203031 = Hy, aizassas = H,

where Hy, Hy= ) (G +/G*— 4R FoFy):

Thus the matrix a is determined by means of (8.39), (8.42) and (8. 43)
By summarizing the above results we have :
Tueorem 7. All the non-commutative solutions of e“e”=e’e*=e**” for the complex

total matric algebra of order three are given by
x=pldp+a, y=pyp+h

where p is an arbitrary regular matrix, & and (3 are arbitrary complex numbers, and % and

y are given as follows: (I's, m’s and n’s are integers)

=G Y =G Y
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where x, and y, are the non-commutative solutions of e*'e’'=e”e"=e"*71 for the complex

total matric algebra of order two, and N and p are arbitrary complex numbers.
01 o 2mmy/ =1 w9
Im. @ 2=(00 0 , y= 0 2myy/—1 0 _),
00 2my/ =1 0 0 2mamy/ =1
(ml :\: mg, ')’ :\: O>9

\

and the transposed matrices ‘% and 'y of these % and ¥ ;
01 0 2mymwy/—1 v 0o+
(i) £=(00 0 , y= 0 2mymwy/—1 -—2l7t1/-—_1co),
00 2lny/—1 0 0 2memy/—1 |
<M2—m1 =Vl, XJ:\:O, _1),

and the transposed matrices ‘% and 'y of these % and y.
[l @ - [mO0O0
(II1y). % =2my/—1(0 0 0), y = 27y/—1(0 0 0), im % 0,
000 000

v and & being not both zero.

. o my 0 O
(IIIz). (i> X = 27‘[]/—1 ” aib,- “, )3' = 27[]/-——1 0 my 0),

. 0 0 ms/
where
ab, = my (my—ny) (mq—ny)
(m1—mg) (m3—m)
(ml_mZ) (mz—ma) (ms—ml) # 0,
ab, = my (mz—nl) (mz—nz)
i (my—my) (my—ms) ’ my+my +my—ni—ny = 0,
aba = mg <m3"‘n1) (ms—nz) . See
08 = e — ) (ma—m) (See (8.34) and (8.35)).
- ~_ [/m 00
(i1) %= 2my/—1l|ab;|l, y=2my/—=1{0 00},
000
where .
by = — 2 (m—m) (m— o),
m
1 m =0,
ahy = — 7 + —mns,
m m—n; —ny ¥ 0,
a3b3 = T.

1) See [2], p. 356.
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B  /m 00  /m 00
(Illy). (i) % = 27zy/~11]ab;|| — [0 mq 0) sy ¥ =27y/=1[0 my 0}.

00 nms 00 ms
where
ab, = —m (m1+l1) (m1+lz) ,
(ml_mZ) (m3—m1)
(ml—mz) (mz—ms) (m3_m1) :\: 0,
ab, = — M2 (ma+1) (ma+1s)
2T T (a—ms) (ma—ma) my+ms+ms+lh+1lE0;
ashs = — 3 (ms+1) (ma+1)
(ms—ml) (ms—mz) i
m 00 _ (m 00
(i) % =2z =1yllabj]|—|0 0 0], ¥ =27y/—1[0 00},
0 00, 000
where
abi= L (n+l) (n+l),  mEo,
aby = — 7 — —— L, m+h+1 %0,
a3b3“= T.
o - my 0 0
(I11,). % = 27y/—1 ||a;;|, ¥ =2my/—1|0 my 0},
0 0 ms3
where

(1111 = (my—ms) + [(ll +12) (1 +ms) + hily + (mama + mams + msm,y) — n1n2] >

my— g

Ag2 = (ma - ml) -

[(ll +12) (ma+ms) + lils + (mums + moms + msmy) — nlnz],

my — g
J ass = (my — ms),
aszazy = I, anas = Fyy  apas = F,

G + /G*—AF\F,F;

Qzaz3a3 = Hy, aizaspan = Hy; Hy, Hy = 2 ’

U+ o+ my + mg + ms = ny + n,

and G, F1, F; adn F; are given by (8.41) and (8.42).



178 K. MORINAGA and T. NONO

REFERENCES

{1] K. Morinaga and T. Nono, On the logarithinic functions of matrices I, J. Sci. Hiroshima Univ.
(A), vol. 14, no.2 (1950), pp. 107-114.

[2] K. Morinaga and T. Noéno, On the non-commutative solutions of the exponeniial equation ¢*e¥ =€**+7,
J. Sci. Hiroshima Univ. (A), vol. 17, no. 3 (1954), pp. 345-358.

Mathematieal Institute,

Hiroshima University




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


