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In our previous paper [2] 1>, we have obtained all the non-commutative solutions 

-of e"eY ..:...e"+ ,.· f'or the complex algebras of degree two, and then, as the special .cases, 

for the ternary algebras of degree two, the quaternion algebra and the total matric 

.algebra of order two. 

In this paper, we shall first consider the non-commutative solutions of e"eY =e"+,. 
'· 

for certain iteration pairs, which, as a special case, contains the case for the complex 

.algebras of degree two, secondly for the algebra composed of the triangular matrices 

-of order n, and finally we shall obtain all the non-commutative solutions of e"eY = 
.eYe"=e"+Y for the total matric algebra of order three. 

I. NON-COMMUTATIVE SOLUTIONS OF e"eY=e"+y FOR CERTAIN ITERATION PAIRS 

I. Preliminary. Let ~ be an algebra with the unit 1 over the complex field ~ • 

. -and let us denote by Greek letters a,f], ... ,).,,µ, ... the elements of ~-

We shall consider the set @; of all the pairs (x, y) of elements x,y E ~ such that 

,(1.1) 

where a,f]E ~- Here it is easily seen that (x, x+y) E@; is equivalent to (y, x+y) E 

·@;, and for this it is necessary and sufficient that x(x+y)2=rx and y(x+y)2 =•r2y. 

But, in the following we shall never assume that (x, x+y)E @;. W<; shall investigate 

·the non-commutative solutions of e"eY =e"+ Y for the set @;. 

For(x, y) E @;, the following are easily seen: 

,(1.2) e"=l + p(a)x+r(a)x2 

where 

1) Numbers in brackets refer to the referenences at the end of the paper. 
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(1.3) 

and 

(1.4) 
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sha 
p(a) =-----;;--· (a=\=0),. 

= 1 (a=0), 

r(a) = cha-1 (a=\=0), 
a 

(a=0); 

LEMMA 1. For (x; y) E e such that xy=\=yx, it is necessary . and sufficient for exey 

= eY ex that x3 + l27l'2X = 0 or y 3 + ni27l'2y = 0 where l and m are non-zero integers, in other 

words thal ex-1+ 1 -(-l)' x2 or eY=l+ 1-c- 1ry2 
' - z27l'2 m27l'2 • 

PRooF. Since (x, y) E 6, by means of (1.1) and (1.2) we have 

(1.5) exey -eyex= p(a)p(f:J)(xy-yx); 

hence, for x and y such that xy=\=yx, p(a)p(f:J)=0 if and only if exer=erex. By 

(1.3), if p(a) =0, then a= v - 1 l, where l is a non-zero integer, and then, by 

(1.3), 

(1.6) 

1-(-ll 
r(a)= l27l'2 • Therefore we have 

1-(-li 2 ex=l+--,....-'--x 
z27l'2 • 

If p(f:J) = 0, then similarly we have 

(1.7) Y-i+1-c-1r 2 
e - m2n:2 y. 

Thus this lemma is proved. 

Next we shall calculate ex+ Y for (x, y) E 6. By the mathematical induction we 

have 

(1.8) I (x +y)2'-1=a-,(x +y) +-r,(x-y) + a-,-1(x-y)z +u,, 

(x + y)2'=a-,(x + y)2 +T,(x2-y2) +v,, 

where z=yx-xy, and 

(1.9) 

(1.10) 

(1.ll) 

(1.12) 

<rr+l =uur- 'TTr, 'Tr+I =T<Tr, (r2: l), 

v,=a-,_1z2 + (x +y)u,, u,+1 =(x +y)v,, 

u1=v1=0. 

(r2:l) 
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Also, by the mathematical induction we have 

(1.13) l 
[x + Y ]2,-1 =o-, (x +y) + T,(x-y), 

[x + Y ]2r =o-,[x + Y ]2 + T,(x2-y2), 

where [x+y]n means xn+nC1xn-IY+nC2xn-2y+ ·····: +yn. 

From (1.8) and (1.13) it follows that 

(1.14) 
J (x + y)2'-1 = [x + y ] 2'-1 + o-,_ 1(x-y)z + u,, 

l (x+y)2'=[x+y] 2' +<T,z+v" 

Since it 1s easily seen that 

(1.15) 

from (1.14) and (1.15), it follows that 

(1.16) 

where 

(1.17) 

and 

(1.18) 

Here if we put 

then we have 

ex+y =exey + 1cz+ p (x-y)z +w, 

K = ~ ___!!i__ ' 
r~I (2r)! 

-f O'r-] 

P-,-1 (2r-l)! 

~ u, ,, v, 
w = L..I + L..I~--. -, - • 

,~1 (.2r- l) ! r~l (2r). 

a+f3='Y and f]-a=o 

by means of (1.9) it is easily seen that 

(1.19) 

For a/4:]q=O, by (1.19) we have 

(1.20) K=--! p(a)p(/3); 

(r ~ 1), 

(r > 1). 

(r>-1). 

also for af]=O, it is easily seen that (1.20) holds. Similarly, after some computa­

tions we have 
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1 
p= 2((32-a2) (p(a)q(/3)- p(/3)q(a)), 

1 = (2a/p(2a)- l), 

1 
-6, (a=f3=O), 

where 

(1.22) q(a)=cha. 

Moreover, since xz=-zx and yz=-zy for (x,y)ECS, from (1.ll) and (1.12) 

it follows that u, and v, are commutative with x + y, consequently by (1.18) we 

have 

{1.23) ·w(x+y)=(x+y)w. 

Now we shall consider the condition for 

(1.24) 

From (1.16) and (1.23) it follows that (1.24) is epuivalent to 

(1.25) ic(x +y)z-(/32 - a 2)pz=O. 

By (1.20) and (1.21), (1.25) is equivalent to 

(1.26) 0z-cv(x+y)z=O, 

where 

(1.27) 0= p(a) q(/3)- p(/3)q(a), w= p(a) p(/3). 

By multiplying x to (1.26) from left and right respectively, and by adding 

these results together, we have 

(1.28) WZ 2=O; 

from (1.26) and (1.28) it follow.s that 

(1.29) 

Therfore if 0=p(a)q(/3)-p(/3)q(a)+o or w=p(a)p(/3)+-O, then z2=O. And 

then, by multiplying (x-y) to (1.26) from left, and by using of (1.28), we have 

(1.30) (/32 - a 2 )wz + 0(x - y )z = 0. 

From (1.26) and (1.30) it follows that 
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(1.31) ( (f:J2- a 2)w2 - 02) z + 2w0xz = 0 ; 

by multiplying x to this from left, we have 

(1.32) 

From (1.31) and (1.32) we have 

(1.33) Xz=0 

where X={(,:l2-a2)w2 -02}2-4a2w202• After some computations we have 

X= (0+w(a+,8)) (0--'-w(a+;3)) (0+w(a-(3)) (0-w(a-/3)), and also 

(1.34) 0-;--w(a + /3)=e"-fl(e( - 2a)-e(2p')), 

i-1 
where e(f)=T,, (t=\=0) and e(0)=l, so we have 

(1.35) X=(e(2a)-c(2/3)) {e(2a)-c(-2/3)) (e(-2a)-e(2,8)) (e(-2a)-e(-2/3)). 

From (1.33) jt follows that for (x, y) E (5 such that xy =\= yx, X must be zero. 

We shall consider the non-commutative solutions of(x+y)e"'eY=e"'eY(x+y) accord­

ing to the following classification of the cases. 

(I). The case where e"cY=eYe". In this case, from Lemma 1, we have 

w=p(a)p(f:J). And from X=0 it follows that 0=p(a)q(f:J)-p(/3)q(a)=0; hence 

p(a) = p(/3)= 0, i. e., 

(1.36) a=,l-1ln:, /3=,/-lmn:, 

where l and m are non-zero integers. Conversely,- for (1.36), (1.26) is satisfied, that 

is, (x+y)e"'eY=e"eY(x+y) is satisfied. And then we have 

(137) •-1+1-(-1) 1 2 Y-1+!-(-lr 2 •• e - z2 2 X ' e - 2 2 y • n: m n: 

(II). The case where e"eY =\=eYe". In this case, from Lemma 1, we have w= 

p( a) p(/3) =\=0. 

(II1)- The case where w =\= 0 and 0 = 0. In _this case, X = 0 is equivalent to 

a 2 = (32• And also (1.26) is equivalent to 

(1.38) (x+y)z=0. 

(IL). The case where w =\= 0 and 0 =¾= 0. In this case, we have a2 =\= (32 because 

a 2 =(32 implies 0=p(a)q((3)- p((3)q(a)=0. Under the condition X=0, taking, for 

example, 0=w(a+(3), (1.26) is equivalent to 

(1.39) (x +y)z=(a+ (3)z, 
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and also (1.30) 1s equivalent to 

(1.40) (x-y)z=(a-f])z; 

hence we have 

(1.41) xz = az, yz = /3z, 

where e(-2a)=e(2f]) and a 2 */32 • It is easily seen that from the other cases for 

X = 0 the same result (1.41) is obtained. 

Summarizing these results we have the following lemmas. 

LEMMA 2. For (x, y) EIS such that xy * yx, it is necessary and sufficient for 

,(x+y)exey=exeY(x+y) and excy=eyex that x3 +l2n2x=0, xly=y.11}=-l2n 2y, xy2 =y2x 

= -m2n 2x and y 3 +m2n 2y=0 where l and m are non-zero integers, in other words, that 

x 1-c-1l 2 1-c-1r 2 
e = 1 + -z·2~2-X and eY = I + 2 ., y . n m ;r-

L,;MMA 3. Fur (x, y) E 0 szdi that xy * yx, it is necessary and sufficient for 

(x+y)exey=exeY(x+y) and exey*eyex that 

(Ilt) x 3 =a2x, x2y=yx2 =a2y, xy2 =y2x={J2x, y 3 =/:J2y and (x+y) (xy-yx)=O; 

.or (II2 ) xa=a2x, x 2y=yx2 =a2y, xy2 =y2x=f32x, /'=f32y x(xy-yx)=a(xy-yx) and 

y(xy-yx)=f3(xy-yx), where e(-2a)=e(2f3) and a 2 *f32• And then (xy-yx)2=0 is 

satisfied. 

2. Non-commutative solutions of e"' eY = e"'+Y. Since exey = ex+ Y implies· 

(x + y)exey =exeY(x + y), according to the above classification of cases (I), (II1) and 

(II2) we shall consider the non-commutative soltuions of exey =ey ex. 

(I). The case where exey=cyex. From Lemma 2 we have 

THiiOREM 1. For (x, y) E IS such that xy * yx, it is necessary wul sufficient for 

eXeY=ex+y=cYeX that x3 +l2n2x=0, x 2y=yx2 = -l2n 2y, xy2 =y2x=-ni2n2x, y 3 + 

2 2 · x+ 1-(-1/+m 2 • • 
rn n y=O and e Y =I+ z2n2 x , where l and m arc non-zero integers. And then 

e2 x=c2Y =e2 (x+ Yl = I is satisfied. 

(II). The case where exey *cyex. From Lemma 3, we have z2=0. Therefore, 

by means of (Lll) and (1.12) we have u,=v,=0 (r:?'. l), and hence w=O. So, 

from (1.16) it follows that exey =ex+ Y is equivalent to 

(2.1) ,cz+ p(x-y)z=O. 

(IL). The case where w*O and 0=0. In this case a 2 =f32, and then we 

have 
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and from (1.21) we have 

1 
p=(2a/p(2ct)-l), (a=¾=O), 

(ci'.=0). 

Therefore (2.1) 1s written as 

(2.2) 

1 l p(a):,-1- 2a,(p(2a)-I) (x-y)," O, 

z+ 3 (x-y)z =0, 

(a=¾= 0), 

(a=O). 

By Lemma 3, (x+y)z=0, so (2.2) is equivalent to 

(a=¾=O), 

(2.3) 

(a=O). 

For the case where li'.=0, we have x2z=0; so by multiplying x to (2.3) from left 

we have xz=0, and hence from (2.3) z=0; that is, for this case there is no non­

commutative solution of exey =ex+ Y=¾=eyex. For the case where a ='pO, by multiplying 

x to (2.3) from left we have 

(2A) p(a)2xz+(p(2a)- l)z2 =0. 

From (2.3) and (2.4) we have 

(2.5) {ap(a)2-(p(2a)- l)} {ap(a)2+(p(2a)- l)} z=~; 

and for z Cf= 0 we have 

(2.6) ap(a)2 +(p(2a)-1)=0 or ap(a)2-(p(2a)-1)=0. 

For example we shall take ap(a)2+(p(2a)-1)=0, i. e., 

(2.7) e(2a) = 1, 

thenbysubstitutingp(2a)-l=-ap(a)2 into (2.3) we have xz=az, since w= 

p(a) 2 =¾=0. And by means of (x+y) z=0 we have yz=-az, and hence we have 

(2.8) xz=az, yz= -az, 

where e(2a)=l, a=¾=0. Starting from ap(a) 2 -(p(2a)-1)=0, we also arrive at 
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the same result (2.8). 

(IL). The case where w =\== 0 and 0 =\== 0. In this caSe, by Lemma 3 we have 

a 2 c¼;-(32, and then we have 

and from (1.21) we have 

1 
p= 2((32-a2) (p (a) q ((3)-p (/3) q (a)) ct=- 0. 

Therefore (2.1) is written as 

(2.9) 

This 1s the same one as (1.30) ; that is, (1.26) implies (2.9), m other words, 

(x +y) exey =exey (x + y) implies e"eY =e"+ Y., 

Thus summarizing the above results we have 

THEOREM 2. For (x, y) E ® such that xy c¼;-yx, it is necessary and sufficient for 

e" eY =e"+ Y =\== eY e" t!zat 

(ll1) x 3 =a2 x, x 2y=yx2 =a2y, xy2=y2x=a2x, y 3 =a2y, x(xy-yx)=a(xy-yx) 

and y(xy-yx)=-a(xy-yx) where e(2a)=l and a=\==0, or 

(II2) x 3 =a2x, x 2y=yx2=a2y, xy2=y2x=(32x, y 3 =/32y x(xy-yx)=a(xy-yx) 

and y(xy-yx)=(3(xy-yx) where e(-2a)=e(2J:/) and a 2c¼;-(32. 

REMARK. For (x,y)E(0 such that e"eY=ex+Y, (x,x+y)E(0 does not necessarily 

occur. For example we shall consider the case (II). (x,x+y)E(0 is equivalent to 

(y, x +y) E ®, for this it is necessary and sufficient that 

(2.10) x(x+y)2=72x and y(x+y)2='Y2y, 

by means of (2.8)~ from this we have 

(2.11) { 
so we have 

(a2+ (32-,y2)x + 2a2y- a(xy-yx) =0, 

2(32x + (a2 + ;32- 7 2) y + (3 (xy-yx) = 0, 

((a+ (3)2- 72) (,8x + ay) = 0, 

smce xy =\== yx, and a and /3 are not both zero, we have (3x + ay c¼;- 0, and hence 

(a+/3)2=72• Therefore (2.11) is equivalent to 

(2.12) xy-yx = - 2(3x + 2ay 

and by means of (2.8), from this it follows that 
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a(3(-/3x+ay)=O; 

since - f3x + ay =\= 0, we have a/3 = 0. That is, in this case, (x, x + y) E 6, if and 

only if a(3=0. 

3. Matrices representing the non-commutative solutions of e"'eY=en,-. In 

this section we shall determine the matrices representing the non-commutative 

solutions of e"eY=ex+:r for the set 6. We shall denote Ir and Or the unit matrix 

and the zero matrix of order r respectively. -
Now let x and y be the complex matrices of order n such that (x, y) E 6, then 

we have 

(3.1) 

If a=\=O, then from x3=a2x we have 

(3.2) -1 (Xi 0) x=p Xop, Xo= O O and ( aln, 0 ) 
Xr= 0 -aln,_' 

where p 1s a regular matrix of order n. From x2y=yx2=a2y it follows that 

(3.3) 

where Yr is a matrix of order n1 +n2• And also from xy2 =y2x=/32x, 1. e., x1y/= 
y/x1=fl2x1 we have 

(3.4) 

and then y3=f32y is satisfied automatically. 

(I). The case where e"'eY=eYe"'. By Theorem 1, the above matrices x1 and y1 

must satisfy 

where l and m are non-zero integers. And from e"'1 +Y 1 =(-1)1+"'ln,+n, we have 

(3.6) 

where EB means the direct sum of matrices, [i,···, f p+q are all distinct non-zero 

even numbern for l + m == 0 (mod. 2), and all distinct odd numbers for l + m == I 

(mod. 2); the last term can occur only for the case where l + m == 0 (mod. 2). 

If we put 
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(3.7) 

then from (3.5) and (3.6) we have 

(3.8) 

From this it follows that J2 = (f- x)2 = / 2 + x,2- (fx + x f), that is, by means of (3.5), 

(3.9) 

If we put x= i!x;j[j, then from (3.9) we have 

-
(3.10) - - )· ✓- (-2 2 2 s, (f;+fjXij= -ln-f;+l-m)o;j 

where 

i, j = 1, 2, · · ·, n1 + n2, 

From this we obtain 

(3.11) 
for ! i =r o, 

for ! i + ! j * o, 
and X;; is undetermined for f ;, this can occur only for the case where 12 = m2, 

and also x,j(i=¾=j) is undetermined for /;+ f j=0. By means of (3.6) and (3.11) 

we have 

(3.12) x=i/-1 n-[f EB ;\a La EB ~'!EB(bL"'_ 1a) EB c], 
a=l a=P+l ta, 

where aa,,b.,(a=p+l, ···,p+q) and c are arbitrary matrices, this matrix c can 

' 1 
occur only for the case where Z2=m2, and Xk= 2/k (fk2 +l2 -m2) (k=l, 2, ... , p-;!-.q). 

And then, from x2 = - l 2 n-2 ln,+n,, it follows that 

(3.13) 
-1 

A.a= ±l, Oa== 4// (fa+ l +m) (Ja+ l -m), (Ja- l +m) (Ja-l -m)=O, 

a=l,2,···,p; 

(3.14) { 
( 0 a.,)2 (ari,b., 0 ) s, 1 b., 0 = 0 b.,a.,. =o.,• • .,+,., 

-1 o.,==Z2-X!== 4f! (f.,+ l +m) (f.,+ l -m) (f.,- l +m) (f.,- l -m) 

a=p+l, ···,p+q; 

and 
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(3.15) 

where w 1s the order of the matrix c. Here if we put 

. (L,. 0 ') d , (0 aa; ') i,.= 0 -1,"' an rt,.= b,. 0 

then we have 

(3.16) 

where i; = L,.+ia, h;=o,.•L,.+,,. and ia,h,.+h,.i,. = 0. 

From (3.14) we have 

If o"' =\= 0, then we have det (t aO) =\= 0 ; and hence s,. = ta. If we put 

. (L"' O ) d . _l h _I (0 a"') 
i11.= 0 -La an J,.= ✓o,. 11.= ✓011. ba; 0 , 

then we have 

( \.,.L,. a,.)-".+ ✓"'-. 
b. -1 - a;/,a Va}a, "' s,. 

where i! = j; = lzsa; and i,.j,. + j,.i,. = 0. And ~oreover we have 

(3.17) a"'b"' = b,.aa; = o,. • La;, 
that is, there exist aa; -i and b,. - 1• Since 

(3.18) (P"' o)-1(L"' a ') (P"' 0)-("aLa; · p~- 1a"'qa,) 
0 q,._ b - It,. 0 q,. - q,.- 1 b"'p"' - ",.It,., ' 

where p"' and q"' are regular matrices of order s,. and la; respectively, if we take 

- 1 
pa= 'j o,. aa and q,. = L,. (this is possible when s,.=t,.), then we have 

(3.19) 

Therefore, for the case where o,.=Z2- ""' =\= 0, we have 

(3.20) 
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1 (,I- a,,, 0 ) . (1 0) where q = o,,, , i = 0 _ l 
0 L,,, 

and j= (~ 

If o,.=0, then from (3.14,) we have 

(3.21) :X.,,, = ± l, a,,,b,,, = 0 and b,.a,,, = 0. 

Here also, by taking a suitable matrices p,. and q,,,, we have 

(3 22) 1 • -I (lu,,, 0) . a,. = p,. a,.q,. = 0 0 

where u" is the rank of ac,, and hence u,,, ~ min (s,,,,t,,,) ; and then by means of 

.a"b" = 0 and b,,,a,,, = 0 we have 

{3.23) 

where b: is an arbitrary matrix of (t" - u,,,)-rows and (s,. - u,.)-columns. Furhter­

more, by taking the matrices 

{3.24) I -(lu,. 0) p., - 0 p! d / (L.,. 0) an q,. = 0 q! , 

where p! and q! are the regular matrices of order s,. - u,,, and t,. - u,. respective! y, 

h h t *-1b* * ( 0 · O ) b · th . k f h . b* . b d sue t a q,. ,,,p,. = 0 lv,,,, , v,,, emg e ran o t e matrix ., 1. e., ,,, an 

hence v,,,;S;;min(t,.-u", s,,,-u.,); we have 

{3.25) , -1 , , (lu,,, 0) , -lb' , (0 0 ) 
p,,, a.,q,. = 0 0. ' q,,, ,,,p,,, = 0 1.,,,. ' 

where u,,, and v" are the ranks of matrices a,,, and b,,, respectively. 

As for the matrix c in (3.12), since c2 =z2•lw, we have 

(3.26) 

Thus we have 

{3.27) 

where 

-1 0 

X1 = r xr, 

rlct = (l•lw, 0 ). 
0 -l•l.,,,, 
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Xa =:= ±l, o" = 0, a= 1,2,···,p; 

Aa, = 2},,, (J,,,2 + !2- m2), d,. = ✓s,,, 1,,,,, b,,, = ✓s,,, •L,,,, s,,,=t,,, for o,,, * 0; 

(3.28) 
>,,,,, = ± l, d,,, =(i""' g), b,,, = (g t) u,. + v,,, .:S: min (s,,,,t,,,) for o,,, = 0, 

a=p+l,-··,p+q; 

1 
Ok== l 2 - >,,i = - 4fk2 (fk + l + m) (fk + l - m) (fk - l + m) (b-'l - m), 

k = 1,···,p + q_; 

and the last term in (3.27) can occur only for the case where Z2 = m2• 

And then, from the above results, (3.6) and (3.8) we have 

(3.29) 

where 

J 
µ,, = ±m, oa = 0, a=l,2,···,p; 

(3.30) 1 (J,,,2 _ z2 + m2), for o,.=f'0, 

l 
µ,,, =21,. 

µ,,, =; ± m, for o,. = 0, 

and the last term in (3.29) can occur only for the case where z2 =m2• 

Moreover, since 

(3.31) 
p+g (0 0 ') 

x j - jx = 2n:2 "2:., ffi f,,, • - bo ao" , 
a,=p+I a, I 

it is necessary and sufficient for xy =f' yx that either d,,, or b,,, is not the zero matrix 

for some a, a=p+l,···,p+q, that is, if 0,,,=f'0 for some a, then XY=f'YX, and if 

o,,, = 0 for all a, then xy =f' yx if and only if either u,,, or· v"' is not zero for some a. 

Thus we have 

THEOREM 3. All the matrices of order n representing the 'non-commutative solntions of 

e•e1 =e•+r=e1 ex for the set S .are given by x=u- 1xn, y=u- 1yu (u is a regular matrix), 
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where 

A.,=2},, (J;,+l2-m2), µ.,=2}.,CJJ-Z2+m2),o.,=l2-11,;=m2-µ;,4'0, 

a= I, 2,···,q1, 

1, m and f., are non-zero integers such thca l + m + f., "== 0 (mod 2), Pn• Pi2, p21 , P22, 
p 1 , p2, s's and t' s are arbitrary ncaziral numbers such thca 

mul if q1 = 0, then either u13 or v13 must not be ze,v, at least, for some /3, /3 = q1 + 1,- · ·, 

11 + q2. 
(II). The case where exey =\= eYex. We shall first consider the case (II1) and 

the case for a/:J =\= 0 of (II2). We have to determine the matrices x and y of order 

n such that 

· {3.32) 
x~· = a2x, x2y = yx2 = a2y, xy2 = y2x = 132x, ya= 132y, 

' x (xy - yx) = a (xy - yx) and y (xy - yx) = /3 (xy -yx), 

from which the case (IL) is obtained by taking f3 = - a. From (3.2), (3.3) and 

{3.4) we have 

{3.33) 

And then we have 

X = p-lXop, X -(X1 Q) 
o- 0 0 ' 

-(·aln1 0 ) 
Xi - 0 -aln, ' 

if we put Yi= (Yn Y12 .) where y11 and y22 are the matrices of order n1 and n2 
J21 y22 

respectively, then from the first of (3.34) we have 

(3.35) J21 = 0, 
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and then from the second of (3.34) we have 

(3.36) 

And also from yf = fJ2• ln,+n2 we have 

(3.37) 

from (3.36) and the last of (3.37) it follows that 

(3.38) 

By taking the suitable regular matrices q1 and q2 we have from the first two of (3.37) 

(3.39) 

where nu +n12=n1 and n21 +u22 =n2. ~hen by the matrix q= (t/ q~), we have 

(3.40) 

and also (3.36) and (3.38) are written as 

(3.4.1) yhyb = r]yb ybyb = -r]yb. 

Here if we put 

(3.42) Y' -(Un 12 - U21 

where uu is the matrix of n11-rows and n21-columus, then from the first of (3.41) 

we have 

(3.43) Un = 0 and U12 = 0, 

and then from the second of (3.41) we have 

(3.44.) 

Hence we have 

(3.45) , -(0 0). 
Y12 - U21 0 ' 

furthermore we can take the regular matrices r12 and r21 such that 

-1 (0 0) T12 7!21T21 = lu 0 ,. 

where u is the ·rank of the matrix u21, the orders of r12 and r21 are n12 and n21 

respectively. So, by taking the regular matrix 
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we have 

(3.46) 
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r = (r1 0) where r1 = (lnu 0) and r -(·r21 0 ) 
0 r2 ' 0 r12 2 - 0 ln,1. ' 

f X " - r- 1 x' r - x' - x y" - r-1y' r - (Yb Y~~) l ,- ,-,- ... - •-o y,,'· 

0) /0 0) 
0 =(i,.. 0' 

where u.S::min(n12, n21). 

Thus we have 

{3.47) 

f 
X = r 1 xt, y = r 1 ft, (t is a regular matrix), 

X = aln, EB (-a) ln, EB On., 

·__ Y = [ ( - fl) lnu EB /3 ln12 EB ( - /3) ln21 EB /3 ln., EB On.] + j,.., 

l j:~( :f·0 t} 
where u, ni, n2, n3, nn, n12, n21 and n22 are the non-negative integers such that 

nn + n12 = ni, n21 + n22 = n2, n1 + ~ + na = n and u~min (n12, n21). It is easily seen 

tliat xy =\= yx if and only if 1 ~ u. 

Next we have to consider the case where a/3 = 0 in (II2). Since in the case 

(II2) a2 =\= /32, either a or fJ is not zero. So we shall first consider the case where 

a=\= 0 and fJ = 0. Then in (3.33) we have ' 

(3.48) y/ = On1+n,; 

(3.34) is replaced by 

(3.49) 

If we put Yi =(Yn Y12) where yn and Y22 are the matrices of order n1 and n2 
Y21 Y22 

respectively, then_ similarly as in the previous considerations, we have from (3.48) 

and (3.49), 

(3.50) 

By _choosing the _ suitable regular matrices q1 and q2 , we have· from yf1 = 0 and 

y~2 = 0, 
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(3.51) 

And then, by the matrix q = ( '{/ 0) we 
\ q2 

have 

(3.52) ( / /. 
, -1 Yn J12 , _ -1 Y1 = q y1q= 0 I ), J12 - q1 J12q2-y22 

And moreover we have 

(3.53) ybyb = O, ybyf2 = O. 

Here if we put 

S22 S21 S21 
(➔ tt tt 

ell V12 V13tS11 
(3.54) J'12 = V21 V22 V23 !s11' 

.Va1 V32 V33 !s12 ... 
then from (3.53) we have 

y'12 = (~21 
0 

g), V22 
V31 V32 

that is, 

(3.55) , (0 0) y 12 = V 0.' 

where v is an arbitrary matrix of (s11 + sd-rows and (s21 + s22)-columns. 

Thus we have 

(3.56) 

where v is an arbitrary matrix of (s11 + S12)-rows and (s21 + s22)-columns, 2sn + s12 

= n1, 2s21 + s22 = n2 and n1 + n2 + na = n. And xy =\= yx, if and only if v =\= 0. 

As for the case where a=0 and (3=\=0, by exchanging the role of x and y, 

we have from the above result 



154 K. MORINAGA and T. NONO 

-I , 
y=;==s ys, (s is a regular matrix), 

where v is an arbitrary matrix of (s11 +s12)-rows and (s21 +s22)-columns, 2sn +s12= 

nr, 2s21 + s22 = n2 and n1 + n2 + n3 = n. And xy =f= yx, if and only of v =f= O. 

Summarizing the above results we have 

THEOREM 4. All the matrices of order n representing the non-commutative solutions 

of ex eY = ex+ Y =f= e"' eY for the set @; of iteration pm1s are given by 

(u is a regular matrix), 

(i) X = aln1 (j;) ( - a)ln2 (B On,. J' = [ ( - /3) ln11 (j;) /3ln1, ffi ( -/3)1,,21 (j;)/3ln,, (j;) On8] + ju, 

j. ~( 0;'(1~0 g ), 

where e(-2a)=e(2.B), a 2=t=/32 and a(3,t:O, or e(2a)=l and (3=-a,t:O; n11+n12 

=nr, n21 + n22 = n2, nr + n2 + n3 = n and I< u~min (n12,n21) ; 

* [(.('00) ) ('00) \ ] · y= 1 O xL11 (B0,,2+'22ffi (i O, xL2,;ffiOn0 +J,,; 

(iii) x=[((~ g) X L 11)(B0,12+s,,(j;)((~ g) X L,1)(j;)On,]+J,,, 

Y = /3ln1 (B( - /3) In, '(B On3 ; • 

J, -( O;, ! ~ 0 g ) ; 

where e(-2a)=l and a=t=O; e(2,8)=1 and ,8=\=0; 2sn+s12=n1, 2s21+s22=n2, 

nr + n2 + n3 = n ; v is an arbitrary non-zero matrix of (s11 + s12)-rows and (s21 + s22 )-columns. 

IL NON-COMMUTATIVE SOLUTIONS OF exey =ex+y FOR AN 

ALGEBRA REPRESENTED BY THE TRIANGULAR MATRICES 

4. Actual constructiop. of the non-conunutative solutions of e"' eY = e 0 Y. 

In this section we shall consider the non-commutative solutions of exey =ex+y for 
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an algebra which IS represented by the triangular matrices. We have only to 

confine ourselves to a subalgebra of the algebra 'l:n which is composed of all the 

complex triangular matrices of order n. An example of such an algebra is given 

by a matric algebra which is a solvable Lie algebra. 

We shall state the method to construct actually all the non-commutative solut­

ions of exey =e-+Y for 'l:,,. Now let x and y be the elements of 1',, then x and y 

are written as 

(4.1) ':\, 0) ( 0) x = (u Xo ' Y = : Yo, ' 

where x0 and yo are the elements of. 'l:r-1; :\. and µ are complex numbers. It IS 

easily seen that 

(4.2) { 
and then 

(4.3) 

where 

X1 x/ , ex,_ 1 
U1 = (1 + - + - .+ · --) U = -- U, 

2! 3/ X1 

Yr Y12 eY' -1 V1 = (1 + --- + - + · · ·) V = -- V. 
2! 3! y1 

And then we have 

(4.4) ( 1 0 )· 
W ex1+Yt 

1 / 

where 

( 1 1 2 ) e"'1+Y1_l 
w1= l+--,-(x1+y1)+-31 (x1+y1) +··· (n+v)=---~.(u+v). 

2. . . X1+y1 

On the other hand, from (4.2) and (4.3) we have 

(4.5) 

Hence, from (4A) and (4.5) it follows that exey =e"'+Y is equivalent to 

(4.6) 
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13y means of the above expressions for u1, v1 and w1, the latter of ( 4.6) 1s written 

.as 

(4.7) 

But then under the condition e"1eY1=e"' 1 +Y, we have 

eYI_ 1 e"1+Y1_ 1 
e"1 • -- - ~-- = (x1 + y1)-1 ((x1 + y1)ex 1 (eY 1 - 1) - (e"1+Y1-l)y1) y1-1 

Y1 X1 +y1 
= (x1 + y1)-1 ((x1 + Yr) (ex1+Y1 - e"')- (ex1+Y1 - l)yi)y1-1 

= (X1 + y1)-l ( (exi+Yi -1) X1 - (xi+ y1) (ex' - 1)) y1 -I 

(if necessary, by replacing yo by yo+ (3, y1 -i can be considered), 

that is, 

{4.8) 

hence we have 

{4.9) 

Here if we assume that x1y1 =y1x1, then (4.9) is written as 

(4.10) 

{Jr in the other form 

(4.11) 

And moreover we have from (4.1) 

(4.12) 

Thus we have 

THEOREM 5. All the non-commutative solutions of exey=ex+y for '!r are given by 
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sudt that 

( 
e(xo+ro)-(i\+µ) -1 e"o->-_ 1) (. -1 ) 
-c----------c- - --- (xo - A>) (yo-µ) v-u = 0 
(xo+yo)-(X+µ) xo-:>.. . 

and 

XoYo =f YoXo or (xo-A) V - (yo - µ) It =f 0, 

where x0 , yo E %,_ 1 and :\., µ are ·complex numbers. 

By means of Theorem 5, we can find inductively all the non-commutative solu­

tions of exer = ex+ r for '.l:n. For %1, the solutions are given by all the pairs of 

complex numbers. Let x 0 ·and yo be any elements of %,_1 such that ex0eY 0 =e'"o+ro, 

then it follows from (4.9) that all the non-commutative solutions x = (~ ~J and 

y = (µ O) of e"'eY =ex+r for %r is obtained by taking 
v Yo 

(4-.13) 

where 

(4.14) 
I e<xo+ Yo)-(i\+/L) -1 ex->- -1) 
\(xo+yo)-(\.+µ) - xo-X w = O, 

for. any complex numbers X and µ, and any matrix v. 

But if xoy0 =y0 x0 , then the following condition must be satisfied : 

(4.15) [ 1 ( e<xo+ro)-(i\+/L) -1 e"'•-"- l)] 
det --- ------- - --- = 0. 

(yo-µ) (xo+yo)-(:\+µ) xo-\. 

If we put 

{ µ•2 
yo= fµ1 0), 

\ # 0

JJ,r-l 

then (4.15) 1s written as 

(4.16) 

or in the other form 

(4. 17) 

From this it follows that 
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<4-.18) 

for some i, i= 1, 2, ···, r-1; and hence 

(4,.19) 

for some i, i= I, 2, ···, r-1. That is, we must take )., and µ satisfying (4.19). 

Thus we see that all the non-commutative solutions of exey = ex+ Y for ~n are 

-0btained inductively. 

By the method of construction we have 

Co1WLLARY. Any non-commnta!ive solntion x=(')..1 0) rmcl y= /µ 1 0) mnst 

A.2 ' µ2 
# ••. A.n \ # ••. µn 

.satisfy 
e"i-"i -1 eµ.;-µ.i -1 

-
A.;-A,j µ;-µj 

ancl \.; - ).,i =\= µ; - µi for some pai,r i, j; i, j = 1, 2,- ··,n . 

5. Some properties of the solutions of exey=euy for ~n• In this section 

we shall consider some properties of the solutions of exey =ex+ Y for ~n• 

Let x E ':tn be written as 

(5.1) o*), x11 
* 

<where x., and x11 themselves need not be triangular, but may be any square matrices 

in the following considerations), then we shall write 

,(5.2) 

.and furthermore by P,,, and P"'/l we shall denote the mappings : 

(5.3) Per, : x - x,,, and P"'fl : x - x,,,11 

respectively, and call P., and P.,/l the projection operations. 

The following are easily seen: 

{5.4) 
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(5.5) { P1 (x+y) = P1 (x) + Py(y), 

Py (xy) = Py (x) • P.y (y), 

(5.6) P1 (x) = P,,, (x) + Pf! (x) + P,,,fJ (x), P,,,PfJ (x) = PfJP,,, (x) = 0, 

and 

(5.7) 

(5.8) 

and if xy=yx, then xyy1 =yyx1• 

And furthermore by means of (5.4 ), it follows from xY = x,. + xfl + x .. fJ that 

(xy)m = x,,,m + xflm + hX/'ix,,,fJx,,,m•, 
m1+m2=-m-1 

and hence 

(5.9) 

But, on the other hand, from (5.6) and (5.7) we have 

(5.10) 

therefore we have 

(5.11) 

By means of (5.4), we have from (5.10) 

(5.12) 

and by (5.5) 

and, on the other hand, since 

(5.13) 

we have 
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(5.14) 

Moreover, from (5.11) we have' 

(5.15) 

(5.16) 

Thus we have 

LEMMA 4. 

III. NON-COMMUTATIVE SOLUTIONS OF exey=ex+y=eyex 

FOR THE TOTAL MATRIC ALGEBRA 

6. Equation e"e'"=e0 '"=eYe" for the complex total matric algebra. Let 

~ be the complex total matric algebra of order n, %1:coJ the set of all the 

matrices of order n all of whose distinct characteristic values /li have the imaginary 

part I(µ;) such that - n: <I(µ;)< n:, %£, the set of all the matrices of orther n 

some two of whose characteristic values have the difference 2ln:y-l (l is a non­

zero integer), and \l!0 = \J,{ - %1:,. We shall call the elements of %£0 and \l:C, the 

ordinary elements and the singular elements of %1: with respect to the exponential 

function ex respectively. From this definition, it is easily seen that %£0 is open in 

%( and ir, is closed in %1:, and moreover that %1:(o) C %£0 • 

From the results obtained in our previous paper [l], we have the following 

lemmas: 

LEMMA 5. Any element x of ~:( is uniquely expressed as x = X(o) + X(p) where X(o) 

is the element of 12! (oJ such that ex(O) =ex; and then is a polynomial of e" (here its 

coefficients may deperu:l on ex), X(o) X(p) =x(p) X(oJ and ex(p) = l. X(p) is expressed as X(p) 

=s-1fs, where s is any matrix such that SX(o)=X(o)s; and f has the following form: 

corresponding to 

p Ii 

f = q-l (~ E8 f.) q, f; = 2n: Y -1}..; E8 f,m In;, 
i=I Q',=l 

Pi 

X(o)i = b X(o)ia,, 
IX=l 

X(o)ia, = ~: •. , . (A,; 1_ 0) 
0 . 1 

A,; 
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where q is a regular nwtrix,, X(oJ; and X(oJia, are the nwtnces of order n; and n;,,, respec­

tively, f; wzd Ji., are arbitra,y integers aJzd A; "4:- ).j (i "4:- j). 

LEMMA 6. x is an element of W0, if aJzd only if f;., = /;11 for all a, (3 = I, .. ,, 

p;, in Lemma 5; that is, if aJzd only if x is written as a polynomial of e"'. 

LEMMA 7. exey = ey ex implies xy = yx, if and only if x, y E W0 • The general solu­

tions of e•eY=eYex are given by x=x(o)+x(p) and y=y(oJ+J(p) such that X(oJJ(o)= 

Y(oJX(oJ-

PROOF. If x, y E ii0 , then x and y are written as the polynomials of e"' and eY 

respective I y ; therefore exey = eY ex implies xy = yx. If x EE W0 , then it can not be 

asserted that exey = eYex implies xy = yx; for example if we take x .= ( 27l'~ -l g) 
and y = ( ~ ~ ), then e"'eY = eY ex but xy "4:-yx. The last half is clear, because i{<oJ 

C %'Co. 

LEMMA 8. If xE ~Xo, then ex=eY implies xy=yx. 

PRooL ex=eY implies yex=exy, and since xEW0, x 1s a polynomial of ex, there­

fore xy=yx. 

We shall call x the matrix of degree n if x has the minimal polynomial of 

degree n. Now we shall prove 

THEOREM 6. If x aJzd y are the elements of ~ such that either X(o), Y<o) or (x + y)(o) 

has the degree n, then exe.Y=eYe"'=e:<+Y, implies xy=yx. 

PROOF. e"'eY = eYe"' is equivalent to e"'<•>eY<•> = eY<•>e"'<•>, and by Lemma 7, this is 

equivalent to 

(6.1) 

and hence we have 

(6.2) 

on the other hand, we have 

(6.3) 

therefore we have 

(6.4) ex(o)+Y(o) = e"'(o)+Y(o)+x(p)+Y(P)_ 

Since the degree of X(oJ is n, X(o) is transformed to its canonical form 

(6.5) µ; -4:- h for i -4:- j, 



162 K. -MORINAGA and 1'. NONO 

by means of X(oJY(oJ =y(oJX(oJ, we have 
1 2 .'li 

{6.6) 
' (/3;1(3;·•./3;) 

-1 __ r1 /3i ••. 2 

p Y<o>P- hffi .. /3; - , 
i=I Q • l 

(3; 

And, by Lemma 5, we hahe 

(6.7) 

hence we have 

(6.8) 

therefore, by comparing the form of (6.6) and (6.8), we have 

(6.9) 

moreover, we have 

(6.10) 

By these results (6.1), (6.9) and (6.10), it follows from (6.4) that 

(6.11) 

From this, by Lemma 8, we have 

i.e., 

{6.12) X(o) • Y<P) = Y<Pl • X(o)• 

By the same argument as used in order to obtain (6.9), it follows from (6.7) 

and (6.12) that 

(6.13) X(p)Y(p) = Y<p)X(p). 

Therefore we have xy=yx. Also by exchanging the role of X(o) by Y<o) or (x+ y)(o), 

we arrive at the same result xy = yx ; because from exey = eY ex = ex+ Y, 

we have e-xex+y = e"'+Ye-x = eY. Thus our assertion is proved. 

REMARK. It is easily seen that the degree of X(oJ is n, if and only if x E %{0 

and the degree of x is n. 

7. Some cases where e_"'e"=e"'+Y implies e"'e"=e"e". In this section we slrnll 

consider some cases where exeY=ex+y implies e"eY=eYe". 
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1 °. Let x and y be the matrices of order n which are simultaneously trans­

formed to the hermitian matrices, and if exey is transformed to the hermitian matrix 

by the above transformation, then exeY=eyex. 

For, x and y may be considered to be hermitian, i. e., 'x=x and 'y=y where 

'x denotes the transposed matrix of x, and x the complex conjugate matrix of x; 

then we have 

(7.1) 

Since exey 1s hermitian, i. e., 

(7.2) 

we obtain 

(7.3) 

As a corollary of this fact, if x and y are simultaneously transformed to the 
• hennitian matrices, then exey =ex+ Y implies exey =ey ex. 

Similarly, if :t and y are simultaneously transformed to the symmetric matrices 

such that exey is simultaneous] y transformed to be symmetric, then exey = eY ex ; from 

this it follows that if x and y are simultaneously transformed to be symmetric, 

then e"wv=ex+y implies excr=cyex. And moreover, if x and y are simultaneously 

transformed to be pure imaginary such that exey is simaltaneously transformed to 

satisfy z•z=l, ·then exey=eyex; from this it follows that if x and y ariCJ simultane­

ously transformed to be pure imaginary, then e"'eY=ex+y implies exey=eyex. 

REMAHK. ex is hermitian, if and only if X(o) is hermitian; and if X and ex are 

hermitian, then x=x(oJ-

For, since ex=ex(o), if X(o) is hermitian, then clearly ex is hermitian; conversely 
t t 

if ex is hermitian, . then (ex(o)) = e'~(o) =ex(o), consequently e"'(o) =e "'(oJ, since here '.x(oJ, 

X(oJ E ~f(oJ, (the characteristic roots of X(o) are all real, since the characteristic roots 

of ex are all real), we have X(o) ='x(oJ, that is, X(oJ is hermitian. If x and ex are 

hermitian, then '.x = 'x<oJ + 'x(,vl = X(oJ + X(p) and '.x(oJ = X(o), consequently 'x<rJ 

= X(pJ• Therefore all the characteristic values of X(r) are real, while on the other 

hand, these are pure imaginary (see Lemma 5); so we have X(p)=O, i.e., x=X(oJ-

Similarly, if and only if ex is symmetric, then X(oJ is symmetric; and, if and 

only if X(oJ is skew hermitian, then ex is unitary. 

2°. As another examples of the case where exey = ex+ Y implies exey = eY eX, we 

shall consider the following cases. Let c0 and /,,, a= 0, I, 2, 3 he two quaternion 
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bases, i. e., 

(7.4) 

e0 2 = e0, / 02 = / 0, e0e, = e;e0 = e;, /of; = f;fo = f;, i = I, 2, 3. 

3 

Let D he the algebra of elements ~ aabea/a where ea/a= /aea, aab are complex 
a,b~o 

numbers, and let 

(7.5) 

Since it 1s easily seen that 

(7.6) 

Similarly, if we take 

then we have 

and hence, by the same argument as the above, we see that e"cY = c"+Y implies 

Finally we note that for the real quaternion algebra, e"eY=e"+Y implies xy= yx. 1> 

8. Non-commutative solutions of e"eY = eYe" = e 0 Y for the total matric 

.algebra of order three. We shall consider the non-commutative solutions of e"eY 

= eY e" = ex+ Y for the total matric algebra of order three. By Theorem 6, for the 

non-commutative solutions x and y of •e"eY=eYc"=e"+Y it is necessary that the degrees 

of X(oJ and Y<oJ are less than three. 'x and 'y satisfy e"eY=eYe"=ex+Y, if and only 

if x and y satisfy it. And e"eY=cYe"=e"'+Y is equivalent to e"'eY'=eY'e"''=e"'+y' 

where 

(8.1) x' = p- 1 xp + a • I, y' = p-1 yp + fJ • I. 

By making use of these facts we shall investigate the non-commutative solutions of 

1) See (2), p. 354. 



On the Non-Commutative Solutions of the Exponential Equation e"eY=e"+Y II 165 

The types of the canonical form of matrices of degree less than three under 

the transformation (8.1) are given as follows: 

(8.2) (
0 0 0) 0 0 0 , 
0 0 0 

( 0 1 0) ('O O 0) 0 0 0 and _o 0 0 
-0 0 0 0 0 A 

(A =f' 0). 

(I). The case where X(oJ = (g g g), (A =f= 0) : Since Xco>Y (OJ= y coJX(oJ by Lemma 
0 0 A 

7, we have 

(8.3) ('O O 0) (v O 0) (0 1 0) 
J(O) = 0 0 0 , 0 ,0 0 (v =f= 0) Or .0 0 0 . 

0 0 K ,0 0 0, 0 0 0 

(
0 0 0) ·o D 0) 

(I1). X(o) = 0 0 0 (A* 0), J(O) = (o 0 0 . 
00A 00K 

'O O 0 
If Y<o) = (o 0 o) (K =F 0), then 

0 0 IC 

by Lemma 5 we have 

(8.4) 

If J(o)=0, then by Lemma 8, from e"'<0leY<0>=e"'(o)+Y(oJ+x(p)+Y(p) i.e., e"'<0>=e"'(oJ+"'(p)+Y(p), 

we have X(oJJ(p) = J<pJX(oJ ; therefore we have 

(8.5) 

Thins, in this case, our problem is reduced to the case for the total matric algebra 

of order two. As for this, see our previous paper [2]. 

( 0 0 0) (v O o)· 
X(o) = _o 0 0 (A =F 0), Y<o) = 0 0 0 (v =F 0). 

00A 000 
From e"'(o)+Y(oJ = 

e"'(o)+ Y(o)+"'(p)Y(p) we have 

(8.6) (·~ g g) (~ g g) 
e ,0 0 A = e \o O A + X(p) + J<p)• 

But since (g g ~) E W:coJ, by Lemma 8 we see that X(pJ + y (pl is commutative with 

()) 0 0) 
0 0 0 
0 0 >. 

therefore X(pJ +yep) has the form 
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(8.7) (* 0 *\ 
x,r) + Y<r) = ~ ~ ~}• 

•, I 

(8.8l X(p) = (.0: 0: g)· ' Y(rl = (~ ~ ~)-
* 0 * * 

From (8. 7) and (8.8) we have 

x<rl = (,<o,;), ~ g), Y<r) = (~ ~ g),, 
0 *1 0 0 *, 

therefore, m this case, xy=yx. 

(L). X(o)=(·g g g) (\.4'0), y((J)=(.g ~•g)· In this case, X(oJX(p)=X(p)X(o) and 
0 0 \. ,0 0 0 

{8.9) ( * * 0) 
X(p) = * * 0 , 

0 0 * 
( T * *) Y<r) = 0 T O . 

0 * *, 

On the other hand, since ex(o)+Y(o) = ex(o)+ Y(o)+X(p)+ Y(p) and X(o) + Y(o) = (g g ~) E W(oJ, 

by Lemma 8, we have 

therPfore from this we have 

(8.10) 
X(p) + Y<P) = (g ~ ~)-

By mmparing this and (8.9) we have 

(8.11) X(p) = { 0 <T O , 
'(J * 0) 
\o o ,:, Y(rJ = (g ; ~)-

Thus we have 

that is, xy = yx. 
0 1 0 

(II). The case where x ,o) = ( 0 0 0) and besides y ,o) belongs to the type 
0 0 0. 
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{ 0 0 0 or 0 0 0 . 
,o 1 0) (0 0 0) 
\o o o -0 o o 

In the case we have 

(8.12) (0 1 0) 
' x eoJ = 0 0 0 , Yeo/= 0. 

,o O 0 

From X(oJY(O) = Y<oJX(o) and Y(o/ = 0, it follows that 

(8.13) YeoJ = (·g ; ;)· or (g ; g)· 
0 0 0 0 * 0, 

But, by means of (~ ~ g), the matrices X(oJ = {g ~ g)· and Y<oJ = (g ; g) are 
.0 0 1 \0 0 0 0 * 0 

simullaneously transformed to ('~ g_ g) and (_~ g g), which are ~he transposed 
000 *00 

matrices of (_g ~ g) and (g ; ;) ; so that we have only to consider the case: 
0 0 0, 0 0 0 

(8.14) (0 l 0) (0 µ w)' 
X(o) = 0 0 0 , y (OJ = 0 0 0 . 

0 0 0 0 0 0 

Then, by means of Lemma 5, we may take 

(8.15) (
0 0 0 . 

X(p) = 0 0 0 ~)· 
0 0 2hry-1 

(
0 l +µ, w·) 

S1·11ce x +y - 0 0 0 E\Jf by lemma 8, fro1n ex(ll)+Y(o) --eX(o)+Y(oJ+X(pJ+Y(pl, • (0) (0) - Q ~l(O), , . 

0 o, 
we have 

(8.16) 

From this and Y<oJY<r> = Y(rlY<oJ, it follows that 

(8.17) 

or 

(~.18) 

(
0 µ, 0) 

Yeo>= 0 0 0 , 
0 0 0 

Yeo) = (
1g t ~)- (w + 0), Y<P> = (~ ; 1 ;,c:), 
0 0 0, ,0 0 
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where p3 = -2ln·✓-1 • ro, ,c-p=2br✓-1 •µ;if l=0, then xy=yx. 
By (8.16), from e"'<0>+y(o) = e"'<•>+Y(o)+"'(p)+Y(p) we have e"'(p)+Y(p>=l, 

so that we have only to determine Y<P> to satisfy 

(8.19) eY<p> = e"'(p)+ Y(p) = 1. 

But from (8.17) we have 

(8.20) 

whereh(f)~ / 2 (et-1-f)(f=\=0), h(O)=;; there(ore (8.19) is equivalent to 

(8.21) 

Here if T = o-, or T-o- = 2ln:✓ -1, then T1 = T 2 =Ta= 0; from which w:e have 

xy = yx. If T =\= o- and T- o- =\= 2ln:✓-1, then we have T 2Ts = (o- - T)T1 = 

(o- - T + 2ln:✓ -1) T 1 ; since l =\= 0 for xy =\= yx, 

(8.22) 

And then xy =\= yx if and only if T 2 =\= 0, so that, for x and y such that xy =\= yx, 

T 2 =\= 0 and T 3 = 0. Thus we have 

(8.23) 

where l, m 1 and m 2 are arbitrary integers such that m1 -m2 =\= 0, l; T 2 is an arbitrary 

complex number. 

Similarly from (8.18) we have 

(8.24) 
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so that (8.19) is equivalent to 

(8.25) 
p=2m11r✓-l, ,c=2m21r✓-l, p1=0, p2e(,c-p)=pae(1C-p)=0, 

and p2e (1C-p+ 2l1r✓-l) = pae (,c-p+2l1r✓-l) = 0. 
\ 

Here if p= IC or p - ,c = 2l1r✓-=---1, then we have p2 = p3 = 0, and hence from pa= 

-2ln·✓-l•w we have Z=0; so that xy=yx. If p='f=-,c and p-,c='f=-2l1r✓-l, 

then we have from (8.25) and (8.18) 

(8.26) p = 2m11r✓ -l, IC= 2m21r✓ -1, Pr= 0, pa= - 2l1r✓ -1 w, 

m2 - m1 = µ • 2l1r✓ -l. 

Thus we have 

(8.27) 

where m2 - m1 = µl, µ ='f=- 0, -1, l ='f=- 0, v =f= 0 and 0 are arbitrary complex numbers. 

(III). The case where X(o)=0, Y<o>=0, i.e., ex=eY=e'"+Y=l. In this case we 

have from Lemma 5 

and 

where s1, s2 and s3 are arbitrary regular matrices, li, m; and n; (i = 1, 2, 3) are 

arbitrary integers. Therefore e'" = eY = ex+ Y = 1 is equivalent to 

(8.28) 

By taking account of the transformation : x' = x + a, y' = y + /3 we may take la= 0 

and n3 = 0. Thus we have to solve the following equation 

l) This fact is true for the case where x and y are the matrices of any order n. 
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(8.29) 

ht>re we shall put 

(8.30) 
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( l 1 0 0) ·(m1 0 0) (111 0 0) 
s- 1 0 l2 0 s + .0 m2 0 = i-1 0 n2 0 t, 

0 0 0, 0 0 m3 0 0 0 

(
n1 0 0) 

and c = i- 1 g ,~ g t 

a = ii a-b · ii 
I t ] L ' 

In this case a is characterized by 

3 

~ a;b; = li, 
i= 1 

and then (8.29) is equivalent to that the rank of ii a, b j ii + (~i\n~ g.) is equal to 1 
0 0 ln3 

3 :1 

and ::8 a;bi + ::8 m; = 111, i.e., 
i=I i=J 

3 9 

(8.31) "'2.:,a;b; = l1 = n1 - 2..~ m;. 
i = I i=l 

By these conditions tlw non-commutative of (8.29) are obtained rrs follows : 

(i) . 

(
m1 o o)· 

b = _o O O , 
0 0 0 

where l1m1 (l1 + m 1) =f 0; a and f3 are not both zero, 'Y and /3 are not both zero. 

(ii) a= m1 --mz 
T 

0 

(·m1 0 0) 
b = _o m2 0 , 

0 0 0 

(J" 

m2 (l1 + m,) 
-------

m1 - mz 
0 

T are not both zero. This result coincides with the result of the case (L). 

(IIIz). l2 = 0, and Z11z1 n2 (n1 - nz) =f O : In this case (8.29) is equivalent to 
3 

that a= !ia;bj!!, ba;b; = l1 and the characteristic roots of a+b are n1, n2 and 0. 
i=I 
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So we have 

(8.32) ' (m2 + ma) an+ (ms+ mi) a22 + (m1 + m2) aaa = - (m1m2 + m2ma + m1ma) + n1n2. { 

au +a22+aaa = l1 = n1 +n2- (m1 +m2 +ma), 

m2maa11 + m1maa22 + m1m2aaa = - m1m2ma. 

(i). The case where mi, m2 and ma are distinct: From (8.32) we have 

( 
(8.33) 

l 
case where an a22 ass =\= 0, 

(
1 0 

means of the matrix O p 
0 0 

au= 
m1 (m1-:- n1) (m.1 - n2) 

(m1 - m2) (ma - m1) ' 

a22 = m2 (m2 - n1) (m2 - n2) 
(m1 - m2) (m2 - ma) 

, 

asa = m3 (ma - n1) (ma - n2) 
(m2 -- ma) (ms -- m1) 

we have a12a21 =\= 0, arnas1 =\= 0 

0) (ml 0 0 leaving invariant b = 0 m2 

q O 0 

and a2a a32 =\= 0 ; so by 

g ), a= //a;J is trans-
ms; 

formed to rl=l/d;ji/ such that dij=rlji, and then a11,a22,a3a,a2aas2, a1aas1 and a12a21 

are invariant under this transformation. So we have 

(8.34) 
✓ auaaa ) 

✓ a22asa , 

aaa I 

case where a11, a22 and aa3 are given by (8.33). For the 

using of the matrix (~ ~ g) leaving invariant 
0 0 q, 

(
lllI O O ) 

b = 0 m.2 0 , a= /! aij // 1s trans-
0 0 ma 

formed to either of the following forms : 

(8.35) 

r 
O ( ~ ✓ aua22 ✓;na22 ) 

a= ✓ au~2 a22 a22 , 
0 0 0 

where au= - (m, - n1) (m1 - n2) 
', m1 - m2 

(
l1 1 l (l1 0 0 (l1 1 0 (l1 0 1' 'l1 0 0 

d = 0 0 o), 1 0 o), .0 0 o), l1 0 1) or (o O o) 
0 0 0 1 0 0 Z1 1 0 0 0 0 .0 0 0 

where l1 is a non-zero integer. 
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(ii). The case where mr =\= m 2 = m 3. From (8.32) we have 

{8.36) 

that is, m3 = 0, n1 or n2. By taking account of the transformation: z' = p-1zp + 'Y, 

we may assume m 3 = 0. And then among the equations (8.32), the first two are 

linearly independent and the third is a linear combination of these two; from these 

two we have 

{8.37) 

1 

{ 

au = - - (m1 -n1) (m1 -n2), 
m1 

a22 =· - a + n1n2 ' 
m1 

a33 == a, 

where m1, n1 and n2 are integers, and a is an arbitrary number. Thus we have 

where 

1 

{ 

a1b1 = - - (m1 - ni) (m1 - n2), 
m1 

a1b2 = - a + ni1t2 , 
m1 

aaba = a. 

(IIIa). n1l 1l 2 (l1 -l2) =\= 0 and n2 = 0 : Since e" = eY = ex+ Y = 1 is equivalent to 

ex'= eY' = ex'+ Y' = 1 where x' = x + y and y' = -y, this case is reduced to (Uh), by 

putting as follows : l!2 = n2 = 0, n~ = l1, nf = l2, lf = n1 and m; = - m; (i = 1, 2, 3). 

And from the result of the case (III2) we have the following result : 

(i). The case where m1 , m2 and m3 are distinct: 

where 

and 

(
m1 0 0) 

a= 1/.aij II, b = _o m2 0 
0 0 ma 

(i =\= j), 
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b -m1 (m1 + l1) (m1 + l2) a1 1 = ---,-----~~~--,---'---
(m1 - m2) (m3 - m1) 

a2 b2 = - m2 (m2 + l1) (m2 + l2) 
(m2 - m3) (m2 - m1) 

(ii). The case where m1 =l.= m2 = m3: 

where 

and 

(i =l.= j), 

1 

{ 

a1 b1 = - (m1 + l1) (m2 + l2), 
m1 

a2b2 = - a - l1l2 , 
m1 

asbs = a. 

(III4). l1l2 (l1 - l2) =\.= 0 and n1n2 (n1 - n2) =\.= 0 : In this case the condition (8.29) 

1s equivalent to that a and a+ b have the distinct characteristic root and l1, l2 , 0, and 

ni, n2 , 0, respectively ; that is, 

det a= 0, 

(8.38) 

Since ab=\.= ba, we may assume without loss of generality that m1 =\.= m2, and then 
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we have from (8.-38) · 

{8.39) 

.and 

{8.40) .f 
l 
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{ a,, - p (m, - m,) + dn, 

a(31J = p (m/ - mi2) + <T (ma - m1) + kai, 

where p and <T are arbitrary complex numbers, d11, d 22 and d33 1s a special solution 

-0f 

.and is taken, for example, as follows : 

d~a = 0, 

:and (for these du, d22, daa,) /C23, ka1 and fc12 is a special solution of 

.and 1s taken, for example, as follows : 

lc]2 = o. 

Since 

by (8.39) and (8.40) we have from det a= 0, 
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G = 2p3 (m1 - m2) (m2 - ms) (ms - m1) 

+ p2 [2{du (ms - m1) (m1 - m2) + d22 (m1 - m2) (m2 - ms)} 

- {(m/-m/) (m1-m2) + (m22-ml) (m2-ms) + (ml-m/) (ms-m1)}] 

(8.41) - pa- [ (m1 - m2)2 + (m2 - ms)2 + (ms - m1)2] 

+ p[2'dud22(m!'.-m2) - {du(m/- ml)+ d22(ml- m/) 

+ k2s (m2- ms) + ks1 (ms - m1)}] 

And moreover from (8.39) and (8.40) we have 

(8.42) 

(8.43) 

a2sas2 = F1 = p2 (m1 - m2) (ms - m1) + p { (m1 - ™2) d22 - (m/- ml)}- a-(m2 - mst 

1 
+---{(m2 - ms)l1l2 + ms(ms - n1) (ms - n2)}, 

m1-m2 

a13as1 = F2= p2(m2-ms) (m1 -m2) + p{(m1 -m2)du -(ms2-m12)-a-(ms-m1)} 
1 . . 

- ---{ (m1 - ms) l1l2 + ms(ms - n1) (ms - n'2)}, 
m1-m2 

a12a21 = Fa= p2(m2-ms) (ms-m1) + p{ (m2-ms)d22 + (ms-m1)du - (m/- m22)} 

where H1, H2 = -~-(G ± i/G2-4F1l~Fs ). 

Thus the matrix a is determined by means of (8.39), (8.42) and (8.43). 

By summarizing the above results we have 

THEOREM 7. All the non-commutative solutions of e"eY=eYe"=ex+Y for the complex 

total matric algebra of order three are given by 

X = p-1:xp + a, y = p-1jp + /3, 

where p is an arbitrary regular matrix, a and /3 are arbitrary complex numbers, and x and 

y "are gi,ven as fallows: (l's, m's and n's are integers) 

(I). , = (X1 0) 
X O }., ' 

, = (Yi o)· 
y O µ' 
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where xi and yi are the ~9n-()pmnw.ta.tive solutwns of e"'1eY1 =eY 1e"'1 =e"'1+Y 1 for the complex 

toud manic algebra of order two i), and -.X. and µ, are arbitrary complex numbers. ' 

( 0 1 0 ) (2mi7l'✓ -1 µ, 'Y ) 
(II). (i) x = 0 0 0 _ , f = 0 2mi7l'✓-l 0 _ , 

,0 0 2l;,r✓ -1 0 0 2m2;,r✓-l 

(mi =\= m2, 'Y =\= O), 

an,d the transposed matrices 'x and 'f of thtse x and f; 

(ii) x = (g ~ g )• 
0 0 2l;,r✓-l 

(m2 - mi = i;l, i, =\= 0, -1), 

and the transposed matrices 'x and 'f of these x and f. 

'Y and o bcing not both zero. 

where 

(See (8.34) and (8.35)). 

. (ii) 

where 

{ 

a,b, ~ - _!._ (~ - a,) (m - n,), 

a2b2 = - T:-nin2, 
, m 

asbs = T. 

m =\= 0, 

1) See [2], p. 356. 
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where 

where 
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a2b2 = - m2 (m2 + l1) (m2 + l2) , 
(mii - ma) (m2 - m1) 

b _ -ma (ma+l1) (ma+ZJ aa a - _ _;:___:__....:;__-=---'--'-------c-=-- , 

(ma - m1) (ma - m2) 

1 

{ 

a1b1 = --;;; (m + :1) (m + l2), 

a2b2 = - T - - l1l2, 
m 

asbs = T. 

m =\= 0, 

and G, Fi, F2 a.dn Fa are gfoen by (8.41) and (8.42). 
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