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§ 1. Introduction.

The formulas usually used for numerical integration of the differential equation of
the form '

(E) Yy =Ff(x, ) (n=2)

are deduced in the following way :

first, to integrate Newton’s backward interpolation formula over n intervals [x_,,,, %, ],
(22 %ods o0 L2120 15 [0 2] or [ %], [®onsrs %y - [%o0 %015

next, to make a linear combination of the above n integrated formulas so that the
terms of the derivatives may not appear. _

The formulas obiained in this way are more convenient for integration of the
differential equation of the form (E) than the formulas containing the derivatives, but the
former is inferior to the latter in accuracy since the expanmsion of the errors in each step:
of numerical integration is greater in the former than in the latter. ‘

In this paper, following the method of the paper (P), we make a general linear
_combination of the formulas obtained by integrating Newton’s interporation formulas over
several intervals, and we seek for the coefficients of the linear combination so that the
obtained formula may not contain the terms of the derivatives and moreover be as accurate
as possible.

We consider the equation of the second order and that of the third order. For the
equations of the higher order, the similar reasonings will prevail.

§ 2. Integration of Newton’s interpolation formula.

If we put

(2.1) ’ Up:—u(u_'_]') ...... (u+P“1) ’

Newton’s backward interpolation formula is written as follows :

1) The reason for this phenomenon will be seen in the paper : M. Urabe and T. Tsushima, On
Numerical Integration of Ordinary Differential Equations, this journal, 17(1953), 193-219. In the
following, we denote this paper by (P).
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(2.2) @ =):; Usr® fot-S,0n

where x=x,+uh, & being the breadth of an interval.  The remainder S,,, s

estimated as follows :

(23) 1Spa1] K10 pad [RP] fP*D [ max
Now given the differential equation as follows:

(E) | YW= 7).

If we integrate y™ n-times over the interval [x,, x,], then we have:

X, rx x 2-1 v
N (y—x,) v
S S ...... S vy ™ dxgeen-e dx:yN_E : 0 yo( ),
Xo Xo Xo e v=0 P2

n—times

Consequently, if we put f(x)=y™ in (2.2) and integrate the result n-times over the

interval [x, xy]|, we have:
n—1 thv N n P o
(2.4) yN=§]()T Yo 2 ER P ot R b
= 1 e
where
7 —1imes
From (2.3), the remainder RY,,., is estimated as follows:

N u 172
@5 R e i | e [0l

n—times

(p+1) '
f lmax.

When N=1, (2.4) is an ordinary extrapolation formula, which is written by
means of the symbols of the paper (P) as follows:

’_11 hv v n PW
(2.6) Y1=y=o‘7ry(§)+h %z‘)ai;Pfoo_{_R'l'.pil .
When N=—s (s>0), we write (2.4) as follows:
n-1 ViV P 2>
2.7 Yoy = ZOPW%JQ?) -I—h”z;,y;' prfo+ R;, p+1 s
v= . p={
where
—S (fu u
(2.8) y;’p=g;,59;g S ...... S U, du--- du .
0 Jo 0 R
n—times
*

Then, from (2.5), the remainder R;, ,., Iis estimated as follows:

* 7w
(2'9) IR:, p+1 , éhnﬂ)“ 7:. p+1 ]f(PH) Imax s

where
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(2.10) §;.p=ig;slgzi ------ INCATAESE P

§ 3. Calculation of the numbers 7v;, , and ;f,,p.

First we compute 7., by direct calculation. The results are shown in Table 1.

* .
Next, we seek for v.,,. They are written as follows:

* 0 {0 0
(3.1) : ry;‘,'p:g S ...... S U, dus-- du .
s Ju u

Dividing the intervals of integration, we transform 7,,, in the following way :

{~(s=-1)
'an B 3 ...... S |U,|du------ du-!-')’n,,,
—(s= 1) —(s—1) 0 0 0 .
:S S -}_S ]S ...... S [Upldll ...... du_i_ryn,p
—(s—1)dJ)u Ju
— (=D —-1l0 0 . —(s—1) %
:‘ S 3 ...... S U, du-+-- du+S du';:zt—ll,p_l_ry;j};
v u u —8

Continuing this process, ultimately we have :

62 7|

. e l)g—w 1)

g

— (=D — (- —(s—1) *
Oldedut | e iy

u —S 172

[ —
(n—1)-times

—(S=1){—(s—1) 5 —(s—1
4oeena +g g du du")/f,:]&p'l‘g du"\/n 1. p+7n pe

J-—-$ u =S

Now, it is easily seen that

—(s—1) —(5—1) e r
S ...... S du-du=(—1) Aut (=1}
N, e/ ri

122

- Consequently it follows that

—(S—1)[ —(5—1) —(s—1)
S \‘ ...... S du ...... du = 1/]! .

—8 o U u h—:———/
r —times
Substituting this into (3.2), we have:
—(§5--1)p—(s—1) —(s=1)
* Lt
(3.3) fyn.ng & ...... g (U, |- du+ _'_7;_1"0.
s Ju . “ r=0 .
If we write 1, , as follows:
(0 (0 0
S R
—SsSJu u Nt e

n—times
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the similar reasonings prevail and ultimately we have :

—(§—=1)—(s—1) (—(s—1) n—r
(3.4) (-—1)"'7,‘7.‘,:8 S ------ S U, du---du +§_.( 1) Tre

r=0

—-$ u u n— umes

Now, from (2;1), it is évident that, when p=>1,
for v such that —o<u<—(s0—1) where 1<o=<p,
|Up| =(=1)U, 3
for u such that v <X —p, \U,| =(-1)U,.

Consequently it follows that

— (=1, —~(s—1) —(s=-1)
(3.5) S x ...... S U, dudu
—S JU u
—(S-Df—(s=1) F—(s—1) '
=(._1)"S S ...... g U, du----- du,
—$ u JU
where o=s or p acccording as s=<p or s=p. Then, comparing (3.3) with (3.4),
we have :
(3.6) T (=D =3 LB~ (DT

By this formula, we can compute :;f,, » successively from v, , already computed. The
results -are shown in Table 2. '
The explicit formulas for :;';,,, in terms of ;. , can be obtained from (3.6).

They are expressed as follows:

(i) for s=1,2,-----

?iz,,,=<—1>"“[v;,p+2gi S o Lom]s

r=0
3.7
(ii) for szp,p+1, ...... ,
p—1 n-1 R
= frr2s Bl ],
t=1 1=0 r!

These are easily proved by mathematical induction. Of course, 2;'5., » can be computed
from ., by means of these formulas, but the actual computation is rather laborious
by (3.7) than by (3.6).

In the paper (P), we have calculated the numbers /3;, and éi,p which are
defined as follows :
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0 u u
R R
—~s$)-s -5 reaend
(3.8) n—times
* 0 u u
;P=S SS ...... S_SIUPI dig-e-ee- du
n—times

Let us find the relations of these numbers to 7;,, and ?;'f.,p. Dividing the intervals of

integration of . ,, we transform it as follows:

0 -3 u q(u ‘u
YRR C | |

. 0 (u (u u
::_;[B';'O ry'n_l.p_*_s-ss_sso ...... SOUP duseeee- du] .

Continuing this process, the following relations are obtained :
(3.9) Vo=~ (B0 Yac1.0HBo0 Yazaot oo + B0 Vi T B0 -

Now, by direct calenlation, it is easily seen that

Blo=s, Bha=-3s Bla=-, .
Then, if we solve (3.9) successively with regard to  7:,, (n=1,2, ------ ) and substitute
the values of f3},,, B3, " just found, then we have:
Vo= =B
V2,0= = B2.0 5 B0,
(3.10) { Vo= =Bt s Bhr— b B,

2
s S S 3 1 5
74,p=—,84.,,+s63.p——; Brot e Blss

..............................

* . . - N - . .
For v.,,, if we write it as (3.1), the similar reasonings prevail and ultimately the

following relations are obtained :
* ¥*
s D
'Yl.p“ /31.:) ’
* * *s
s 23
Y2,6= — /32,p+s 181,p 3

- ‘ *S *S *S 32 *I
(3.11) Ys,0=~8B3%,—5 Bz.p+-'2—31,pa

..............................
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By means of (3.10) and (3.11), we can compute 7, and Y., from (3, and
5‘,‘,. o> and conversely. The calculation by means of (3.10) and (3.11) is much easier
than that by the first method. Therefore, in making Tables 1 and 2, for n=1 and 2,
we have calculated 1;,, and '?)e’f,,p by means of (3.10) and (3.11) since £, and ,g’fl_p
are already given in the paper (E) For n=3, we have calculated 73,, and :;'§,,, by the

first method because [33,, and [33,, are not given there.

§ 4. Integation formulas.

First, we seek for the extrapolation formulas. We write (2.6) and (2.7) in the

forms as follows:

. LR oy gads '
(1) yraa=23 '*;lryr”+h 2L AR s
(4.1) _
:: n'-wl Y v n p‘ s Tos
(it) y,_sz%)(—l)"—%y,( VRS LA R

Multiplying —/, on both sides of (ii) and adding them for all s to (i), we have the

extrapolation formula as follows:

IX‘ n—-‘l j NW v hu v npw 2
(4.2) y’”:,%(';l“'y'—"_i_v%i' {1—-(~1)”%,13 1} ¥ +h p=O(LN Vfr+ Ry pas s

9 ! g

where

s

N
[ lhb=1->11,,
=1
(4.3)
l a¥,=ak,— L7,
s=1
Here the remainder R, ,.,; Is estimated from (2.9) as follows:
(4.4) IRn, p+1 l gn+P+1Ag:p+i If(P+1) { max *
where
N
Ay p+1:a,1¢,p+1 +%‘1 [L]7 p+1 .

Now, in order that (4.2) be suitable to numerical solution of the equation of the
form (E), it is necessary that (4.2) does not contain the terms of the derivatives, namely
that

N
(4.5) 1+(=1)""'3151,=0. (v=1,2, - ,n—1)
s=1

Thus the desired extrapolation formula is written as follows :



On Numerical Integration of the Differential Equation y(™ = f(z,y) 61

- N
(4.6) y,+1=s}_.")lsy,_s+.h" ay V°f .

Now, let the error of the approximate value of y; calculated by means of (4.6)

be &,. Put
=1, ()

then, as in the paper (P), from (4.6) and (4.4‘), it follows that

N

(4.7) e = 2101 e +h"K1.l<Yn o Lo +RIAY L L,
where
K= :8’;’;’”[ and  L=[f00]
'Put max (ler_y !, lerogl)=1el, then, from (4.7), it follows that
48) el S G +2 K 1) o] 48475048 .

Then, in order that the extrapolation formula (4.6) be accurate, the quantity
(k, A ]+h" K Z: |ct,, »|) should be as small as possible. However, since h<<1, the
quannty }_, |4, ] should be as small as possible.

Thus the conditions that /,’s should satisfy for our purpose, are summarized from

(4.3) and (4.5) as follows :
N
l (i) >IL=1,
=0

N
(4.9) ](ii) 1+(=1)""* > &, =0, (v=1,2,-+---+ n—1)

s=1

N
Vo Gi) D3I, =min.
s=0

The numbers I,’s satisfying these conditions are determined by the method that was

explained in the paper (P).

Next, we seek for the improving formulas. We write (2.7) as follows :

v h v n P‘ s n ‘*s
(4’10) yr+1 -3 yr+1+§_.l( ]-) s yr(+)1 +h Z(J)’yn,prr-i-l +-Rn.p+1'
p=

Multiplying —1I, on both sides of this formula and summing up them for all s, we have:
N N n-1 ¢ N h
() ra =S+ 3 (01) (0 Ky

) : *
+h"p2=.(})b2,p for+1 —“:211 ls R:. p+1l
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where -
N
(4.11) by e=—2>11%n0
$=1
Normalizing I,’s so that
N
(4.12) ) ‘ls=1 b
s=1

and moreover imposing on [I's the conditions that
N

(4.13) S18,=0, (v=1,2, - ,n—1)
s=1

we have the following improving formula suitable to numerical solution of the equation of
the form (F): -

N P
(4‘.14‘) yr+1=§ lbyr+1-s+hn§)blIX.Dfor+l -*‘R:" p+l
Here the remainder R;,,,, is estimated from (2.9) as follows :
(4.15) iRn pat | SA P BY L P s
where
, U *
BY =33 L% o

Now, let the error of the appréximate value of 7y, calculated by means of (4.14)
be &,. Put

P
(4.16) Bua=(-17 238, (#).
p=c o
then, as in the case of the extrapolation formula, from (4.14) and (4.15), it follows that
N P C -
[£r+1|§§ llsl |8r+1—sl +hn KUZ; an.o‘l !Er-rl,—al +h’”’1’+1 Bﬁz\,p+1 L °

Put max (|&,;_,]s |&r41-0])=1]c[, then it follows that
s,0=1
: N P
=R K [ Buol) [eras| S (3 LI+ K33 Busl) [e] 577 B0, L.
Now A <1, therefore, neglecting the higher orders with regard to h, we have:
N N r
(4'17) ler+1| g [2-‘!1]13[ +hnK(|Bn.OIEIIls| +§1!Bn.wl)] I Sl +hn+P+1 Brltv»p+1 L .

N
Then, as in the case of the extrapolation formula, the quantity >1|J,| should be as
s=1
small as possible.
Thus the conditions that I,’s should satisfy are summarized from (4.12) and (4.13)

as follows:
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. N
(i) > =1,
s=1 ) N
N i
(4.18) (i) ) s',=0, =12, ,n—1)
s=1
Gii) D) |L,| =min.

Determination of the numbers I,’s satisfying these conditions is carried out by the same
method as in the case of (4.9). v

Now, the improved value of y,,,. is found by the methocg of iteration. In this
process, as seen from (4.14) and (4.16), the quantity |f,,,| = Ip}':_‘:)b',r,",p expresses the
rapidity of convergence of iteration process. Hence, we have shown these quantities also

in the tables of the improving formulas.

§ 5. Formulas for the equation of the second order.

For the differential equation of the second order, the conditions (4.9) are written as
follows :

(i) I+l Lt - N SR Fly=1,
(5.1) (i) 141+ 24w sl e + Nly=0,
NI A AE N I A 0] e + |ly| =min .

According to the method of the paper (P), we put arbitrary N—1 of /,’s zero and
we seek for the remaining two so that the sum of their absolute values may become

minimum.

If we take [, and [, (0<¢t<u<N) and put other [,s zero, the conditions

(i) and (ii) of (5.1) become
{ L+1,=1,
1+4+tl,+ul,=0.

The sclution of these simultaneous equations is sought as follows :

(5.2) utl o, tFl

u—t u—t

consequently, for this solution, it becomes that

(53 . L+ =1+ 2D
. u—t
. t+1 1 1 .
Now, since — > - and — decreases monotonely, it follows from (5.3) that
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ol + 1y b1+ LI <L+ L]

~
Therefore >\ |l,] becomes minimum when [, [y =0 and other 1,’s all vanish. Thus,

from (5.2),s =v?re see thet [,’s satisfying all the conditions of (5.1) become

R ZN:——]]-T’ ls:O. (321,2’ ...... ’N_l)

_ N+1

(5.4) ly=""%

For these values of [.’s, it is evident that

5.5 Syl =1+ 2
(‘) %3'5_ 'F'

Thus, by (4.6), the desired extrapolation formula is written as follows :

N+1 1 - &
(5.6) }’riH:T}’r*W Yr-nt hZZ:Oa'zv,prfr"'Rz,pH ’
oo
where
N oyl —|—J‘, N
Az, =0Q5,, N V2.0-

Here the remainder R, ,., is estimated as follows:
3 1
[Ry, pud | B2 AY oy | D s

where
1

*
N — 1 . N
AZ,p+1~‘a2, p+1 + 72,p+1 .

N
The extrapolation formulas of the form (5.6) are tabulated to N=35 in Table 3.

Next, we consider the conditions (4.18), which, for n=2, are written as follows :
(1) IyAlyteeee A lt e =1,
(5.7) ’ (i) Iy 42yt ool 4o+ Niy=0,
i) L]+ L]+ + (L A + |ly| =min.

As in the case of the conditions (5.1), we take I, and [, (1 <<t <u<XN) and };ut
other I,’s zero, then the conditions (i) and (ii) of (5.7) become
l,+1,=1,
tl,+ul,=0.

The solution of these simultaneous equations is sought as follows :

u —1
L=y,

u—t,”’
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consequently, for this solution, it becomes that

(5.9) ]+ lnl=1+-2 .

t . . .
Now, for fixed ¢, —— s monotone. decreasing with- regard to u. Therefore, for
u—

“any u={N, it is valid that

_t _t
u—t — N-—t'
Now, ]Vtit is monotone increasing with regard to z. Therefore, for any =1, it is
valid that
t 1
N—t < N—1
Thus it follows that
t Z .

namely, that
[L]+ 1] = L]+ |lx] .
Thus, from (5.8), we see that [’s satisfying all the conditions of (5.7) become

N 1

(5.10) . llzz—vf:i, ZN: “ﬁ_i, l‘,:o. (S=2, 3,"',N—1)
For these values of [,’s, it is evident that
N 2
Yl =14+ e,
2 L=t Ty
Thus, by (4.14), the desired improving formula is written as follows :
(5.11) =N, 1 RS BY P f e + R,
. yr+1_N‘_‘Iyr N_iyr+1—,V = 2,prr+1 2, p+1 9
where
x __ N 1 -
bz,p— Ni17§’p+ ‘Z'V*;I'Yév,p'

Here the remainder R-/z + is estimated as fOHOWS :
» p¥1
ill,?, p+1 l .__.S ”’p+g j591p+1 L ]

where

. N *
B?:p-f-l: e Y5,

N—1

1 *

N-1
The improving formulas of the form (5.11) are tabulated to N=5 in Table 4.



66 . M. URABE and H, YANAGIHARA

§ 6. An example for the equation of the second order.

As an example, we shall find correctly to four decimal places the solution of the
equalion

(6.1) y' =14y,

with the initial condition that y(0)=y'(0)=0.

In order to obtain the solution correct to four decimal places, we take #2=0.1 and
adopt the formulas for p=3. Now, for numerical computation, it is desirable that the
errors in the extrapolation formulas be of the same magnitude as in the improving
formulas.  For this reason, we adopt the extrapolation formula for N=4 and the
improving formula for N=5. Thus the formulas of which we make use in this example

are written as follows :

for extrapolation,

(6.2) Yoo =—3-Gyo=y, -0+ SOE (601, — 607 f, 43572 F, =6 7'f) s
for improving, .
1 0.01 2 2
Yr+a =T<5)’r'_yr—4) + ‘fz‘r(60fr+1 —120 Vfr-n +95 4 r+1 —41 4 r+1)'

In order to find the starting values, we make use of Taylor’s series. From (6.1), it
follows that

Y=y (@=1,2, )
Therefore, making use of the initial conditions, we have:
}’(0) == 09 Yy ,(0> = 07 }’”(O) = 19 3’(3)(0) - 07 }’(4)(0) = 1, """ .

By means of Taylor’s series determined by these values, we compute the starting values
of ¥ correct to four decimal places for x=—0.2, —0.1, 0, 0.1 and 0.2.

Then, by means of (6.2), we compute successively the values of y correct to four ~
decimal places. These results are tabulated in the following table as 1y, .

Now, the equation (6.1) is easily integrated and the solution satisfying the given

initial conditions, becomes
1 x —-x
(6.3) y=—5 (+e*) — 1 =—cosh x—1.

For comparison, the true values of y computed from this function are also tabulated in
the table.



On Numerical Integraiion of the Differential Equation y(" = f(x, y) 67

Solution of the equation y'’'=1+y with the initial condition that y(0)=y'(0)=0

y
x 1 ) ¥2
true values
vaﬂues errors Values errors
0.2 | 0.0201 0.0201
—0.1 0. 0050 0. 0050 0. 0050
0 0. 0000 0. 0000 0. 0000
0.1 0. 0050 0. 0050 0. 0050
0.2 0. 0201 0. 0201 0. 0201
0.3 0. 0454 + 1 0. 0453 0. 0454 +1
0.4 0.0812 +1 0.0811 0.0812 +1
0.5 0.1278 + 2 0.1276 0.1278 + 2
0.6 0.1857 + 2 0.1855 0.1857 + 2
0.7 0. 2555 + 3 0. 2552 0. 2555 + 3
0.8 0.3378 + 4 0.3374 0.3379 +5
0.9 0.4336 +5 10,4331 0.4337 +6
1.0 0.5436 +5 0.5431 0.5438 + 7
1.1 0. 6691 + 6 0. 6685 0. 6694 +9
1.2 0.8113 + 6 0.8107 0.8117 +10
1.3 0.9717 +8 0.9709 0.9721 +12
1.4 1.1517 + 8 1.1509 1.1522 +13
1.5 1.3533 +9 1.3524 1.3538 +14
1.6 1.5785 +10 1.5775 1. 5790 +15
1.7 1.8295 +12 1.8283 1.8300 +17
1.8 2.1088 +13 2.1075 2.1093 © 418
1.9 2.4192 +15 2.4177 . 2.4197 +20
2.0 2.7639 +17 2.7622 2.7643 +21

For compatison, we have computed the values of y also by means of the customary

difference formulas as follows:

for extrapolation,

0.01
(6-4’) D’r+1=2}’r’“3’r—1 + "'ié"* (12f,. "}‘vrzf,’l"st,) I’
for improving,
0.01

yf“'l:zyf-_y'—l_{— Tz—“(lszWI"lz Vfr+1 +V2 r+1) .

These values are tabulated in the table as y.,.

As seen from our example, the new formulas are more accurate than the customary
ones.
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§ 7. Formulas for the equation of the third order.

For the differential equation of the third order, the conditions (4.9) are written as

follows:

(i) lo+l1+lz+"""+‘ls+ ...... +N—_-1’

(i) 142, +24 - sl 4 +Nly=0,
(7.1

(iii) 1——l1——4rl2—-----~—szls——"----—NP‘ZN=0,

(iv) ilo"f‘ill]‘*'llzi"*‘ ...... +lls’+ ...... +llwl=min-

According to the method of the paper (P), we put arbitrary N—2 of I,’s - zero and
we seek for the remaining three so that the sum of their absolute values may become
minimum. ‘ .

If we take l,, I, and 1, (0=<t<u<v<N) and put the other [’s zero, the
conditions (i), (ii) and (iii) of (7.1) become

j L1, +1,=1,
14+t +ul,+vl,=0,
l 1—-,—uv’l,—v*1,=0.
Solving these simultaneous equations, we find that

=@+t @+l) -, @+DGe+l) -, _
w—t) (w—t) > " (v—u) (u—t) " U o—uw) (w—t)

(7.2) I, —_ e+ e+l 41D @+l

consequently, for this solution, it bscomes that

(v+1) ¢+1)

(7.3) ll,l+llu1+|/v|=1+2’m'-

Now, it is evident that

(0+1) ¢+1) - v+1 717":_1“(”&@)

(w—u) @—1t) =~ v—u u u v—u

1 < u—i—l‘)_: N+1
Ty u(N—u)’

consequently, from (7.3), it follows that

ol + 0] + 1y | S| + 0] + LI ZIL+ L]+ (L]
) N+1

Nows since u-+(N—u)=N, evidently — —=_— becomes minimum when u:% for

N+l uw(N—u)
even N and when wu= 2_ for odd N. Thus, from (7.2), it is seen that [,s
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satisfying all the conditions of (7.1) become

(7.4) j= L DWNV+D o, N+l

uN T u(N-uw)’

ly="-"T2%

,=0, s=1,2, -, u—1,u+1,--,N—1)

where ;
l — ];r” when N .is even,
u = }
l Nétl when N is odd.

For these values of [,’s, from (7.3), it is seen that

A T N?

SV L =1+2. DNF1

g ) u(N—u) 1 .
1+8- N—1 when N is odd.

1+8(7{f+ ! ) when N is even,

69

From this equality, it is easily seen that, as in the case of the equation of the second
N

order, the quantity >1|/,| decreases monotonely as N increases.

s=0
By means of (7.4), from (4.6), the desired extrapolation formula is written as follows:

u+1D(N+1) N+1 - u+1
o Yr+1= ' r—u+ A T Y-
(7.5) Yre1 N T TuN—w) T NN =) T
+5° >_: (law,p for ’{‘Ra. P+1 2
»=0
where
’ N+1 u+1 v
N =al g T B o — Y3 .
as,p 3,0+ W(N—1) V3,0 NN —u) 3,0
and
[ N when N is even,
u = .
.
l '2*1 when N is odd.
Here the remainder R, .., is estimated as follows :
[Ro, oy | SBP*HAY, Loy | P [ max
where
- B3 _1 *
AY =ab o+ N+l . o ud V5 -

w(N—u) " N({HN-u)

Now, when N in odd, 44 ,.,; becomes
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oy, et Nil :; S0z ]b';g"p for u=(N—-1)/2

and
&yt TV (1+ 4 )7 for u=(N+1)/2
3, p+l N 1 N—1 3.0 .

Since 'Y‘N””" > ;é’,‘f’f”m form (3.3), A% ,., is less in the case where u=(N-—1)/2
than in the case where u=(N+1)/2, namely the formula for z=(N—1)/2 is more
accurate than that for u=(N+1)/2. Thus, when N is odd, the desired extrapolation
formula is given by (7.5) in which u=(N—1)/2. These extrapolation formulas are
tabulated to N=5 in Table 5.

Next, we consider the conditions (4.18), which, for n=3, are written as follows:
(i) I+l LA +ly=1,
(i) IL+2,+-- +sl4eeeee +NIy=0,
(7.6) ,
(i) 4 +4l4 - + A +N%,=0,
(Av) L+l 4+ 4] e + |y =min.
In the same manner as in the case of the conditions (7.1), it is seen that I.’s satisfying

all the conditions of (7.6) become-

Nu N u
7,7 l iy ¢ S e Y == _—,
@7 T(N=-1)w-1) ! (N—u)(u—1)" Iy (N—-1)(N—u)
l,=0, (s=2,3,-,u—1,u+1,---.N—1)
where

AL when N is odd,

N+2
9 when N is even.

mfz

For these values of [,’s, from (7.7), it is seen that

ol 1 1 >
N 1+8 o1 Y Toe
[5,]=14+2¢ X — =
1 (N—u)(u—1) 1
- 1+8 - N3

when N is odd,

M=

s

when N is even.

. . .
Therefore, as in the case of (7.4), the quantity > |l,| decreases monotonely as N
increases. T

By means of (7.7), from (4.14), the desired improving formula is written as follows :
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Nu N i

(7-8) Yee1= (N—-l)(u—l) Y N—w)(u—-1) Yrv1-u T+ myrn—n
) .
+'h326g‘p7pfr+1+R;.p+1,
p=0
where
A Nu N
b{’,o:__‘__*" N }/) v RV '; 9
T T N D=1 T (Nmw—1) T (N= 1)(N Ve
and
N+l when N is odd,
u = N
N
5 or - *%:2* when N 1s even.

Here the remainder RQ,P+ , Is estirated as follows:

|R:, pos | AP BY ot 7 | x>
where

Nu N

(N D@—1) ry’ ot (N—uw)u—1) Ve T 1y

L
B per = RGES VT

Now, when N is even, BY ,.; becomes

. N? 4 1 *y
IN=1) (V= 2)’73.p+ N_9 ')’sp +’N_1'" 75, for u=N/2
and
N+2 * 4 1 ( « 4 ) f _ 9
N—-l '73/1 N=2 N—l 1+- N 2 730 or u= (N/ )+1

Then, the difference of both values of BY ,., becomes

4
(N-1) (N—2)

*1 4 ' *(1\'/'2)-1'1 *N/2
W, —5.0) tymg (T =),

which is positive by (3.3). Consequently the formula for w=N/2 is more accurate
than that for w=(N/2)+1. Thus, when N is even, the desired improving formula

is given by (7.8) in which w=N/2. These improving formulas are tsbulated to N=35
in Table 6.

Faculty of Science, Hiroshima University

and Fukuoka University of Liberal Arts.
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The numbers v, ,.

n=1
i 1 2 3 4 5 6
| L1 1 1w s
~ 2 12 24 720 1440 60480
4 4 8 6 502
2 iz 7200 1440 60480
\ 9 2z 9 2 27 783
Tive | 2 12 24 720 1440 60480
’ 16 80 64 224, 512
12 2 720 60430
175 225 2125 A75 1375
| 12 24 720 1440 60480
ol L 5 ) 251 475 19087 |
Le 12 21 720 1440 60430 ‘
n=2
2 3 4 5 6
! 8 20 107 99
21 360 1440 10080 120960
o 16 48 256 432
360 1440 10080 120960
. 27 _ 54 81 _ 405 3807
| Tz 24 360 1440~ 10080 120960
128 512 o _ 512 5120
24 360 10080 120960
375 2500 1875 1375 6875
) 360 1440 10080 120960
al 3 38 135 863 9625
2,0 % 360 14400 10080 120060
n=3
2 3 4 5 6
3 5 o4 695 9809
240 720 20160 201600 3628800
16 32 608 4430 62848
240 720 20160 201600 3628800
ot _8 8L s 1093 15
| TBee 240 720 20160 201600 3628800
_ 768 512 2560 20480 290816
240 720 20160 . 201600 3628800
3125 3125 6250 34375 465625
240 720 20160 201600 3628800
ol 7 17 410 3655 59941
3.0 240 720 20160 201600 3628800
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Table 2. The numbers %’ -
n=1
X 0 1 2 3 4 5 6
S
1 1 1 .1 1 19 27 863
2 12 24 720 1440 60480
9 o 4 6 2 30 38 1134
- 2 12 24 720 1440 60480
x, | 3 3 9 29 11 49 49 1325
71,0 2 12 24 720 1440 60480
4 4 16 82 66 300 76 15%
2 12 24 720 1440 60430
s 5 25 177 22 2201 551 2459
2 12 24 720 1440 60480
n=2
X 0 1 2 3 4 5 6
S
1 1 1 1 8 21 107 995
; 2 6 24 360 1440 10080 120960
2 4 8 6 30 70 336 3010
2 6 24 360 1440 10080 . 120960
« | 3 9 27 37 9 147 639 5469
Ya2.0 2 6 24 360 1440 10080 120960
4 16 64 142 586 380 1064 _ 8372
2 6 24 360 1440 10080 120960
5 25 125 393 2604 2407 2459 12295
2 6 24 360 1440 10080 120960
n=3
{ 0 1 2 3 4 5 6
S
1 1 1 3 5 94 695 9809
6 24 240 720 20160 201600 3628800
9 8 16 30 40 700 4970 68250
6 24 240 720 20160 201600 3628800
P 27 81 207 147 2166 14565 194279
V3,0 6 24 240 720 20160 201600 3628800
4 64 256 1014 696 5320 31220 400260
6 24 240 720 20160 201600 3628800
5 125 625 3531 3487 20514 61475 705149
6 24 - 240 720 20160 201600 3628800
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Table 3.  Extrapolation formulas for the equation of the second order.

N P
yr+1=2$lsyr—:+h2 2 alzv,p for
. Sm pP=0

N| 3Ly, ]\H 0 1 2 3 4 5 6
4l ) 0 1. 1 19 3 863
2,p = —— —_— = B
1| 2y,—y,., 12 12 240 40 12096
AL, 1.00000 0.33333 0.16667 0.12778 0.10833 0.09623 0.08780 .
1 o2 3 1 1 1 37 7 2803
2,0 o o =T Ton “OF TN
2 | ?(3%_ Yios) 2 2 3 12 480 % 40320
AZ,,| 1.50000 0.83333 0.25000 0.14722 0.11806 0.10228 0.09201
1 Y 2 4 1 1 3 13 2089
2,0 —Tq “a qa T Tan QNN
3 3(4},'_. Yooy 3 2 18 40 180 30240

4., 2.00000 1.66667 0.63889 0.19630 0.12778 0.10675 0.09464

5 5 35 1 3 7 1669

4
az,p e 5 i - -ar-

2 24 4 32 9% 24192

P
T(syr'—yrmi)
' A3 .| 2.50000 2.83333 1.60417 0.51250 0.15972 0.11200 0.09688

13 7 17 A 275
) 60 48 120 4032

AS.,| 3.00000 4.33333 3.40000 1.55222 0.42806 0.13440  0.09990

5
Qz,p .3 -4

1
5 ~5—(6yr —¥r-s)

Table 4.  Improving formulas for the equation of the second order.

N P
yr+1=s=21 l.syr+l1—s +h225 blzv,p for+1

0
N| Sy, [N 0 1 2 3 4 5 6
. 1 1 1 e
b3, 1 -1 T 0 210 210 60480

21 2y =Y B%,| 3.00000 1.66667 0.33333 0.12778 0.07778 0.05456 0.04134
Bao| 1.00000 0.00000 0.08333 0.08333 0.07916 0.07499  0.07134

b3 3 2 S5 o -1 _ 1 13
1, 2,0 2 - 8 24 160 240 40320
3 7( Yr—Yr-2) B3,| 3.00000 2.50000 0.83333 0.16944 0.07292 0.04762 0.03495
Bao| 1.50000 —0.50000 0.12500 0.08333 0.07708 0.07291  0.06951

s , 10 4 7 1 19
2.0 3 6 9 360 360 6048

1
4|3 =yr-0) | B | 53333 3778 202m8  0.57222  0.10741 0.04934  0.03404
Bao| 2.00000 —1.33333 0.50000 0.05556 0.07500 0.07222 0.06908

5 95 _ 41 11 1 95

5 . - -
1 bio| 5 -5 24 % E
5|30 | B3, | 375000 5.41667 4.14583 183611 0.43611 0.07426 0.03569

Ba.o 2.50000 —2.50000 1.45833 —0.25000 0.09375 0.07292 0.06899
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