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§ 1. Introduction 

Let k, K (k CK) be l)-adic number fields, and o, D its valuation ring respectively, and 

l), \a its prime ideal respectively. Let D be the relative different of K/k. Then Prof. 

Y. Kawada2) has proved the following relations with respect to the relative 2-dimensional 

cohomology group : 

H(D, o; D/~') ,..__,D/\a' for \a'~D 

H(D, o ; D/\a') ,..__,D/D for ~'CD. 

Now let k be a complete field (with respect to a discrete valuation) of such a quotient 

field as, in its integral domains, the fundamental theorem of the multiplicative ideal theory 

holds. Let K be a separable extension of finite degree over k. Let o, D be its valuation 

ring respectively, and l), ~ its prime ideal respectively. Let D be the relative different of 

K/k. 

Our aim is to prove that ( *) relation is satisfied in the case of D = o [ 0], and that, 

using this fact, we can give a definition of the relative different of K/k different from the 

usual one. 

In the case of l)·adic number fields, 3) let K' he the inertia field of K/k, and D nK' 

=0'. Then ()' =o[,J, and, moreover, since the number of the elements of the residue 

class field of K by \a is finite, we can take , such that , IN(\B)I -l = 1 where / N(\a) I is the 

al)solute value of the absolute norm of ~- In addition, we can set D=D'[/1] where fl 

is a prime element of ~ in D. These two facts are essentially utilized for the proof of 

( *) relation, but, in our case, they are not always true. 

1) This note has been completed by the encouragement of Prof. M. Moriya. The author wishes to 

express here his hearty thanks to Prof. M. Moriya for his kindness. 
2) Y. Kawada: On the derivations in number fields, Annals of Math. 54 (1951), pp. 310-314. 
3) Y. Kawada, I. c. 
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§ 2. Relative different in complete fields with D = o [ 0] 

We shall prove the following 

LEMMA 1. Let 0 be an element in D with the irreducible defining equation F(x)=O 

in o [ x ], then (A) is equivalent to (B): 

(A) D=o[0], (B) -(F'(0)) =D. 

PRooF. First, we shall show (A)=} (B). Let us put (F'(0))=D'J, then, as is well 

known,~ is the set of all elements sED with sroEo[0] for all roED. Since D=o[0], 

then iJ=D. Therefore, we have (F'(0)) =D. 

Next, we shall show (B)=} (A). Since (F'(0))=D, then ~=D. Putting ro= 1, we 

get ~Co[0]. Therefore, we have D=o[0], q. e. d. 

§ 3. On the · relative 2-dimensional cohomology 

group in complete fields with D = o [ 0] 

Here we shall give some necessary tlefinitions. A mapping f( a, (3) with domain a, (3 E D 

into an D-module D /l,l3' is called a 2-dimensioruil cocycle of D in D /l,l3' if it satisfies : 

(1) 

(2) 

(3) 

J(a + (3, ry)= J(a, ry) + J(/3, 'Y) 

f (a, (3) = f ((3, a) 

af(/3, 'Y) + J(a, /3"1) = J(a(3, 'Y) +7J(a, (3), 

and for the two mappings / 1, J 2 

(4,) Ji(a, (3) + Jia, /3)=(/1 + /2) (a, fJ). 

Next we shall consider a linear mapping g(a) from D in D/l,l3' and for the two linear 

mappings g 1, g2 we put 

(5) 

If / satisfies : 

(6) f ( a, (3) = ag(/3) + (3g( a)-g( a(3), 

we shall call J a 2-dimensional coboundary of D in D /l,l3', and / is denoted by og. 

We shall denote Z(D, o; D/l,l3') as the totality of all the relative 2-dimensioruil cocycle 

f of D in D/l,l3' with 

(7) J(a, a) =0 for every aEO, 

and B (D, o; D/l,l3') as the totality of all the relative 2-dimensioruil coboundary og with 
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(8) g(a) =0, g(aa) =ag(a) for every a E o. 

Since Z (D, o; D/mr) =:)B(t:', o; D/m'), we shall define the relative 2-dimensi,orwl colwmology 

group H(D, o; D/m') 0£ D in D/\13' by 

(9) H(D, o; D/m') =Z(D, o; D/~')/B(D, o; D/\13'). 

For f E Z(D, o; D/m') we have from (2), (3) and (7): 

(10) J(aa, (3) =af(a, (3) =J(a, a/3) for every a E o. 

Now let D=o[0], and 0 an element in D with the irreducible equation F(x)=x"+ 
n-1 

c1x,._1 +···+c,.=0 in o[x], then a, (3ED may be represented in the form a= ~a;0\ 
i=O 

n-1 
/3= ~ b;0' (a;, b; E o). From (10) we have: 

i-0 

n-] n-1 

(11) J(a, (3) = ~ ~ a; bj f(0;, 0j). 
i=O J =0 

Therefore, a relative 2-dimensional cocycle J is uniquely determined by the values f ( 6', 0j) 

(i,j=l,2,-·•,n-l) with the conditions 

We shall prove the following 

LEMMA 2. For every /EZ(D,o; D/1,l_n we can take ogEB(D,o; D/\l!r) such that 

/ 1 = f + og satisfies the condition: 

(13) (mod \ln for i+ j < n-1. 

PROOF. By mathematical induction on i + j ( < n - 1) we shall prove ( 13) . If i + j 
=2, for an arbitrary J E Z(D, o; D/~') we can take a g such that 

g(0) ==0, g(02) == f (0, &), (mod \lr), 

then we have: 

/1(0, e) =CJ+ og) ce, e) =O (mod \13'). 

Now we shall assume that 

for i+j<l (<n-1), 

then from 

Oi/0\ Ok)+ f/0', ej+k) ==f/0i+j, Ok) +Okfi(O', 0j) (mod \13'), 

we have / 1(0', ()i+k) ==f1 (0•+i, 0k) (mod \l!r) for i+j+k=l+l. Thus, if we take a 
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g',. such that 

i'\0)==-0, , g*(01)==-0 (mod m'), 

(mod m') for i + j=l + 1 (< n-1), 

(mod m'), 

we have Ji (0', 0j) = (f1 + og~) (0i, 0j) ==-0 (mod s_in for i + j< l + 1 (< n-1). Here, 

let us denote .Ti, / 1 + og* by / 1, f + og respectively, then we have: 

Ji(0',0j)=(J+og)(0',0j)==0 (modm') for i+j<l+I(<n-1), q.e.d. 

THEOREM 1. If D=o[0], we have: 

H(D, o; D/m') ~D/m' for l,l3';=:in 

H(D, o; D/m') ~D/D for m'CD. 

PROOF. Let zl (D, o; D/m') be the set of all the elements /E Z(D, o; D/m') 

with (13). Let B1 (D, o; D/m') =Z1 (D,o; D/m') nR(D,o; D/m'). Then we 

have: 

Here, the condition og E lJ 1 ( D, 0; () ;mr) is 

. (14) og(0', ej) =0ig(0j) +ejgW) -g(0i+j) ==-0 (mod \ls') 
for 1 <" i, j, i + j < n-1. 

Let us take as;\, an arbitrary clement of D, and let us put g(O) ==-:\(mod \ls'), then (14) 

is equivalent to 

(15) 

By (12) and (13) we have: 

(16) f(O',ej+k)=J(e•+j,0k) (mod m') for i+j,j+k<n-1. 

Hence we c1n put 

(17) J(0', 0j) ==f-k,+ i (mod m') for i, j'<" n-1. 

Thus, let us put j=l, k=n-1, i=l, 2, ···, n-2 in (12), and using the relation 

en= -clen-I_czen-z_ ... -en, we have; 

(18) 
n-2 

er.-Z ('1 µ ) -µ µn - L.J Ci '2n-2-i ==; '2n-2 
i= 1 . 

(mod m'). 
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Then A+r, ···, µ 2n- 2 are uniquely determined by Pn recursively from (18). Therefore, 

a relative 2-dimensional cocycle f E Z1(D, o; D/~') is uniquely determined by its value 

µn==f(0"- 1, 0) (mod ~'). 

Now we shall consider the condition for f=ogE B1 (D, o; D/~'). We have from 

(15) 

n-1 

=n0n-1->.,+ ~(n-i)c,0n-.-i\,=F'(0)>.. (mod ~ 7 ). 

i=l 

On the other hand, since (F'(0))==D by Lemma 1, we obtain easily the (*) relation, q. e. d. 

From this· theorem, therefore, in the case of D = o [0 ], we can give a definition 

different from the usual one for the relative different D of K/k. That is, the ideal D 

of 0, which is uniquely defined in Theorem 1, is called the relative different of K/k. 

Let t be the residue . class field of k by l), and sr the residue class field of K by ~­

Then we have the following two corollaries. 

Conou.ARY 1. J f Sr is a separable extension over t, we have ( *) relation. 

CoRoT.J.AHY 2. If sr is a simple extension over t and Dl,J=~, we have(*) relation. 

§ 4. On the relative 2-dimensional cohomology 

group in inertia fields 

Let K' be the inertia field of K/k, and O' =OnK'. Then, for some 'IJ E·O' we 

have D'=o['IJ]. Let rp(x)=c,.x"+···+c0 be the irreducible defining polynomial of 'IJ 

over ~- Then, it is well known that rp'('IJ) is not divisible by ~- Hence we have from 

Theorem 1 

THEOREM 2. In the inertia field K' of K/k we have: 

H(O', o; D/1.13')~0/0 for r=O, l,:··. 

Here we shall prove this theorem by a method 1 J different from that of !i 3. 

PROOF of THEOREM 2. Now let us put for any f E Z (0', o; D /~'). and every a E O' 

g(a)=rp'('IJ)-1 ± c,C 'IJ,-2f(a, 'IJ) + ... +1Jv-i-1f(a, 'IJ') + ... + f(a, 'IJ>-1)], 
>-2 

then we have : 

1) I am indebted to Prof. M. Moriya. 
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n 

[11g (a)+ ag( 17)-g(a17) J rp' ( 17) = ~ c,17[ r]'-2J(a, 17) + · · · 
I 11=2 

n 

+17v-;-1f(a, 17') + ··· + J(a, ,,,v-1)] + ~ c,a[ 17v-2J(17, 17) + ··· 
11=~1 

n 

+rr•-1j('l], r/) + ··· + J(rJ, rr 1)]-2J c,[r]'-2J(a17, 17)+ ·•• 
v-2 

Here, let us put for a fixed i 

then 

Ti =c,17'+ 1 [ 77/ (a, 17') + af (17, 17') - f(a17, 17')]. 

Since a/(17, 17•) - f(a17, 17') = - f(a.17i+ 1 ) +17;f(a, 17), 

we obtain: 

Now let us put 

'Y-1 'v- l 

S,= ~ T1 =c,~ [ 1/-;J(a, 1/)-17'-HJ(a, ,,/+ 1)] +c, (v-1)17'-1J(a, 17), 
i=I i=l 

then 

Thus, we have: 

n n ~ 

~ Sv=(~ vc,17"- 1)/(a, 11) - ~f(a, Cv"l') =cp'("l)f(a, 17). 
11=0 ..-=O ~=0 

n 

On the other hand, since ~ S, = [ 17g( a) + ag( 17) - g( a17) J cp' ( 77) and cp' ( 17) is not divisible 
\1=0 

by ~' we have : 

f (a, 17)=11g(a) + ag( 17)-g(a, 17) 

From this fact, we_cansee that, for every /EZ(D',o;D/\l.n, there exists ogEB(C/,o; 
()Im') satisfying the following relations : 

Ji(17, a)= (f- og) (17, a) =O (mod m') for all a ED'. 

Thus, using the relations : 
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we have the following relations by the Ill/lthematical induction on i 

Ji('r/, a)=O (mod \l37 ) for i=O, 1, ··· and all a E O'. 

n-1 n-1 

,Since any a,(:JED' are represented in the form a=~a;7J', (:J=~b;11'(a,,b,Eo), 
· i-0 i=O 

for / 1 = /- og the following relations are always satisfied: 

(mod ~n. 

Thus, for every /EZ(O',o;O/~n we am take ogEB(O',o;O/~n such that f=og. 

Hence we have Z(D', o; O/\l3') C B(D', o; 0/\l37). On the other hand, since Z(O', o; 

0/\13') ~ B(O', o; 0/\13'), we have Z(O', o; 0/\13') =B(O', o; 0/$'), i.e., 

This completes the proof of our theorem. 

for r=O, 1, 

Department of Mathematics, 
Hiroshima University 
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