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In the demension theory, the decomposition of lattices into direct sum­
mands of types I, II and III is an important result. The basic concepts used 
in this decomposition are the minimality and the finiteness of the dimension 
values. Therefore the decomposition theorem is obtained after the dimension 
is introduced. But Kaplansky [ 4] decomposed a Baer ring where the demen­
sion is not introduced. A Bear ring A is a ring in which every annihilator is 
generated by an idempotent. An idempotent e in A is said to be abelian in 
case the idempotents of eAe mutually commute, and an idempotent e in A is 
~aid to be finite, if xy=e, x,y E eAe imply yx=e. Using these two conceptions, 
Kaplansky have a decomposition theorem of a Bear ring. But these two basic 
conceptions are far from the dimension. Corresponding to this decomposi­
tion of a Baer ring A, there must be a decomposition of the lattice of annihi­
lators in A. This motivates me to consider the decomposition theorem of ge­
neral lattices where the dimension is not introduced. 

In § 1, I give the decomposition theorem of lattices in a most abstract 
form. A 4-lattice Lis a complete lattice whose center Z is a complete Boolean 
sublattice of L with some infinite distributivity. In a Z-lattice L, we introduce 
P-property which satisfies the following conditions: 

(P 1) If a non-zero element a has P-property, then zna has P-prorerty for 
every z E Z such that zna=tO. 

(P 2) Let {a,..; a E I} be a family of f!lements with P-property, and _1_ (e(a,..) ; 
a c I), then au Va,.. has P-property. (e(a,.) means the central cover of a,..) 

I show that taking any two P-properties for defining the minimal ele­
ment and the finite element, we can decompose the Z-lattice L into direct sum­
mands of types I, II and III. 

By Kaplansky [3, p. 538], an element a is called a D-element in case L(O, 
a) is distributive, and he decomposed a complete complemented modular lattice 
using this element. Since a D-element has the P-property, we can use it for 
the decomposition of Z-lattices. But the minimal property of the D-element is 
not clear. Therefore, in § 2 I introduce the lowest element. I write a<{ b when 
either z n a< z n b or z n a= z n b =0 for every z E Z, and say that a non-zero 
element a is a lowest element if x<a implies x=O. A lowest element has the • P-property, and its geometrical meaning is clear. The properties of the lowest 
element and its relation to the D-element are obtained. 
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To obtain the element of finite property, in § 3 I consider a Z-lattice L 
with an equivalence relation "~". This relation "~" may satisfy the weak­
er conditions than those which introduce the dimension. The relative center 
Z0 ={z E,Z; a~b,.;;;;,z implies aLz} is ;:i complete Boolean sublattice of L. we 
write a<_b when there exists bi, such that a~ b1 < b, and a~b when either z n a 
<_z n b or z n a=z n b=O for every z f Zo. A nonzero element a is called e-mi­
nimal if x~a implies x=O, and an element a is called e-finite if a~bLa im­
plies b=a. Then e-minimal elements and e-finite elements have P-property. 
Hence with these conceptions we have a decomposition of the Z-lattice, which 
may be called an analytic decomposition. Of course this decomposition de­
pends on the equivalence relation "~". 

S. Maeda [9] gave a theory of dimension functions 1n a most general 
lattice, which we may call a generalized relatively orthocomplemented lattice. 
Since this lattice is a z ... lattice, S. Maeda's decomposition of this lattice is an 
analytic decomposition. 

In § 4, I consider a relatively orthocomplemented complete lattice. This 
lattice, being a special case of S. Maeda's general lattice, is a Z-lattice. In this 
section, I prove this fact directly using the compatible elements. Loomis's 
[5] dimension lattice· is a relatively orthocomplemented complete lattice on 
which the dimension is introduced. His decomposition of this lattice coincides 
with the analytic decomposition. 

In § 5, I investigate the lattice RA of right-annihilators in Baer ring A. 
RA is composed of all principal right ideals (e), generated by idempotents e. 
The set RA of all right ideals in A is a complete modular lattice ( [8] Kapitel 
VI, Sat 1.1), but RA is not a sublattice of RA, g. l. b. of these lattices coinside, 
but 1. u. b. may be different. I prove that RA is a Z-lattice. By Kaplansky [ 4], 
two idempotents e, fin A are said to be equivalent, when there exists x f eAf, 
y 1:fAe with xy=e, yx=f. This equivalence induces an equivalence (e)r,.!!:..,(f), 
in RA. With this equivalence relation ",.!!:..," we have an analytic decomposi­
tion of RA. When A has no nilpotent ideals, this analytic decomposition of 
RA corresponds to Kaplansky's decomposition of A. 

When A is a Baer* -ring, RA is isomorphic to the lattice of projections in 
A, which is investigated in detail by S. Maeda [10]. In this lattice another 
equivalence relation ",.:!:'.," is also introduced, and a non-zero abelian projec­
tion, a non-zero D-element, a lowest element, an a-minimal element and a 
*-minimal element all coincide. 

§ I. General Decomposition of Z-lattices 

DEFINITION 1.1. Let L be a complete lattice whose center z is a complete • Boolean sublattice of L, and when a,,, f z for all a f I or b f z 
( 1) 
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holds. For brevity, we call such a lattice L a Z-lattice. 
The most simple example of a Z-lattice is a continuous lattice. (Cf. [8] 

Kapitel I. Satz 3.7 and Hilfssatz 3.6.) 

DEFINITION 1.2. A lattice L with 0 is called relatively complemented (in a 
weak sense), if, given bLa, an element c exists such that a=bvc. 1> 

Remark 1.1. In definition 1.1, if L is moreover relatively complemented, 
the infinite distributiv1ty (1) for b E Z is superfluous by the following Lemma 
1.1. 

LEMMA 1.1. In a relatively complemented complete lattice with the center 
Z, we have, for b E Z, 

.,fl Va., nb=.,£1 VCa«nb). 

PROOF. Let a.,=(a«nb)vc., (a El) and l=bvb'. Then c.,nb=ca,r\a., 
nb=0. Since b E z we have c.,=.c., n (bvb') = c., n b', that is, c.,:::._b'. Hence 
.,fl Ve°' /b', and a,aVc.,nb=0. Now, we have 

MI Vaa,r\b={au V (a.,nb) n.,a V c.,} nb=Mi V (a.,nb). 

Remark 1.2. By [3] Theorem 5, the center Z of a complete complemented 
modular lattice L is a complete Boolean sublattice of L, in which (1) of Defini­
tion 1.1 holds for a'" f Z(a EI). But since L is relatively complemented, (1) 
holds for b E Z. Hence a complete complemented modular lattice is a Z-lattice. 

Since the center z of a Z-lattice L is complete, we can define the central 
cover e(a) of a as the least central element z such that aLz, and we can prove 
the following Lemma as in [8] Kapitel II, Hilfssatz 4.7. 

LEMMA 1.2. Let L be a Z-lattice, and Z be its center. 

(i) When z E Z, then e(zna) = zne(a). 

(ii) e (.,a Vaco) = cofl Ve (a.,). 

Remark 1.3. Let zo be a central element of a Z-lattice L. Then it is evi­
dent that L (0, z0 ) is also a Z-lattice, and the central cover of an element a in 
L (0, z0 ) is the same as the central cover of a in L. 

LEMMA 1.3. Let a'" (a E I) be elements of a Z-lattice L, such that J.. (e (aco); 
a E I). Set a= .,a Va.,, then e (a,.) na = aa, for all a E I. 

PROOF. e(a.,) na = e(a.,) n fl£1Vafl = (',EI V(e(a,.) na{J)• 

If a =t=- (3, by Lemma 1.2 we have e(e(aa) naf3) = e(aa) n e(af',) =0. Hence e(a,.) 

n af', = o. Therefore e(aa,) na = e(a.,) n a,.= a.,. 

DEFINITION 1.3. In a Z-lattice L with the center Z, we introduce P-pro-

1) b\Jc means bVc with bf"\c = 0. .,o\.)a., means ,.aVa., with J.. (a,.; a:EJ). Cf. [8] 
Kapitel I, Definition I. 15. 
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perty which satisfies the following condition: 
(P 1) If a non-zero element a has P-property, then z f\ a has P-property 

for every z E Z such that z f\ a =I= 0. 
(P2) Let {a,.;a E /} be a family of elements with P-property, and J_ (e(ax); 

a E /), then ,.u Va,. is an element with P-property. 

DEFINITION 1.4. In a Z-lattice L, let Pm and P1 are two P-properties. We 
say that a non-zero element a is minimal (with respect to Pm) if a has Pm, and 
an element a is finite (with respect to P1 ) if a has P1 . An element a is infinite 
(with respect to P1 ) when a is not finite, and a non-zero element a is properly 
infinite (with respect to P 1 ) if z f\ a is infinite or zero for any z E Z. 

DEFINITION 1.5. Using the two P-properties Pm and P1, we classify the 
Z-lattice L as follows: L is said to be of type I if it has a finite minimal ,ele­
ment a such that e(a) = l; type II if it has no finite minimal element and has 
a finite element b such that..e(b) = l; type III if all non-zero elements are infi­
nite. L is said to be of type I 1 , (resp. II1 ) if it is of type I (resp. II) and 1 is 
finite; type L (resp. IL) if it is of type I (resp. II) and 1 is properly infinite. 

LEMMA 1.4. For any element a of a Z-lattice L, 'µ)ith respect to the given 
P-properties Pm and P 1, there exist ef (a), e; (a) E Z which have the following pro­
perties: 

(1 °) el (a) Ve; (a)= e (a), 

(2°) ef (a) f\ a is finite, 

(3°) if e' (a) =I= 0, then ei (a) f\ a is properly infinite. 

Then el (a) and ei (a) are uniquely determined. 
PROOF. 1) Let el (a)= V (z E Z; z.s;e (a), z (\ a is finite), e' (a)= e (a) - ef (a). 

Since Z is a complete Boolean lattice, using (P 1) we may consider el (a) as a 
join of an independent system of central elements z,. (a c I), such that z,.,~e (a) 

and z,. f\ a are finite, then 

e1 (a) (\a= MI V (z,. (\ a). 

By (P 2) el (a) r\ a is finite. If e' (a) =I= 0, then since e (ei(a) f\a) =e'(a) n e (a)= da), 
we have e' (a) n a =I= 0. Assume that z f\ e; (a) n a is finite for z E Z. Then 
z r\ e'(a) ;;;.er (a), so z r\ e' (a)= 0. Hence e' (a) f\ a is properly infinite. Next e{ (a), 

e!(a) c Z have also properties (1 °), (2°) and (3°). Since e{ (a) n ei (a) n a is finite 
by (2°) and (P 1), we have e{ (a) f\ ei (a) n a= 0 by (3°), whence e{ (a) n ei (a) = 
e (e{ (a) r\ e; (a) r\ a)= 0. Hence e{ (a) ::;,et (a). Similarly ef (a);:;;. ef (a), so el (a)= 

e{ (a) and e; (a) =ei (a). 

THEOREM 1.1. Let L be a Z-lattice, in which two P-properties Pm and P1 

are given. Then L is decomposed into a direct sum of sublattices of types I, II 
and III such that L = L1 v Ln v Lm, 

I) This method of proof is due to [9] Theorem 2. I. . 
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PROOF. 1 ) Let z1 = V (e (d) ;d is finite and minimal). Since Z is a complete 
Boolean lattice, using (P 1), we may write z1 =,;,a\.) z,., where z,. = e (d,.) and 
d,. is finite and minimal. By (P2) h = «u\.)d,. is finite and minimal, and ,:(h)=z1• 

Next, let z* = V (e(a); a is finite). As above, we have z* = e(b), where bis finite. 
Since z* ~ z1, we put Zn= z* - Zi, Zm = 1-z*. Then bo = Zn n b is finite and e (bo) 
=Zn(\ e(b) = Zn- Hence L1 = L(0,z1), Ln = L(0,zn), Lm = L(0,zm) are of type I, 
type II and type III respectively, and L=L1VLnVLm. 

Remark 1.4. From Lemma 1.4, we have ef (1) v e; (1) = 1. Since zmn 
zl (1) = 0, we have a decomposition 

where z11 = z1 n e1 (1 ), z1= = z1 ne; (1), z 111 = z11 ne1 (1), zn= = zn n e; (1). Thus a Z­

lattice is a direct sum of five lattices 

L=L1, v Li= v Ln, v Ln= v Lm, 

where L1, =L (0,z11) is type 11 , and so on. 

Remark 1.5. In order to investigate the properties of the center of a lat­
tice L, the following theorem is useful. 

Here (a, b)D means (a Vb) n x = (anx) v (bnx) for all x EL, 

(a, b)M means (cVa) n b = c V (anb) when c<b. 

THEOREM 1.2.2) In a lattice L with O and 1, a EL is a central element of 
L if and only if, a has a complement a' such that (a, a') D, (a, a') Mand (a', a) M. 

PROOF. The necessity is evident. Setting S = L (0, a), T = L (0, a'), it is 
sufficient to show L ~ ST, by the correspondence x- [anx, a' nx]. Let [s, t] be 
any element of ST, and set x =sVt. By (a', a)M, we have s_<;xna= (sVt)na:;;, 
(sVa')na=s: That is, s = anx, similarly t = a' n x. Thus the correspondence 
is onto. Next assume that anx= any, a' nx = a' n y. By (a, a') D, we have 

x=0V~nx=0n~vWn~=0n~vWn~=~ 

Therefore, the correspondence x-[anx, a' nx] is a one-one correspondence 
between L and ST, preserving the lattice-order. Hence L ~ ST. 

§ 2. D-elements and Lowest Elements in Z-lattices 

In this section, we introduce concrete elements which have the minimal 
property. 

An element a in a lattice L with O is called by Kaplansky [3, p. 538] a 
D-element if L (0, a) is distributive, and he decomposed a complete complement­
ed modular lattice. Since we can easily verily that the non-zero D-element 

I) 'This method of proof is the same as [9] Theorem 2. 2. 
2) This is already proved in F. Maeda [6]. 
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has the P-property, we can use this element for the decomposition of Z-lat­
tices. But the minimal property of the non-zero D-element is not clear, we 
introduce the lowest element as follows. 

DEFINITION 2.1. Let L be a lattice with 0 and 1, and z be the center of 
L. For a, b € L, a<,b means that for every z E Z, either z n a< z n b or zr\a= 

znb= 0. 
In this definition, let z = 1, then a<,b implies a< b or a= b = 0. a<,b and 

b < c imply a<{_ c. 

LEMMA 2.1. For z E z, a<{_ b implies z n a<{_ z n b. 
PROOF. For any y € Z, we have ynz E Z. Hence a<{_ b implies either 

y n z n a< y n z n b or ynzna = ynznb = 0, that is z n a<{_znb. 

DEFINITION 2.2. Let a be a non-zero element of a lattic.e L with 0 and 1. 
If x<f;__a implies x = 0, we say that a is a lowest element of L. 

Remark 2.1. If a is a lowest element of L and 0 < b < a, then b is also a 
lowest element, since x<{_b implies x<f;__a. 

When L is irreducible, Z consists of 0 and 1 only. Hence a lowest ele­
ment coincides with an atomic element, that is, a point. 

Let z0 be a central element of L. For a E L (0, zo), it is evident that a is a 
lowest element of L(0,z0) if and only if a is a lowest element of L. 

LEMMA 2.2. Let L be a Z-lattice with the center Z. 
(i) If a is a lowest element of L, then zr\a is a lowest element of Lfor every 

z E Z such that zna=/=0. 

(ii) Let {a.,; a EI} be.a family of lowest elements in L, and _1_ (e(a.,); a EI), 

then ""1 Va,,, is a lowest element of L. · · 

PROOF. (i) By Remark 2.1. 
(ii) Set a= ""1 Va,,,. When x<{_a, by Lemma 2.1 and Lemma 1.3 we have 

e(a.,) n x<f;__ e (a.,) n a= a.,. Hence e(a.,) n x = 0. Since x < a:::;;,.e(a), we have by 
Lemma 1.2 x = e (a) n x = «a Ve (a.,) n x = «a V (e (a.,) n x) = 0. Therefore a is 
a lowest element of L. 

By Lemma 2.2, the lowest elements have the P-property, and their mini­
mal property is evident. Hence we may use the lowest elements for the de­
composition. Next we shall investigate the further properties of the lowest 
elements artd compare with the D-elements. 

LEMMA 2. 3. Let a be an element of a Z-lattice Land a=a1 Va2• Then a1 <{_a 
if and only if e(a2) = e(a). 

PROOF. a1 <{_a means that either zr\a1 <zna or zr\a1 = zr\a = 0 for every 
z E Z. Since zna = (zr\a 1) v (zna2), this means that for any z E Z, either zr\a2 

=/=0 or zr\a = 0; that is, zr\a2 = 0 implies zr\a = 0; z' being the complement of 
z, this means that a2<z' implies a;;;.z'. Hence a1 <{_a is equivalent to e(a)<e(a2). 
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Since e(a) 2e(a2), a1 <_ a is equivalent to e(a) = e (a2). 

THEOREM 2.1. Let L be a relatively complemented Z-lattice. For a non-zero 
element a of L, the following four statements are equivalent. 

'(a) a is a lowest element of L. 

(/3) b < a implies e (b) < e (a). 

( ry) If b < a, then b = e (b) n a. 

(o) If b < a, c < a, b n c = 0, then e(b) n e(c) = 0. 

PROOF. (a)- (/3). Let a= b vb 1 , then b1 > 0. Assume e (b) = e (a), then by 
Lemma 2.3 we have b1 <_ a. Since a is a lowest element, it must be that b1 = 0, 
which is absurd. 

(fl)- (ry). When b < a, assume b < e (b) n a, and let e (b) n a= b v c, then 
c > 0. Since e(e(b) n a)= e(b) n e(a) = e(b), by Lemma 2.3 we have c<_e(b) na, 
and hence c<_ a. Consequently, when a= c v d, then d < a and by Lemma 2.3 
we have e(a) = e(d), which contradicts (fl). 

(,y)- (o). Since b = e(b) n a, c = e(c) n a, we have bnc = e(b) n e (c)na, and 
e (bnc)=e(b)ne(c)ne(a)=e(b)ne(c) by Lemma 1.2. Sincebnc=0, we have 
e(b)ne(c)=0. 

(o)- (a). When x<_ a, let a= xv c. By Lemma 2.3 we have e (a)= e (c). 

Now e (x) .:S::e (a), and e(x) n e (c) = 0 from (o). Therefore e (x) = 0 and x = 0. That 
is, a is a lowest element. 

DEFINITION 2.3. If a Z-lattice L has the following property (a), we say that 
L is a Z"'-lattice. 

(a) For any element a of L, the center of L (0, a) consists exactly of all 
elements of the form z n a with z f. Z. 

THEOREM 2.2. In a relatively complemented Za,-lattice L, the lowest element 
and the non-zero D-element coincide. 

PROOF. Let a be a lowest element of L, from (a) - (fl) of Theorem 2.1, by 
b-e(b), L(0, a) and {e(b); b E L(0, a)} have a one-one correspondence preserv­
ing the lattice-order. Hence L (0, a) is distributive, and a is a D-element. Next, 
let a be a nonzero D-element of L, and b < a. Since b is a central element of 
L(0, a), by (a) of Definition 2.3 there exists z E Z such that b = zna. Since 
e(b)=zne(a),wehave e(b)na=zne(a)na=b. Therefore by(ry) of Theorem 
2.1, a is a lowest element of L. 

Remark 2.2. By Remark 1.2 and [3] Theorem 4, a complete complement­
ed modular lattice is a relatively complemented Za,-lattice. Hence, by Theo­
rem 2.2, in this lattice the non-zero D-element and the lowest element coin­
cide. 

Thus we can use D-elements and lowest elements for the elements of mi­
nimal property. But to obtain the elements of finite property we must intro­
duce an equivalence relation. 
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§ 3. Analytic Decompositions of Z-lattices 

In this section, L is a Z-lattice with the center Z. Let a-!Z.,b be an equivalence 
relation in L (i.e. reflexive, symmetric and transitive). An element z E Z, such 
that a -!Z., b ~ z implies a< z, is called a relative central element of L (with res­
pect to "-!Z..,"), and denote by Zo the set of all relative central elements of L. 
Z0 is called the relative center of L (with respect to "-!Z..,"). 

Now assume that "-!Z..," have the following properties: 

(e. 1) a-!Z.,0 implies a =0. 
(e. 2) If O =I= a 1 < a -!Z., b, then there exists b1 =I= 0 such that a1 -!Z.., b1 < b. 
(e. 3) a-!Z.,b implies zna.J:..,z n b for all z E Z0 • 

Using (e.2) we can prove that Zo is a complete Boolean sublattice of Z, as 
[9] Lemma 2.1. Since Zo is complete, for any a E L there is the smallest ele­
ment z E Zo such that a.S:..z. We shall denote it by eo(a). Of course e(a):£:eo(a). 

Now we add the following assumption: 
(e. 4) If a1 -!Z.., b1, a2 -!Z., b2 and eo (a1) n eo (a2) = 0, then a1 V a2 -!Z., b1 V b2. 

We can prove the following Lemma as in [8] Kapitel II, Hilfssatz 4.7. 

LEMMA 3.1. ( i ) a -!Z., b implies e0 (a) = e0 (b). 
(ii) If z E Zo, then eo(zna) = zne0 (a). 
(iii) eo (,.EI Va,.) = <>fl \J eo (a,.). 

As in the continuous geometry, we shall write a<__b if there exists b1 such 
that a-!Z.,b1 <b, and write a~b if for any z E Z0 either zna<__znb or zna= 
znb=0. 

Clearly a-<!{._b implies a<__bora=b=0, and a<__b implies e0 (a)<e0 (b) 
from Lemma 3.1 (i). 

Then the following Lemma is evident. 

LEMMA 3.2. ( i ) a-<!{._b and b < c imply a-<!{._c 
(ii) a-<!{._b i1nplies zna-<!{._znb for every z E Z0 • 

(iii) a-<!{._b implies a<e0 (b). 

DEFINITION 3.1. For O =I= a E L, if x ~ a implies x = 0, we say that a is an 
e-minimal element of L. 

If a is an e-minimal element of L, and 0=/=b < a, then bis also an e-mini-. 
mal element of L by Lemma 3.2 (i). · 

LEMMA 3.3. (i) If a is an e-minimal element of L, then z n a is an e-mini­
mal element of L for every z E Zo such that z n a 4:- 0. 

(ii) Let {a.,;a EI} be a family of e-minimal elements in L, and .1_ (eo(a.,); 
a E I), then a1n Va,. is an e-minimal element of L. 

PROOF. Using Lemma 3.2, we can prove as Lemma 2.2. 

DEFINITION 3.2. a EL is called e-infinite if a<__a holds, and otherwise e­
finite. And a EL is called properly e-infinite if a=/=0 and a-<!{._a holds, that is, 
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for any z f. Z0 , zna is e-infinite or zero. 

LEMMA 3.4. (i) If a is e-finite, then zna is e-finite for every z f.,Zo. 
(ii) Let· {a"'; a E I} be a family of e-finite elements in L, and ..l (eo (a"'); 

a f. I) then Ml Va"' is e~finite. . 
PROOF. (i) Assume zna is e-infinite, then there exists b such that z n a 

,.!Lb< z n a. Since e0 (zna) n e0 ( (1-z) n a)= 0, by (e. 4) we have 

(z na) v ((1 - z) na),.!'.,b v ((1 - z) na) < (zna) V ((1-z) na) 1 l, 

that is a<._a, which is absurd. 

(ii) Set a =a,nVa"'. When a,.!'.,bS:.a, then by L~mma 1.3 and (e. 3) 

a"'= eo (aa,) n a~eo (aa) n bS:.eo (aa) n a= aa,. 

Since a"' is e-finite, we have e0 (aa) n b = a"' for all a f. L Consequently 

b = eo (a) n b = MI V eo (aa,) n b = an V (eo (a,,,) n b) = Ml Va,.= a. 

Therefore a is e-finite. 

LEMMA 3.5. An e~minimal element a is e-finite. 
PROOF. By the corresponding Lemma to Lemma 1.4, using Zo instead of z, 

if eJ (a)=/=-0 then since e/i (a) n a is properly e-infinite we have eJ (a) n a~ eJ (a) na. 
But by Lemma 3.3 (i) e~ (a) n a is e-minimal, which is absurd. Hence et (a) 
= 0, and a= e& (a} n a is e-finite. 

By Lemma 3.3 and Lemma 3.4, e-minimality and e-finiteness are P-pro­
perties, where z0 is used instead of z. Hence as in § 1 we have a decomposition 
of a Z-lattice L using these conceptions. We may call this decomposition an 
analytic decomposition of a Z-lattice with respect to ",.!'.,"_ 

Remark 3.1. In the theory of dimension functions in general lattices, S. 
Maeda [9] considered a complete lattice L with a binary relation "J_" which 
satisfies some conditions. We may call this lattice a generalized relativef,y 
orthocomplemented lattice. This lattice Lis a Z-lattice by [9] Theorem 1.3 and 
Lemma 1.3. S. Maeda introduced in this lattice a dimension by definfog a 
binary relation "~" which satisfies some conditions. Since this relation "~" 
satisfies (e. 1)- (e. 4), S. Maeda's decomposition of a generalized relatively 
orthocomplmented lattice is an analytic decomposition. In this case, the 
meanings of e-minimality and e-finiteness are evident by their dimension values. 

In order to give the geometrical meaning of e-minimal elements of a Z­

lattice Lin Definition 3.1, we·giv~ the following definitioiii,rsimilar to Defini­
tion 2.1 and Definition 2.2. 

DEFINITION 3.3 For a f. L, if either z n a< z n b or z n a= z n b = 0 for 
every z E Zo, we write a <t b. A non-zero element a is called an e-lowest element 

I) If b ~I ((1-z) f\a) = (z0 a)v ((1-z)f\a), then zn {bv((l-z) f\t;)} =zr\ {(zna)v ((I - z)na)}, 
that is b =zf\a, which is absurd. 
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if x ~ a implies x = 0. 
The geometrical meaning of an e-lowest element is evident. 

LEMMA 3.6. When b is e-finite, a4{._b if and only if there exists b1 such that 
a,-t,b1~b. 

PROOF. When a4{._b, since a-<._b or a= b = 0, there exists b1 such that a,-t, 
b1<bor a=b=0. When a,-t,b1 <b, we have zna,-t,znb 1 ~znb for zEZo. 
Since a 4{._ b, z n a-<._ z n b or z n a = z n b = 0. Hence if z n a = z n b = 0 does 
not hold, then it must be that znb 1 < znb, since znb is e-finite. Hence znb1 

<znb or znb1 = znb = 0. Therefore b1 ~ b, and b1 is the required element. 
When a = b == 0, let b1 = 0. 

Conversely when a,-t,b 1 <(._b, we have either zr\a,-t,znb1 <::nb or znb1 
= znb = 0 for every z E Zo, This means that either zna-<._zr\b or zna = zr\b 
= 0. Therefore a4{._b. 

THEOREM 3.1. In a Z-lattice L, an element a is e-minimal if and only if a 
is an e-finite and e-lowest element. Especially when L is a relatively comple­
mented Z-lattice, for a non-zero element a of L, the following five statements are 
equivalent. 

(a) a is an e-lowest. element of L. 
~ ·, 

(/3) b < a implies eo (b) < eo (a). 
( 'Y) If b < a, then b = e0 (b) n a. 

(o) If b<a, c<a, bnc=0, theneo(b)neo(c)=0. 
( s) a is an e-minimal element of L. 

',. 
PROOF. First part of the theorem is evident from Lemma 3.5 and Lem-

ma 3.6. When L is a relatively complemented Z-lattice, we can prove the 
equi:valence of (a), (fJ), (,y) and (S) as. Theorem 2.1, using z0 instead of z. To 
prove the equivalence of (E), it is sufficient to show that an e-lowest element 
a is e-fini te. But this follows from the fact that if a .-t. b < a, then by Lemma 
3.1 (i) e0 (a) =,e0 (b), which contradicts (f]). 

Remark 3.2. When L is a continuous geometry, that is, a continuous com­
plemented modular lattice, Lis a Z,.-lattice by [8] Kapitel I, Satz,3.7 and Ka­
pitel lV, Satz 1.4, and the perspecivity "~" is an equivalence relation which 
satisfies (e. 1) - (e. 4) and z0 = z. (Cf. [8] Ka pi tel I Hilfssatz 3.8, Kapitel 
Il 'Satz 3.1, K.apitel IV Satz 2.2 and Hilfssatz 2.2.) Hence von Neumann's 
decomposj~ion of the continuous geometry ([8] Kapitel IV Satz 4.9) is an 
analytic decomposition with respect to the perspectivity, and in this lattice the 
D-element, the lowest element and thee-minimal element coincide by Remark 
2.2 and Theorem 3.1. 

In a continuous geometry, another equivalence relations are introduced. 
Hence corresponding to these equivalence relations we have different decom­
positions of a continuous geometry. Cf. Halperin [1], Iwamura [2] and F. 
Maeda [7]. 
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§ 4. Decomposition of Relatively Orthocomplemented ~omplete Lattices 

DEFINITION 4.1. A lattice L with 0 and 1 is called orthocomplemented if 
it admits a dual automorphism a-a.1. satisfying (a) aJ..J. = a and (/3) a <a-1-
implies a = 0. 

In this case, of course, a n aj_ = 0 and a val = 1. 
We write a 1_ b when a~b\ and we say that a and bare orthogonal. 
An orthocomplemented lattice L is called relatively orthocomplemented if, 

given b~a, an element c exists such that a= b v c and b 1_ c. And c is called 
a relati'lJe orthocomplement of b in a. 

THEOREM 4.1. Let L be an orthocomplemented lattice. Then the following 
thr-'ee statements are equivalent. 

(a) Lis a relatively orthocomplemented lattice. 
((3) a J_ b implies (a, b)M. 

(ry) For any a€ L, (a, a-1-)M. 

In (a), when b~a the relative orthocomplement of bin a is anbj_. 
That is 

(1) a= b V (an bj_.) 
PROOF. 1 l (a)- (/3). Let a 1_ b and c~b. Since (cva) n b 2 c, by (a) there 

exists d such that (c Va) n b = c v d, c _L d. From d~b and c J_ d, we have 
cVbj_<d.1., and from a_l_b and cVa2d, we have cVbj_~cVa2d. There­
fore d = 0, and we have (c v a) n b = c = c v (a r\ b), that is (a, b) M. · 

(/3)- (ry). It is evident. 
(ry)-(a). If b~a, then aj_<bj_. Hence by (ry) (a-1-vb)nbj_=a-1-. By 

duality, a= (aj_V b)J_ vb= b v (an bj_), and an bj_ is the relative orthocomple­
ment of b in a. 

Remark 4.1. Since (1) in Theorem 4.1 is the axiom (MJ in Loomis [5 J, 
the dimension theory of Loomis is a theory on a relatively orthocomplemented 
complete lattice. 

From (a)~ (/3) in Theorem 4.1, a relatively orthocomplemented lattice 
may be called an orthomodular lattice. 

Remark 4.2. Since a relatively orthocomplemented complete lattice L is 
a special case of a generalized relatively orthocomplemented lattice, by Re­
mark 3.1 Lis a Z-lattice. But in what follows, I shall give a direct proof 
using the compatible elements, since these elements~have an interest of its 
own. 

LEMMA 4. 1. In a relatively orthocomplemented lattice, if a= (anb) v (an 
bj_) then b = (b n a) V (b n a-1-). 

l) (a) "t. ('y) is already proved in [9] 216. 
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PROOF. Since b n a1- = b n (anb)J.n (aJ.vb) = b n (anb)L, we have (bn 
a-1-).1. = i..1.. v (anb). Therefore, by (anb, (anb).L)M, 

(bna1-).1. n (anb)j_ = {bJ.. v (an b)} n (anb).1. = b.1., 

that is, (bva1-) v (anb) = b. 

DEFINITION 4.2. In a relatively orthocomplemented lattice, when a= 
(anb) v (anb1..), then of course b = (bna) v (bna1-) by Lemma 4.1, we say that 
a and b are compatible. 1 l 

From this definition, it is evident that when an b = 0, a and b are com­
:patible if and only if a and b are orthogonal. 

LEMMA 4.2. In a relati'uely fWthocomplemented lattice L, an element z is a 
~entral element of L if and only,if z is compatible with any element of L2l. 

PROOF. If z is a central element of L, it is evident that a= (anz) v (anz.l.) 

for any a ( L. Next assume that a= (anz) v (anr) for any a E L. This means 
that (z, r)D. But by Theorem 4.1; (z, r)M and (r, z) M. Hence by Theorem 
1.2, z is a central element of L. 

LEMMA 4.3. Let {a8 ; o E D} be a directed set of a relatively orthocomple­
-mented complete lattice L. If a8 and b are compatible for any o E D, then 

aa t a implies aa n b t an b. 3 l 

PROOF. Since a8 = (a8 n b) V (a8 n ~) for any o ED, and (aED V (aa n bL), 
b)M,. we have 

an b = BED V aa n b = {8w V (aa n b) V a•D V (a~nb.L)} n b = 8w V (a8 f"\b). 

That is, a8 n b t a n b. 

THEOREM 4.2. The center z of a relatively orthocomplemented complete lat­
tice Lis a complete Boolean sublattice of L, and when a,,, E Z for all a E I or b E Z, 

(1) a.nVa,,,nb=M1V(a,,,nb). 

That is, L is a Z-lattice. 

PROOF. By [8] Kapitel I Satz 3.4, Z is a ,.Boolean sublattice of L. Let S 

be any subset of Z, ~nd T be any finite subset of S. Since .aVz is a central 
element, by Lemma 4.2 we have 

•ET V z = (,ET Vz n a) V (,ET V z n a1-). 
Hence by Lemma 4.3 we have 

•EsVz = (.Es V z n a) V (,Es V z n a1-). 

Therefore •Es V z E Z; Since r E Z, we have as above •Es V zl.. E Z. That is 
· .. Es(\z E Z. Consequently Z is a C(?mplete sublattice of L. · 

I) Cf. [8] Kapitel XII Definition 1.3. 
2) Cf. [11] 5. 
3) Cf. [I I] 4. 
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To prove (1), let N be any finite subset of I, and put 

sN = tJIENVa.,, tN = a,ENV(a.,n b). 
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Then sN E Z or b E z1l, and sN n b = tN. Since sN and b are compatible and sN t 
.. n Va.,, tN t .. n V (a., n b), we have (1). 

Remark 4.3. By Theorem 4.2 or Remark 4.2, a relatively orthocomple­
mented complete lattice is a Z-lattice. Hence we can apply the decomposition 
theory of §1 and § 2. The dimension 'lattice L of Loomis [5] is a relatively 
orthocomplemented complete lattice with an equivalence relation "...t.." satis­
fying some properties which are similar to S. Ma~a [9]. In this dimension 
lattice L, an element e is invariant if and only if x;$_e implies x~e, and it is 
proved that the invariant elements of L form a complete Boolean sub lattice 
B and if e E B then 

W a=~/"\~V~/"\~ 

for any a EL. ([5] Lemma 21 and Theorem 2.) But (1) means that e is com­
patible with any al L, hence by Lemma 4.2 e E Z. Therefore B is nothing 
more than the relative center of L defined in § 3. Hence, in the dimension lat­
tice L, Theorem 3.1 holds, and (a), (fl), (ry), (o), (E) in this theorem are equiva­
lent. But (ry) corresponds to the definition of a simple element in Loomis [5, 
p. 2]. Consequently Loomis's decomposition of a dimension lattice coincides 
with the analytic decomposition. 

§ 5. Lattice of Right Annihilators in a Baer Ring 

A ring A with unity is a Baer ring if the right (or left) annihilator of any 
subset S of A is a principal right (or left) ideal generated by an idempotent 
e EA. (Kaplansky [ 4] Chapter I, Definition 1.) 

In this paper, as in [8] Kapitel VI, Definitions 1.5 and 1.8, the principal 
right (or left) ideal generated by e is denoted by (e), (or (e)1), and the right 
(or left) annihilator of Sis denoted by S' (or S1). 

Denote the set of all right-annihilators of a Baer ring A by RA. Since 
(e)r = (1 - e) z' for any idempotent e of A, RA is the set of all principal right 
ideals of the form (e), with an idempotent e EA. 

In this section A is a Baer ring. 

THEOREM 5.1. RA is a complete lattice ordered by set-inclusion. 

PROOF. Let {S/; i E /} be any subset of RA. If we denote the set-sum and 
set-intersection by ~ and II respectively, then (~S;)' =TIS/. Hence II S/ 

iEI iEI iEI 

belongs to RA and it is the g. l. b. of S/ (i E I). Hence RA is a complete lattice 
ordered by set-inclusion. 

1) We may use Lemma l."l. 



164 Decomposition of General Lattices into Direct Summands of Types I, II and III 

Remark 5.1. The set RA of all right ideals of A is a complete lattice, 
where Lu. b. is denoted by v and V, and g. 1. b. is denoted by n and(\. (Cf. 
[8] Ka pi tel VI Satz 1.1.) But RA is not a sublattice of RA• In RA, the g. 1. b. 
is set intersection as in RA, hence we may use the same symbol n and (\. 
But for the 1. u. h. in RA we use V and V. 

LEMMA 5.1. Let {e;; i E I} be a family of idempotents in A. Then there 
exists an idempotent e such that {ei; i EI} 1 = (1 - e) 1• In this case wV (e.), = (e), 

in RA, 
PROOF. The existence of e is evident from the definition of the Baer ring. 

For all i EI, we have (1 - e) ei = 0, that is, ei = ee; and (e.), < (e),. Next, let 
(e;), < (f), for all i E I, where f is an idempotent in A, then (eiV >- (f), 1• Since 
{ei; iEl} 1 ={(e;),; iEJ} 1=ia(\(eiV, we have (1-e),>-(f), 1• Hence(l-e)i' 
< (f), 1r and (e) ,s;_ (/),. Therefore (e), is the 1. u. b. of (e;), (i EI) in RA• 

Remark 5.2. The idempotent e in Lemma 5.1 is characterized by the 
following conditions·: 

(a) eei = ei for all i E I. 

(fJ) If xei = 0 for all i E I, then xe = 0. 

For, when {e;; i E l} 1 = (1 - e)i, (1 - e)ei = 0 for all i EI, and we have (a). 
If xei = 0 for all i EI, then x E (1 - e)1, that is, x = x(l - e) and we have (fJ). 

Conversely, from (a) we have (1 - e) ei = 0 for all i c I. Hence {e;; i E I}'>­
(1 - e)1, Next, if xei = 0 for all i EI, from (fJ) we have x E (1 - e) 1. Hence {ei; 
iE/} 1 =(1-e)i, 

Remark 5.3. Between the 1. u. b. iHV (e;), in RA and the 1. u. b. iu V (e.), 

in RA, there are the following relations (1 °) and (2°). 
Since {ei; iE I} 1 = (iH'J(ei),)\ (l -e)1 = (e),I, we have from Lemma 5.1 

(1°) C.aV(e.),f=C.HV(e;),/. 

And since S<S1', we have 

(2°) iH V (e.), < (e), 1r = (e), = iH V (e;),. 

LEMMA 5.3. Let e,f be idempotents in A such that (e),_<;_ (f),. Then 

(1) (/), = (e), V { (f),n (1 - e),} 

PROOF. From [8] Kapitel VI, Hilfssatz 1.6, ther.e exists a right ideal a 
such that 

(f), = (e), v a, (e), n a= (0) ,, 

and a= (f) ,n (e)'. Since (e)' = (1 - e),, we have 

(f), = (e), V { (/), n (1 - e),} ,:s;; (e), V { (f),n (1 - e),} ,:s;; (f),. 

Hence (1) holds. 

LEMMA 5.4. Let e, f be idempotents in A such that (e,) .S::: (f),. Then there 
exists an idempotent eo such that (e), = (eo), and eo = Jeo = eof, 
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PROOF. Since .(e),:::;_ (f),, we have e = fe. Let e0 = ef, then e0 is an idem­
potent and eo = Jeo = eof, Since eo = ee0 and e = e0e, we have (e), = (e0),. 

LEMMA 5.5 Let e, f be idempotents in A. 

(i) (e),n(f),=(ef), when ef=fe. 

(ii) (e), V (f), = (e), V (/), = (e + f), when ef = fe = 0. 

PROOF. ( i) When ef = fe, g = ef is an idempotent. Since g E (e), n (f), we 
have (g),;:;;,. (e), n (f),. Next, if x E (e), n (!),, then x = ex and x = fx. Hence 
x = efx = gx, that is, x E (g),. Therefore (g), = (e), n (f),. 

(ii) When ef = fe = 0, e + f is an idempotent and by [8] Ka pi tel VI, 
Satz 1.3, (e), V (/), = (e + f),. Since (e), V (/),.< (e), V (f), < (e + f),, (ii) holds. 

LEMMA 5.6. Let e be an idempotent in A. Then (1 - e), is a complement 
of (e), in RA and ((e),,(1- e),)M. 

PROOF. Since (1), = (e), V (1 - e),.s;: (e), V (1 - e), < (1),, (1 -- e), is a com­
plement of (e), in RA, By Lemma 5.4, any element of RA contained in (1 - e), 
is expressed as (f),, where f is an idempotent such that f = (1 - e)f = J(l - e), 
that is ef = fe = 0. Therefore by Lemma 5.5 (ii) (e), v (f), = (e), V (/),. Since 
RA is a modular lattice ( [8] Ka pi tel VI, Satz 1.1), we have 

{ (e), V (f),} n (1 - e), = { (e), V (f),} n (1 - e), = (f),. 

That is, ( (e),, (1 - e), )Min RA, 
THEOREM 5.2. Let e be an idempotent in A. Then (e), is a central element 

of RA, if and only if e is a central element of A. 
PROOF. (i) When (e), is a central element of RA, (e), has a unique com­

plement in RA, Since (e), v (f),:::;. (e), V (f), by Remark 5.3, (e), must have a 
unique complement in RA, Hence by [8] Kapitel VI, Satz 1.5, (e), is expressed 
with a unique idempotent e. Therefore by ibid., Hilfssatz 1.5, ex (1 - e) = 0, 
that is, ex= exe for all x E R. Since (1 - e}, is a complement of (e), in RA, (1 -
e), is also a central element in RA, Therefore, as above we have (1 - e) xe = 0, 
that is, xe = exe. Therefore ex= xe for all x E A, and e is a central element of A. 

(ii) Conversely, let e be a central element in A. By Lemma 5.6, (1 -e), 
is a complement of (e), in RA and ( (e),, (1 - e) ,) M, ( (1 _:_ e ), , (e), )M. By [8] Ka­
pitel VI, Satz 1.8, (e), is a central element in RA• Hence for any idempotent 
fin A, we have 

(f), = {(e), V (1 - e),} r\ (/): = { (e), r\ (/),} V { (1- e), n (f)r} 

< { (e), n (f) ,} V { (1 - e), n (f),} :::;_ (f),. 

Therefore, we have 

{ (e)k n (f),} V { (1 - e), n (f),} = (f), = { (e), V (1 - e),} n (f),. 

That is, ((e),,(1-e),)D in RA. Consequently, be.Theorem 1.2, (e), is a central 
element in RA, 

THEOREM 5.3. The center of RA is a complete Boolean sublattice of RA, and 
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if either (e,), (i E l) or (f), are central elements of RA, then 

,El V (e,), r\ (f), = ,El V ( (e,), r\ (f),). 

Therefore, RA is a relatively complemented Z-lattice. 

PROOF. (i) Let e,(i El) be central idempotents in A. Then by [4] Chap­
ter I, Theorem 3, there exists a central idmpotents e such that {e;; i E [} 1 = 
(1 - e) 1• Then by Lemma 5:1. 

(1) iEI V (e,)r = (e),. 

(ii) Since ,El(\ (e,), = ,El II (1 - e,)1' = { 1 - e,; i E /}', as (i) there exists a 
central idempotent g such that 

(2) if(\ (e,)r = (g),. 

By Theorem 5.2, (1) and (2) mean that the center of RA is a complete sublattice 
of RA. 

(iii) Next, when either e, (i E [) or / 1> are central idempotents of A, take 
an idempotent e such that if] V (e,), = (e),. Then by Remark 5.2 e is charac­
terized by the following conditions: 

(1 °) ee, = e, for all i f. I. 
(2°) If xe, = 0 for all i f. I, then xe = 0. 

And by (i) e is a central idempotent when e, (i E I) are central idempotents. 
Hence by Lemma 5.5 (i), we have 

(3) ,EIV (e,), r\ (f), = (ef),. 

From (1 °) and (2°), we have 

(l') ef•e.J = e.J for all if. I. 
(2') If x•e.J= 0 for all if. I, then x•ef = 0. 

Therefore, we have 
(4) ,El V (e.j), = (e f),. 

Since ·(e.f), = (e,) r\ (f),, from (3) and (4), we have 

,El V (e,), r\ (f), ~ ifl V ( (e,), r\ (f), ). 

Therefore, RA is Z-lattice. The relatively complementedness of k4 follows 
from Lemma 5.3. 

Kaplansky [4, Chapter II, Definition 1 and Lemma 1] defined the equi­
valence of idempotents as follows: Idempotents e,f in A are said to be equi­
valent, when there exist x f. eAJ, y f. f Ae with xy = e, yx = f, and proved that e 
and fare equivalent if and only if (e), and (/), are isomorphic right A-modules. 
Hence we may give the following definition. · 

DEFINITION 5.1. In RA, (e), and (f), are said to be a-equivalent, written 
(e), ..!!.. (/),, if there exist x f. eAf, y f. f Ae with xy = e, yx = f. · 

1) We may use Lemma 1.1. 
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LEMMA 5.7. When (e)r,!!;.,,(f),, then L((0),,(e),) and L((0),,(f),) are isomor­
phic in RA•, 

.PROOF. When (e), ,!!;.,, (f),, then (e), and (f), are isomorphic as right A-mo­
dules. Since any element in L ( (0),, (e),) is a right A-submodule of (e),, this 
lemma is evident. 

LEMMA 5.8. Let e, f be idempotents and h be a central idempotent in A. If 
(e), ,!!;.,, (f), < (h),, then (e),~ (h),. That is, the relative center of RA with respect 
to",!!;.,," coincides with the center of RA. And (e),,!!;.,,(f), implies e((e),) = e((f),). 

PROOF. Since (e), ,!!;.,, (f),, there exist x E eAJ, y E f Ae with xy = e, yx = J. 
Then, since y = fy and f = hf, we have hy = y. Hence he= hxy = xhy =xy = e. 
Therefore (e),:;;,. (h),. When (e), ,!!;.,, (J),, put e ( (f),) instead of (h),, then (e),:;;,.e 
( (.f), ). Therefore e ( (e) ,) ~e ( (f), ). Similarly e ( (f),) ~e ( (e), ), and we have 
e((e),)=e((f),). 

Remark 5.4. It is evident that the central cover e ( (e),) of (e), in RA is 
expressed as (h), where h is the central cover C(e) of e in A.1l 

LEMMA 5.9. The relation ",!!;.,," in RA is an equivalence relation which 
satisfy (e. 1) - (e. 4) in § 3. 

PROOF. Since (e), ,!!;.,, (f), means the isomorphism as right A-modules, ",!!;.,," 
is an equivalence relation. 

(e. 1) When (e), ,!!;.,, (0),, let f = 0 in Definition 5.1, then x = y = 0 and e = 

xy=0. 
(e. 2) This follows from Lemma 5.7. 

(e. 3) Let (e), ,!!;.,, (f),, and h be a central idempotent in A. Then by Lem­
ma 5.5 (i), (h), n (e)r = (he), and (h), n (f), = (hf),. From ·Definition 5.1, we have 
hx c heAhf, hy E hfAhe and hx-hy=he, hy-hx=hf. Hence (he),,!!;.,,(hf),, that is, (h),n 
(e), ,!!;.,, (h), n (.f),. 

(e. 4) Let (e1), ,!!;.,, (f 1),, (e2), ,!!;.,, (f 2), and e ( (e1),) r\ e ( ( e2),) = (0),. Then there 
exist X1 E e1AJ1, Yi E J1Ae1, X2 E e2AJ2, Y2 E J2Ae2 with x1y1 = e1, Y1X1 = J1, x2y2=e2, 
y2x2 = J2- It we denote h1 = C(e1) = C(f 1), h2 = C(e2) = C(f 2), then h1h2 = 0. Set 
e = e1 + e2, f = J1 + J2, x = x1 + x2, y = Y1 + Y2• Since e1,J1, x1, Y1 E h1A and e2, 
f 2, x2, y2 E h2A, it is evident that e, fare idempotents such that (e1), V (e2),= (e),, 
(f 1), V (f 2), = (f), and x E eAJ, y E f Ae, xy = e, yx = f. Hence (e), ,!!;.,, (f),. 

If e is an idempotent in a Baer ring A, then eAe is also a Baer ring. (Cf. 
[4] Chapter I, Theorem 2.) Now we have the following lemma. 

LEMMA 5.10. ReA. is isomorphic to the sublattice L ( (0),, (e),) of RA, 
PROOF. By Lemma 5.4, any element in L((0),,(e),) is denoted by (f), with 

an idempotent fin eAe. We denote the element of R,A, by (/),', f being an 
idempotent in eAe. 

I) C(e) is the smallest central idempotent h such that he=e. ([4] Chapter I Definition 3.) 
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Letf1 andf2 be idempotents in eAe. If (J1),,= (J2),,, then by [8] Kapitel 
VI, Hilf ssatz 1.5, there exists x E eAe such that f 2 = f 1 + f 1x (1 - f 1). There­
fore by the same Hilfssatz, we have (J 1), = (h)r-

Conversely lif (J 1\ = (J 2)r, /1, J2 E eAe, then there exists x E A such that 
f2 = J1 + J1x (1 - J1)- Since J1e = ef1 = J1, J2e = J2, we have 

f2 = J# = J1e + J1x(l - J1)e = J1 + J1exe(l - J1)-

Therefore (J1)r' = (J2)r,. 

Hence by (J)r tt (J)r ,, f being an idempotent in eAe, there exists one-one 
correspondence between L((0)r, (e),) and R.4 ., preserving the lattice-order. 
Hence L ( (0)" (e),) and ReA, are isomorphic. 

THEOREM 5.4. Let e be an idempotent in a Baer ring A without nilpotent 
ideals. Then the center of L ( (0),, (e),) consists exactly of all elements of the form 
(h), n (e), with central idem,potents h of A. That is, R4 is a Za,-lattice. 

PROOF. By Lemma '5.fo L ( (0),, (e)r) is isomorphic to · R,Ae• But by [ 4] 
Chapter III, Exercise 2, c) the central idempotents of eAe are the idempotents 
he with h a central element of A. Hence by Theorem 5.2 and Lemma 5.5 (i), 
the central elements of L ( (0)" (e),) are (he),= (h), n (e), with (h), a central ele­
ment of RA. Since the inverse statement is evident, RA is a Za,-lattice. 

When A is a Baer ring, by Theorem 5.3 RA is a Z-lattice, and by Lemma 
5.9 the equivalence relation ",.!!.," satisfies (e. 1)-(e. 4). Hence we can apply 
the analytic decompositions of Z-lattices to RA, where we say "a-minimal" 
and "a-finite" instead of "e-minimal" and "e-finite". Especially when A has 
no nilpotent ideal RA is a Za,-lattice, and we can apply Theorem 2. 2. Now we 
shall compare these decompositions of RA with Kaplansky's decomposition of 
A itself. For the decompo·sjtion of A, Kaplansky gave the following defini­
tions. An idempotent e in A is said to be abelian in case the idempotents of 
eAe mutually commute. ( [ 4 J Chapter I, Definition 4.) And e is said to be finite 
if xy = e, x, y E eAe imply yx = e. ( [ 4] Chapter I, Definition 6.) 

THEOREM 5.5. Let e be a non-zero idempotent in a Baer ring A. Consider 
the fallowing statements. 

(a) e is an abelian idempotent in A. 

(/3) (e), is a D-element in RA. 
(ry) (e), is a lowest element in RA. 
(o) (e)r is an a-minimal element in RA. 

Then (a)~ (/3) and (ry) ~ (o). Especially when A has no nilpotent ideals, 
(a)~ (/3) ~ (ry) ~ (o). 

PROOF. (a)~ (/3). By [ 4] Chapter I, Exercise, (a) is equivalent to the 

fact that all idempotents in eAe are central in eAe, that is, R•A• is a Boolean 
lattice, by Theorem 5.2. Since, by Lemma 5.3, RA is relatively complemented, 
(/3) is equivalent to the fact that L ( (0)" (e) ,) is a Boolean lattice. Hence, by 
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Lemma 5.10, (a) and (#) are equivalent. 
('Y) ~ (o). This follows from Theorem 3.1, since by Theorem 5. 3 RA is a 

relatively complemented Z-lattice, and by Lemma 5.8 the relative center of 
RA with respect to "~" coincides with the center of RA. 

Especially when A has no nilpotent ideals, by Theorem 5. 4 RA is a Za1-lat­
tice. Hence by Theorem 2. 2, (#) ~ (,y). 

THEOREM 5.6. Let e be an idempotent in a Baer ring A. Then the follow­
ing two statements are equivalent. 

(a) e is finite in A. 
(#) (e), is a-finite in RA. 

PROOF. (a)-+(#). Let (e), ~ (f), < (e),. By Lemma 5. 4, we may assume 
that / = ef = fe. Since (e), ~ (f),, there exist x E eAJ, y E / Ae with xy = e, 
yx = f. Then x E eAJes;.eAe and y E efAe:$.,eAe. Since e is finite, we have yx=e. 
Therefore/= e, and (e), is a-finite. 

(#)-+ (a). When xy = e, x,y E eAe, set f = yx. Then f is an idempotent and 
ef = eyx = yx = f. Hence (/),;:;;;. (e),. Since x = ex = xyx = x/, y =ye= yxy = fy, 
we have x E eAJ and y E / Ae. Therefore (e), ~ (f),;::;;:. (e),. Since (e), is a-finite, 
we have (/), = (e),, and e = fe. Since fe = yxe = yx = f, we have e = f, and f is 
finite in A. 

Theorems 5. 5 and 5. 6 show the relation between the decomposition of a 
Baer ring A and the decomposition of RA. Especially when A has no nilpotent 
ideals, the decomposition of A corresponds to the analytic decomposit~on of RA. 

Remark 5.4. J3y Kaplan!,lky [ 4, Chapter III, Definition 2], a ring A with 
involution * is called a Baer* -ring if there exists a projection e such that 
S' = (e), for any subset S of A. A is of course a Baer ring and the projection 
e such that S' = (e), is uniquely determined. Hence we may use the lattice of 
projections which is isomorphic to RA. 1l Since a Baer*-ring has no nilpotent 
ideals, by Theorem 5.4 RA is a Z.,-lattice. (Or, since the central projections of 
eAe, e being a projection, are the projections he with h central projections 
([ 4] Chapter VI, Lemma 1), we can prove as Theorem 5.4). And (a), (#), 
(,y) and (o) in Theorem 5.5 for a projection e are equivalent. 

But in a Baer*-ring A, we have another equivalence relation "~" which 
is defined as follows. Let e and f be two projections of A, e ..:t.. f if and only if 
there exists x EA with xx*= e, x*x = f. ([ 4] Chapter III, Definition 5. In this 
case, x f: eAJ holds). We can treat"~" ·as"~" and we have the same Theo­
rem as Theorem 5. 5. Hence combining these theorems, we have the follow­
ing result. In the lattice of projections in a Baer* -ring, a non-zero abelian 

I) For the lattice of projections in a Baer*-ring, cf. S. Maeda [!OJ. This is a relatively 
orthocomplemented complete lattice by Lemma 5.3 or Lemma 5.6 and Theorem 4. I, where 
el.= I -e. 
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projection, a non-zero D-element, a lowest element, an a-minimal element and 
a * -minimal element all coincide. 
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