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§ 1. Introduction 

1.1 In a neighborhood of a critical point which is supposed to be the 
origin, the analytic two dimensional autonomous system is written as follows: 

( 1) dx =ax+by+ f*(x, y), dy =cx+dy+g*(x, y), 
dt dt 

where f*(x, y) and g*(x, y) are o(r) as r=V x2+y2➔0. In this note we consider 
such a system as above, for which the origin is an isolated critical point and 
a2+b2+c2+d2=#-0. 

When both roots of the equation 

( 2) ..t2-(a+d)..t+ad-bc=O 

do not vanish, the origin is a simple critical point and the behavior of paths 
of (1) in a neighborhood of the origin is well known. 

When only one of the roots of the equation (2) vanishes, the behavior 
of paths was investigated by I. Bendixson [l] 1), N. A. Gubar [2] and K. A. 
Keil [3]. 

When both roots of the equation. (2) vanish, the behavior of paths was 
studied by N. A. Gubar [2], K. A. Keil [3], A. F. Andreev [4] and S. Barocio 
[5]. K. A. Keil studied the continuously differentiable system by the isocline 
method, but, in his work, the distinction problem was not completely de­
termined. In Mathematical Reviews 16 (1955) p. 360, we learned that N. A. 
Gubar studied the behavior of paths of (1) making use of simple critical 
points of neighboring systems, and also, in the same journal 17 (1956) pp. 
364-365, we learned that A. F. Andreev obtained eight phase portraits by 
means of the method of Frommer [6]. But, to his regret, the writer has 
not yet been able to refer to the originals of these works. S. Barocio studied 
the behavior of paths by means of the orthogonal system to the original 
one and Poincare's index formula, and he obtained also eight phase portraits. 

In this note, the writer studies also the case where both roots of the 
equation (2) vanish. Making use of exceptional directions and Keil's result, 

1) Numbers in the brackets refer to the references listed at the end of this note. 
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the writer shows that the paths of (1) have essentially only seven phase 
portraits in a neighborhood of the origin. The contact parabolas and conditions 
for each portrait are also obtained explicitly in terms of the coefficients of 
the· right members of (1). 

Our results are placed on the bases of Lonn's and Keil's theorems which 
do not assume analyticity, consequently, they are also valid when analyticity 
is not assumed but sufficient smoothness is assumed. 

1.2 Given a continuous autonomous system 

(2) dx ( ) dy -=Px,y, -=Q(x,y), 
dt dt 

which satisfies the condition of uniqueness of solutions. Let the or1gm be 
an isolated critical point and assume that P(x, y) and Q(x, y) are written in . 
the form as follows: 

P(x, y)=P m(x, y)+o(rm), 

Q(x, Y) =Qn(X, y) +o(rn), 

as r ➔ 0, where P m(x, y) and Qn(x, y) are homogeneous polynomials of degree 
m and n respectively. Put 

F(x, y)=xQn(x, y)-yPn(x, y), 
G(x, y)=xPn(x, y)+yQn(x, y) when n=m; 
F(x, y)=xQn(x, y), G(x, y)=yQn(x, y) when n<m; 
F(x, y)= -yP m(x, y), G(x, y)=xP m(x, y) when n>m. 

If we transform the variables x and y to the polar coordinates r and cf> so 
that x=r cos cf>, y=r sin cf>, then (3) becomes 

def>_ F(cf>)+ f(r, c/>) 
r----'--'--'----'--'-, 

dr G(cf>)+g(r, cf>) 

where 

F(cf>)=F(coscf>, sincp), G(cp)=G(coscf>, sine/>), 

and f, g are continuous functions such that 

lim f(r, c/>)=lim g(r, c/>)=0. 
r+O r+O 

The direction determined by the argument cf>= cf>o is called the exceptional 
direction of (3) at the origin if and only if F(c/>0)=0. After Frommer [6] 
we call the exceptional direction cf>= c/>0 the regular one if G( c/>0) = G0 * 0 and 
the singular one otherwise. The regular exceptional directions are classified 
into those of three types, namely, if we write F(c/>) as 

F(c/>)=C(cf>-c/>o)k+o( I c/>-c/>o lk), 

those. of the 1st type such that k is odd and CG0 > 0, those of the 2nd type 
such that k is odd and CG0 < 0, and those of the 3rd type such that k is 
even [7, 8]. 

1..3 In this note, we use two theorems. 
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Lonn's theorem. Let cp='Po be a regular exceptional direction of the 
2nd type of (3) such that F'(cp0)G(cp0)<0. If, for any s>0, there exists a 
positive number 8 such that 

I f(r, cf>1)-f(r, cf>2) I <s I cf>1-cf>2 I 
I g(r, cf>1)-g(r, cf>2) I <s I cf>1-cf>2 I' 

for r<o when I cp;-cp0 I (i=l,2) are sufficiently small, then one and only 
one path of (3) tends to the origin in the directieon cf>= cp0• 

The other of the theorems is 
Keil's theorem. Given a continuously differentiable system 

(4) dx dy -=x+f(x, y), -=g(x, Y), 
dt dt 

where f(x, y) and g(x, y) are o(r) as r--+0 and the origin is an isolated 
critical point. Just one path of (4) tends to the origin· in the direction of 
positive x-axis and also just one in the direction of negative x-axis. We call 
the curve made of these two paths L. Put g(x(y), y) = G(y), where x(y) is a 
function satisfying x+ f(x, y)=0. Then, if G(y) < 0 for sufficiently small 
y > 0, one and only one path tends to the origin in the direction of positive 
y-axis and any other path lying above L does not tend to the origin. If 
G(y) > 0 for sufficiently small y > 0, all paths lying above L tend to the 
origin in the direction of positive y-axis. 

For y < 0, inverting inequality signs, we have the same results. 

§ 2. Behavior of paths 

2.1 In the system (1), we assume that ad-bc=0 and a+d=0. Then, 
by a suitable linear transformation, the system (1) is reduced to that of 
the form 

or 
dy _ g(x, y) 
dx y+J(x, y) 

where ](x, y) and g(x, y) satisfy the same conditions as f*(x, y) and g*(x, y). 
Here we may assume that ](x, y)=yf(x, y), for, by the transformation of y to 
y-y(x) where y(x) is a function satisfying y+ J(x, y)=0, we can transform the 
above system to that of the desired form. Thus if we put g(x, y)/(l+f(x, y)) 
=g(x, y), we see that the system (1) is ultimately reduced to the equation 
of the ·form 

( 5) dy _ g(x, y) 
dx- y 

Here g(x, 0) cannot vanish identically, for, if not, the origin would not be an 
isolated critical point. 
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The exceptional direction of (5) is 11=0 alone, consequently, in order to 
know the behavior of paths, we need only to know the behavior of paths in 
a narrow sector containing positive x-axis and that in a sector containing 
negative one. 

2.2 In a neighborhood of the origin, let 

g(x, y) = ~ bkixkyi (bki =fa 0) 
k,l 

and let g(x, 0)=b"°x"+o(x") as X➔ 0. Further, when g,;(x, 0) does not vanish 
identically, let gv(x, 0)=b~1x~+o(x~) as x ➔ O. When g,;(x, 0) vanishes identically, 
we assume that gy(x, 0) has also the same form but with /3= oo. 

Since the behavior of paths in a sector containing negative x-axis readily 
follows by substitution x= -~ from that of paths in a sector containing 
positive x-axis, let us, in the sequel, consider only the paths in a sector 
containing positive x-axis. By the transformation of variable z=x112, (5) 
becomes 

dy = 2z g(z2, y) 
dz y 

(z>0). 

The exceptional direction of this equation is y=0 alone and evidently paths 
of (5), which tend to the origin in a sector containing positive x-axis, corre­
spond to paths of (E0), which tend to the origin in the direction of positive 
z-axis. 

2.3 Case 1 ° a<2/3+1. 

First, for a positive integer m, let us consider the· solutions of (E0) such 
that y=o(zm) as Z➔0. For such a solution, if we put y=umzm, then Um➔0 

as z ➔ O. 

If m<a, substitution of y=umzm into (E0) entails 

_dum = {2z g(z2, umzm)-mz2m- 1u;,.}z-:m+l 
dz z2rnumz-2,n.rl 

- ~ 2bklz2k+2+<l-2)mu;,.-mu!, 

UmZ 

_ -mu;,.+z2 -o(l) 

because 2k+2+(l-2)m > 2 .from a< 2/3+1. For this (Em), from definition 
in 1.2 follows 

F(z, um)= -(m+l)z u;,., G(z, um)=um(z2 -mu;,.). 

Therefore the exceptional directions of (Em) are z=0 and um=0. Evidently 
um=0 is a singular exceptional direction. If we put z=p cos <p, um=p sin cp, 
then from the definition follows 

F(¢)= -(m+l) cos ¢•sin2 cp, 
Consequently it follows that 

G(¢)=sin ¢· (cos2 cp-m sin2 ¢). 
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F'( ;) ~( ;)=F'( - ;) G( - ;)=-m(m+l)<O, 

therefore z = 0 becomes a regular exceptional direction of the 2nd type. 
Hence, by Lonn's theorem, a unique path tends to the origin in the direction 
of um-axis. From the form of (Em) evidently this unique path must be z=O. 

When m=a, substitution of y=umzm into (E0) likewise entails 

(Ea) dua = 2baoz2-au!+z2•o(l) 
dz UaZ 

Consequently, from the definition follows 

F(z, Ua)=z {2baoz2 -(a+ l)u!} 
G(z, u.,,)=u.,,{(2bao+l)z2-au!}' 

Therefore, as before, z = 0 becomes a regular exceptional direction of. the 2nd 
type and the path z=O only tends to the origin in the direction of ua:.axis. 

If bao<O, there is no exceptional direction other than z=O. 
If bao>O, besides z=O, there are two exceptional directions u,,=p1z and 

u"=p2Z, where p1 =V2bao/(a+l) and p2= -p1. For these directions it holds that 

F' (¢1)G( cJ,1) = _: ( a+ 1) cos ¢1 · sin cf,1 · (sin cf,1 - P2 cos cf,1) X 
X (p1 sin ¢1 +cos cf,1)= -(a+ l)pi(p1 -p2)(l + pi) cos4 ¢1, 

F'(¢2)G(cf,2)= -(a+l)p2(r2-r1) (l+rD cos4 cJ,2, 
where tan cf,i=pi (i=l,2). Therefore, both of these two directions are regular 
exceptional directions of the 2nd type, consequently, as before, one and 
only one path tends to the origin in each direction. · 

By the preceding discussion, we have seen that, when m<a, any path 
of (Em) other than z=O cannot tend to the origin in any direction, other 
than z-axis, in other words, if any path of (Em) other than z=O, may tend 
· to the origin, it must do so in the direction of z-axis. Such a path corre­
sponds to a path of (Em+i) tending to the origin. Thus, taking m=0,1,2, • • •, 
a-1 successively, we see that the distribution of paths of (E0) tending to 
the origin in the direction of z-axis is determined by that of (E") tending 
to the origin. Now, when b .. 0 <0, by the preceding results, besides z=O, 
there is no path of (E") tending to the origin, consequently, in this case, any 
path of (E0) does not tend to the origin in the direction of z-axis. When 
bao>O, it is seen analogously that, along1) each of the parabolas y=p1z"'+ 1 

and y=p2z"+1, one and only one path of (E0) tends to the origin and any 
path of (E0) other than these two cannot tend to the origin. 

2.4 Case 2° a=2.B+l 
In this case, /3 cannot be oo, for, if not, a becomes co and this contradicts 
the isolatedness of the critical point. As in the case 1 °, we consider the 
solutions of (E0) such that y=o(zm) as z ➔ O. 

When m<a, the results are the same as when m<a in the case 1 °. 

1) This means that y/z->Pi as Z->0 along the path. 
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When m=a, substitution of y=umz'" into (E0) entails 

(E") 

consequently, 

du"_ 2ba.oz2+2b~1zu"-au!+z2 •o(l) 
dz---- Ua,Z 

from the definition follows 

F(z, ua)=z{2ba,oz2+2b~1ZUa.-(a+l)u!}, 
G(z, u") =u"{(2ba.o+ l)z2 +2bp1ZU"-au!}. 

Therefore, as before, z=0 becomes a regular exceptional direction of the 2nd 
type and the path z=0 only tends to the origin in the direction of Ua.-axis. 

If D=bi1 +4(,8+1)bao<0, there is no exceptional direction other than 
z=O. 

If D > 0, besides z=0, there are two exceptional directions Ua.=p8z and 
u" = p,z, where p3 and p4 ( I p3 I > I r, I) are roots of the equation 

(,8+ l)p2-bp1P-ba.o=0. 

For these directions, it holds that 

F'(</>8) G(cp3) = -(a+ 1) cos <p3 sin <p3 • (cos <p3 + p3 sin <p8) X 

X (sin <p3-p4 cos </>3) = -(a+ l)p3(p3 - p4)(1 + p;) cos' <p3, 

F'(</>4) G(</J,)= -(a+l)p.(p,-rs)(l +rD cos'</>,, 

where tan <p1=p1 (j=3,4). 
Consequently, when bao>0, both these directions are regular exceptional 

directions of the 2nd type, because p3p4 < 0. Therefore, as before in each 
direction <me and only one path tends to the origin. 

When bao<0, if D>0, the directions Ua=p3z and Ua=p4z become regular 
exceptional directions of the 2nd type and of the 1st type respectively, 
because p3p4 >0, and if D=0, these two directions coincide with each other 
and the coincident direction, for instance, u"=p3z becomes a regular ex­
ceptional direction of the 3rd type. In the former case, the behavior of the 
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paths is easily seen as before, for, in a narrow sector containing an ex­
ceptional direction of the 1st type, all paths tend to the origin in that exception­
al direction. In the latter case, substitution of u,.=(p8+v)z into (E,.) entails 

dv = -(a+l)v2+z2-0(l) 
dz p8z+vz 

Consequently, from Keil's theorem, it is seen that, in the (z, v)-plane, the 
origin is a saddle-node, therefore that, in the (z, u,.)-plane, infinitely many 
paths tend to the origin in the direction u,.=p3z. As is easily seen, this is 
a limiting case as p4 ➔ p8 in the former case. 

Thus, as in the case 1 °, we can see how the paths of (E0) tending to 
the origin in the direction of z-axis behave in a neighborhood of the origin. 

2.5 Case 3° a>2,8+1 
In this case, as in the case 2°, ,e cannot be oo. As in the case 1 °, we 
consider the solutions of (E0) such that y=o(zm) as z➔ O. 

When m<2,8+1, the results are the same as when m<a in the case 1°. 
When m=2,8+1, substitution of y=umzm into (E0) entails 

du2~+1 2b~1ZU2~+ 1 -(2,8+ l)i4~+1 + z2 • o(l) 
dz U2~+1Z 

consequently, from definition follows 
F(z, u2~+ 1) =2zu2~+ 1{b~1z-(,8+ l)u2~+ 1}, 

G(z, U2~+1) =U2~+1{z2+2b~1ZU2~+1-(2,8+ l)u~~+1l• 
Therefore u2~+ 1 = 0 becomes a singular exceptional direction, and z = 0 and 
U2~+ 1=p5z (p5=b~1/(,8+l)) become both regular exceptional directions of the 
2nd type. Hence, as before, in the direction z=O, the path z=O only tends 
to the origin and, in the direction U 2p+ 1 =p5z, one and only one path tends to 
the origin. 

When 2(a-,8)-1 >m>2.B+l, substitution of y=umzm into (E0) entails 
dum = {2zg(z2, umzm)-mz2m-lu~}z-(2~+m+ll 
dz z2mu,,.z-(2P+m+I) 

= ~ 2bklz2k-2~+<l-Dmu!,,-mzm-2~-2u~ 
zm-2~-lUm 

= 2b~1um+z2•0(l)+u;.•O(l) 
zm-2~-IUm 

consequently, from the definition follows 

F(z, um)=2bp1ZUm, G(z, um)=2bp1U~. 
Therefore um= 0 becomes a singular exceptional direction and z = 0 becomes 
a regular exceptional direction of the 2nd type. Hence, as before, in the 
direction z=O, the path z=O only tends to the origin. 

When m=2(a-,8)-l, as before, substitution of y=umzm into (E0) entails 

du2a-2~-1 ~ 2bp1U2a-2P-1 +2ba0z+z2 • O(l)+z~a-2p-1 • 0(l) 
~z U2a-2p-1z2«-4P-2 
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which is transformed to 
dv _ 2b~1v+z2 -0(l)+zv2•0(1) 
dz- (paz+v)z2"-4H 

by the transformation v=u'l,._ 2~_ 1-p6z (p6 = -bo.-0/b~1). Then, by Keil's theorem, 
it is seen that, in the (z, v)-plane the origin is a saddle-point or a node 
according as bo.-0 > 0 or < 0. 
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This says that, in the (z, U 2«_ 2~_ 1)-plane, in the direction U 2«_ 2~_ 1 =p6z, just 
one or infinitely many paths tend to the origin according as baa> 0 or < 0. 

Thus, as in the case 1 °, we can see how the paths of (E0) tending to 
the origin in the direction of z-axis behave in a neighborhood of the origin. 

2.6 Results 
The results obtained in the preceding sections are summarized in the tables 
as follows: 

--

Tahle 1. Contact parabolas and number of paths tending to the origin in the 
direction of positive x-axis 

cases 
I a:<2S+l I a:==28+1 I a:>28+1 

<Ht 

I 

baa>O 
y=p,xT (one) Y=Pax~+l (one) y=P5x~+l (one) 

«+1 
y= -p,xT (one) Y=P,x~+1 (one) Y=Psx«-~ (one) 

Y=Psx~+l (one) 

D>O y=p,xHl (infinitely many) 

( I Pa I> I P4 I) Y=P,x~+ 1 (one) 
baa<O none --

D=O y=P3x~+i (infinitely many) y=Psx«-~ (infinitely many) 
--

D<O none 

Notes P,=l 2bao 
(1Hl)pJ-b~1Prbct0=0 (j=3,4) Ps=b~1/(,9+1) 

a:+l D=bi1+4(8+1)bao P6 = - bao/b~1 
I 
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Table 2. Types of distribution of paths. 

-·~----- ---- ---' 

cases 
---------------

I a<~f3+1 I a=2f3+1 a>2f3+1 ' 

I 

$- I bcro>O bcro>O 
I degenerate saddle bao>O 
i a: odd a: odd 

I 
--· 

-~ ~ 
I 

b,o<O ba0<0 

degenerate node D~O a: odd 

f3: even f3: even 

---- ----

~~) 
ba0<0 b"o<O 

closed saddle-node D~O a: odd 

f3: odd f3: odd 

·~ * 
b"o<O 

focus or center D<O 

I 
a: odd 

------ " 

saddle-node -* a: even 

--1 I 

I 

saddle-center ♦ a: even 
I 

I I 
In conclusion, the writer wishes to express his hearty gratitude to Prof. 

M. Urabe for his kind guidance and constant advice. 
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