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Introduction

The purpose of this paper is to investigate the properties of the geodesic
subspaces of group spaces, mainly, by means of the exponential mapping of
the Lie algebra into the Lie group. Let G be a connected real or complex
Lie group with the Lie algebra &, and let S be a geodesic subspace (cf. §2
for definition) of the group space G with the associated linear subspace & (x¢S)
of @, then &,(xcS) are all Lie triple systems (Lemma 2). In §1 we shall
state the fundamental concepts which are used in the following sections. In
82 we shall define the geodesic subspaces of a group space and consider the
linear subspaces &, and the relations among them. The results obtained in
§2 are as follows:

1. If there exists a geodesic arc on S: y(t)=x exptA having the end
points x and y, then it holds ’

G,=exp(—4ad A4)-S,.

2. Under the same assumption as in 1, if A4 is a regular element of
S, (cf. §1 for definition), then the intersection S, S, of &, and &, is
given as :

S.NS,={Y; Ye&,, ad A-YeG,}.
In §3, we shall consider the analogous property (Lemma 5) for the geodesic.
subspaces of Schreier’s Theorem in the theory of topological groups, and the
results obtained by means of this property are follows:

3. For any elements # and y of S, &, is transferred from &, by an
inner automorphism of .

4, For any elements x and y of S, there exists an analytic curve in G
through x and y, which lies on x exp &, in a sufficiently small neighborhood
of x in G.

From the result 4, by means of the method of Schrioder ([8])” the
following result is obtained.

5. Let € be a complex geodesic subspace of a complex linear Lie group,

then we have SCxexpS,, where exp ©, denotes the closure of exp &, in G.

1) Numbers in brackets refer to the references at the end of the paper.
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§1. Preliminaries

Let G be a connected real or complex Lie group and let & be its Lie
algebra, which is identified with the tangent space to G at the identity
element e. For any Xe¢@, {exptX; ¢ real or complex} denotes the unique
one parameter subgroup of G whode direction at the identity element ¢ is X,
and exp X denotes its element for t=1. Thus we can consider the so-called
exponential mapping: X—x=exp X of & into G. The exponential mapping
is an analytic mapping of the analytic manifold ® into the analytic manifold
G. Let O be a finite dimensional linear space over the field of real numbers
or the field of complex numbers and let € denote the linear space of endo-
morphisms of B. If G is a group of endomorphisms in €, then the exponential
mapping is expressed by exp X=37X"/n!. By a geodesic of the group
space (i.e., the underlying space of a Lie group) we shall mean a coset of
one parameter subgroup of G:{x exptX; ¢ real or complex}, x being an element
of G. Moreover, Adx denotes the differential of the inner automorphism
g—>xgx '(ge@) at the identity element e, and is an automorphism of &.
ad X denotes the inner derivation of &, i.e., ad X: W—[X, W](We@). It is
well known that Ad exp X=expad X.

As a characteristic property of Lie groups, there exist the symmetric
neighborhoods U and U (U-UC U,) of the identity element ¢ of G, and the
symmetric neighborhoods 1l and 1I,(IC1l,) of the zero element 0 of &, satis-
fying the following properties:

(1) The mapping exp:l; - U,=expll, is an analytic isomorphism (i.e.,
exp is a homeomorphism of 1I; with U,, both exp and its reciprocal mapping
exp! are everywhere analytic).

(2) For any two elements x=exp X and y=exp Y (X, Yell) of U, there
exists the unique element Z of U, such that

xy=exp X exp Y=exp Z,
where Z can be expressed by the so-called SCH series (Schur-Campbell-
Hausdorff series) ([2], [5], [9]).
For an element a=exp A (Ac®) of G we can define Y(t)e® by the
relation:
exp A exp Y(t)=exp (A+tX), (Xe§),
and Y(¢) is expressed by
Y(#)=t (exp (—ad A)—I)/—ad A- X+ O(t?),
where (exp (—ad A)—1I)/—ad A means > (—ad 4)""'/m!. Here if we set
Z=(dY/dt),_, and x(A)=(exp(—ad 4A)—1I)/—ad 4,
then we have Z=x(4)X ([4], p. 157).

By Ado-Cartan’s theorem, it is well known that a Lie algebra has a
faithful representation ([1], [8]) and so we may consider & as a linear Lie
algebra. Therefore, as for the local properties of a Lie group G, we may
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take G as a linear Lie group without loss of generality. Then the exponential
mapping is the exponential function of an endomorphism (i.e. the exponential -
matrix function). For this reason, the above formulas are also verified,
because they are clear for a linear Lie group.

A linear subspace © of & is said to be a Lie triple system, if
[X,[Y,Z]]e@ forany X, Y and Z¢&. This condition is equivalent to that
(ad X)*Ye® for any X and Ye& ([7]). An element A of & is called a
regular element of &, if x(A) has an inverse, (i.e., for which ad A has no
eigen values such as 2lm1/—1 (l: non-zero integers). The set of regular
elements is denoted by &, and an element of & ,=&—, is called a singular
element of &. And similarly, an element 4 of a Lie triple system & in &
is called a regular element of S, if the restriction (ad A)*)/S of (ad A)* on &
has no eigen values such as —4/°#* (I: non-zero integers). The set of regular
elements of & is denoted by &, and an element of ©,=8—-&, is called a
singular element of &.

§2. Geodesic subspaces

In this paper we shall define the geodesic subspaces of group spaces as
follows:

DEFINITION. Let S be a submanifold (cf. [4] for definition) of a group
manifold of a Lie group G satisfying the following condition:

To every element x of S there corresponds a linear subspace S, of &
such that if U, is a small neighborhood of 0 in &, the elements x exp X, for
XeS, NU,, form a mneighborhood of x in S.

Then S is called a geodesic subspace of a group space G.

The dimension of S at = is equal to the dimension of €,. Since a mani-
fold has the common dimension at its all elements ([4]), for all the elements
2 of S the linear spaces &, have the same dimension. The linear subspaces
S, of & may be called the tangent space to S at . An open submanifold
of a subgroup of G forms, clearly, a geodesic subspace of G.

~ In this section we shall consider the linear subspaces €, (z¢S) and the
relation among them.

LEMMA 1. Let U, be a netghborhood of 0 in & such that the elements
xexp X, for XeS, NU,, form a meighborhood of x in S. If y=uzexp A,
z,yeS and AcS NU,, then it holds x(A)S,CS,. If Aisa regular element
of &, then it holds x(A4)S,=8,.

PROOF. For any element Xe¢&,, there exist the elements Y(£)¢® which
are determined by the relation: _

exp A exp Y(f)=exp (A+tX),
where |¢] is small enough to A+tXe¢S,NU,. As mentioned in §1, Y(¢) is
expressed by
Y(t)=tx(A)X+O0(t?).
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And we have

yexp Y()=z exp (A+1tX)
and so there exists a posxtlve number ¢ such that Y(t)eS, for ¢:|t|<e.
Hence we have

x(4)X=lim,,, Y(t)/teS,,
therefore we have x(4)8,CS,. If A is regular in &, then dim x(4)S,=
dim &,=dim &,, and hence it holds x(4)S,=S,. Thus the lemma is proved.

LEMMA 2. Let S be a geodesic subspace of a group space G, then the
linear spaces &, for any elements of S are all Lie triple systems.

PrROOF. Let U, be a neighborhood of 0 in & such that the elements
zexp X, for Xe&, NU,, form a neighborhood of z in S. By taking U, as a
sufficiently small neighborhood of 0 in B, we may assume that any elements
of &,NU, are regular in &. Then, for any element y such that y=xexp A4,
Ae8, N, it holds x(4)S,=S,. And then we have x=yexp(—A4), and
—Ae¢S,. For, the element y exp (t—1)A4, (=x exptA), liesin S for £:|t| <1,
and if |t—1] is sufficiently small, this element lies in a small neighborhood
of y in S, and hence A¢&, Here it does not necessarily happen that A
lies in U, but there exists a positive number 7, such that ¢4 lies in U, for
t:|t|<n. If we set y(t)=vy exp(—tA), then y, y(t)eSand —tAcS,NU, for
t:|t]<m; and therefore by Lemma 1 we have

xX(—tA)e,=8,,, for t:|[t|=<n,.
(If A is in'a sufficiently small neighborhood of 0 in &, then —tA are always
regular for t:|t|<%,). Furthermore, y(t)=xzexp(1—¢t)4, (y(t)eS), and
1—-tAeS, NU, for t:|t]| <1n,; therefore we have
» x(1-1)4)8,=8,,, for t:|t|<x,.
From these facts it follows that
x(A-0)A)S,=x(—tA)x(4)S, for ¢t:|t|=<m, 7.
This is rewritten as
x((A—8)A4) 'x(—tA)x(4)S,=8..
Let 'n'(A =x((A—1t)A) 'x(—tA)x(A), then from the definition of x(A) it
follows that
(A, t)=¢ (ad 4, 1),
where
@z, )=t —1)z/(e" " P*—1)-(e“—1)[tz-(e *—1)]/—=z.
After some computations we know that
@(2, {)=2%(t—1)z/sinh 3(t—1)z-sinh % ¢tz/% tz-sinh 3 2/ 2
=1+t(Fzcoth 3 2—1)+O()
=1+1t(z/(ee—1)+3%2—1)
=1+43 7 (—1)"B,2""[(2m)1)+ O(t?),



On Geodesic Subspaces of Group Spaces 171

where B,, are Bernoulli’s numbers, B,=%, B,=—3%, By=4&, B,=—%, - .
(It is easily seen that ¢(z, t) is an even function of z). Consequently, we have
(4, 1)=I+1r(—1)"B,(ad 4)/(2m)!)+O(t),

where I denotes the identity transformation. From the condition:
m4,1)S,=6, for t:|t|=mny,n
it follows that
(Xr(—=1)"B,(ad A)™/(2m))S,C&..
This must be valid, even if A is replaced by sA(|s|<1), therefore we have
(ad A)*S,CS, for AeS,NOU,,
since this condition is linear with respect to A4, we have
(ad 4’6, CS, for AcS,.
This asserts that &, is a Lie triple system ([7]), thus the lemma is proved.
LEmMA 8. Let U, be a neighborhood of 0 in & such that the elements

zexp X, for XeS,NU,, form a neighborhood of x in S, and any elements
of &,NU, are regular in 8. If y=xexp A and AcS,NU,, then it holds

&,=exp(—%ad 4)S..
PrOOF. Under the assumptions, by Lemma 1 it holds that &,=x(4)S,.
It is easily seen that
x(A)=(exp(—ad A)—I)/—ad 4
—exp (—4%ad A)-(sinh  ad A/% ad A)
where
sinh 3 ad A/3ad A=37 (3 ad A)™/2m+1)L.
Since, by Lemma 2, (ad 4)’S,C S, it is clear that
(sinhtad A/ ad A)S,CS,;
and since, by the assumption, A is a regular element of &,
dim (sinh £ ad 4/% ad A)&,=dim &,.
Therefore we have
(sinh £ ad 4/% ad A)&,=6,.
Thus we have
S,=x(4)8,
=exp (—3%ad A)-(sinh $ ad A/% ad A)E,
=exp (—3%ad 4)-E,,
which completes the proof.
THEOREM 1. Let S be a geodesic subspace of a group space G. If there

exists a geodesic arc on S:y(t)=xexptA having the end points x and ¥,
(i.e., ¥(0)=2z, y(V)=y and y(t)eS for t:0=<t=<1), then it holds

S,=exp(—4ad 4)-&,.
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Proor. Let U, be a neighborhood of z in S such that U,=zexp(&,NU,)
and U, satisfies the assumptions in Lemma 3. Since the geodesic arec is
compact in S, from the open covering U,,, (0 <t=<1) of this goedesic are,
we can choose a finite open covering U, (1=0,1,2,---,m, t,=0, t,=1) such
that U,., N Uyq,,,, contains a point y(t}) (¢, =t/ <t,,,) of this geodesic are.
Then we have

y()=y(t,) exp s(t,.,—t,)A4,
=y(t:.1) exp (s—1) (¢,.,—1)A4, 0=s=1)
(:t=0,1,2,..-,m). )
It is clear that A¢S,,, (¢=0,1,2,.--,m), so by Lemma 3 we have
@ng):exp (=25t —t)ad 4)-&,,
=exp (—% (s—1)(ti.i—t)ad A)- S,
and hence

@yuin):eXp <_%(ti+1_ti) ad A) '@yup
Therefore we have
| S,—exp(—1tad 4)-S,
which completes the proof.
It is easily seen that (sinhiad A/3ad A)S,=&,, if and only if 4 is
regular in S,. Therefore we have a corollary of Theorem 1.
COROLLARY. Under the assumptions of Theorem 1, if A is regular in
S,, then S,=x(4)S,; and if A 1is singular in S,, then x(A)S,&C,.
THEOREM 2. Let S be a geodesic subspace of a group space G. If there
exists a geodesic arc on S:y(t)=wxexptA having the end points x and y, and
if A is a regular element of &,, then the intersection S,8, of &, and S,
18 given as:
€.N6,={Y; Ye3,, adA-YeG,}.
And moreover &,=6,, if and only if [A, Y]eS, for any elements Y of &,.
PrROOF. Since A is a regular element of &,, by the corollary of Theorem
1, we have &, ,=x(4)S,. Let now Ye¢&,&,, then from Ye&, it follows
that Y=x(4)X, Xe¢S,, and moreover Y must belong to &,. Since

X=x(A)'Y=ad A/(expad A—1)Y
=(I—%ad A+3(—1)""'B,(ad A)™/2m)))Y,
it is easily seen that X¢&,N&, if and only if YeS, and x(4):'YeS,;
since &, is a Lie triple system, (i.e., (ad A)*Y ¢S, for Ye¢&,), the condition:

x(A4)'YeS, and Ye&, is equivalent to the condition: Y and ad A-Ye&,.
Therefore we have

S,NS,={Y; Y and adA-Ye&S,}.
Moreover, clearly, &,=€, if and only if ,N1S,=S,; and hence &,=6,,
if and only if [A4, Y]e€&, for any elements Ye¢&,. Thus the theorem is
proved. ' '
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Furthermore, if we require that €,=&, for any element y of xexp
(8,NU,), then this requirement is equivalent to that [A4, Y]e¢&, for any
elements A and Y of &, ie., S, is a Lie subalgebra of .

REMARK. From our standpoint, the linearity of &, is assumed from the
beginning, but in the recent paper of K. Morinaga and F. Mitsudo ([6]), the
linearity of &, is deduced from the local convexity and the extensivity of S.

§3. Some fundamental properties of geodesic subspaces

In this section we shall consider some fundamental properties of geodesic
subspaces of group spaces.

LEMMA 4. Let © be a homogeneous subspace of Lie algebra &, then, for
any elements Y and Z in a sufficiently small neighborhood of 0 in ®, the
element exp Yexp Zexp Y belongs to exp &, if and only if & is a Lie triple
system of &,

PROOF. Assume that

exptYexptZexptYeexp,

for a sufficiently small ¢. By the SCH series we have

exptY exptZexptY

=exp [((RY+2)+#([LY, 2], Z]-[Y, [Y, Z]])+0@9].
Therefore it must be valid that
H2Y+2)+ ([ Y, Z], Z1-[Y, [V, Z]])+0(t) <&
for a sufficiently small ¢, and hence we have
2Y+Ze© and [[Y,Z),Z]—-Y,[Y,Z]]c&.

Since & is a homogeneous subspace of &, if Y, Ze¢S, then 2aY,bZc¢& (a and
b are arbitrary constants), and therefore we may take 2aY and bZ in place
of Y and Z respectively in the above consideration, then we see that

Y, Ze¢S implies aY+bZcS,
that is, © is a linear subspace of &. Next, in the condition:
[[Y,Z], Z]1-[Y, [Y, Z]]¢6G,
we may take —Z in place of Z, then we have
(LY, Z],Z]+[Y, [Y, Z]]€6, )
Since now & is a linear subspace of &, from these two conditions it follows
that [Y,[Y,Z]]eS. This asserts that © is Lie triple system in & ([7]).

Conversely, assume that © is a Lie triple system in §. If Y and Z lie
in a sufficiently small neighborhood of 0 in &, in order that :

exp Yexp Zexp Ye U,

where U, is the neighborhood mentioned in §1 of the identity element of
G, then we may define the elements Z(t) in & by the relation:

exptY exp Z exp tY=exp Z(1)
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for ¢:|t{<1. Then we have
dZ/dt=ad Z-cothtad Z-Y and Z(0)=2Z,
where
ad Z-coth § ad Z=2(1+>7(—1)"B,(ad Z)™/(2m)!)
and ‘this is an even function of ad Z. By the same reasoning as in G. D.
Mostow’s paper ([7]), we have

exp Yexp Zexp Yeexp €.

Thus the lemma is proved.

LEMMA 5. Let S be a geodesic subspace of G and let S, (xcS) be the
associated Lie triple systems. Then, for any two elements x and y of S,
and for a previously given meighborhood U of 0 in &, there exists a series
of finite elements y,=%, Yy, Yo+, Y=Y 0fF S such that y, .=y, exp X,.,,
X;1€6,,NU and y,exptX,, ,CS for t:|t|<1, (¢=0,1,2,---,m—1).

Proor. Let R be the set of the elements y of S which are constructed
in the following manner:

yi+1:yi eXp Xi+1! Xi+1€@yiﬂu,
and y,exptX,,,CS for t:|t|<1, yo=2, ¥,=vy, (¢t=0,1,2,---,m—1).
Then we can prove that R is open in S. For any element y of R, there
exists a neighborhood of ¥ in S such as yexp(S,NU,NU). If z is any
element of yexp (S,NU,NU), then we have

z=yexp X,.;, X,.1¢,N,
and yexptX,, .S for t:|t|=1,
that is, ze R. This means that R is open in S.

Next let us assume that for any element U of S—R there exists a
neighborhood of % in S such as u exp (&, N U, M), which contains an element
v of R, i.e., veuexp (S,NU,NU). From this it follows that wevexp (S,N);
therefore we have ue¢R. This contradicts the assumption that # is an
element of S—R. Hence R is closed in S. Since S is connected, we can
conclude that B=S; this proves the lemma.

THEOREM 3. Let S be a geodesic subspace of a group space G. For any
elements x and y of S, S, is transferred from &, by an inner automorphism
of G,

ProoF. By Lemma 5, for any elements x and y of S, we have

y=x exp X, exp X;---exp X,
where X, X,,---, X,, are contained in a previously given neighborhood Il of
0 in & such that X,,,¢S,, y=vexpX,exp X;--- X,, yo=¢ and y,=y
(i=0,1,2,.---,m—1). Therefore, by Theorem 1 we have

S,,,,=exp(—%ad X;,))S,,

=exp(—%ad X;,)exp(—%ad X)) - -exp(—3%ad X;)- &,

Yi+1

consequently,
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S,=exp(—%ad X,,)exp(—%ad X,,_,)---exp(—%ad X))-S,.
That is, &, is transferred from &, by an inner automorphism. Thus, the
theorem is proved.
The associated linear subspaces &, to S at any elements x of S are all

Lie triple systems, and they are mutually isomorphic as the Lie triple
systems. :

THEOREM 4. Let S be a geodesic subspace of G, then for any elements
x and y of S, there exists an analytic curve in G through x and y, which
lies on xexp S, in a sufficiently small neighborhood of = in G.
ProoF. Since
@yi,,l:eXp (—%ad X;,,) exp(—%ad X;)---exp(—%ad X,)-S,,
the expression obtained in Lemma 5 is rewritten as:
y=wexpiX, expiX,- - -exp3X,_, exp X, expiX, - -exp3X, exp i X,

where )E;, )0(2,- .-, )‘i'm are the elements of &, which are obtained from X, X,,
-++, X, by the relations: ‘
{i:x
X,..=expiad X,exp}adX, --expiad X,,, (i=1,2,---,m—1).

If we consider the curve in G:
y)=xzexp % t)%l exp % t)ofz- --exp 3 tjofm_l exp t)“(m
-exp ¥ t)o(m_l- --expi t)z} exp % t)‘i;,
then it is easily seen that y(0)==z, y(1)=y, and y(f) is an analytic curve in

G. By means of Lemma 4, we see that y(f) lies on z exp &S, for a suffici-
ently small neighborhood of  in G. Thus the theorem is proved.

ReMaRrk. If X, X,,--., X,, are the regular elements of &, then also
)Z'l, )OQ,,- .., )2’,,, are the regular elements of 8. In fact, from the relations

between X, X,,+--, X,, and X, X,,---, X, it is easily verified that
ad fmzexp $ad X,---exptad X;ad X,,, exp(—3%ad X,)- - -exp (—3%ad Xj),
(:=1,2,---,m—1) and ad )O(I:ad X.
Therefore, ad X, and ad )ofl have the same eigen values, which proves the
assertion.

THEOREM 5. Let S be a complex geodesic subspace of a complex linear
group space (i.e., the underlying space of a complex linear Lie group) and
let S, be the associated Lie triple system at xcS. Then we have SC 2 exp S,,
where exp S, means the closure of expS, in G.

ProOOF. By Theorem 4, for any element y of S, there exists an analytic
curves in G through z and y, which lies on z exp &, in a sufficiently small
neighborhood of  in G. By the method of K. Schroder ([8]) which is based
on the analytic continuation of the logarithmiec matrix funection along an

analytic curve, we can prove SCz exp&,.
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