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On Pairs of Domains in R* with Boundaries in Common
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In this paper, we are concerned with relations between pairs of domains
in the Euclidean space, R", and their boundaries. The following question in
connection with my paper*’ is raised: does there exist a pair of domains D,,
D, in R* such that (1) D, and D, are simple, i.e. homeomorphic with the
domain zi+x3+---+x2 <1, (2) D;-D,;=¢, (8) F(D)=F(D;)** and (4)
I(D,+D,)=D;+D,? The answer is affirmative for »>2. That is,

THEOREM 1. There exists a pair of domains in R* having the above
properties (1)~(4), for n=2,

PrROOF. We shall show a process of construction of such a pair. Let =
be the (x,, 2,)-plane in R*. Let C, and C, (m=12,-.--) be the semi-circles
on 7,

C, (x,—172™"Y4ai=(1—-1/2""'+1/2™*)* and x,>0,
Cl, (z,+1/2" ) a2=(1—1/2""1+1/2"**)* and x,=<0.

Let p,, be points of C, (1<¢<2"*°) such that /p,, 10, Dn;
=/ Pmn,j-10n Pn,; (2=1,5<2"*%), where o, is the center of C,, and both
Dn,: and p, ,m+s are on the axis of =, x,=0. Now let C, , be the circle being
in contact with the segments o,,p, ., 0, D, .1 8t Dp iy P .1 respectively. We
shall denote UiCm,i_l_ UiC,{.,,- by E'.

Next we consider semi-circles, K, and K., in R%;

K, (x—1/2""'41/2m+2)2 L y2=(14-1/2"*1+1/2™+%)? and y =0,

K, (z+1/2m'—1/2"2)2 4¢P =(14-1/2"*'+1/2"*%)* and y <0.
Let g,,,; be points on K, (1 =1 =<2"**) such that /¢, ; 10, 9n,:= 0 j-10m Tn,;
(2=<1,7=<2""%), where o, is the center of K,, and both ¢, , and g,
belong to the w-axis, y=0. Let K, , be the circle being in contact with

the segments 0,4, . Om @mis1 85 Qmiy Quiv: respectively. Now we shall
define F,, F, by Fi=U K,,+U K}, F;=U K,,,+U K/,,. Then we define F}
m m m,T m,t

in the following way. In place of K, , (or K/ ,) and F, take the similar
figure to F, in such a way as it is contained in the closed disk whose boundary

> A. Tominaga: Note on fixed-point theorem, Jour. Sei. Hiroshima Univ. Ser. A, 21
(1957), 7-14.

<’1'<*> If Mis a set in R*, F(M) and J(M) mean the boundary and the interior of M respec-
tively.
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is K, ; (or K.,) and g, , (OF @} .), Qp :.1 (OF @l ;.y) correspond to (1,0), (—1,0)
respectively. (Strictly speaking, this correspondence needs some modification.)
By induction we obtain the limit figure, F.

Finally in place of C,; (or C,,) in E’ take the similar figure to F' in
such a way as p,; (or p;.), y 2 (or p} .., correspond to (1,0), (—1,0) in
F respectively. Thus we have the figure E, in =. Let E, be the figure
obtained by the projection of £, from the points (0,0,1,0,- - -, 0) and (0,0,—1,0,

--,0). Step by step, E; can be given by the projection of E, , from
©,---,01,0,-.-,0) and (0,---,0,—1,0,--.,0). The desired domains D,, D, are
- A

i [
just two bounded ecomponents of R"—E,_,. Q.E.D.

THEOREM 2. There exisls a sequence of domains in R"(n=2), D, D,,
-+, such that (1) D/s are simple, (2) D,-D,=¢ for i3, (8) F(D,)=F(D;.,)
and (4) J(LiJ D)=UD. ,

As we can easily see in the figure constructed in Theorem 1, such pairs

of domains must have the following property.
THEOREM 3. Let D, D, be two domains in R" such that D,-D,=¢,

F(D)=F(D,) and I(D,+D,)=D,+D,. Then D,+D, separates R".
PROOF. Suppose, on the contrary, that D,+D, does not separate R".
Then neither D, nor D, separates R*. For if D, separates R", D, is contained
in a component, C, of R"—D,, since D,-D,=¢ and D, is connected. From
I(D;+D,)=D,+D,, we have J(D,)=D, and hence there exists a point, p,
of C not belonging to D,. As D,+D, does not separate R, we can find a

solid, containing D,+D, not separating R" and which is approximated by

solids containing it. There exists a solid, S2J(S)2 D, not separating R*,
and a point, ge¢ D,, which does not belong to S. Let g, be an arbitrary point

such that g¢,¢ S+D, and a an arc in R,—S joining q and ¢, Then F(D,)-a
¢, which contradicts the fact F(D,)=%(D,). Q.E.D.

As a consequence, we can modify Theorem 1 in (x) as follows: Let M
be a plane continuum which does mnot separate R* and each 2-element has
afpp. If f 1,s a topological mapping of M onto itself, then f has a fixed
point.

In conclusion, I wish to express my hearty thanks to Prof. K. Morinaga
for his kind guidance.

Mathematical Institute
Hiroshima University




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


