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1. Introduction.

A plane peano continuum, M, is a set which is homeomorphic with a.
locally connected, connected compact (nonvoid) set in the plane =. Though
its topological structure is generally clear, we shall somewhat notice the
topological type in the large. The principal apparatus of investigation for
M is cyclic element theory. We arrange plane peano continua in accord-
ance with the notion “m-connectedness”. Furthermore, for M we prove
the equivalency of “simply connected”, being equal to ‘“1-connected”, and-
some other notions, notably the equivalency of the topological notion
“shrinking” and the metrical one “existence of the unique geodesic segment
for each pair of points”. The latter subject was proposed by Bing."

Next we intend to realise M in = as a mosaic consisting of segments
and 2-simplices, i.e. to show that M is homeomorphic with a figure > P,
where P, is an Euclidean polyheder®, or, in other words, M is a polyhedral
inner approrimation.

Some of the definitions adopted in this paper are due to the Whyburn’s
book® and the Newman’s one.

Notations for metric. Let R be a metric space with an associated
distance-function p(z,y) for z,yecR. If AC R, p(A) is the diameter of A
for p, i.e. p(A)=sup {p(z, y)/x,ycA}. If peR, p,(A)=sup {p(p, x)/rcA}. Let
R be a metric space, having metric p, such that a pair of points, z, y, has
a geodesic segment joining them. We shall denote the geodesic segment.
by <z, ¥),, and denote {w,y),—y={x,y), etc. d is the Euclidean metric in .
If z,yemw, we abbreviate <z,y)>, by {(z, y).

Notations for mapping. Let R, S be spaces and A a subset of R. .If

(1) R. H. Bing: Partitioning continuous curves, Bull. Amer. Math. Soc. vol. 58 (1952),.
pp. 536-556.

(2) An Euclidean polyheder is the union of a finite set of simplices.

(8) G. T. Whyburn: Analytic topology, Amer. Math. Soc. Colloquium Publications, vol..
28 (1942), New York. B

(4) M. H. A. Newman: Elements of the topology of plane sets of points, Cambridge at the
University Press (1954). .
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f is a mapping of R to S, f/A is the restriction of fto A. “R=S” means
“R is homeomorphic with S”. Let fi, fu---,f. be a finite sequence of
mappings of R into itself. We denote the composed mapping f,---f.f, by
* fewotse £ fiy for ey fine++ is an infinite sequence of mappings of R into
itself and the composed mapping ---f,---f.f; is nontrivial, we shall denote
it by fe.k.oonr- ,

Notation for domain. If » is a simple closed curve in =, [w] is the
inner domain of w.

2. m-Connected plane peano continua.

1) C, G, K, 9, and (J,. Let M be a plane peano continuum. The
collection, C, of true cyclic elements of M is a null-sequence, i.e. a sequence
of sets such that for any €>0 at most a finite number of elements are of
diameter greater than e¢. If C,e(, C,eC and C,#C,, then C,-C, contains
at most only one point in common. If « is a simple arc in M, «-C, is a
simple arc or a point or the vacuous set, ¢. Each complementary domain
of C, has a simple closed curve as its frontier. Let w, be the frontier of
the unbounded complementary domain of C,, and let D, be the inner domain
of w, i.e. D,=[w,]. C, will be said a nodal-element if M —D, is connected.
If C, is a nodal-element, M—D,-C, consists of only one point, e,. A cut-
element, C,, of M is a true cyclic element such that M—D, is not connected.

It is known that for C, and C,, either D,-D,=¢ or D, =D, or D,2D,.
It will be said that C, precedes C, or C, follows C, if D,DOD, and D,5=D,.
By “C, s covered by C.”, it is meant that C, follows C, and there exists
no true cyclic element which precedes C, and follows C,. C, will be called
a maximal true cyclic element or a true cyclic element of the first order
provided for each C,e(, D,2 D, or D,-D,=4¢.

Let X, be the collection consisting of only M and let C, be the collec-
tion of maximal true cyclic elements, C, (¢,=1,2,--+). 9, is the collection
D,’s. The closure of each nonvoid component, T, of M —3>1D,, is a non-
degenerate dendrite. We shall call T a dendritic element of the first order

and denote by I,={T*/u=1,2,---} the collection of T7’s. Now let G, be
the collection, {G,;/i;,5,=1,2,---}, of bounded complementary domains,

G, ;, of maximal elements, C;, and let X; be the collection, {Eljm/il,jl, k,
=1,2,-- -}, of the closures of components, K;;,, of M—C;, contained in

G, ; for some 7, and j,. Then I?ilh,cl-Ci1 consists of only one point.

By induction, we can readily define C,, 9,, G,, X, and <, as follows:
Co=1Cijsky e, in-tin-1hn-1,1ad Where Ciu o i ik 1,1, 18 covered by
Cijsr,., 1,., and is contained in K ;.. ... i, 1jn_1k.., @nd is called. a true
cyclic element of the n-th order, 9,={D,;, ... ,} where D, .. ;. is
the inner domain of the frontier, which is a simple closed curve, of the
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unbounded complementary domain of C, ;. .. iw Gu=1{Gi ju, .., i,;a} Where
Gty inin 18 @ bounded complementary domain of C, ., ....cns Ku={Kijs,,
., ininin] Where K ;. . is a component of M—C, ;,, .. ;, Which is

ininkn n

. . i o .
contained in G, ;, ..., i, in» 830Ad L= {T%; k. ... ininea) Where TP . o, 18 @
component of K ;. ... ininin— 2ins1Dipiey, -

5 ininkn tn+1* .

Furthermore each component of w—m—M is contained in a true
cyclic element of M, and we denote the collection of such components by
Q=1 j ... 1n}» Where Q;, .. . is contained in C,,, ... Hence we
have

D oG

tdskys ey tg = iy 1ky, 0, inin?

(*) Giljlklx"" 1'”,',"2 Kixilkl:“" inj,,k”; Ciljlkl,m, ininkns i+’

Kixfl’“xv“" infnkn;) Ti’iflkl»“': ininkn
and Ciljlkl»"" ininkn in+1 =2 leh’“xv"': ininkn, in+1®

(Suffix notations, 4, j, k, %, v etc., run independently on the positive
integers.)

2) m-connectedness. It will be called that a plane peano continuum,
M, is m-connected provided that G,=¢. If M is m-connected, then G,, K,,
C..p9, and Q,,, are all empty for n>m (by (*)). If G,7¢ for any =,
then M is co-connected. M will be said to be stmply connected provided
that if a simple closed curve, o, is in M, so is the inner domain of w. It
is clear that “simply connected” is equivalent to ‘“l-connected”. If M is
simply connected, each true cyclic element is a 2-cell, that is, a-set which
is homeomorphic with 2-simplex. If 3),Q,=¢, M is at most 1-dimensional. -
M will be called to be simple provided that M is simply connected and
provided but at most two (non-degenerate or true) cyclic elements are cut-
elements. If M is simply connected and is the union of a finite set of
simple peano continua, it is called to be regular.

We have readily

THEOREM 1. If M ism (or oo)-connected, then for each n<m (or n< o)
there exists uniquely the minimal n-connected plane peano comtinuum, M,,
containing M. In particular, for each plane peano continuum M there exists
uniquely the minimal simply connected set, M,, containing M. Hence we
can evidently arrange M,'s in order so that MDD M,2---2 M, and we have
M= T1] M,.

n<m (or o) .

Furthermore, we remark that if M is m-connected, each element of"
HKo-(m>k) is k-connected, particularly each element of X, , is simply
connected. « '

Among plane peano continua, that is, continuous images of the closed
interval {0,1) in =, the simplest figures are dendrites (for example points,
simple arcs, ete.), 2-cells and simple closed curves, and we can charac-
terize them by C,, G, K. 9, and (,, as follows: in order that
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(i) 2-cell,

.M is a ((i) dendrite, it is necessary and sufficient that
(iii) simple closed curve,

(il) ¢=Y,=¢, and (; consists of only one element,

{( i) Ci=¢,
(ili) p=Y,= K=, and &, consists of only one element.

3. Simply connected.

In this paragraph we shall consider relations of several topological
properties for simply connected continua, though some of them are known.

LEMMA 1. Let Q be a square, [Jq,9.9:¢: plus its interior, and H o dis-
connected closed set such that H-(q,q,+@:q.)=¢, H-q,q,7%¢ and H-g,q,F ¢,
and such that mo component of H meets both q.q, and q.q,. Then there exists
a cross-cut, «, in the interior of @Q such that a- H=4¢, a,€q,q,, 0,€q,q,, where
a,(1=1,2) are end-points of «. Thus « separates H-Q in Q.

PROOF. Let N be the sum of components of H meeting ¢,q, and let
N=N+q,9,, N;=(H—N)+q.q;. Then we have N,-N,=¢. Let G be a
refinement of the grating (1¢,9.9;¢, such that no cell meets both &N,-Q and
N,;-Q. Let K be the sum of the elements, contained in @, of G meeting
N;-Q, and let K be thickened into K, by means of a refinement, G, of G,
of which no element meets both X and N,-Q. Then K, is a true cyclic

- element, and the frontier of the unbounded complementary domain of K;
is a simple closed curve, w, such that o Dq.q,, (0—q,q) (N +Ny)=4. We
can find the required cross-cut, a, as a subarc of w.

THEOREM 2. If M is any plane peano continuum, then the following -
properties are equivalent:

(i) that M is simply connected,

(ii) that M has a convex metric such that for each pair of points x,
Y, there exists the unique geodesic segment joining them,

(iii) that M is shrinkable, ‘

(iv) that M does not separate m,

( v) wunicoherence,

(vi) Brouwer property,

(vii) Phragmen-Brouwer property,

, (viii) fixed-point property.
These properties are cyclicly extensible.

PROOF. (i)—(ii). Let M be a simply connected peano continuum, then
each true cyclic element, C, of M is homeomorphic with 2-simplex, so that
‘we can introduce a convex metrie, having property (ii), on C. This property
can be extended to the whole, and we denote the metric by p.

(ii)— (iii). Let p be an arbitrary point of M. We define a continuous
mapping, f, of Mx{0,1) into M as follows:
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the point, on the geodesic segment joining p to z, such that
Az, T)={ p(®, flz, T))/p(®, )=r, if TFD, "

: p if x=np.

(ilii)—> (i). If M is not simply connected, there exists a simple closed .
curve, o, in M which [0 € M. Let D, be a bounded complementary domain
of M which meets [w]. Since M is shrinkable, so is @ in M, and there-
fore in m—D,. However, this is impossible.

(i)—(iv). If M separates =, that is, there exist points z, y, separated
by M, then a simple closed curve, w, in M separates x and y. Hence [w]
contains « or y, say x. Since z ¢ M, M is not simply connected by definition.

(iv)—~(i). If M is not simply connected, there exists a simple closed
curve, o, contained in M, such that [o]& M. Since a bounded comple-
mentary domain of M is contained in [w], M separates or.

(i)—>(v). For suppose on the contrary that M is not unicoherent.
There exist two connected closed sets, A and B, such that A.-B.is
disconnected and M==A-+B. Then there exists a separation of A.B,
A-B=H,+ H, We may suppose that A and B are locally connected. For
since H, and H, are mutually exclusive compact sets, d(H,, H;)=7n>0. On
the other hand since M is a peano continuum, each point, #, of M has a

neighborhood, U,, such that U, is locally connected and its diameter is not
greater than 7/3. Since H, is compact, we can select a finite number of
points, zf(k=1,- -+, n,), in H, such that H,=>WU,+=K,. Obviously K, K,=¢.
Now let A,=A+K,+K,, B.=B+K,+K,, then A,-B,=K,+K,. It is clear
that the components of K, are finite in number.

Let C, be a component of K, and p, a point in C,. Draw an are,
alor B), in A,(or B,), joining p, to p,. Let a, be the last intersection of «
with C,, @, the next intersection with (K;+ K,)—C, and a, the first inter-
section with C,, for the direction from p, to p,. b, has the analogous
meaning as a, if we put 8 in place of a. .

On the other hand, joining a,(or a,) to b,(or b;) by an arc in C,(or C,),
we have a simple closed curve, », which is contained in a@,a,%;+ @b, + byb,b,
+b,a, and a,a,+bb,+0a;b, “w. Let aa, and bb; be proper subares of a,a,
and b;b, respectively, such that a(or b)) is near to a,(or b,) and a;5# a,(or
b;5b,), for i=1,2. In Lemma 1, put Q=[w], H=K,+ K,, &,=q,, a;=q., b,=q,
and b;=¢q;. Then there exists a simple are, e, which does not meet
K,+ K, and whose end-points, e,, e,, are in A, —(K,+ K,) and in B,—(K;+ K5)
respectively. Since M is simply connected, [ ] < M and therefore e,e,C M.
Then we have a separation e¢,¢,=e¢,e,- A, +¢,6,- B;,, which is contrary to the
connectedness of e,e,. )

(v)—>(i). Suppose M is not simply connected, then there exists a simple
‘closed curve, w, such that [w] T M. Let pe[w]—M, and let a be a cross-
cut in [w], containing p and having ¢, and ¢, as its end-points. ¢, and ¢.
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divide » into the open arcs v and ¢'. Since w is accessible from each
complementary domain, there exist two disjoint unbounded topological rays,
B(1=1,2), contained in ¢, + (the outer domain of ») and having ¢,’s as their
end-points. 7—(B,+a+B,)=4+4’, where 4 and 4’ are mutually exclusive
domains and 4’ Dv'.

.Let C’ be the component of 4’-M containing " and let C be the com-

ponent of M—C’ containing y. Then C and M—C are connected closed sets

such that C-M-—-C is a disconnected subset of 3,4+ a+B,. For if there
exists a separation of M—C such that M—C=N,+N,, C' is contained in
N; or N, say in N,. Since C is a closed subset of the locally connected,
connected set M, every component of M/ —C has limit points in C. Therefore
if K is a component of N, then K-C5~¢. On the other hand, since N;-N,
=¢, we have N, -K-=¢ and therefore C'-K=¢, i.e. K& M—C’. Since C is
a component of M—C’ and K-C#¢, we concludle K= K< C. This is
impossible.

(v), (vi) and (vii) are all equivalent®.

(i)~ (viii). Let M be a simply connected plane peano continuum. Since
fixed-point property is cyclicly extensible and each true cyclic element of
M is a 2-cell, M has fixed-point property by Brouwer’s theorem for fixed-
point.

(viii)—(i). For suppose M is not simply connected, then it contains a
simple closed curve, o, such that [w] T M. Let C be the true cyclic element
containing w. If J1 is the family of (nonvoid) components of M—C, then

for each element, N, of 91, N-C contains only one point, p,. Let % be a
by oVl A bounded
complementary domain of C has a simple closed curve, ;, as its frontier.
Let f be a homeomorphism of the whole plane = such that f(w,)=w, Where
- w, 18 the unit circle in = with center at the origin (0,0). If 2 is a ray
issuing from (0,0), 2-w, consists of a single point, ¢,. Let g be the
continuous mapping of f(C) onto w, such that, if zea-f(C), g(x)=q,. Let
r be the rotation of », through 90 degrees. Define a continuous mapping,
o, of M into itself by o=Ff 'rgfh. Obviously ¢ has no fixed-point.

continuous mapping of M onto C such that h(w):{

4. Polyhedral inner approximations.

LEMMA 2. Let F be a segmental set which is a dendrite and let a(i=1,2)
be simple arcs which have a common end-point, p, and a,- F=p. A spherical
netghborhood, U,, of p is divided by F into a finite number of open components,
{D;}. If for an arbitrary small U, subarcs of a/’s containing p are in the

"(5) Cf. R. L. Wilder: Topology of manifolds, Amer. Math. Soc. Colloquium Publications,
vol. 32 (1949), New York.
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same set, D,+p, and if f is homeomorphism of a, onto a, under which p is
fized, then f can be extended to an automorphism, @, of m such that each
point of F is fized under o. ‘
PROOF. ‘'We may assume that U, is so small that (a;+a,)-U,= |
(ay+ ay)- Dj+p
If p is a cut-point of F, there exists a cross-cut, bpa=<b, p>+<p,a>,
in U, such that bpa is a subarc of F" containing p and has a, b as end-points,

and such that D; is bounded by the simple closed curve ﬂH—bpa where ab -
is a subarc of the frontier, K U,), of U,. Since (a;+a,)-F=p, for each
point, x, of F—p, there exists a spherical neighborhood, V,, such that
V. (a;+ay)= . Let a’, b’ be points in ab- Vo ab- V, respectively. a'(or b")
and p can be joined by an arc, a’p(or b'p), in D;- Z‘, V (or D;- Z‘, VZ) Slnce

TE(dD)
F—-U,=K is compact, there exist a finite number of points, z,(¢=1,---,m),

in K such that >}'V,=V DK where V, =V, Now let W=[a'p+pb
+(FU,)—a'b)] where a'b’Cab, then W+ V=N is a peano continuum
containing F' and N-(a;+ay)=p. If N is not simply connected, the bounded
complementary domain, Q,(¢=1,---, n), of N are finite in number. Let g,
be a point of @, and R the unbounded complementary domain of N. Since
F is a dendrite, there exists an are, a,, joining ¢, to a point of R and
contained in m—F. a, can be covered by a region, 4, being a sum of .
finite spherical neighborhoods, contained in =—#', whose centers are on a;.
Let P be the component of N—34; such that PO F. Then P is a simply
connected plane peano continuum and its frontier, w, is a simple closed
curve such that the inner (or outer) domain of o contains F—p (or
(a;+ a3)—p) and pew.

If p is an end-point of F, {D,} contains only one element, D. In this
case there exists an end-cut, (p,a), in U,, which is a subarc of F' and has
p as its inner extremity, a as its end-point. Let V be a spherical neigh-

borhood of @ such that V,C V,. G(U,)-F(V,) consists of two points a’, b'.
The following process exactly reproduces that in case where p is a cut-
point. Hence we can find a simple closed curve, w, such that «-F=p and
the inner (or outer) domain contains F'—p (or (a+a’)—Dp).

By a preliminary automorphism of = the point at infinity can be
placed in [w]. Thus Lemma 1 is reduced to the following version: let
a,(t=1,2) be end-cuts in [w], having p as a common end-point and a, as the
inner extremity of a;. Let f be a homeomorphism of a, onto a, under which
p s fixed. Then there exists an automorphism, ¢, of m, such that ¢ carries
[w] onto itself and agrees with f on a,, and such that ¢ leaves invariant
each point of m—[w].

To prove this, let ¢ be a point of w different from p. @, and ¢ can
be joined by an are, a,g, in D such that pa,q is a cross-cut in D. p and
q divide o into the ares 8 and B’. Let f' be a homeomorphism of a,q
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onto a,g such that f'(¢)=q. Let D,=[B+paq] and D;=[S'+pa,g]. Then
there exists a homeomorphism Y(or ¥') of D,(or D;) onto Dy(or D) such that
‘ x if zeB, z if xef,
(x) {f(x) if xepa,, (or '\{r’(x):{f(:v) if xepa,, ).
f(@) if zeqa, f(x) if zeqa,
Finally we define
Y{x) if xeD,,
p@)=1 V(@) if zeD,
z if ze¢w],
which is the required homeomorphism.
' Q.E.D.
(A) Dendrite. Let T be a dendrite, and p a convex metric on 7. We
may assume, without loss of generality, that p(7)=1.
1) There exists a pair of points, a,, b,, such that p(a,, b,)=p(T). Let
{a;, b;),=x; and B, = {x;}. Now let B,,,; be the collection of components,
'N’s, of T—tm;, such that p,(N)21/2"*? where a=N-Smc,. Since T is
locally connected, &, ., contains at most a finite number of elements and
Brir={Nppity Nupizor++» N, ). For each i(n, <i<n,,,), we can find a
point, b;eN,, such that p(a;, b;)=p,,(&V;). Let {a;, b;),=«, Hence we have
a sequence of geodesic segments,
Ky Koo
It is readily seen that 7=3«,.
2) Let f, be an automorphism of # such that
(1) filk;)=<(0,0), (1,0)>=2,;, so that fi(a,)=(0,0) and f,(b;)=:(1,0),
(2) fi/x, is an isometric mapping for p, d.
A small subare of fi(«x,) containing f,(a,) is in H,+ fi(a,) or H;+ fi(a,), say
in H,+ fi(a,), where H, (or H,) is the open half-plane whose elements have
positive (or negative) y-coordinates. We draw the perpendicular, having
fi(a,) as its foot, to the x-axis, which is contained in H,+ fi(a,), and cut
it at the point, b;, such that d(fi(a;), b;)=p(x;). By Lemma 1, there exists
an automorphism, f,, of = such that
(1) falas)=<f1(@s), b)=2; so that fy(b.) and fi(x)=2 for xe,
(2) fefxs is an isometric mapping for g, d.
Enclose 4, by a simple closed curve, w,, such that
(1) wo- (A +2)=fi(ay),
(ii) 2, is an end-cut in [w,] and 4,— fi(a) C 7m—[w, ).

" By induction, we shall define 4, f; and w,(%, <?<£n,,.,) as follows. An
open subarc of «;, having a; as its end-point, is contained in one of the
‘domains into which a small enough neighborhood of a, is separated by
Sk, say in D. There exists a segmental are, 2, such that

(a) 4; has f,. (@) as its end-point,
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(b) a small subsegment of 2, containing f,..,(a) is in.
f(nm~--1>(D+ai)’
(e¢) (the length of A, for d)=p(«,),
(d) 4,C[o;] if fm,,.-.-l)(ai)e[wj] y Ailwj]=¢ if f(nm~~1)(ai)¢ [w;]
1<4j5<).
Then there exists an automorphism, f,, of = such that
(1) f(iml)(’ci)zkb
(2) fu..n/x; is an isometric mapping for p, d.
Next we enclose A, by a simple closed curve, »;, such that
(1) o 2M=Ffu. (@),
(ii) ;is an end-cut in [w;] and ©,Cle;] if ,Clw;], 0;'[w;]=¢ if’
L [w,]=9. (145 <9).
We note here that if branch points of 7, i.e. points having ordexj >2,
are finite in number, the procedure for o, is unnecessary.

38) T=32. For we first notice that 7=k, and Sk, =34,. Let.
peT—>«, and let {p,} be an arbitrary sequence in >l«; converging to p.
Let f..,..,(®=lmf. . .. (.. By the condition (d) for 2, and (ii) for ¢,

k>oo

fe.i.qy is an 1—1 continuous mapping of 7 onto 314. Since T is compact,
fei.., 18 the required homeomorphism.

(B) True cyclic elements. 1) Let C be a true cyclic element. The
frontier of each complementary domain of C is a simple closed curve. Let
® be the frontier of the unbounded complementary domain of C. The
collection of the bounded complementary domains of C is a null-sequence,
{D,[+=1,2,- - -}, each of whose elements is a simply connected domain. Let

A be the collection of components of ZEE Each element of (] is a

k=l
simple arc. Let S be the set of all points in 3IF(D;) which have closed
neighborhoods (relative to C) homeomorphic with 2-simplex. Let & be the
collection of components of S. Each element of # is a simple closed curve
or an open simple arc. Let &= J+B. {w}+¢& is a countable collection,
{k,)2=1,2,- +; k,=w}, of mutually exclusive sets.

2) Let 2, be the frontier of a convex 2-cell. There exists an auto-
morphism, g,, of = such that g,(x;)=4, and ¢,([«,])=[2,]. By induction, we
shall define a sequence of automorphisms, g,, g,,---, of = as follows. Let.
Ki=0_1...0(k;) and e, =d(x;). If x,e ], there exist D,, D, such that «,C D,-D,.
Let a, b be end-points of «;. In an ¢,/2!-neighborhood of «;, we can draw
a simple arc, 4, such that 1, is segmentwise® and is an end-cut in D,
where D=g,_,..0(D;+ D,)+{k;—(a+0b)) and such that 4, has a,d as its end-
points. Let ¢; be a homeomorphism of «; onto 4, such that gi(a)=a, g}(b)=b.
9:(®) if zex,

Then we can define an automorphism, g,, of = such that gi(a:)z{ v ifzeD.

segmental set.
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Furthermore if «,¢ 3, there exists D, such that «, C$(D,). Each point, p,
of «; has a neighborhood, U,, in = such that U,-g.;_,...,(F(Dy)—«,)+ 3 D)=,
¥k

4‘—d(Up)<ei/2" and «; is an end-cut in [w] and such that U,-g,_,..,,(C) is a
closed 2-cell. When «; is an open are, we can easily find a simple closed

curve, o, in >} U,+a+b, such that @, b divide » into two ares «, 8 and
PEH;”

such that a—(a+b) (or 8—(a+b)) is contained in the interior of ¢, _,.....(C)
(or in g,_,...;,(D,)). There exists an end-cut, 2, being segmentwise, in [o]
such that 2, has a, b as its end-points. Let g, be a homeomorphism of []
onto itself such that g([a+«)=[a+2], g8+« ))=[B+2] and g,(x)=x
for z¢[w].

When «; is a simple closed curve, we can find two simple closed curves,

w, o', in >} U, such that o (or ') is contained in the interior of g, ,...,(C)
PER;’

(or in g,_y...,(Dy)). Thus «; is in the interior of the annulus, A(w,w’),
" bounded by » and »’. There exists a simple closed curve, 4, containing in
the interior of A(w, ") such that 2, is segmentwise and [2,] Dw’. We can
readily construct such an automorphism, g, of 7 as g,(A(w,«))=A(w,4,),

is a polyhedral inner approximation.

(C) Simply connected continua.

LEMMA 3. Let C, C, be end-points or nodal-elements of a stmple con-
tinuum, F, and let

C, if C, is an end-point,
a,= {a point, belonging to the frontier of C, and being different from e,
(para. 2,1), if C, is @ nodal-element.
Then there exists a simple closed curve, w, such that o-F=a,+a, and such
that F—(a,+a,) is contained in [w].
~ PROOF.” Let ¢ be a positive number. If a, is an end-point of F

- there exists a cut-point, ¢, of F' in Ula,, ¢) such that the component, N, of
F—q containing a, is in U(e, ¢). We denote ¢+ N by N,. Otherwise, since
@, belongs to -a nodal-element (which is a 2-cell) and is different from
¢, there exists a cut-are, y, of ¥ in U(a,, ¢) such that the component, N,
of F'—« containing a, is in U(a,€). In this case we shall also denote
v+N’ by N, In either case, N, and #—N, are continua. If & is the
‘distance of a, from F'—N,, any two points x and y, belonging to U(a,, §),
can be joined by an arc which meets neither F—N, nor the frontier, B,
of Ula,, €).

Furthermore, since ' is simply connected, x and ¥ ean not be separated

=F—N, Hence x and y are not separated by F+B and there exists a

(7) See footnote (4).
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continuum joining z to y in U(a, c)—F. Thus =—F is locally connected
at a,, similarly at a,, so @, and a, are accessible from =—F. Thus it is
easy to show that there exists the required simple closed curve. Q.E.D.

Lemma 2 can be deduced in more general form, ~

LEMMA 4. Let F be regular (para. 2), and let {a,/i=12} be simple
continua such that both F+a, and F+a, are regular and such that o« -F
=ay-F=only one point, p. A small enough neighborhood, U,, of p is divided -
by F' into a finite number of components, {D,}. If small non-degenerate sub-
- continut of s, containing p, are tn the same set D;+p and if f is an
orientation-preserving homeomorphism of a, onto a, under which p is fived,
S can be extended to an automorphism, ¢, of w such that each point of F
18 fived under ¢.

Let p be a convex metric having the property (ii) in Theorem 2. We
may assume that p(4)=1.

1) There exists, a pair of points a,, bl, such that p(a,, b,)=p(M). Let
{ay, by,=p; and let C* be the collection of true cyclic elements, C, meeting
w; with simple arcs. We denote u, +02‘,CC by «; and put B,= {«,}. Now let

rect

B,..1 be the collection of components, N, of M— 3Vime, such that p,(N)x1/27*?
where a=N-3)m, Then we have B,,,=(N, ,,, N, .o+, N, . }. For
each i(n,, <7v<£m,.,), there exists a point, b,c N, such that p(a,, b,)=p, (V).
Let {a; b,>,=p, and let C¢ be the collection of true cyclic elements meeting -

p: with simple arcs. We denote u;+ 31C by «,. Hence we have a sequence
ceCi
of simple continua

Kyy Kgy® * °
such that M=3«,.
It is readily seen that S, is regular.
2) Let @, be an automorphism of = such that
(1) @i(p)=<(0,0), (1,0)>=», so that o,(a;)=(0,0) and ¢,(b,)=(1,0),
(2) @4/p, 18 an isometric mapping for p, d.

Let CeC' and let z, y be the first intersection of v, and the last one
with f,(C) respectively, taking the direction of v, from (0,0) to (1,0). If {is
the frontier of C, then z, y divide ¢,({) into two ares a, a’. Two small sub-
arcs of a(or &), containing « and y respectively, are contained in H,(or H,),
where H,; has been defined in case (A). Let y(or 4') be the simple are,
contained in >la+y;(or Sja’+,), such that yDSla(or v D>]a’). Next we
construct the figure consisting of v, and equilateral triangles, 4zyz, contained
in H. Let B,=3)(wz+2y)+8; where B;=v,—Slzy. Then 8, is a simple
" arc having a,, b, as its end-points.

In Lemma 3, put F=y, + > (wy+y2)+ [ dxyz]=4,. There exists a simple
closed curve, o, such that v, ¢/, 8, and », are all cross-cuts in [»] and have
@;, b; as end-points in common. Let w;, w, be two subares of » divided by
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‘a; and b;. We may also assume that [e,+v]-y'=¢ and [o,+B8;] v;=4¢.
‘Then there exists a homeomorphism, ¢;, of [e;+v](or [w,+v']) onto
Tw+B11(or [wy+2,]) such that ¢(a)=uxz+z2y(or pi(@)==xy) and such that
-each point of w,+p;(0r w,+B;) is fixed. It is easy to extend ¢, to an
automorphism, ¥, of = such that each point of #—[w] is fixed under f,.

We put fi=v¥,-p,.

"The following process is a slight modification of the methods in case
(A) where M is a dendrite. We put only », in place of 4, in case (A) and
construct 4; by a similar way as above ((C), 2), using Lemma 4.

(D) Let M be a plane peano continuum. For N, being the minimal
simply connected continuum containing M, we construct a sequence of
simple continua, «;, 5, -+, by (C). Let N, ;. .. iuine, b€ the minimal simply
connected continuum containing K, ;;, ..., In the same way as in case
(C), we have a sequence of simple continua {};, .., ipimea/5=12,-++}. On
the other hand, for each C, ;. ... ,,€C,, We have also &, ;. ., ,,= ¥ e, 1)
as in case (B). (If an element, N, of &, ;, .. ., has a cut-point, p, of M,
N is divided into the components of N—p). Thus we have a sequence S=
{wo/s=1,2,--+} + {/‘zljlkl,---, i.njnkn/sy 7:17 .7.1, klr' tty in! jm knr n=1,2,.- 1+ {,Uéljlkli---! in
/8’ ilr jl’ klr' ) il! n=12,--- b= {‘7}

Let us number the elements of S in such a way as

K t
Ky=0y, Kg=0;, §<l—>8 <i,

/C'zg'ljllcl, ey ipinkn — Tsy ":'ljlkl,m, ininkn =Tty S < b——> 8 <1y,
Ky=0yyy Kijiky, o, ininn =0ty s, D0, ——>8 < by,

K::Ijlkl""v Tmdmbm = Tsypr Kéljlklv“'x innkn Oty Osy :ah —8§ < tl'
/Cg (OI’ Icf:ljlkly"" imjmkm):zrsl, luﬁl'jl,kl’r"'r in,:atl —_> 31 < tl'

+ For o,¢S, we can define an automorphism, 4, of = as in case (A) or (B)
or (C), and have a sequence of automorphisms, A,,h,,---, such that for
J>1, h; has no effect on the graph actually operated by 4, i.e. the set of
points, z, such that A,(x)=~ .

The fact A........,,(M)=M shows that M is a polyhedral inner approximation.

Hence we have )

THEOREM 3. FEach plane peano continuum, M, is a polyhedral inner
approximation, and ts homeomorphic with the set constructed by the follow-
ing process :

(1) constructing a segmentwise dendrite, T,

(ii) adding 2-simplices, 4;’s, which construct a null-sequence,to T in such
a way as each pair of 2-simplices of the system has at most one point in
common and 4,’s intersect acyclicly with T, that is, S14,+T=M, contains
" no simple closed curve whose inner domain is not contained in M, and M,
18 connected,

(iii) from the interiors of 4.s, subtracting (polyhedronwise®) Jordan

(8) A Jordan region is called to be polyhedronwise if its frontier is a polygon.
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regions, D/s, which construct a null-sequence and are mutually exclusive,

(iv) adding segmentwise dendrites, T,’s, constructing a null-sequence, to
the set, S, resulted by (i), (ii) and (iii), so that, for each k, T,.-S consists
of only one point, p,, and so that T,—p, is contained in some D, and
T, -Ty=¢ for kI,

(v) applying (ii), (iii) and (iv) to T’s,

(iv) repeating and continuing (ii)~(v).

REMARK. In order that a plane peano continuum M is homeomorphic
with an Euclidean polyheder, it is necessary and sufficient that C,, G,, 9,
and (), are all finite sets, the branch points in each element of &, are finite
in number and M is m-connected.

In conclusion I wish to express my hearty thanks to Prof. K. Morihaga
for his kind guidance:

Mathematical Institute,
Hiroshima University




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


