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§ 1. Imntroduction.

In his paper [4]V, L. Rédei has made a systematic study of the skew
products in the theory of groups. There, chiefly he has discussed two types
of the skew products which were defined by the following:

H\I': (a, a)(b, B)=(ab, d’a’B),
and
H2I: (a, a)b, B)=(ab%, a'B),

respectively.
Furthermore, he has treated the skew product which was defined by the

following: A
HOI: (a, )b, B)=(a", a*B°),

but without sufficient results. After that, L. Rédei and A. Stshr have studied
a special case of this product in [6], also F. Riihs has studied this skew prod-
uct H®/[ in [T].

In this paper, we shall generalize this skew product H®I" and study the
properties of the group which is defined by this skew product. The results
we get in this paper are comprehensive of the results obtained by L. Rédei,
A. Stohr and F. Riihs. ‘

Let H and I be two groups which have the elements a, b, ¢,---; @, 83, 7,---
respectively, and e and & be the unit elements of H and I” respectively. The
skew product of the groups H and I” is the set of all ordered pairs (a, a) with
a € H, a € I, and between those pairs (a, «) the following product is defined:

1.1 HXTI': (a, a)b, B)=(aR(B) - ()b, aR(b) - £ (a)B),

where R and L are two mappings of " into a group of the permutations on
the elements of H, and similarly R and & are two mappings of H into a
permutation group on the elements of I. And they satisfy the conditions
aR(E)=L(&a=a and aR(e)=_F ()a=a.

More generally, in (1.1) we may regard aR(B), L(ca)b; aR(b), & (a)B as the
functions of two variables. So, in this definition, if we add the the conditions

(1) Numbers in brackets refer to the references at the end of the paper.
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aR(a)=IL{a)a and aR(a)= L (a)a, a € H, a € I', we may obtain the definition of
the skew prouct H®[" defined by L. Rédei in [4] (cf. p. 479 Remark 1).

In § 2, we inquire the necessary and sufficient condition in order that
the skew product may be a group. In § 3 by obtaining the group G; which is
isomorphic to the group HX I, we show that essentially the group HX I is a
special case of Rédei’s skew product H2/". In § 4, we first seek for the neces-
sary and sufficient condition for the skew product H3X I to be a semi-direct
product of the groups H and I, and then for the skew product to be the direct
product of H and I". In §§5 and 6, we investigate a special case of the group
HX T, that is, the case in which all the permutations R(8), L(x); R(}), & (a)
that appear in the definition (1.1) of the skew product H3X [ are the automo-

‘rphisms of H and I” respectively. In this case we use the notation H® [ in-
stead of X [". First, we inquire the necessary and sufficient condition for
the skew product H®I" to be a group, next we show that the group H® " is
the extension of a fixed subgroup (H,, /";). Furthermore, the product of the
group G, which is defined in § 3 becomes as follows:

(12) (a) a) (b) B):(a ° F(a>b ¢ l<ba a—19 b)a O-(a, b_19 a) * a‘g(b) * 18)3

where F(a) and & (b) are the automorphisms of H and I’ respectively, and
l(a, a,b) and o(a, a, B) are fixed functions having their values in Hy and /', res-
pectively. In § 7, we study the properties of the two functions l(e, «, b) and
a(a, a, B). - And conversely, by the use of such functions, we define the new
skew product Hx " of the groups H and I" the product of which is defined by
(1.2). Next, we inquire the necessary and sufficient condition for this skew
product to be a group, and investigate the structure of this group. And by
the examples of the group H3 " and by the example of the group which be-
longs to the type H2I" but not to the type H ", we show the existence of the
group H " and that the set of the group H¢ " is a proper subset of the
set of the group H2/". Furthermore in § 8, we get some properties of the
group H¥I'. Finally, in § 9, we clarify in the form of final remarks the
relation between the results of this paper and those of L. Rédei and A. Stshr.

§ 2. Necessary and suflicient condition for skew
product to be a group.
In this section, we inquire the necessary and sufficient condition in order

that the skew product H3¢I" which is defined by (1.1) may be a group. As we
mentioned in § 1, the skew product H3X I is defined by the following (cf. p. 477):

R Y) (a, a)(b, B)=(aR(B) + L(a)b, aR(b) + L (a)B),

where the permutations R(8), R(b) are right hand operators, and L(«) and
Z(a) are left hand operators. And the “dots” in the notations aR(B) « L{a)b
and aR() + Z(a)B represent the product of the elements aR(B) and L ()b in
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H, and that of aR(b) and ()8 in I respectively.

Remark 1. If we use the functions M (g, B), Ma, b); #(a, b), H" (a, B),
which have two variables and have their values in H and I” respectively, in-
stead of aR(B), L(a)b; aR(b), Z(a)B, we can still make the following argu-
ments.

Now, we investigate the conditions in order that the skew product may
be a group with the unit element (e, &).

First, from the fact that the element (¢, &) is the unit element of the group
HXT, the following conditions must hold,

(2.2); eR(a)=L(a)e=e,
" (2.2), ER(a)=F (a)¢=¢.

Conversely, if the conditions (2.2), and (2.2); are satisfied, the element
(e, &) is the unit element of the group HXI". ‘ '

Next, we inquire the conditions in order that the product which is defined
by (2.1) may be associative. If the product is associative, we have

(@R(B) « L(a)b, aR(b) - £ (a)B)(c, 7)=(a, a)(bR(7) - L(B)c, BR(c) - &L (b)),
that is,

((@R(B) - LIB)R()-L(aR(b) - L (a)B)c, (aR(b) + L (@)B)R(c) + & (aR(B) + L(a)by)
=(@R(BR(e)+ £ (b)7) - L{a)bR(7) + L(B)c), aR(bR(Y) + L(B)e) + L (@)BR(c) + £ (b))

Therefore, it must hold that

@3 (@R(3) - LBR®) - LaR®) - L (@)e
—aR(BA(c) + Z(bY) - La)bR) « L(B)),
(2.3), (@R} -+ L (@B)R(c) - L@R(B) - )by

=aRbR() - L(B)) + £ (@)(BAR(c) + £ (b))

In the condition (2.8),, if we exchange the letters q, b, c for «, 8, v and R,
L for R, & we obtain the condition (2.3),;. In like manner, if we can obtain
a condition from the other by the exchange e «, b8, cov, ROR, Le><, we
call those two conditions dual.

From the formal symmetry of the definition (2.1), if a condition holds in
H, then its dual condition holds in I" necessarily. So, hereafter, we write only
the calculation of the conditions which hold in H.

First, if we consider the cases where (i) a=c=e, (ii) a=b=¢, (iii) b=c=e,
(iv) a=e B=vy=§, (V) c=e, a==¢ respectively in the condition (2.3);, then
corresponding to each case, we have the following conditions.

(2.4) (L(B)R(v)=L()(bR(7)),
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@5); L(a - Be=L@)LB)),
@26) (GR@)R()=aR(B - 7),

@ Kb - LaR®)e=La)b - o),

@8); (a+ BR)=aR(Z b)) - bRG).

By the duality, we have

@4, (L @RRO =L @BARE),

@5), La- byr=L @)L G,

2.6, (@RBIRE)=ak(b - o),

@7 L @B - LaR@=L@B - ),
2.8), (@ IR =a®LB)) - BRE).

Next, for a=e, B8=¢, the condition (2.8), is written as follows:

(L(aB)R(Y) -L{aR(B))ec=L()(bR(Y) * c).

Applying (2.7)1 to the right side of the above condition, it must hold that

(L(a)D)R() » L{aR(B))e=L(a)(bR(7)) - LLaRBR(Y))e.

So, by (2.4);, we have the condition

(2.9 L{aR(®))e=LIaRGR™)).

By the duality, follows

(2.9), ZL(aR(B)y =L (@RBAR)).

Similarly, if we consider the case c=¢, 8=¢& in (2.3); and apply (2.4); and ’
(2.8),, we have the following condition:

(2.10), aR(Z (L(a)b)y)=aR(Z (b)7).

By the duality, we obtain

(2.10), aR(L(ZL (@)B)) = aR(L(B)e).
For the case c=5b"1, the condition (2.7), becomés

(2.11) (L(a)b) ' =L(aRB)b1,

and from (2.7),, we obtain

(2.11), (ZL(@B) =L (@RPB)B™"

In the same way, from (2.8), and (2.8),, follow
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(2.12), - BR() =b"'R(ZL (b)),
and
(2.12), (BRE) =B R(L(B)c).

Again, from the condition (2.3); we obtain the following condition, for
b=e and a=vy=¢,

aR(B) « L(& (@)B)c=aR(BAR(c)) - L(B)c.
By (2.11); and (2.12),, we obtain the condition

(2.13), L(Z (@B)c - LR =a"'R(Z (@)B) - aR(BR(C)). |
By the duality, we obtain
(2.13), L(L(byy « L ORI = a ' R(L(c)b) « aR((BR(Y)).

Further, for the case a=y=¢ in (2.3);, we obtain
aR(B) « b« {L(a)B)c=aR(BAR(c)) » b - L(B)c.
So, it follows that _
@214 b+ (UL (@B) - LBAR())c™)=(a""R(Z ()B) + aR(BAR(C))) - b.
Therefore, by (2.13); and (2.14), we obtain
(2.15) L(Z (@)B)c + LBR())e™" € Z(H),

where Z(H) is the center of the group H.
Furthermore, if we consider the cases where (i) b=e, a=¢ (ii) b=e, y=§,
corresponding to each case, the condition (2.3); becomes as follows:

(2.16) aR(B - v) - (L (@B)e=aR(BR(c) + 7) - L(B)c,
2.17) aR(B) - La » L(@)B)c= aR(BARE)) - L(ct + B)e.
From (2.16), it holds that

L(Z @B)e - LBAR()c™' =a"'R(ZL (@)(B - 7)) * aRBAR(c) - V).
So, it follows that o
218) (&L (@)B)c - L(Béé(C))c‘1 =(a"'R(Z(@)B) + aR(BAR(N)R().
For,

(@'R(Z(@)B) - aR(BR(N)R(Y)
=a"'R(ZL(@)B)R(Z (aR(BR(c))Y) + aR(BR(c) - )
=a"'R(ZL(@)B - &L (aR(B))7) - aR(BAR(c) « )
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=a"'R(Z(@)(B - 7)) + aR(BAR(c) + V).
Therefore, from (2.13); and (2.18), we have
(2.19) L(ZL (@B)c » LBR(O)c™" € K,

where Kp={a; aR(a)=a, Yo € ['}.
Just as we obtain (2.19) from (2.16), we have the following condition from
(2.17):

(2.20) _ L(ZL(a)B)c - LBAR(c))c™* € K,

where K;={a; L(a)ea =a, Vo € I'}.
Thus, from (2.15), (2.19) and (2.20), we have

(2.21), L(Z(a)B)c + LBAR()c™! € Z(H)NKrN K.

Further, we prove the following condition:

(2.22) (& (d)ﬁ)c « LBAR())c! € kern RNkern &2,
where kernR ={a; aR(a)=a, Ya € I'}, kern¥ ={a; L (a)a=a, Ya € ['}.
For,

L(UL (@B)c + LBAR(E))c™ Na=L(a'R(Z (@)B) + aR(BR(c)))at
=L@ 'R(L(@)B) + aR(B))a=a.

Similarly, we have
aR(L(Z (@B)c » LBR()e™)=a.

Therefore, it holds that ‘
(2.23), L(Z(@)B)c - LBRE))e™ € ZIH)NKrNKNkernR Nkern .
By the duality, we have
(2.23), L(La)b)y + L GRM)y ' € ZUINKsNKgNkernRNkernL,
where Z(I') is the center of I,

Keo={a; aR@)=a, Va€ H}, Ke={a; L (a)a=a, Ya € H},

kernR=A{a; aR(at)=a, Ya € H}, kern L=4{a; L{(a)a=a, Va € H}.

Thus, we have the system of the necessary conditions, that is, (2.2),, (2.4),,
(2.5), (2.6), (2.7)1, (2.8)1, (2.13),, (2.283), and their duals.

Remark 2. The conditions (2.9), and (2.10), follow from the conditions
(2.5),, (2.6), and the duals of (2.7);, (2.8);, (2.13),, and (2.23)..
For,

LaROR())e=L{aR(d) - (¢R(®)™" + aROR(Y))e= Ll R(b)).
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Similarly, the condition (2.10), follows from (2.6),, (2.7), and (2.23)..

Remark 8. The following two systems of the conditions are equivalent.

®: (2.2), (2.4),, (2.5), (2.6), (2,7, (2.8)1, (2.18), (2.23); and their duals.

@: (2.2), (2.4), (25)1, (2.6}, 2.7, (2.8)1, (2.9), (2.10);, (2.13);, (2.21)
and their duals.

For, the system @ follows from the system @ according to Remark 2,
(2.23), and (2.23),. Conversely,the system @ follows from the system ® ac-
cording to (2.22). :

Conversely, we prove that the system @ of the conditions is sufficient for
the product to be associative.
From (2.13),, for a, c€ H and 8 € I", we have

5 L(Z (@B)e - LBAR(©)e™' =a"'R(Z(a)B) * aR(BR(c)).
So, from (2.28),, for 5 ¢ H it holds that
b (L (@B LBR()c™)=(a"'R(Z(@)B) + aR(BR(c))) * b.

Applying L(a), « € I" to both sides of the above condition, and by (2.7)1; (2.13),
and (2.23), it follows that

L(a)b « (L(ZL (@)B)e LBAR()e™ ) = (@™ R(Z (@)B)-aR(BAR(c))) + L{a)b.
Similarly, applying R(Y), ¥ € I' to both sides of the above condition, and by
(2.8);, (2.13); and (2.23),, we obtain
(L(@BR(Y) - ((ZL(@)B)e + LBAR()e™)=(a"'R(ZL(@)B) + aR(BR(c))) +( LI)D)R().

Further, by (2.13), and (2.23),, it holds that

(LaD)R(7) « LlaRONL(Z (@)B)e + LBR())e™)
=(@"'R(Z(@)B) » aRBARNR(ZL (b)Y) + (LL)R().

Therefore, by (2.5),, (2.6);, (2.7); and (2.8),, it follows that
(L(a)BR(Y) « LaR(b) - L (@)B)e LaRB)R(L(ZL (@)B)e)LBR()e™
=a"'R(L(@)BIR(ZL (aR(BR(c)) L (b)7) + aR(BR(c)- L (b)y) + (I{)b)R(®).

Further, by (2.4);, (2.9),, (2.10); and (2.11),, the last of which follows from
(2.7);, and (2.12); which follows from (2.8),, the above condition becomes as
follows:
(L(B)R() « L{aR(b) « & (a)B)c * (LIaRB)L(B)C) ™
=(@R(B)R(Z (b)) « aR(BAR(c) + L (b)) + L{)(BR()).

So, it holds that

(2.24) aR(BR(ZL (b)) (L B)R(7) - LiaR(b) - & (a)B)e
=aR(BR(c) + L (b)y) + L)bR(Y)) + L(aRB)L(B)e.



484 Noboru NisHIGORI

By (2.10), and (2.8),, the first two factors of the left side of (2.24) becomes as
follows:

(2.25) aR(BR(ZL (b)) + (L)) R(v)= (aR(B) - L(a)D)R(v).
Similarly, the last two factors of the right side of (2.24) becomes as follows:
(2.26) L(@)(BR(7)) + L(aR®)L(B)e=L(a)(bR(Y) * L(B)c)-

By (2.25) and (2.26), the condition (2.4) becomes as follows:
(@R(B)+ L)) R(7) + L(aR(b) + &L (@)B)c=aR(BAR(c) - L (b)v) - LL)(BR(Y) + L(B)ec)-

Consequently, we have proved that the condition (2.3); follows from the sys-
tem @®. In the similar way, we can prove that the condition (2.3), follows
from the system @®. Thus, we have proved that the product is associative.

Finally, we prove the existence of the inverse element when the system
@ is satisfied. For an arbitrary element (¢, ) of the skew product HXTI,
we set (a, ®)=(x, &)(¢, ¥). Then we have (a, @) '=(, y"")(x~% €. And from
(@, )=(xR(y), &L (x)y), we have a=xR(y), a=_F(x)y. So, by (2.11), and (2.12),,
it follows that a™'=x"'R(a), a'=_(a)y™* By (2.6); and (2.5), we have x™'=
a'R(a™), y'=FL (@ Da'. Therefore, we have the inverse element of
(a, ), that is,

(2.27) (a, )" '=(e, L@ Na N 'R(a™"), &).
Thus, we have the following theorem:

Tueorem 1. The skew product HX " which s defined by the following:

(a, a)(b, B)=(aR(B) + L(c)b, aR(b) - &£ (a)B),
(aR(&)=L(6)a=a, aR(e)= L (e)a=a),

18 a group with the unit element (e,8) 1f and only if the following system of the
conditions is satisfied:

- @, eR(a)=L(x)e=e, @®, eR(@)=L(a)e=¢,
D, (L@B)RBD=L)BRB), @D (L()B)R(B)=L(a)(BR(D)),
®; bR(a-B)=(bR()R(B), ®, BR(ab)=(BR()R (),
@, L(a-B)b=L(e)(L(R)b), @, L(ab)B=ZL()(ZL®)B),

2.28) | ®1 (b-0)R(@)=bR(ZL()a)-cR(@), ®: (B-7)R(a)=LBR(L(7)a)-vR(a),
' ®; La)(bo)=L(a)b-L(aR®B)c, ©; L(a)(B7)=L(a)BZL (@RB)),
@, L(L(@)B)eL(BR(c))c™! @, L(L(a)b)y- L BR(M)7™
=a"'R(Z(a)B)-aR(BR(c)), =a ' R(L(a)b)-aR(bR(Y)),
®; (L (@)B)e-L(BR()c™ € Z(H) ®, L (L(a)b)y- bR(W)y™" € Z(I")
i NKeNKyNkernR Nkern. <2, NKNKgNkernRNkernL.
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Remark 4. When the above system of the conditions is satisfied, that is,
the skew product H3X I is a group, R and L which are two mappings of I” into
the permutation group on the elements of H are homomorphisms, because of
®,, @, and aR(&)=L(6)a=a. That is, it holds that /"'~ {R(«a)} and I'~{L(a)}.
Similarly, it holds that H~{R(a)} and H~{.¥(a)}.

§ 3. A group which is isomorphic to group HXI'.

In this section, we show that the group H3}XI obtained in § 2 is, in
fact, isomorphic to a special case of the group H2/" defined by L. Rédei in
[4]. ,
The group H2[" is the set of all ordered pairs (¢, @) withae H and a € I,
and its product is defined by the following:

CRY (a, )b, B)=(ab", a’P),

where b and o are fixed functions having their values in H and I respectively.
Then we have the following result:

TueoreM 2. The group H3X I whose product is defined by

3.2) {a, a)(b, B)=(aR(B) - L(a)b, aR(b) - & (a)B),
(aR(&)=L(&)a=a, aR(e)=.L ()a=q),

18 1somorphic to a special case of the group Hz2I'. And the isomorphism is
given by

(3.3) II: (a, )>@R(ZL (@ Ha™"), L(a 'R(a"H)a).

Proor. We prove the theorem by the method' of the transformation
(cf. [4]).

The correspondence (3.3) on the group HX /[ is a permutaion. For, if we
define the correspondence 17 by 17 (a, @)=(eR(a), & (a)x), then IT « IT (a, @)=
(a, «), that is, IT is the inverse of I1. So, if (¢, @)+ (b, B), then it follows
II (a, )11 (b, B).

In order to prove that H>X/'~~H=T", it is sufficient to show that (g, ®)-(b,3)
=1 (IT"'(a, )IT"*(b, B)) have the form (38.1). For the arbitrary two ele-
ments (¢, ) and (b, B) of the group, it holds that 7-'(a, @)= (aR(a), & (a)a),
', B)=(bR(B), &L (b)B). So, we have

I~ (a, )T}, B)
=(@R(R(L (b)B) + L(L (@a)bR(B), & (a)aR(BR(B)) - & (aR(e) < (b)B).

Now, if we set
a=aR(R(ZL (b)B),b=L(L (@)a)bR(B), a= L (@) aRBR(B)), 8= < (aR(e) L (b)8,

the above product has the form:
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H_I(a, a) H_l(b; ,3)=((i ¢ 59 ae 8_)-
Consequently, we have the following new product

(3.4) (a, )b, /=15, a-A) i
=((@ " RE - @), (LG a @ a ).

We calculate (37! - a")R(F*. @ *)~L. First, we have

@ '-aHRE - @ H=b"'R(L@HB @) a ' R@E @)
=b'R(L @B L@'RE ) -a'R@*-a).

Next, it holds that

@'R@E - @) =aR(L @@ - a™)
=aR(L(a )R+ L@ 'R@EH)a).

Consequently, we have

35) (B7'-ahHRE@-a M)
=aR(L @ "E' + L@ 'R@EHMa) -
-@'R(L (@B - L@ 'RE a )

In order to calculate this, we begin with the calculation of .&Z(a~')5?!
and <L (@@ 'R@E H)al.

L@ B =L ((aR(a - L (B)R) WL (aR(a) < (b)B) !
=L ((aR(a - L B)B))-=L (aR(a « L BB (5)B)™! (by (2.11),)
=(L®A).
L@ 'R@EHa?
=L ((aR(a))'R(Z (aR(a) + H)B)R((Z (aR(a)-b)B) L (@)a) ' R(L(a)bR(B))
= L ((aR(a))™)L (aR(a))a ' R(L()bR(B)) ' (by (2.11),)
=a”'R(L()bR(B))
= (aRGRE)™.
Now, we calculate the first factor of the right side of (3.5).
aR(Z @M - L@ 'RE ")
=aR()R(L BRR(ZL B)R) ™" - (aROBR(B)))™)

=aR(a + a 'R(L(Q)BR(B))) (by (2.12),)
=aR(a + (aR(b))7Y).

The last of the above is obtained from the following:

3.6) cR(aGQ(bR(v)))=cR(a6Q(b) < (@R®)™" + aROBR(Y)))=cR(aR(b)).
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Next, we proceed to calculate the second factor of the right side of (3.5).
b'R(L (@ HEt - L@ RE)a )

L& (@)aRB)ORB) ™ R(ZL B)B)™ » (aROR(BN™)
=L(L(0)aR®)b'R((«RGR(B))™).

I

Therefore, we have the following inverse element of the above:

G'R(L (@8- L@ 'RE Ha )
=(L(L (@aR®)b ' R(aRGR(B)) D)™
=(L(L (@akB)b™Y) ' R(Z (L(ZL (@)aR(B)b N aROGR(B)))™)
=I(L (@))bR(Z (b~ Ha * R(L(a)bR(B)))
=L(Z(@)bR(Z (b~ Ha* R(L{c)b)). (by (3.6))
Consequently from (3.5), we have
@7 (@G -aHRE ! &)
=aR(a + (@R(b))7Y) - (L (@)a)bR(ZL (b~ Ha ' R(L()b)).
Similarly, we have
(3.8) (LG -aHEt-ah)!
= L(L(aRB)b™ R(aH))aRBR(B)) « L (L)) + b)B.
Therefore, by (3.7) and (3.8), we obtain the form of the product (3.4), that is,
3.9 (@, @)= (b, B)
=(aR(a « (@R®) ™) « (L (@)a)bR(Z (b~ ) aR(B)™H),
L (L)) R(a™))aR(BR(B)) » £ (L(a)b)™" + b)B).

Thus, the group H3X I’ is isomorphic to the group G, the product of which
is defined by (8.9). This group G, has the unit element (e, &). Further, in the
group G, the associativity of the product holds. So, for the three elements
(a, &), (b, B), and (¢, v) of G4, it holds that

((a, &b, B) (¢, V=(a, &) (B, B¢, V).
From this it follows that

(@ DR(B - (BR(N™) * L(Z (a + H)R)R(Z (™ )BR()™)

=a+bR(B - (BR()™) « (L B)R)R(ZL (¢ H(BAR(E)™).

Here, a and b are the two arbitrary elements of H, so for a=5b"! we have:

bR(B « (BR()™) - LL ®IB)R(ZL (¢ NBR(E)™)
=b + L(B)R(L (™ HBAR()™).



488 Noboru NisHIGORI

In the group I, in the similar way, we have:
L(L(a)b) ' R(aN)aRBR(B)) + L (L)) - b)B
= L((L(a)b) "R H))aR() - B.
Therefore, the product (3.9) has the following form:

(3.10) (as a) ° (ba B3
=(a » [()bR(ZL (b~ Ha ' R(L(a)b)), L (L(aR(®))b™'R(a™)aR(b)-B).

Thus, the product of the group G, is defined by (3.10). In this definition, if
we set

Flat, b)=L(a)bR(ZL (b~ ' R(L(c)b)),
G, b)=L(L(aR(B)b™ R(a~HaR(b),

Fla, b) and S(a, b) are the functions of two variables having their values in
H and [ respectively, and the definition (3.10) has the following form:

(a, C()°(b, B):(a * F(aa b), ‘g(a: b) - B)'

Therefore, the group G, is a special case of the group H2/" which is defined
by L. Rédei, and is isomorphic to the group HXI'. Thus, we have proved
Theorem 2.

Remark 5. In the above proof, the conditions (2.10);, (2.11) and (2.12) fol-
low from the system of the conditions (2.28) (ef. (2.11), (2.12) and Remark 2).

§ 4. Relation of group H I to group Hx [’ and H®T".

In this section, we inquire the necessary and sufficient condition for the
group H I to be a semi-direct product, and then for the group HX I to be
the direct product of the groups H and I

The semi-direct product H®I" of the groups H and [I” is constituted of all
ordered pairs (a, @) with a € H and « € I", the product of which is defined by
(a, ) (b, B)=(a- F(a)b, @ - B), where F is a homomorphism of [” into the sub-
group of the group of all automorphisms of H.  This product is restated
as follows: the semi-direct product H®[" is HI" where H is a normal subgroup
of H®/" and I" is a subgroup of H®[" with trivial intersection with H. (We
may take /" as a normal subgroup and H as a subgroup, and in this case,
the definition of the product is (a, )b, B)=(a - b, «F () - B)).

Now, if we express the set of all the elements (a, &) by (H, &), (H, €) is a
subgroup of the group HI'. Similarly, (e, I") is a subgroup of H)I'. And
it holds that H =~(H, €), I'=(e, I") and (H, &)\ (e, )= {(e, &)}.

We proceed to inquire the condition in order that the group H 3¢/’ may
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be isomorphic to the semi-direct product of the groups H and I. For that
purpose it is sufficient to get the condition for H /I to be (H, &)&(e, I'). As
we mentioned above, the group HX I is (H, £§)®(e, I') if and only if (H, &) or
(e, I'") is a normal subgroup of H3X /", so we inquire the condition that the
subgroup (H, &) is normal in HXI".

For the arbitrary elements (¢, @) € HX I and (b, &) € (H, &), we have

(a, )b, &)(a, &)™
=@R(ZL (b - aHat) « La)bR(L (@ Ha™Y)-LlaR(b)-F (a- {a)b-a Ha )a 'R(a™?),
(@) « L(a+ Lab-a™Ha Y R(@ *R(a™))).

Therefore, in order that (H, &) may be a normal subgroup of H3X[", the fol-
 lowing condition must hold;

4.1) (@R®) + (@ L(b » a~Da ) R(a‘R(a~D)=¢.
So, it must hold that
' L(L(b)a' = a~ ' RL(a)b).

As the elements b € H and « € I” are arbitrary, so the above condition may be
written as follows:

4.2) ZL(e)B=BLR(c), Vee H VBeT.

Conversely, we assume that < (c)8 =BXR(c), c€e H, B¢ I'. By this as-
sumption, from the condition @, of (2.28), we have the condition

(4.3)‘. FLla+b)B=L(b-a)p.
Now, by the assumption, it holds that

L(Lab)a™ =a ' R(L(a)b),
forbe Hand a € I'. So, by (4.3), it holds that

La L + a” Y~ ' =a ' R(L(a)b),

that is,

aR(®) » L (a-L{a)b - a~)a ' =¢.
So, we have

(@R(®) - L (a-Lab-aHNa YR@ 'R(a V) =¢.

Therefore, the subgroup (H, &) is a normal subgroup of H3X /I

That is, the necessary and sufficient condition in order that (H, &) may
be a normal subgroup of HXI" is & (c)B=LR(c) for ce H, Be I".

In the similar way, we can show that the condition for (e, /') to be a
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normal subgroup of HX I is
(4.4) L(B)c=cR(B), Vee H, VB eT.

Next, we inquire the condition that the group may be isomorphic to the
direct product of the groups H and I". The group is isomorphic to the direct
product of H and I" if and only if (H, &) and (¢, /") are normal subgroups of
HXI. S0, by the above results, the necessary and sufficient condition in order
that H3X [ is isomorphic to H x " (direct product) is that the conditions (4.2)
and (4.4) hold. Thus, we have the proposition:

Prorosition 1. If and only if the condition L(c)a=aR () or & (a)a=aR(a),
a€ H ael holds, the group HXI 1is isomorphic to the semi-direct product
of the groups H and I.

Further, if and only if the conditions L()a=aR(x) and < (a)a=aR(a),
a€ H, ael’ hold simultaneously, the group H3K [ 1is isomorphic to the direct
product of the groups H and I.

Remark 6. As we mentioned in § 1, the definition of the group H®I’
follows from the definition of the group H3XI' under the conditions
L{@)a=aR(a) and . (a)a=ak(a). Therefore, by the proposition 1, the group
H®I" is isomorphic to the direct produet Hx ['. This is the results obtained
by F. Riihs in his paper [7].

Remark 7. When the condition & (c)y=vR(c) holds, the definition (3. 10)
of the product of the group G, is reduced to the form:

- (45) (a, )b, B=(a+ L(abR(@™), a - B)®.

For, by the condition .Z7(c)y=vR(c) the definition (3.10), viz.,

(a, )b, B) |

=(a » La)bR(Z (b~ Ha ' R(L(e)b)), & (L(aRBNb™'R(a™H)aR(b) - B)
is reduced to the form: '
(a, a)(b, B)=(aL(e)R(a™), L (L(a)b™'R(a™") - ) + ).

Further, it holds that <2 (L(a)b™'R(a™?) « b)a=«.

For,

L(La)b'R(a™?) « bt

=L B 'R(a )L B)a - (LB 'Ra 1)L B)a) - L (L{b 'R(a™).Z (b)a

=GB 'R(a )L B« (aRBR(a )™t « aRB'R(a™HR(Z ()l3)]

=B 'Rla))L®a - (LG 'Rla )+ LB Ha

(2) Hereafter, in the definition of the product of the group G|, we use the notation (a, @) (b, 8) in-
stead of (a, a)-(b, B).
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=G 'RaH) Lo Lo Hat Lb Ha

= LHaRG) - (L B)aRBD) " - LB)aRbBR@)) - LG Hat - Lo e
=a+ LUL BB a " - (LB Ha ) - LoDt - Lo Ha

=a L(Lab HNa?t Lb Ha

=a.

Therefore, we have the product (4.5)

(a, )b, B)=(a-L()bR(a™), at + B)=(a - Fa)b, at + 3).

Further, if the group is defined by the above product, we can show that the
permutation F(«) is an automorphism of H (cf. §9).

Moreover, < (c)y=vR(c) and L(v)c=cR(y) hold simultaneously, the defini-
tion of the product (4.5) is reduced to the form:

(a’ (X)(b, B)z(a'b> Q- B)

§ 5. Skew product H3X [ defined by automorphisms.

In this section, we consider the special case of the skew product, that is,
the case where in the definition of the product of H}X [:

(a, &)(b, B)=(aR(B) - L(c)b, aR(D) - & (@)B),

R(B) and L(«) are the automorphisms of H, and R(b) and .%*(a) are the auto-
morphisms of /.

In this case, if the skew product H3< /" is a group, by Remark 4 R(/") and
L(I") are the subgroups of the group A(H) of all automorphisms of H, and it
holds that '~R(I"), '~L(I"). Similarly, R(H) and .2“(H) are the subgroups
of A(I"), and it holds that H~®R(H) and H~ < (H).

Here, we redefine the skew product in this case. Let R and L be two
homomorphisms of I” into the subgroups of A(H) and R and & be two homo-
morphisms of H into the subgroups of 2(/"). We define the skew product
HRI by the following:

(GRY; (a, )b, B)=(aR(B) - L(a)b, aR(D) - & (a)B)-
Then, by Theorem 1 and Remark 3, we have the proposition:
ProrositioN 2. The skew product H® [” the product of which is defined by
(a, )b, B)=(aR(B) + L(a)b, aR(b)-= (c)B),

where R(B), L(a); R(b), & (a) are the automorphisms of H and I respectively,
18 a group if and only if the following system of the conditions is satisfied:
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D) (UOHRB)=L@ERB), D (L@BR®B)=L@)\BRB),

@, bR(Z (a))=bR(a0), ®, BAR(L(a)a)=BR(a),
®, L{aR(@)b=L(a)b, ®, L(aR(@)B=L(a)B,
(5.2) ®, (L (b))a+ Lla)a™! ®, ZLPa)a - L(@a!
=b""R(a) - bR(aR(a)), =R"'R(a) - BR(aR()),
®; (L (B)a)a - L(@)a™t ®, LA(LPR)a)a-ZL (a)a™?
€ Z(H)NKrNK;, €eZINMNKsNKg.
where Z(H)=center of H, Z([")y=center of I,

Kr={a; aR(a)=a, Vo € '}, Ks={a; aR(@)=a, Ya € H},
Ki,={e; la)a=a, Va e '}, Ko={a; L(e)a=a, Vae€ H}.

Further, in this case we have the following condition by ®,, ®; and @,
of (5.2),

5.3) L b)a)a-L(a)a* € kern RN kern &£,

where kern R and kern & are the kernels of the homomorphisms & and &
respectively. '
By the duality, we have

5.4 L(L(Ba)a + ZL(a)a~! € kern RNkern L.

In this case, the product (3.10) of the group G, which is isomorphic to the
group H3X I is reduced to the form: .

(5.5) (a, )b, B)=(a » L{a)bR(a'R (b)), & (L(e)b™HaR(b)-3).

For, using the conditions ®@,, ®,, ®;, ®,, from the definition (3.10), we
obtain easily (5.5).

Hereafter, we use the notation G which represents the group G, that is
isomorphic to the group H® I” and belongs to the type H2I". So, the product
of the group Gy is defined by (5.5).

Finally, we show the example of the group H® /"

ExampLE 1. Let H and I” be two cyclic groups of the order 8, and ¢ and
« be the generators of H and [’ respectively. The automorphism of H (and I")
is uniquely determined by determing the corresponding element to its gen-
erator. So, we define two automorphisms ¢; and ¢, of H, and two automor-
phisms +J»; and +, of " as follows:

P1: a—ad, @2: a—>a®; Y1t a—>ad, Yt a—a’.

Now, we define two homomorphisms L and R of I into 2(H), and two
homomorphisms .& and R of H into A(I") as follows:

L: [,'"’){I, ¢1}3 R: F—’{Ia ¢2}~ < H—’{Is ‘I'Z}) 62: H_>{I: ‘1"1})
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where I is the identity automorphism.

Then we have kern L=kern R={a?} and kern & =kern R={a*}. And, we
can easily see that the automorphisms L(«*), R(«*); £ (a™), R(a®), (s, t, m, n=
0,1,2, 3,4,5,6,7), which are determined by those homomorphisms, satisfy
the system of the conditions (5.2). Therefore, the skew product defined by

(@, a’)(a", a)=(a"R(a") - L(a)a", a’R(a") + & (a™)x’)

is a group of the type H®I".

§ 6. Structure of group HRI'.

In this section, we investigate the structure of the group H@[’ defined
by the automorphisms.

Now, let H, be a subgroup of H which is generated by all the elements
aR(aR(b))-a'R(ct), o, b € H, « € I". H, is contained in the center of H, so it is
a normal subgroup of H. Similarly, the subgroup /", generated by all the
elements & (L(a)a)B - L (@)B ', a € H,a, B € I' is a normal subgroup of /". Di-
viding into two cases, that is, (i) Hy={e} and I',={¢} and (ii) the case other
than (i), we investigate the structure of the group H®[".

Case 1. Hy= {e}.and [',= {&}.

In this case, the system of the conditions (5.2) is reduced to the following
form:

[ Oy (L@B)R(B)=L(Q)(BR(B)), D (L(@B)AR®)=ZL (@)(BAR®D)),

- @ bR(L())=bR(cv), @, BR(I(a)a)=LBR(a),
6.1) | ®, LaR@)b=L(ab, ®, L(aR(@)B=L(a)B,

| @, bR(aR(@)=bR(), @, BR(aR(@)=LR(a),

| ®) UL (@a)=L(a)b, ®, L(La)B=L()p.

RemAark 8. From the system of the conditions (6.1), by adding the con-
ditions L(a)a=aR(c), & (a)a=aR(a), we can obtain the sufficient conditions
in order that the skew product H®/” may be a group, which is obtained by L.
Rédei in [4].

In this case 1, the definition of the product of the group Ga defined in §5
is given by the following:

- (62) (a, )b, B)=(a+ L(@)bR(@™"), L (B HaR(b) - B)

In this definition, if we set Fla)b=L(a)bR(a ) and aF ()= L (b~ H)aR(b), from
(6.2) we have

(6.3) _ (a, )b, B)=(a - Fa)b, aF(b) + B),

where F(a) and & (b) are the automorphisms of H and I” respectively.
By the notation H®I", we represent the group the product of which is
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defined by (6.8). It is clear that the group H®[” is a special case of the group
H:2I".

Then, in the case 1, the group H®I" is isomorphic to the group Hol. So,
by Szép’s Theorem (cf. [107]), we have the theorem:

Tueorem 3. If {aR(aGQ(b))-a‘lR(a)}.= {e} and { L (L()a)B- L (a)B~'} = {&},
it holds that -

HRI/(Hy, ')~H/H,x I'/I"; (direct product)
(Hy, I')=H, x I} (direct product)

where Hy= {a; L (@ VaR@)=a, Va € '} and I''={a; L(a)aR(a ) =a, Ya € H}
and (H., ') s a subgroup of HR®I" which is generated by all the elements
(a, &) with a € Hy, a € I';.

Case 2. The case where at least one of H, and [, is not the group
constituted of only one element.
Now, let be

Ua, &, b)=aR(@R®)) + a~'R(),

(6.4) ,
Lo(a, a, B)y=L(L)a)B-L (@)B".

Then, the deﬁiﬁtion of the product of the group Gp which is defined in § 5
becomes as follows:

6.5) (@, )b, B)=(a - Kab-Ib, ™", b), olct, b, @) » aF(B)-H),

where F(a)b=L()bR(a™") and aSF(h)=.L(b~")aR(b) are the automorphisms
of the group H and /" respectively. And the group H® [ is isomorphic to the
group Go whose product is defined by (6.5).

Now, in the case 2, we investigate the structure of the group H®/[.
First, we show that (H,, ["y) which is constituted of all the paxrs (a, ) with
a € Hy, o € [y is a normal subgroup of the group HX® /.

For, it is clear that (H,, %) is-a subgroup of H@[ . And for (¢, )
€ HR I, (be, Bo) € (Hy, Iy), it holds that

(6.6) (a, a)(bo, Bo)=(a * by, t+Bo)=(bo*a, Bo * &)= {(bo, Bo)a, ).

So, (be, B,) belongs to the center of H® ", that is, (H,, I",) is contained in the
center of H®[". Therefore, the subgroup (Hy, I;) is normal.
Further, from (6.6) we can see that

(Hyo, I'0)~H, x Iy (direct product)
Moreover, it holds that

(6.7) H®['/(Ho, I')~H/Hy>I"/ T,
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For, as the group H® " is isomorphic to Go and the subgroups H, and
Iy ‘are invariant under the automorphisms R(«a) and .&(a) respectively, we
can regard (H,, ")) as-a-subgroup of Gy. So, in order to prove (6.7) it is suf-
ficient to prove that '

Go/(Hy, I'0)=H/Hy®I'/I,.

If we define the mapping r of G into H/H,®I" /1" by (a, )= (aH,, al’y), then
Y is a homomorphism of Ge onto H/Ho®I"/I,.

For, it is clear that «y is onto. And F(al',) and & (bH,) are considered as
the automorphisms of H/H, and I"/[", respectively, so it holds

l!l‘((l, a)(ba 18):‘!/'(“ * F(a)b ° l(bs a—1> b)) O-(aw b_19 a) * O’,g(l)) * B)
= (a-F(a)bHo, € (b) - BI'0)
=(aHo, al’0)(bH,, B1)

Further, (o, «) € kern + if and only if a € Hy and « € Iy, that is, (e, &) € (Ho, [7).
Thus, we have the theorem:

Tureorem 4. If, in the groups H and I, at least one of the subgroups H,
and Iy 18 not constituted of only one element, then it holds that
HRI'/(Ho, I')=H/H@I"/ I,
(Hy, '))=2H, x I'y (direct product)

where Hy= {aR(aR(d))-a"*R(a)} and ['y={L L()a)B - & (a)B'}.

§ 7. A special type of group H2/[".

In § 6, we have shown that the group H® I is isomorphic to a special
type of the group Hz[", that is, the group Go which is defined by

(7.1) (a, )b, B)=(a - Feb + b, ™, b), o(at, b, @) » T (B) - B),

where Fla)b=L(a)bR(a™") and aF(b)=_L(b"HaR(b) are the automorphisms
of H and /" respectively. And we have defined

(7.2) Ua, a, b)=aR(aR(b)) - a™'R(a),
(7.3) o(a, o, B)=L(Ua)a)8 - L ()87

In this section, we investigate the properties of the functions I(a, «, b)
and o(a, a, B). Next, using those functions, conversely we define a new skew
product H " of the groups H and I” which is the same type as Go. And we
inquire the necessary and sufficient condition in order that the skew product
H I may be a group, and investigate the structure of this group. Finally
we show the example of the group which belongs to the type H2/" but not to
the type H ", and the examples of the type HxI".
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First, we investigate the properties of the function I(e, , b) and o(«, a, B).
For the automorphisms R(«) and .#’(a) which define the functions I(a, «, b)
and o(a, a, B), the system of the conditions (5.2) holds. So, from @, and @,
of (6.2) it follows that

(7.4) la, a, b)=L(< (@)a)b + L(a)b™",

(15) o(a, a, B)=aR@R(R)) + a~'R(a).
Further the function I(a, «, b) has the following properties:

(7.6) a-c, a, b)=Ia, a, b) - lc, a, b),

1.7 la, a+ B, b)=Ua, a, b)+ ia, B, b), -

T8) e, b )=Ua, &, b) - la, @, <),

(1.9) e, B, o), a, b)=Ua, o(a, ¢, B), B)=I(a, a, l(c, B, b))=e,

(110)  UFB)a, a, b)=lUa, aF(c), b)=la, a, F(3)b)= Ua, a, b).
Proor of (7.6)
Ka-c, a, b)=(a - c)R(aR(D)) + (@ )" 'R(x)
=aR(aR(®)) » cR(aR(®)) + c"*R(a) » a”'R(at)
=Il(a, «, b)-l(c, a, b).
Proor of (7.7)
Ua, - B, b)=aR((a - BYR®)) + a”*R(a - B)
=aR(aR(®) + BR®)) » a™'R(c < B)
=(aR(aR®))RBAR®)) « a™*R(ex - B)
=(aR(a) + Ua, &, B)R(BAR(®) - a”'R(a - B)
=(aR(a)R(B) + YaR(a), B, b) + a'R(a + B) + la, a, b)
:‘_l(aR(a)) 18) b) ° l(aa a, b)
=L(<L(aR(a))B)b - L)™' - Ua, a, b)
=L(L (@) - LB - a, a, b)
=l(a, a, b) - la 3, b)
The property (7.8) can be proved in the same way as (7.6).
Proor of (7.9)
Ua, B, ©), a,b) =l(a, B, OR(QAR(®)) - (a, B, ©)) 'R(a)=e.
Similarly, we have l(a, o(, ¢, 3), b)=Ia, «, lc, B, b))=e.
Proor of (7.10)
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UF(Ba, a, b)=L(<L (F(B)a)a)b - L(c)b™
= L(L LBt - L(e)b™
=L(L (@) + o(B, a, a))b + L(a)b™!
=L(F(a)a)b + L(a)b™!
=l(a, «, b).

In the similar way, we have l(a, @, F(8)b)=I(a, a, b). Moreover,

la, aF(c), b)=aR(aF () R(b))-a~*R(aF (c))
=aR(aR(c + b)) + a'R(aR(c))
=aR(a) + l(a, aty ¢+ b) - a 'R(a) « I(a”?, a, ¢)
=Il(a, a, b)l(e, a, c)
=I(a, a, b).

Further the function has the following property:

(7'11) ' (@™, a, b)=I(a, ™, b)=1(a, a, b"‘):(l(a’ «, b))m)

(for an integer m).

Proor. Case 1. m=0:
By the definition I(e, a, b) we have

(7.12) lle, a, b)=I(a, &, b)=I(a, a, e)=e.

Case 2. m=—1:
By (7.6), (1.7), (7.8) and (7.12), we have
(7.13) @™, a, b)=Ua, a™', b)=1(a, a, b=)=(I(a, a, b))~

Case 3. m+0,—1:
By (7.6), (7.7), (7.8) and (7.13), we have

l(am’ Q, b)=l(aa a”, b)=l(l1, Q, bm)’:(l(a’ «, b))m'

Similarly, we can prove the following properties of the function o(«, a, ).

(7114)  ola-v a, A=0o(a, a, B8) - (v, a, B),

(7115)  o(a, a*b, B)=0(a, a, B) + o(a, b, 3),

(7.16) ol a, B+ M=0(a, a, B) * 5(a, a, V),

(717 - olo(a, b, 7), a, B)=0(a, Ua, v, b), B)=0(a, a, (7, b, B))=¢,
(118)  o(aF(b), a, B)=0cla, F(M)a, B)=0(a, a, BF(b))=0(a, a, B),
(119)  o(a” a, B)=0(a, a”, B)=0(a, a, B)=(o(a, a, B)™.

497

Now, we proceed to define the new skew product by using the functions



498 Noboru NI1sHIGORI

which have the above properties.
Let F be a homomorphism of /" into the group A(H) of all automorphisms
of H, and & be a homomorphism of H into A(/"). Then we define:

Z(H)=center of H, Z(I")=center of I,

Kr={a; Fa)a=a, Ya € [}, Ky={«a; aS(a)=qa, Ya € H},
kern F={a; aSH(a)=a, Ya € ['}, kernF={a; F(d)a=a, Ya € H},
Hy=2Z(H)NKpNkern &, Ty=2("NNKsNkern F.

Further, let I(a, o, b) be a function which has the properties (7.6), (7.7) (7.8),
(7.9) and (7.10), having its value in H,. Similarly, let o(a, a, B) be a func-
tion which has the properties (7.14), (7.15), (7.16), (7.17) and (7.18), having its
value in I',.

Then, we define the new skew product H3% I" by the following:

(7.20) (a, @) (b, B)=(a+ Fa)b - U(b, a™, b), a(at, b, a)-aFH(b) - B).

We inquire the conditions in order that the skew product H I may be
a group. From the associativity of the product, for three elements (a, ), (5,8)
and (c, v) of Hx% I, we have )

(@« Fla)b + I(b, a ™, b) - o, b2, @) » aF(b) + B)(c, ¥)
=(&, (X)(b ¢ .F(B)C * l(C, B—la C)) 0—(:83 c-l, 18) * Bg(b) ¢ 'Y)
Consequently, it holds that

(7.21) a« Flab - I(b, a™', b)- Flo(at, b7', ) + aF(b) + B)c *
U, B~Lea P F(b) ol b7, @),
=a - Fa)b - F(B)c - Uc, B, ¢))
b+ F(B)-Ue, B ¢), a ™ty b F(B)c«llc, B, ¢)).

By (7.6), (1.7), (7.8), (7.9) and (7.10), we have
FlaS(®) - Bc=F(a+ Bc - I, a™?, ¢). « l{c, ™, b).

For B=¢, it holds that
(7.22) FaF®)e=Fo)c - I(b, a!, ¢) « llc, a™, b).

Conversely, suppose that (7.22) holds. Then we can easily prove that
(7.21) holds.
Similarly, in the group I” it holds that

(7.23) AT (F(B)a)=aFH(a) - o(e, a”*, B) - o(8, a~?, a0).
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And (e, &) is the unit element of H3¢ [, and the inverse element of (g, @)
is given by

(Fa e« e, o, a™), ol@™, @, a7V « 'S (@ h)).
Thus, we have the theorem: |
TueoreMm 5. Let H I be a skew product defined by
(a, @) (b, B)=(a - Fla)b + I(b, a1, b), o(a, b', ) - aF (D) « B),

where Flo) and G (b) are the automorphisms of H and I" respectively, and I(a,a,b)
and o(ct, a, B) are the functions having their values in Ho=Z(H)NKrNkern<t
and Fy=Z(MNKsNkernF respectively, and further l(a, «, b) and o(a, a, 3)
have the following properties:

l(a'c9 «, b)::l(aa «, b) ° l(c: «, b), O‘(Ct’,"}’, a, B)zo-(a’ a, B) * O—('Y, a, 18)5
l((l, a- B: b)=l(a, «, b) ¢ l(d,)@, b), O‘(C(, a-b, B):U(a; a, :8) ° O'(a) b’ B))

a, @, b+ c)=Ila, a, b)-la, a, c), ala, a, B+ v)=0(a, a, B) - o(a, a, ),
Ia, B, ¢), a, b)=la, o(a, c, B), b) alo(a, b, v), a, By=ala, Ua, v, b), B)
 =la, @, U, B, BY)=e, =o(a, a, o(7, b, B)=56,
UF(B)a, at, b)=Ua, 2 (c), b) oo (), a, B)=olat, F(Ma, B)
=|(a, a, F({B)b)=I(a, a, b), =g{a, a, BF(b))=0c(a, a, B).

Then the skew product Hx " is a group if and only if the following con-
ditions are satisfied:

FaZ(®))a=F(a)a - l(a, a7, b) - (b, a™, a),
aF(FR)=aF(a) - o, a”?, B) - (B, a”", ).

In the same way as § 6, we can see that group H3¢ /" has the following
structure: )

If H, is the subgroup of H generated by all I(e, a, b) and [, is the sub-

group of /" generated by all o(«, a, B), then (Hy, I'y) is a normal subgroup of
Hx[". And it holds that

(Ho, I'o)=~Hyx I'y (direct product)
HsI"/(Hy, [o)~H/Hy>I"/ ", |
where H/Hy®I' /I, is a group the product of which is defined by
(a1, aty) (by, B1 )=(a1 - Fla)by, cuF(by) « B1), a1, by € H/Hy, aty, By € I'/ T,

and F(«,) and & (b,) are the automorphisms of H/H, and I"/I"y respectively.
Finally we show the example of the group which belongs to the type
H:I", but not to the type H /[, and the examples of the group H3/[. By
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those examples we can show that the existence of the sequence of the product
of the groups:

Hx'SHOI'SHx 'S H2I.

ExawmpLE 2. Let G be a non-abelian group of order 24 (cf. [1] p. 160), that
is

G={a, b, c; a*=e, b*=e, bab=a"", *=e, ¢ la*c=b, ¢c"bc=0a’b, a~'ca=c*a’b}.

If we set H={a, b} and "= {c}, then we have G=H:2[". But this group G does
not belong to the type Hx .

For, H is a non-abelian group of order 8 and /" is a cyclic group of order
3. So the group A(!") of the automorphisms of /" has order 2, that is, A(/")=
{Lp}, where I is the identity automorphism and ¢ transforms e, c, ¢* to e,c, ¢
respectively. Therefore, there are only two homomorphisms & of H into
9/[([1), that is 2P H—){I}, 2P H—?{I, @}

Case 1. =% and kern F= {e}:

In this case, we have I'y={e}. If G belongs to the type H: [, then it
must hold that (e, ¢) (@, e)=F(c)a - l(a, ¢!, @), ¢). But in the group G, it holds
that ca=d*?. It is a contradiction.

Case 2. =, and kern F=1":

In this case, we have H,={¢’} and "y=1". If G belongs to the type H3 [,
then it must hold that (e, ¢) (b, &)= (b - I(b, ¢, b), o(c, b, ¢)+c). S0, b-l(b,c™?, b)
must be b or b¢’>. But in G it holds that cb=d’c. It is a contradiction.

Case 8. I =50,:

As &, is the homomrphism of H onto {/, ¢}, the kernel of &, is {a}. And
as Ks,={e}, I'y={e}. If the group G belongs to the type H I, then it must
hold that (e, c)(a, &)=(F(c)a-l(a, ¢}, @), ). But in G it holds that ca=d’?. It is
a contradiction. ‘ X

Thus, the group G does not belong to the type Hx .

ExampLE 3. Let R be the ring of the integers, and R(2?) be the ring of
the residue classes mod 22. And let H =["=R(2?), and consider them as the
additive groups. Then the skew product of H and I is defined by

(a, )b, B)=(a+b—2b%cx, —2ba’®+ a+ ).

Then we define F(a)b=b, aF (b)=a, l(a, a, b)=2aba and o(a, a, 8)=20aa. Then
we have Hy+{e} and Iy+{¢}. And we can easily show that l(e, «, b), o(a, a, B),
F(a) and & (b) satisfy the conditions (7.6), (1.7), (7.8), (7.9), (7.10); (7.14), (7.15),
(7.16), (7.17), (7.18); (7.22) and (7.23). Therefore, G belongs to the type HxI'.

ExauvpLE 4. We show another group of type HXI'. Let Hand I" be two
cyclic groups, and the order of H be infinite and the order of " be 4. And
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let P and IT be the generators of H and I" respectively. Then we define the
skew product G of H and I” as follows:

(7.24) (P, I(Pl, T)=(P* - PPV, I+-27% . 1),
where
- _{ 0;2 ]k,
L1240k,

here, 2 | k£ means that k is divisible by 2, and 2+ k¥ means that & is not divis-
ible by 2.
(This is a special case of the skew product obtained by L. Rédei in[5]).

Now, we define

F(Hk)PJ':PJ'(—l)k’ Hkg(Pi)znk,
WP, IT*, P=e, o(IT*, PJ, IT")=I[/KG-1'-D),

Then, F(IT¥) is the automorphism of H and it holds that I'~F(I"). And, as
Kr={e}, Hy={e}. As all & (P’) are the identity automorphisms, it is clear that
H~%(H) and Ks=1T".

The funection o(I7%, P/, IT*") has the following properties:

(7.25) o(IT*, Pi, II")=1"- V5D,
(7.26) o(IT*, P71, T*) =M~%F,
For;
E 2|k
(7.27) o(Il*, P, MY={ ¢ :24k 2|1,

I %:2%k 241,
= JUC-DR-1)

And,
. & 2|k
II*, P-J, IT* ={ .
o \ ) IT*: 2.4 k.
& 1 21k,

T 2%ik= {
O 4=J%:2YE.
Further; it holds that «(I1%, P’, ") € I,.
For, as Z(I")=Ks+=1", we show that «(II*, P, IT") € kern F.

F(e)Pi=P),

Flotr', P, m)Pi={ F(IT~%)PI=Pi,

(by (7.27))
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And from (7.27), it follows that {c(IT%, P}, IT*)}#{e}.
Next, we show that the function «(Ir*, P‘, I1*) satisfies the conditions
(7.14), (7.15), (7.16), (7.17) and (7.18).

& 2 k2| m
o(IT*1™, Py MY =1 IICD=D:2 |k 24m, or 24k 2| m,
& 124k 24 m.
& 22| k2| m,

o(IT*, P\, ') « c(I™, P', M) =1 DD 2|k, 24mor 24k, 2 | m,
M5V -D=g: 2.4k 24 m.

Therefore, (7.14) holds.
Similarly, we can show that (7.16) holds.

o(IT*, P? « Pi, IT")= [[G+PRCD-D— ok Pi 1Y) « o(IT%, Pi, ITY).
So, (7.15) holds.

o(&, P, T =¢,

o(II"%, P}, M)=¢ (by (7.27)

O'(O-(ITI':) Pj, IIm)> P:s H)z{
Similarly, we have o(IT*, P, o(IT", P/, IT"))=6.
And o(Ir*, (P, TT™, P)), IT')=co(IT*, e, IT")=¢&. Therefore (7.17) holds.
Further, we can easily see that o(II*Z(P), P¢, II') =o(Il*, P, II'S (P))
=o(IT*, P!, IT"). Also, :

& 22|k,
(Ir*, F(r™)P', ') 24k 2] 1,
g s 5 = .
% 124k 2412 | m,
I¥=1o%: 24k 2 +1,24m,
and
g & 2|k
o(IT*, P, JT‘):I & 24k 2]1,
\ T %: 24k, 241

So, (7.18) holds.
Furthermore F(II*Z(P’))P/i=F(II*)P.. And I (FUIH)P)=1r*, and
m*s& Py - o(Ir, P~¢, ') - o(Ir*, P~%, I*)=11*. So, (7.22) and (7.23) hold.
Therefore the group G defined by (7.24) is a group of the type HxI".

§ 8. Some properties of group H /'

In this section, we investigate the properties of the group H " which
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is defined in § 7.
In § 7, we have shown that:

8.1) H3 T /(Hy, [')~H/H>I"/ I,

where Hy={l(a, a, b)} and I"y={o(a, a, B)}, and H/Hy>['/I, is a group the pro-
duct of which is defined by

(a1, a1)(by, B1)=(ar-F(a)by, a1 (b1)*p1), a1, by € H/Hy, oy, By € I'/ 1.

~ From the above results, we have the properties: ,
(1) If the group H and I are solvable, then the group is also solvable.
(2) The group H3¢ [ is not simple.

Proor of (1).

We prove this, dividing into the two cases:

Case 1. Hy={e} and [',={¢}. In this case, by (8.1) we have H3xI'=H»]".
So, by Szép’s Theorem, it holds that

Hy, ')=H,xI" i
(8.2) {( L [O=H > I (direct product)

HoI'/(Hy, [')=H/H, < ['/I" (direct product)

where H,=kern & and ["y=kern F.

As the subgroup and factor group of the solvable group are solvable, and
as the direct product of two solvable groups is also solvable, Hy, /", Hy x Iy,
H/H,, I'/I"y and H/H,xI'/I", are all solvable groups. Therefore the group
Hx I is solvable, because the extension of a solvable group by a solvable
group is solvable.

Case 2. The case where at least one of H, and [’y is not constituted of
only one element.

By case 1, the group H/H®I'/I", is solvable. So, by (8.1) we can show
that the group H [ is solvable.

Proor of (2).

It follows easily from (8.1) and (8.2), so we omit it.

Further the group H:¢ /" has the following property:

(8) If the groups H and I' are a torsion group, then the group H3 I 1is
also a torsion group.

Proor. For (e, @) € H3¢I' and a positive integer i, it holds that

(@, ) =(a+ Flaa- -+ Fla' Na - (Ua, a, D)) R Gt
(o_(a, a—l, a» 12422404 (=1)2 ag(a'—l) e ag(a).a).

Let m, n, p and ¢ be the orders of elements a, a, 2+ F(a)a- - - F(a""!) a and
aF(@ Y.« F(a) - a respectively. Then follows

(e 1= (U, @™, @) (g, T, ) ),
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Further, let s and ¢ be the orders of the elements (i(a, o™}, @)}’ +3**~+(mrpa-1)?
and ((o(a, a™!, Q))t**?*+~+mmpe-1D? respectively. Then we have (a, @)V =(e, &)
where N=mnpgst. Therefore, Hx [ is a torsion group.

Let H; be the subgroup of H generated by ri(a, a, b B), where ry(a, a, b, B)
=a-Fl@b+-Fla-B-aNa?-Fla-B-at-BHb ' la, B, a)-I(b, a, b)+
la,a-BLb)-Ub,a-B L, a. The subgroup Hs contains the commutator
subgroup of H, so it is a normal subgroup of H. Similary let I's be a subgroup
of I" generated by po(a, @, b, B), where po(a, @, b,8)=0o(a, a*b"1,B8)+ (B, ab™?, @)
(B, a, B o, b, ) BrFOB ealebea) ' F(a L bea) BF(a) + a. Then
I', is a normal subgroup of /. Thus, we have the property:

1) (Hs, I's) is a normal subgroup of the group H3 I, and it holds that

8.3) Hx [ /(Hs, ['s)=H/H:®I'/Is (direct sum).

Proor. First, we show that (Hs, I's) is a subgroup of HxI". (Hs, I's) has
(e, &) as the unit el2ment. And it holds that

(8~4) ("o(aa «, b9 B))_1=TQ(F([C¥, B])b’ [a’ B] - B ([aa B:D—l’
F(a, Ba, [a, B8]+ a-({a, BD™),
(8‘5) fo(a, A B):a.F('G)a‘l * l(a, B—la (Z),

where [a, Bl=a B+ a'-BL Forr, € H,p, €I, we have

(. P:)-l'_‘;(F(Ps_l)rs-l ° l(ru Pss 7'5), G(Pss Tsy Ps) * Ps-l’-g(rs-l))'

And from (8.5), follows F(p, " )r,™! « U(r,, psy 1) =r,"  + 10(r,, &, €, p,~!). From this
and (8.4), Flp,”r,”! « I(r,, ps» 7o) € H,. Similarly, o(p,, r, p,)p, ', ") € I',. Con-
sequently, we have (r,, p,)"' € (H,, I",). For (., p,), (r,, 'p,) € (H,, I,), we have
(o p)(15 'p)=(rs + F(p)7s - U7, p,7, 1), olpsy 1775 p2) « p S (1) 'p). By (8.5),
Flp)rs < Ity p 7Y 1)="r,+ 11,7}, &, &, p.), so follows roFlp,)rel(ryy p,~ 1, 'r,) € H,.
Similarly o(p,, 7,7, p,) + pF (1)« 'p, € I',. Consequently, we have(r,, p,)(r,, p.)
€ (H, I',). Therefore (H, I',) is a subgroup of Hx .

Next, we show that (H,, I") is a normal subgroup of Hx/". In order to
prove this, it is sufficient to prove that (H,, I",) contains the commutator sub-
group of HxI'. For (a, ), (b, B) € H¥ I, (a,0)(b, B)(a, @)~(b, B)"'=(ro(a, at, b, B),
PFB 7Y, B~ F (7Y, Fla™Da™', a™ 'S (™)), s0 [(a, ), (b, B)] € (H,, I',). The-
refore, (H, I',) contains the commutator subgroup of H3/. So it is a nor-
mal subgroup.

We proceed to prove (8.3). First, we have F(v)ri(a, «, b, B)=ro(F(y)a,
vyl F(y)b, v+ B-vY), that is, F(v)H,CH, for every v € I'. Similarly, it
holds I".&(c) CI',, for every c € H. Next, we define a mapping +» of H [ into
H/H®@®I'/I,by Y(a,0)=(aH,, al’,). Then + is a homomorphism of H /" onto
H/H®I'/I'.. For, it is clear that 4 is onto. And from the definition of

. po (a, a, b, B), it holds

(8.6) pole, a, b, O=o(at, b ) » a1 (b) + .
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Further,

‘l"(aa a)(ba B)z\b‘(a'F(a)b ° l(ba a_ls b)’ O'((X, b-ls a) * (Xg(b) * B)

=(a+ F(a)b - (b, a}, B)H,, o(at, b~ ) « aSF(B) - BI,)

=(a+bH, a-BI) (by (8.5), (8.6))
=(aH,+bH,, ", +B1I",)

-And,

Yla, aOY(b, B)=(aH,, al’)+(bH,, BI's)
=((ZH5+bHs, aps+,8P5)

Therefore,
Yla, a)(b, B)=1(a, )b, B)=(aHs+bHs, al's+BIs).

Moreover, (a, «) € kernyr if and only if a € Hs and a € I's.  Thus, we have (8.3).
Finally, we prove the property:
(5) Let Hand I be two abelian groups. Then the group H¥ I is abelian if
and only if HXI'=Hx " (direct product).

Proor. Suppose that for (a, @), (b, B) € H¥X I, (a, a)(b, B)=(, B)(a, ).
Then we have a - F(a)b - I(b, ™, b) = b - F(Ra - lla, B}, @) and
oo, b ) aF(b) - B=0(B, a}, B) - BF(a) - «. From the former for a=e it
follows that F(a)b - I(b, a™', b)=b, and from the latter for 8=¢ follows
ola, b7l a) - aF(b)=«a. Therefore, in this case the product of H3/” must be
(a, )b, B) =(a + b, ¢ - B). And the sufficiency of this condition is obvious.

§ 9. Final remarks.

In this section, we study the special cases of the skew product H3X /" the
product of which is defined by

9.1) (a, @)(b, B)=(aR(B) + L(a)b, aR(b) - & (a)B),
(aR(&)=L(&)a=a, aR(e)=F ()a=qa).

And further we clarify the relation between the results which we have ob-
tained in § 2 and § 3 and those obtained by L. Rédei and A. Stshr.

We call HI", k-fach degenerated, when just k of the following four con-
ditions

aR(B)=a, Lla)b=b, aR(b)=a, L (@)B=R
is identically satisfied.

For the sake of the symmetry of (9.1), there are two different types of
the 1-fach degenerated case of H3 I, that is,
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1-1 type: (a, @), B)=(a - L{a)b, ak(b) - & (a)B),
1-2 type: (a, )b, B)=(aR(B) + b, aR(b) + L (a)B).

There are four different types of the 2-fach degenerated case, that is,

2-1 type: (a, )b, B)=(a - b, aR(d) + L (@)B),
2-2 type: (a, a)b, B)=(a - L{(a)b, aR(b) - B),
2-3 type: (a, )b, B)=(aR(B) + b, aR(}) - B),
2-4 type: (a, a)(b, B)=(aR(B) - b, @ + L (a)B).

There are two different types of the 3-fach degenerated case, that is,

3-1 type: (a: a)(ba B):(a * b: () g(@ﬁ);
3-2 type: (a, a)(b, B)=(a - b, aR(b) - B).

And the 4-fach degenerated case of H3¢ /" is the direct product of H and /.

Here, we restrict ourselves to the types 2-1, 2-2, and 2-3. In each case,
by Theorem 1 we investigate the condition in order that the skew product
may be a group, and inquire the form of the product of G; which is isomorphic
to the above groups, by using (3.10). About the other special types of H} I,
we can obtain the results similar to the above types, by using Theorem 1 and
(3.10).

1) 2-1type:

The skew product of 2-1 type is a group with the unit element (e, &) if
and only if the following conditions are satisfied:

JCD ER(a)=L (a)e=¢, ® L(a-b)B=L ()L (b)),
9.2) @ (L@BRB)=ZL (@)BRD), & (B VR(@)=LR(a) - yR(a),
l ® BR(a- b)=(BR(@)AR(®), © L@@ =L (B L(a).

From the conditions ® and ® of (9.2), R(a) and Z(a) are the automo-
rphisms of /. Consequently, the product of the group G; which is isomorphic
to 2-1 type of group HX I, is as follows:

9.3 (a, a)(b, B)="(arb, aSH(b) « 3),

where aZ(b)= (b )a(b) is an automorphism of 7.
Therefore, from (9.3), the group of 2-1 type is isomorphice to the semi-
direct produet of the groups H and /.

Note 1. The groups of 3-1 type are the special cases of the group of 2-1
type. So, from the above results we can see that the groups of 3-1 type are
isomorphic to the semi-direct product of H and /.

(2) 2-2type:

The skew product of this type is H2I" defined by L. Rédei in [4] (cf.
Remark 1). From Theorem 1, we can obtain the condition in order that the
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skew product of 2-2 type may be a group with the unit element (e, &), that is,

J @1 L(a)e=e, @2 862((1)=€,
9.4 ' @1 Lia - @b=L(a)(L(B)D), ®; BAR(a - b)=(BR@)XR(®),

| &1 L) + )=L(b-L@RB))e, @ (B-1)R(a)=BAR(L(V)a)vR(a).

Note 2. In this type, the assumptions L(&)a=«a and aR(e)=«a written in
(9.1) are contained in the necessary conditions.

This system (9.4) of the conditions coincides with the results of L. Rédei
(cf. [4] Theorem 6).

3) 2-3 type:
, The skew product of this type is H2’I" defined by L. Rédei and A. Stohr
in {6] (cf. Remark 1).

The condition in order that the skew product of 2-3 type may be a group
with the unit element (e, &) is as follows:

'@, eR(a)=e, @®, eR@)=¢,

| @1 bR(a - B)= (BR())R(B), @2 BR(a- b)=(BR(@)R(®),

} @1 (b OR(@=bR(a) - cR(), @ (B-7R(@)=BXR(a) - 7R(a),
L @, aR(BAR(c)=aR(B), @, aRBR(7))=aR(®b).

(9.5)

Norte 3. In this type, the assumptions aR(€)=a and aR(e)=«a written in
(9.1) are contained in the necessary conditions.

By ®; and ®,, R(a), R(a) in (9.5) are the automorphisms of H and /" re-
spectively. And the group G, which is isomorphic to the group of 2--3 type
is as follows:

(9.6) (a, )b, B)=(a - bR(a™"), aR(b) - B).
(9.5) and (9.6) are the results obtained by L. Rédei and A. Stshr in [6].

In conclusion, I wish to express my hearty thanks to Prof. K. Morinaga
for his encouragemet and kind guidance in the course of the present work.
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