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ABSTRACT. In this paper, we define a new class of Riemannian submanifolds which
we call arid submanifolds. A Riemannian submanifold is called an arid submanifold
if no nonzero normal vectors are invariant under the full slice representation. We see
that arid submanifolds are a generalization of weakly reflective submanifolds, and arid
submanifolds are minimal submanifolds. We also introduce an application of arid
submanifolds to the study of left-invariant metrics on Lie groups. We give a sufficient
condition for a left-invariant metric on an arbitrary Lie group to be a Ricci soliton.

1. Introduction

Let X be a Riemannian manifold, and Y be a Riemannian submanifold
in X. Denote by Isom(X) the group of isometries of X, and let N(Y) C
Isom(X) be the subgroup which normalizes the Riemannian submanifold Y.
That is,

N(Y):={pelsom(X)|p(Y)=T}.

The group N(Y) is sometimes called the extrinsic isometry group of Y, and an
element of N(Y) is called an extrinsic isometry of Y.

DeriNiTION 1.1, Take any subgroup H of N(Y), and fix a point pe Y.
Denote by TPLY the normal space of Y at p. The action of the stabilizer
H,:={pe H|yp(p) = p} on T, Y by differential

g.L:=(dg),¢  (9€HyCeT,Y)

is called the H-slice representation of Y at pe Y. We also call the N(Y)-slice
representation the full slice representation.

RemMARK 1.2. The above definition of slice representations seems to be
slightly different from the usual one; the notion of slice representations is
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usually defined for an isometric action on a Riemannian manifold. Recall that
the slice representation of an isometric G-action at a point p is the action of
the stabilizer G, on the normal space of the orbit G.p at p by differential. We
remark that the notion of usual slice representations is contained in our H-slice
representations. In fact, the slice representation of a G-action at a point p
is nothing but the G-slice representation of the Riemannian submanifold G.p
at p.

The following Riemannian submanifold is the one which we consider in
this paper.

DeriniTION 1.3, Take any subgroup H C N(Y). A Riemannian sub-
manifold Y is called an H-arid submanifold if the H-slice representation of Y
at any point has no nonzero fixed points. We call an N(Y)-arid submanifold
just an arid submanifold.

REMARK 1.4. A Riemannian submanifold Y is an H-arid submanifold
for H C N(Y) if and only if Y satisfies the following condition: for all p e ¥
and for all 0 # &€ TpL Y, there exists ¢ € H, such that ¢.& # .

An arid submanifold holds an interesting position in the theory of
Riemannian submanifolds. One can see that the notion of arid submanifolds
is a generalization of weakly reflective submanifolds. On the other hand, any
arid submanifold is a minimal submanifold. For more details on the position-
ing of arid submanifolds in the submanifold theory, see Section 2. For simple
examples of arid submanifolds, see Section 3.

In general, a homogenecous arid submanifold can be characterized as
follows:

THEOREM 1.5. Let Y be a closed homogeneous submanifold in X. Then
the followings are equivalent:
(1) Y is an arid submanifold.
(2) There exists some closed subgroup G C Isom(X) such that Y is an isolated
orbit of the G-action.

In Section 4, we prove this theorem. In particular, Theorem 1.5 says that
any isolated orbit of any isometric proper action is an arid submanifold.
Hence, isolated orbits provide many examples of arid submanifolds.

In Section 5, we introduce an application of the notion of arid sub-
manifolds. Namely, we give a sufficient condition for a left-invariant metric
on a Lie group to be a Ricci soliton. This sufficient condition comes from
a framework to study left-invariant metrics via the action of the group of
automorphisms and scalings on the set of all left-invariant metrics. Now
we describe the framework. Let G be a simply connected Lie group with
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Lie algebra g. Denote by 9i(g) the set of all positive definite inner products
on g. Recall that a left-invariant metric on G is canonically identified with an
inner product on g. Hence, we can regard 9i(g) as the set of all left-invariant
metrics on G. Also, GL(g) acts on i(g) by base changing:

9.(,>=<g"g7">  (9eGL(g)). (1.1)

We also note that the GL(g)-action on Mi(g) is transitive, and Mi(g) endows
with a GL(g)-homogeneous Riemannian structure. In fact, by choosing a
basis of g, one can identify Mi(g) with the Riemannian symmetric space
GL(n,R)/O(n). Denote by Aut(g) the group of automorphisms of g. Let
R* Aut(g) be the subgroup of GL(g) given by

R* Aut(g) := {cp € GL(g) | c € R\{0}, 9 € Aut(g)},

and consider the isometric action of R* Aut(g) on 9i(g) given in (1.1). We
note that, for any left-invariant metric <, ), the orbit R* Aut(g).{,) is a
submanifold in 9i(g). Now we state a sufficient condition for obtaining left-
invariant Ricci solitons as follows:

THEOREM 1.6. Let {,> e M(g) be a left-invariant metric on G. If the
orbit R* Aut(g).<{,) is an Aut(g)-arid submanifold in IN(g), then the left-
invariant metric {,» is a Ricci soliton.

Left-invariant Ricci solitons on Lie groups have been studied actively by
many geometers (e.g. [14, 15, 24]). In particular, left-invariant Ricci solitons
on solvable Lie groups have been deeply studied. On the other hand, it seems
that little result is known for left-invariant Ricci solitons on general Lie groups.
We note that one can apply Theorem 1.6 for any Lie group.

Theorem 1.6 gives a kind of extension of works by Hashinaga and Tamaru
in [7]. They have been studying left-invariant Ricci solitons via studying the
minimality of the orbits of R* Aut(g)-actions. They have proved that

THEOREM 1.7 ([7]). Let G be a three-dimensional simply connected solvable
Lie group, and g be the Lie algebra of G. Then for any left-invariant metric
(> eM(g), the followings are equivalent:
(1) the metric {, ) is a solvsoliton. That is, there exists some A € R and some
D e Der(g) such that

Ric(y(,) =40 +<D,).
(2) the orbit R™ Aut(g).<,) is a minimal submanifold in (g).

Note that a solvsoliton is in fact a left-invariant Ricci soliton ([15]). The
above theorem makes us expected that left-invariant Ricci solitons can be
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characterized by the minimality of the R* Aut(g)-orbits. Unfortunately, it
has shown that the expectation is wrong: both “minimal = Ricci soliton” and
“minimal < Ricci soliton” fail in general cases ([6]). Theorem 1.6 asserts that
if one strengthen the assumption from “minimal” to “Aut(g)-arid”’, then the
implication “="" holds for general Lie groups at least.

2. The positioning of arid submanifolds in the theory of submanifolds

The positioning of arid submanifolds in the theory of Riemannian sub-
manifolds is organized as follows.

reflective submanifold = totally geodesic submanifold
U )
weakly reflective submanifold = austere submanifold (2.1)
4 Y
arid submanifold = minimal submanifold

A Riemannian submanifold Y in X is called a reflective submanifold if
there exists some o € Isom(X) with 0 oo =1id such that Y is the connected
component of the set of fixed points of ¢. The isometry o is called a reflection
of Y. The notion of reflective submanifolds has been introduced in [16].
Note that a reflective submanifold is totally geodesic.

A Riemannian submanifold Y is called an austere submanifold if Y satisfies
the following property; for all pe Y and for all ve T pL Y, the set of eigenvalues
with multiplicities of the shape operator A, is invariant under the multiplication
by —1. The notion of austere submanifolds is motivated by the study of
special Lagrangian submanifolds ([5]). Clearly, a totally geodesic submanifold
is an austere submanifold.

Next, we recall the notion of weakly reflective submanifolds.

DeFiNITION 2.1 ([9]). A Riemannian submanifold Y is called a weakly
reflective submanifold if Y satisfies the following property; for all pe Y and
e TpL Y, there exists some isometry ¢ € Isom(X) such that

o(p)=p, p(Y)=Y,  (dp),(S)=—¢

In other words, a weakly reflective submanifold is a submanifold whose
full slice representation can invert any normal vector. Also, a reflective sub-
manifold with a reflection ¢ is a weakly reflective submanifold, since any
normal vectors are inverted by ¢ at the same time. It has been shown in [9]
that a weakly reflective submanifold is an austere submanifold.
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Recall that a minimal submanifold is a Riemannian submanifold whose
mean curvature vector vanishes identically. One can easily see that austere
submanifolds are minimal submanifolds.

We now prove the parts in (2.1) relating to arid submanifolds:

PROPOSITION 2.2.  One has
(1) A weakly reflective submanifold is an arid submanifold.
(2) An arid submanifold is a minimal submanifold.

ProoF. By the definition of weakly reflective submanifolds, the first asser-
tion is obvious. The second assertion follows from the fact that the mean
curvature vector is invariant under the full slice representation. O

ReEMARK 2.3. It is easy to see that any codimension one arid submanifold
is weakly reflective. However, there exist arid submanifolds which are not
weak reflective. We see an example in Section 3. Also, there exist minimal
submanifolds which are not arid. For examples, one can see that the catenoid
surface in R® is not arid.

The right three submanifolds appeared in (2.1) are defined by curvature
properties. Reflective submanifolds are the special case of totally geodesic
submanifolds, which are defined by extrinsic symmetry. Also, weakly reflective
submanifolds are “extrinsic symmetry version” of austere submanifolds. In
this paper, we defined a class of submanifold which is corresponding to mini-
mal submanifolds.

3. Simple examples of arid submanifolds

In this section, we introduce simple examples of arid submanifolds which
are not weakly reflective. Denote by S¥(r) ¢ R¥*! the k-dimensional sphere
with radius r. Fix two integers m,n > 2. Let us denote by X := S"™(\/m).
Set Y C X be the m-times direct product of S"~'(1). That is,

Y i={(x1,...,xn) e R™|Vie{l,...,m},x; e S""'(1)}.

Remark that, in this section, we always regard an element of R"" as an m-tuple
of elements of IR”. Note that Y is a submanifold of X with codimension
(m—1). We claim that

ProposiTION 3.1.  One has

(1) Y is an arid submanifold in X,

(2) Y is not austere if m > 3. In particular, Y is not weakly reflective if
m > 3.
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Now we introduce some extrinsic isometries of ¥ C X which play key
roles to prove Proposition 3.1. Firstly, denote by H := O(n) x --- x O(n) the
m-times direct product of O(n). Then H acts on R" by

g.x = (glxh cee 7gmxm) (g = (917 cee 7gm) eH, x:= (xla .- ~7xm) € IRmn)~
Then one has H C N(Y). Secondly, denote by &, the symmetric group on
{1,...,m}. Then S, acts on R"™ by

0.X 1= (Xs(1), - -+ » Xg(m)) (0 €Cuyx = (x1,...,x,) € R™).

Hence, S, is also a subgroup of N(Y). Among the elements of S,, we
especially use transpositions. For #,je{1,...,m}, let us denote by g; € S,
the transposition with respect to i and j. That is,

UU(Z) = j, O',J(]) = i7 O'U'(k) = k (k 7’5 l,])
Denote by e; :=(1,0,...,0) e R", and put p := (e},...,e;) e R™. Note
that the stabilizers H, and (S,,), act on 7,Y and T,-Y by differential. Our
strategy to prove Proposition 3.1 is to analyse these actions. One can see that

> Lvisery 20}-

l

T,X ={veR™|<v,p) =0} = {(vl,...,vm) e R™

Here, {,) is the canonical inner product on the Euclidean space. The tangent
space T,Y is given by

T,Y ={(wi,...,wn) e R™|Vie{l,...,m},{w;,e;) =0}
Also, the normal space T piY is obtained as follows:
T Y ={(&er,... . Enel) ER™ &+ 4 &, =0}

Next, we determine the stabilizers of the actions of H and &,,, and describe
the actions. One can see that

H,={(g91,---,9m) e H|gier =e1} = O(n—1) x--- x O(n—1),
and the actions on 7,Y and T, piY by differential are given by
g.v = (9101, -, GmUm) (v:=(v1,...,0m) € TpX), (3.1)

where g := (g1,...,9m) € H,. On the other hand, the actions of (S,), = S,

on 7T,Y and 7,"Y by differential are
oV = (va(l),...,va(m)) (v:=(v1,...,0m) € THX), (3.2)

where g€ S,,. Now, we are in the position to prove the first assertion of
Proposition 3.1.

p
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PrOOF (of (1) of Proposition 3.1). Since H acts on Y transitively, the full
slice representation at each x € Y is H-equivalent to the full slice representation
at p=(er,...,e1). Hence, one has only to prove that for all &e 7,-Y\{0}
there exists g € N(Y), such that g.¢ # ¢

Take any & = (Ejeq,...,Epe1) € TPLY\{O}. Since ¢ #0 and & +--- + &,
=0, there exist i, j € {1,...,m} such that &; # &;. Letus putg:=g;€ N(Y)p.
By Equation (3.2), one has

g.& = (&ier, ..., &er, .. Ger, .. Eer) #
which completes the proof. O

Next, we prove the second assertion of Proposition 3.1. For all
ie{l,...,m}, let us define

Ty = {(x1,...,xm) € T, Y |Vj #i,5, =0} C T, Y.
Then one has an orthogonal decomposition 7,Y = Tp1 @ ---d Tp’”. Denote by
n:T,Y — Tp’ the natural projection
(X1, ..oy Xm) = (0,...,0,x;,0,...,0) ((x1,...,xn) € T,Y).
Also, for all ie{l,...,m}, we define ;e T,-Y by

N = (61,...,61,—(7}’1_ 1)6’1,61,...,61)~

Here, the i-th component of #; is —(m — 1)e;, and the other components are e;.
Firstly, we claim that

Lemma 3.2, Let a:T,Y xT,Y — TFLY be a symmetric bilinear map.
Assume that o is equivariant under the H,-action and S,,-action. Then there
exists some A€ R such that

a(x,y) =AY (), m(y)m (xyeT,Y).
=1

Proor. Take any symmetric bilinear map o : 7,Y x T,Y — T, piY which
is equivariant under the actions of H, and &,,. This proof consists of four
steps. Firstly, we claim that

Step 1. For all i,je{l,...,m} with i # j, o(T;, T]) = {0}.

Take any i, j € {1,...,m} with i # j. Also, take any X; € T, and X; € T}.
We show that «(X;, Xj) = 0. Denote by g = diag(l,-1,...,—1) € O(n). Let
us define g € H by

§:=(id,...,id, g,id,. .., id),



8 Yuichiro TAKETOMI

where the i-th component of g is g, and the other components are id. Since
ge1 = ey, one has g € H,. Then Equation (3.1) and H,-equivariancy of « yield
that

(X, Xj) = g.o(Xi, Xj) = (g Xi, §. X)) = (= Xi, X))
This concludes that a(X;, X;) = 0.

By the assertion of Step 1, one has a(,) =), a(m;,n;). Now we study
each o; := alpi . Next, we prove
Step 2. (T, T,) C spang{n;} for all ie{l,...,m}.
Take any ie{1,...,m}. By Equation (3.2), one can see that
OV =10 (veTlf,j,ke{l,...,m}\{i}).

This and &,,-equivariancy of o yield that
T2 (X, y) = oo X, Ojk.y) = oi(x, y)
for all x,ye T, and j,ke{l,...,m}\{i}. Hence one has

(T}, T}) C Q {¢eT, Y|on& =& = spang {n;}.
JELk#D

Then one can obtain a simple expression of «; as follows:

Step 3. For all ie{l,...,m}, there exists A;€ R such that o,(,)=

45 oM

Take any ie {1,...,m}. Let us put 6,(,) := (1/<n;,n,>)o(,),n;>. By
the assertion of Step 2, one can see that o;(,) =6;(,)n,. To prove Step 3,
we have only to show that there exists some 4; € R such that 6;(,) = 4;{, ).
Now let us put

H' :={(g1,-.,9m) € H|gier = e1,Yj # i,g; = id} = O(n — 1).

Then H' C H, acts on T = R""" irreducibly. On the other hand, H' C H,
acts on T, Y trivially. Hence one has

0i(9.x,9.y) = (1/<nini0)<ai(9-x,9.3),m:> = (1/<nini0)<g.0u(x, ), ;> = 0i(x, »)

for all ge H' and x,y e T]f. This concludes that 6; is a symmetric bilinear

form on 7, which is invariant under the irreducible representation of H'.

Hence, by the Schur’s lemma, there exists some 4; € IR such that 6;(,) = 4;{, ).
Finally we study each constant 4;, We show that

STEP 4. Al = = Ay
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Take any 7, je {1,...,m}. We prove that 4, = ;. Take any x € T[f with
{x,xy=1. By the S,-equivariancy of o, one has
g;.o(x, x) = a(gy.x, 0;.x). (3.3)
We firstly study the right hand side of (3.3). From (3.2), one has g;.xe T pf
and {oj.x,0;xy =1. This yields that
a(ay.X, 05.x) = 0;(0y.X, 057.X) = i{0.X, 0jj. X 0; = Ain;.

Next we study the left hand side of (3.3). Equation (3.2) yields that g%, = 7;.
Then one has

gj.o(x, x) = gj.0;(x, x) = 4i{x, xDay.n; = Ailx, xon; = il
Since #7; # 0, one has 4; = 4;.
By the assertions of Step 1 to Step 4, one has
m

a(x,9) = 3 ol m(») = 3 Am(x), ()

i=1 i=1
which completes the proof. O

Since H, and &,, are the subgroups of N(Y),, the second fundamental
form S, : T,Y x T,Y — TpL Y is equivariant under the actions of H, and &,,.
Hence Lemma 3.2 determines the second fundamental form of Y up to scaling.
In particular, we obtain an explicit representation of the shape operator of Y
as follows:

PROPOSITION 3.3 There exists some . € R\{0} such that for all € T,"Y,
the shape operator Az : T,Y — T,Y is given by

Aex = ii(ni,é>n,—(x) (xeT,Y).
i=1

In particular, the eigenvalues of A: are given by

;“<7717£>7~"7/1<77176>7'"ai<77kvé>7"'7;L<’7kaé>7'~~7;L<77m,é>7“~7)~<77maé>‘

(n—1)-times (n—1)-times (n—1)-times

ProoF. By the assertion of Lemma 3.2, there exists some A€ IR such
that the second fundamental form S: 7,Y x T,Y — T pi Y is given by S(,) =
A% {mi,miyn;. Since Y is not totally geodesic, and is H-homogeneous, one
has 2 # 0. Then by the definition of the shape operator, one has
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(Aex, y) = <JZ {mi(x), mi(¥) ;s c’f> = J»Z {mi(x), y)<n;, &>

= <}Z <77[, f)n,—(x), y>

for all x,y e T,Y. Thus we obtain that A = 1) ;<y;,&dm;. Our claim for
the eigenvalues easily follows from A:|, = A<{y;, &) idTp,', and dim Tpi =n—1
for all ie{l,...,m}. O

Now we are in the position to prove the remaining assertion of Proposi-
tion 3.1.

Proor (of (2) of Proposition 3.1). Assume that m >3. We have only
to prove that there exists some ¢ € TpiY such that the set of eigenvalues of
the shape operator A¢ is not invariant under the multiplication by —1. Let
us put ¢ =y, € Tpl Y. By the assertion of Proposition 3.3, there exists some
4 € R\{0} such that the eigenvalues of A4; are given by

)‘<7717’7m>7 e ai<’715'7m>7 e 7;“<’7ma'7m>a tee a}V<'7mv’7m> .

(n—1)-times (n—1)-times

On the other hand, one has

<’717}7m> == <77m717’7m> =—-m, <’7m7;7m> = m(m - 1)

Thus we obtain that the eigenvalues of A: are

—Am, ..., —Am,dm(m —1),... Aim(m —1).

(n—1)(m—1)-times (n—1)-times

Since 4 # 0, and m > 3, one can see that the set of eigenvalues is not invariant
under the multiplication by —1. O

REMARK 3.4. If m =2, then it has been shown that Y :=S""!(1) x
S"=1(1) is weakly reflective ([9]). In fact, the first assertion of Proposition 3.1
claims that Y is an arid submanifold of codimension m — 1, and as mentioned
in Remark 2.3, a codimension one arid submanifold is weakly reflective.

4. A characterization of homogeneous arid submanifolds

In this section, we prove Theorem 1.5. We here recall the notion of
isolated orbits. Let G be a Lie group, acting on a manifold X. Denote by
G\X the orbit space of the G-action. For two G-orbits G.p,G.q € G\X, we
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denote by G.p ~ G.q if G, and G, are G-conjugate. Then “~” is an equiv-
alence relation on G\M. The equivalence class [G.p] is called the orbit type of
G.p. Here, we make the orbit space G\X a topological space by endowing
G\X with the natural quotient topology. An orbit G.p is called an isolated
orbit if there exists some open subset U C G\X such that UnN[G.p] = {G.p}
(ie. G.p is an isolated point of [G.p] C G\X).

4.1. Preliminary on proper actions. In order to prove Theorem 1.5, we use
some general theory of proper actions. We here give a review of them.
Recall that a G-action on M is called a proper action if the map

GxM— Mx M, (g,p) — (9-p, p)

is proper. That is, the inverse image of any compact subset in M x M is
also compact. It has been proved that an isometric G-action on a connected
complete Riemannian manifold X is proper if and only if G is a closed
subgroup of Isom(X) ([3, 19]). In the following arguments, we fix a closed
subgroup G of Isom(X), and consider isometric proper G-action on a connected
complete Riemannian manifold X.

An important consequence of a G-action being proper is the
“G-equivariant tubular neighborhood theorem”, which we described below.
For each pe X, let 9t(G.p) be the total space of the normal bundle of G.p.
That is,

N(G.p) :={(¢,9)]qe Gp,Ee T,/ Gp}.

Also, for 2 >0 and pe X, let W*(G.p) be the total space of the normal disk
bundle of G.p with radius 4, and denote by 9, (G.p) the fiber at p:

NHG.p) = {(q,n) e R(G.p) [<m.m>y < i},
N(G.p) = {(p,n) |ne T;G.p,<nny, < i}.

Note that G acts on N(G.p) by g¢.(¢.7):= (9.9, (dg),n), and N (G.p) =
G.il?,f(G.p). Let us define a map

Exp : N(G.p) — X, (p, &) — exp, &

One can see that this map is G-equivariant. The assertion of the equivariant
tubular neighborhood theorem ([4, Theorem B.24, and Remark B.27]) is given
as follows:

PROPOSITION 4.1. For all p € X, there exists some A > 0 such that the map
Exp : W (G.p) — X is a G-equivariant embedding, and the image Exp(WN*(G.p))
is an open neighborhood of G.p.
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Proposition 4.1 provides nice tools to study the geometry of orbits. For
examples, the following lemma implies that a G-orbit passing through pe X
cannot “‘come back” to near p, unlike the irrational winding of a torus.
Namely,

LemMmA 4.2. Fix pe X. Let us take A >0 as in Proposition 4.1, and
(p.&) e W, (G.p). Then the orbit G.p coincides with G.Exp(p,&) if and only

if £=0.

Proor. It is obvious that ¢ = 0 implies G.p = G.Exp(p,<). We prove the
“only if” part. Take any (p,&) € 9;(G.p). Assume that G.Exp(p,&) = G.p.
We prove that ¢ =0. Let us denote by r:= Exp(p,&). Then one has

Exp(r,0) = r = Exp(p, §).

Also, one knows that (p,&) e ‘R;'(G.p) C WY G.p), and (r,0) € W*(G.p). By
Proposition 4.1, the map Exp : M*(G.p) — X is injective. This concludes that
(p,&) = (r,0), and hence & = 0. ]

Also, Proposition 4.1 provides the tools to study orbit types of G-actions
via the slice representations of G-actions (see Remark 1.2) as follows:

LemMmA 4.3. Fix pe X, and let us take 1 > 0 as in Proposition 4.1. Take
any (p,¢&) € ‘Ji;(Gp) Then one has Ggxp(p,¢) C Gp.  Moreover, the followings
are equivalent.

(1) G, and Ggyp(p, ) are G-conjugate. In other words, G.Exp(p,&) € [G.p].
(2) Gexp(p.e) = Gps
(3) & is invariant under the slice representation of the G-action at p.

Proor. Firstly we prove that Ggyppe) C Gp. Take any g€ Gegp(p,e)-
Then one has

Exp(p, &) = g.Exp(p, &) = Exp(g.p, 9.8).

Since the map Exp: ‘R)‘(G.p) — X is injective by Proposition 4.1, we have
(p,&) = (g9.p,9.€). This concludes that g e G,.

Next, we prove the equivalence of (1) and (2). The assertion (2) = (1)
is obvious. We prove (1)=-(2). Let us put r:=Exp(p,£). Assume that
G, = Gp. Let us denote by g, and g, the Lie algebras of G, and G, respec-
tively. Since G, C G, one has g, C g,. On the other hand, the assumption
G, = G, yields that dim(g,) = dim(g,). Thus we obtain that g, = g, and hence
one has

(Gr)o = (Gp)o- (4.1)
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Here, (G;), and (G,), are the connected components of G, and G, containing
the unit element e, respectively. Let %, and %, be the set of connected com-
ponents of G, and G,, respectively. We have shown that G, = Ggyp(p,e) C Gp.
This and (4.1) yield that

% C %) (4.2)

On the other hand, it is well known that stabilizers of proper actions are
always compact. This implies that both G, and G, are compact, and hence
#%, and #%, are finite. This and the assumption G, = G, yield that

#C, = #6, < 0. (4.3)

By (4.2) and (4.3), one has %, = %,. This concludes that G, = G,.

We now prove the equivalence of (2) and (3). We show that (2) implies
(3). Assume that G, = Ggsp(p,e)- Take any g € G,. We prove that ¢g.& = ¢.
Since g € Gggp(p,e) = Gp, one has

Exp(p, &) = g.Exp(p, <) = Exp(g.p,9.¢) = Exp(p, g.&).

The map Exp : ‘R)'(G.p) — X is injective by Proposition 4.1. These conclude
that g.& =¢.

Lastly, we show the assertion (3) = (2). Assume that & is a fixed nor-
mal vector. We prove that Ggypy(pe) = G, Recall that Ggyp( ¢y C G, always
holds, and hence we have only to show that G, C Ggyp(p,¢). Take any g € G,,.
Since ¢ fixes p and ¢&, it also fixes Exp(p,&). This completes the proof.

O

4.2. Isolated orbits and slice representations. In this subsection, we study
isolated orbits of proper isometric actions via the arguments in the previous
subsection, and prove Theorem 1.5. Continuing from the previous subsection,
we fix a closed subgroup G of Isom(X), and consider isometric proper G-action
on a Riemannian manifold X.

Firstly, we give a simple characterization of isolated orbits by the notion
of slice representations.

ProproSITION 4.4. For all pe X, the followings are equivalent:

(1) the orbit G.p is an isolated orbit of the G-action.

(2) the slice representation of the G-action at p has no nonzero fixed normal
vector.

(3) the orbit G.p is a G-arid submanifold.

ProOOF. As seen in Remark 1.2, the slice representation of the G-action at
p coincides with the G-slice representation of G.p at p. Hence, the equivalence
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of (2) and (3) easily follows from the definition of G-arid submanifolds.
Therefore, we prove the equivalence of (1) and (2) only.

We prove (1) = (2). Assume that G.p is isolated. Take any e
TPLG.p\{O}. We prove that there exists some g € G, such that g.& # &

We firstly construct a proper neighborhood V of G.p. Take A >0 as in
Proposition 4.1. Since G.p is an isolated orbit, there exists some open subset
U C G\X such that UN|[G.p] = {G.p}. Let us denote by n: X — G\X the
natural projection. Then n~!'(U) is an open subset of X. Let us define an
open subset V' C X by

V=2 (U) N Exp(N*(G.p)).

By choosing 7> 0 small enough, we may assume that Exp(p,t) e V.
Next, we claim that G.Exp(p, &) ¢ [G.p]. Assume that G.Exp(p, &) € [G.p].
One knows that Exp(p,t&) e V C n='(U). Hence one has G.Exp(p,t£) e U.
On the other hand, one knows that U N[G.p] = {G.p}. Since G.Exp(p, ) €
[G.p], one has

G.Exp(p, 1) e UN[G.p] = {G.p}.

This yields that G.Exp(p,t£) = G.p. Hence, by Lemma 4.2, one has ¢ = 0.
One knows that ¢ # 0, and hence we have t = 0. This contradicts that ¢ > 0.
This concludes that G.Exp(p,t£) ¢ [G.p].

Now we are in the position to give g € G,, and show that g.& # . By
Lemma 4.3 and the previous claim G.Exp(p, t&) ¢ [G.p], one has Ggyp(p,ie) © G-
Hence there exists some g € G, such that g ¢ Ggyp(p ). Then one has

Exp(p, g.1¢) = Exp(g.p,g.t&) = g.Exp(p, t&) # Exp(p, £).

This concludes that g.t& # t£, and hence g.¢ # £.

It remains to prove (2) = (1). Assume that the slice representation at p
has no nonzero fixed normal vector. We prove that there exists some open
subset U of G\X such that UN|[G.p] = {G.p}. Let us put

U := n(Exp(R*(G.p))).

Note that U is an open subset of G\X since 7 is an open map. We show
that UN[G.p] = {G.p}. By the definition of U, it is obvious that {G.p} C
UN|[G.p]. We prove UN|[G.p] C {G.p}. Take any G.ge UN[G.p]. By the
definition of U, there exists some (p,¢) € STE;(G.p) such that G.¢ = G.Exp(p, &).
Since G.Exp(p, &) € [G.p], Lemma 4.3 yields that £ is a fixed point of the slice
representation. On the other hand, by the assumption, there are no nonzero
fixed normal vector under the slice representation. This yields that & = 0.
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Hence one has
G.q = G.Exp(p,0) = G.p e {G.p}.
This completes the proof. O
Now we are in the position to prove Theorem 1.5.

ProOF (of Theorem 1.5). We prove (2) = (1). Assume that Y is an
isolated orbit of the action of a closed subgroup G C Isom(X). By Propo-
sition 4.4, one has that Y is a G-arid submanifold, and hence is an arid
submanifold.

We prove (1) =-(2). Assume that Y is a closed homogeneous arid
submanifold. Let us put G = N(Y). Since Y is homogeneous, Y is precisely
a G-orbit. Also, one can see that G is a closed subgroup of Isom(X) since Y
is closed. On the other hand, since Y is an arid submanifold, Y is an N(Y)-
arid submanifold. Hence Proposition 4.4 yields that Y is an isolated orbit of
the action of G. This completes the proof. O

5. An application to the study of left-invariant Ricci solitons

Let G be a simply connected Lie group with Lie algebra g. In this
section, we prove Theorem 1.6, and show an example of a Lie algebra to
which one can apply Theorem 1.6.

Firstly, we give some review for Ricci solitons. Let {, ) be a Riemannian
metric on a manifold M. Then <, ) is called a Ricci soliton if there exist some
A€ R and some vector field X such that the Ricci tensor Ric¢y is given by

Ricey =2- )+ Zx ).

This condition is equivalent to the condition that the metric evolves along
scalings and diffeomorphisms under the Ricci flow. Namely, there exist some
one parameter families ¢; € R and &, € Diff (M) such that the solution <, >, of
the Ricci flow

0

E< s >, =-2 RiC<,>[

starting at <{,) is given by

o= (1e)? - de) L (de) ™y, =

Hence, a Ricci soliton is a fixed point of the Ricci flow (up to isometry and
scaling), and have been considered as a distinguished metric from the view
point of the theory of Ricci flow.
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Our strategy to prove Theorem 1.6 is to observe the relationship between
the IR* Aut(g)-action and the Ricci flow for left-invariant metrics. Recall that
the Ricci tensor Ric¢y for a left-invariant metric {,) is naturally identified
with the tangent vector of 9i(g) at <,)>. Hence, the Ricci flow for left-
invariant metrics on G is just an ODE on 9i(g) given by the vector field
{,»+—Ric¢y e T yM(g). We note that the vector field Ric is invariant under
the action of Aut(g) on i(g) by (1.1). We are in the position to prove
Theorem 1.6.

ProOF (of Theorem 1.6). Take any left-invariant metric <, ) e Mi(g).
Assume that the orbit R* Aut(g).<,)> is an Aut(g)-arid submanifold in 9Mi(g).

We firstly claim that, for all peR* Aut(g).{,), the tangent vector
Ric, € T,M(g) is tangent to the orbit R™ Aut(g).(,), that is, Ric¢ye
T sR* Aut(g).<,». Take any p e R* Aut(g).(,>. Let us denote by Rich €
T‘,}IRX Aut(g).<(,» the normal component of Ric,. Since the vector field
Ric is invariant under the Aut(g)-action on i(g), so is the normal vector
field Ric. This yields that the normal vector Rich is invariant under the
Aut(g)-slice representation of the orbit R* Aut(g).<,)» at p. Since the orbit
R* Aut(g).(, ) is an Aut(g)-arid submanifold, one has Ricpl =0, and hence
Ric, € T,R* Aut(g).<, ).

Since the vector field Ric is tangent to the orbit R* Aut(g).<{, ), there
exists some ¢,p, € R* Aut(g) such that the solution <,)», of the Ricci flow
starting at {,) is given by

o= () = (1e) <o o .

On the other hand, since G is simply connected, there exists some @, € Aut(G)
such that (d®;), = ¢,. These imply that the initial metric ¢, ) evolves along
scalings and automorphisms of G under the Ricci flow. This completes the
proof. ]

REMARK 5.1. A G-invariant metric on a homogeneous manifold G/K
that evolves along scalings and (K-normalizing) automorphisms of G under
the Ricci flow is called a G-semi-algebraic Ricci soliton. Theorem 1.6 asserts
that if the orbit R* Aut(g).<,) is an Aut(g)-arid submanifold then the left-
invariant metric {,» on G is a G-semi-algebraic Ricci soliton. It has been
shown that any homogeneous Ricci soliton on X is G-semi-algebraic for
some G C Isom(X), and any G-semi-algebraic Ricci soliton is a G-algebraic
Ricci soliton. For more details on (semi-)algebraic Ricci solitons, we refer to
[10, 11].

We now show an example of Lie group that one can apply Theorem
1.6. Let us denote by b,,. . :=span{xi,...,X;, ¥1,..., Vn,z} the (2n+1)-



On a Riemannian submanifold whose slice representation has no nonzero fixed points 17

dimensional Heisenberg Lie algebra. Here, the nonzero bracket relations of
b,,.1 are given as follows:

[xi,yi] =z (ie{l,...,n}).

Then one has

PRrROPOSITION 5.2.  Let p be an inner product of Yy,,,., such that the basis
{X1,- s Xn, Y1,y Yu, 2} is an orthonormal basis with respect to p. Then the
orbit R™ Aut(b,,,).p is an Aut(h,, )-arid submanifold.

Proor. It has been known that the R Aut(b,,,)-action is transitive for
the case n =1 ([12], [13]), and hence Proposition 5.2 trivially follows for this
case.

Now we assume that n > 2. We prove that the Aut(b,,,)-slice repre-
sentation at pe M(h,,,;) has no nonzero fixed points. Recall that the
Aut(by,)-slice representation is the action of Aut(by,,;), = {p € Aut(hy,, )|
¢.p = p} on the normal space 7," := T,"R* Aut(b,,,,).p. Let K be the con-
nected component of Aut(h,,,;), = Aut(hy,, ) NO(2n+1) with ee K. To
prove that the action has no nonzero fixed points, it suffices to show that K
acts on 7" irreducibly.

To study the K-action, we determine the normal space TPL. By a direct
calculation, the matrix representation of Der(l,,, ;) with respect to the basis
{xi, yi,z} is given by

by+A 0
Der(I)ZHH):{(c 2*+ 2C)egI(Zn—i—I,IR)|ceIR,Aesp(2n,]R)}.

Here sp(2n,R) C gl(2n,R) is given as follows:
X P
sp(2n, R) := { ( t e gl(2n,IR) | X € gl(n,R), P, Q € sym(n,R) ;.
0 —'X

Also, let us denote by R @ Der(b,,,;) the Lie algebra of R* Aut(b,,, ).
Then the matrix representation of R @ Der(b,,, ;) is given by

c-h,+R 0
* *

R @ Der(h,,,1) :{( > egl(2n+1,R) |ce]R,Resp(2n,]R)}.

One can see that the tangent space T, := T,R* Aut(b,,,).p is given by
T,={X+'Xesym2n+1,R) | X € R @ Der(bh,,, )}

A+cl, B *
= B —A+cl, | » |esym(2n+1,R)|4egl(nR),ceR

* * *
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Hence, the normal space TpL is obtained by
T, ={Adesym(2n+1,R)|VX € T), tr(4X) = 0}

A|-B |0
= B| 4 |0 |esym2n+1,R)|A4esl(nR)

0 0 10

Note that the K-action on Tpl is given by the conjugate action of K C
Aut(hy,1) NO2n+1) on T, C sym(2n+ 1, R).

Denote by hermg(n) C gl(n, C) the set of all trace free hermitian symmetric
matrices of degree n. We claim that our K-action on TpL is equivariant to
the conjugacy action of SU(n) on hermy(n), and hence irreducible. The
identification between the K-action and the SU(n)-action is given as follows.
Let us define p the natural embedding of gl(n,C) to gl(2n+ 1,R) by

A|-B |0
gln,€C)24+iB—| B| 4 |0 |egl(2n+1,R).
0

0 0

We note that the Lie algebra f of K is given by

A|-B|o0
t=Der(hy, ) N(0(2n+1))=q| B| 4 [0 |€0(2n+1),
ol olo

and fCgl(2n+1,R) is identified with su(n) C gl(n,C) by p. This implies
that K = SU(n). On the other hand, T, C gl(2n+1,R) is identified with
hermy(n) C gl(n,C) by p. One can see that p : hermgy(n) — TpL is an SU(n)-
equivariant isomorphism, and hence the K-action is equivariant to the SU(n)-
action. O

REMARK 5.3. By Theorem 1.6, the left-invariant metric p on the (2n + 1)-
dimensional Heisenberg Lie group Hj,, is a Ricci soliton. We note that it is
well known that (Hp,.1, p) is a Ricci soliton nilmanifold. For examples, we
refer to [14].
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