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A fixed contact angle condition for varifolds
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ABSTRACT. We define a generalized fixed contact angle condition for n-varifold and
establish a boundary monotonicity formula. The results are natural generalizations of
those for the Neumann boundary condition considered by Griiter-Jost [7].

1. Introduction

Almgren proposed varifold as a generalized manifold in [3] and Allard
established a number of fundamental properties of varifold such as rectifiability,
compactness and regularity theorems in [1]. One of the key tools to analyze
the local properties of varifold is the monotonicity formula |1, Section 5], which
gives a good control of measure whenever the first variation is well-behaved.

When a varifold has a “boundary” in a suitable sense, one expects to have
a modified monotonicity formula under a suitable set of assumptions. Loosely
speaking, with prescribed C!*! boundary (which one may regard as “Dirichlet
boundary condition”), Allard obtained a monotonicity formula at the boundary
[2] as well as the regularity theorem up to the boundary. The result is
improved recently by Bourni to C'* boundary [4]. For Neumann boundary
condition, which corresponds roughly to the prescribed right angle condition,
Griiter and Jost [7] derived a monotonicity formula by using a reflection
technique and obtained the regularity theorem up to the boundary.

As a further inquiry, it is natural to extend the Neumann boundary
condition to more general fixed contact angle condition. The condition arises
naturally in various capillarity and free boundary problems, where the bound-
ary of domain under consideration has non-trivial amount of surface energy.
For such problem, Taylor [11] established the boundary regularity for area
minimizing surfaces. More recently, De Philippis and Maggi [5] proved the
boundary regularity for minimizers of anisotropic surface energy. For min-
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imizing problems, one does not necessarily need a monotonicity type formula
since one can obtain upper and lower energy density ratio bounds by some
energy comparison argument. Here, motivated by the dynamical problem
such as the mean curvature flow, we would like to investigate the notion of
fixed contact angle condition for general varifolds which do not necessarily
correspond to energy minimizing case. As far as we know, this aspect has not
been studied in a general setting of varifold so far.

In this paper, we introduce a notion of contact angle condition for general
varifolds. Our condition is satisfied for smooth hypersurface having a fixed
contact angle with the boundary of domain under consideration. It is stated in
terms of the first variation of varifolds and generalized mean curvature vectors,
and such condition is satisfied for a limit of diffused interface problem ([8]).
With a natural integrability condition on the generalized mean curvature
vector, we prove that a modified monotonicity formula holds. The results
are natural generalizations of those for the Neumann boundary condition
considered by Griiter-Jost [7].

The paper is organized as follows. Section 2 lists notation and recalls
some well-known results from geometric measure theory. In Section 3, we
state the definition of fixed contact angle condition and discuss the implications
such as the monotonicity formula. In Section 4, we prove the monotonicity
formula and we give a few final remarks in Section 5.

2. Notation and basic definitions

2.1. Basic notation. In this paper, n will be a positive integer. For 0 < r < oo
and a € R"! let

B(a) :={xeR" : |x —a| <r}.

We denote by #* the Lebesgue measure on IR¥ and by #* the k-dimensional
Hausdorff measure on R"*! for each positive integer k. The restriction of #¥
to a set 4 is denoted by #*| ,. We let

o = LF{x e R* : x| < 1}).

For any Radon measure x on R"*! ¢ e C.(R""!) and i measurable set 4,
we often write

Let the support of u be
spt(p) := {x e R : u(B,(x)) > 0 for all r> 0}.
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Let ©%(u,x) be the k-dimensional density of u at x, i.e.,

@k(ﬂa x) := lim /M

0+ wprk

if the limit exists.

2.2. Homogeneous maps and varifolds. Let G(n+1,n) be the space of
n-dimensional subspaces of R"*!. For SeG(n+1,n), we identify S with
the corresponding orthogonal projection of R™!' onto S. Let S+ be the
orthogonal complement of S and we sometimes treat S+ as the orthogonal
projection R"*! onto S*. For two elements 4 and B of Hom(RR""!';IR"!),
we define a scalar product as

A-B:=) A;By.
iJ

The identity of Hom(IR"*'; R"*!) is denoted by I. For these elements 4 and
B, we define the product, the operator norm and the spectrum norm as

(4o B); == AuBy, |4]|| := sup |A4x]|, |A| :=VA4- A,
k

|x|=1

respectively.

We recall some notions related to varifold and refer to [1, 10] for more
details. In what follows, let X ¢ R"*! be open and G,(X) := X x G(n + 1,n).
A general n-varifold in X is a Radon measure on G,(X) and V,(X) denotes
the set of all general n-varifolds in X. For Ve V,(X), let ||V] be the weight
measure of V, namely,

V() = jG | AV(S)for e C)

For any #" measurable countably n-rectifiable set M C X with locally finite
A" measure, there is a natural n-varifold |M| e V,(X) defined by

MI(¢) ::J $(x, Tany, M)dA"(x)  for ¢ e C(Go(X)),
M
where Tan, M € G(n + 1,n) is the approximate tangent space which exists #”
a.e. on M. In this case, the weight measure of |M| equals to #"|,,. We

note that n-dimensional density of this varifold is equal to 1 #" ae. on M.
For Ve V,(X), let 0V be the first variation of V', namely,

oV(g) = JG ( )Vg(x) -SdV(x,S) for ge CH(X;R™).
n X
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Let ||6V] be the total variation when it exists, and if 7 is absolutely con-
tinuous with respect to ||V|, we have | V|| measurable /s with

oV(g) = —J h-gd|V|  for ge CHX;R"T).
X
The vector field / is called the generalized mean curvature vector of V.

3. Main results

We first give a definition and then explain why it may be regarded as a
generalized fixed contact angle condition for a varifold.

3.1. Fixed angle condition. We assume that 2 C R"*! is a bounded open set
with C? boundary 0Q.

DEFINITION 3.1. Given V € V,(Q) with |V||(2) < oo, #" measurable set
BT C 0Q and 0 € (0,7, we say that “V has a fixed contact angle 0 with 0Q at
the boundary of B*” if the following conditions hold.

(A1) The generalized mean curvature vector h exists, ie.,

J Vg(x)- S dV(x,S)
G,(Q)

= —JQQ(X> /’Z(X)dHVH(X) for g e CCI(Q,]RrH—l)

(A2) By setting ¢ :=cos 0, we have

J Vg(x)- S dV(x,S) + aJ divao g(x)d. A" (x)
G,(Q2) Bt

__ jgg<x> ()| V]| (x) (3.1)

for all ge CY(Q;R™) with g-vio =0 on 0Q, where divyg is the
divergence on 02 and vyg is the outward unit normal vector on the
boundary 0%.

Let us give a justification for the definition. Due to ||[V]|(2) < oo, by
setting ¥ = 0 outside of 2, we may extend ¥ to the entire R"*! as an element
in V,(R""!) and we will regard ¥ in this way in the following. The condition
(A1) means equivalently that the first variation 07 is absolutely continuous
with respect to ||V]|. Geometrically speaking, if V' = |M| with some smooth
surface M, this means that there is no boundary of M in Q since any presence
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of boundary in 2 gives a singular 6V. To better explain a motivation for the
notion, let us assume the following boundedness of the first variation in Q,
namely,

_sup oV (g) < o0. (3.2)
geCH2R™T), |g|<1

We may include (3.2) as “(A3)” in Definition 3.1, but as we will see, (3.2) is
not needed to prove the subsequent monotonicity formula. With the zero
extension of ¥V, (3.2) means that V has a bounded first variation 6V on
R"*!. We should emphasize that this is typically different from the first
variation as an element of V,(€). The condition (Al) implies that oV |, =
—h||V||lo- On the other hand, 6V|,, is singular with respect to ||V|| when-
ever it is nonzero, since || V|||, =0. By the definition of the first variation,
we have

JG”(Q) Vg(x)-SdV(x,S) = J 5

Vg(x)-SdV(x,S) = J g(x)-d(©V)(x).

Gu(R")

Since 6V|, = —h||V||| o, the condtion (A2) implies that

J g-doV) + aJ diveg g dA#" = 0 (3.3)
Ble) B+

for all ge C'(Q;R") with g-vs0=0. If 6=cos#0 (or 0 #r/2), (3.3)
implies that BT has a finite perimeter in 0Q2. By De Giorgi’s theorem (see
[6, Theorem 5.16]), the second term may be expressed as

O’J g-nge dA"! (3.4)
"B+

where 0*Bt is the reduced boundary of B™ which is countably (n—1)-
rectifiable and ng+ is the outer pointing unit normal to ¢*B* which exists
#"' ae. on 0*Bt. Now, define nV:% on 02 so that ny||oV| =JV.
Then (3.3) and (3.4) mean that we have

J g-an||5V||+oJ g-nge d#A"1 =0. (3.5)
0 +

Since np+ is tangent to 0Q, (3.5) shows that

(ny — (ny - ve)ve) |0V || = —onp A" ;- 5 (3.6)

on 0Q.
Let us see what the above means in the case of smooth surfaces. Suppose
that V' = |M| with a C? n-dimensional surface M C Q without boundary inside
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Fig. 1. The figure for the smooth surface M

Q but with a nontrivial boundary dM in 0Q. Suppose also that B has
a smooth boundary éB*. Then ny corresponds to the unit co-normal of
dM pointing outwards. We also have ||0V||[ ;o = #" |, in this case. The
reduced boundary ¢*B* is the usual boundary dB". Then (3.6) means that
we need to have 0B™ C dM, and

ny = v on O0M\éBt,
(3.7)
ny — (ny - vaQ)veo = —ong+ on 0B*.

The first case means that dM intersects 022 with 90 degree if it is not part
of dB*. The second case is precisely the fixed angle condition in the sense
that the angle formed by ny and —np+ is 0 (see figure 1). This is the reason
for the definition of the fixed angle condition. Above discussion does not
make sense unless (3.2) is satisfied, so we understand the definition in a weak
sense in this case. Interestingly, for varifolds arising from singular pertur-
bation limit problems, finiteness of the first variation (3.2) is automatically
satisfied, see [8, 9]. On the other hand, the subsequent monotonicity formula
holds even without (3.2), and we think it better if (3.2) is not included as a
part of the definition for a broader applicability of the notion.

If we assume that there exists an open set U C R""! such that M =
QNoU and BT = QN U, then, 0M = dB* and the first case of (3.7) does not
happen. In the application to the diffused interface limit problem with a fixed
angle condition [8], the varifold V arises as a ““phase boundary” in a sense and
the presence of B* follows naturally.

3.2. The monotonicity formula. The following Theorem 3.2 is a natural
generalization of monotonicity formula of Griiter-Jost [7] to the fixed angle
condition defined in the previous subsection. To present the statement, we
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need some more notation. Suppose 2 C R™! is a bounded open set with C2
boundary 0Q. Define x as

x := ||principal curvature of 0Q||;. 0)-
For s> 0, define a subset N, of R""! by
Ny = {x e R"! : dist(x, 0Q) < s}.
For any boundary point b € 092 let
7(b) :=Tan, 0Q  and  v(b) :=7(b)".
There exists a sufficiently small
s0 € (0,271

depending only on 02 such that all points xe Ny, have a unique point
&(x) € 02 such that dist(x,0Q) = |x — &(x)|. By using this &(x), we define
the reflection point X of x with respect to dQ as X:=2&(x) —x and the
reflection ball B,(a) of B.(a) with respect to 0Q as

Bi(a) .= {xeR"!:|x —a| <r}.
In the case for x € dQ2, we note that é(x) =x=x. If yeR""! we set
(y) = (E(x))y — v(&(x))y.

THEOREM 3.2. Given V €V, (Q2) with ||V|(Q) < oo, H#" measurable set
BT C 0Q and 0 € [0,7/2), suppose that V has a fixed contact angle 0 with 0Q
at the boundary of B*, as in Definition 3.1. Assume that for some p > n and

I' >0, we have
1 1/p
(—j 2|h<x>|ﬁd||V||<x>) <T. (38)
NyyN2

Wy

Then there exists a constant C >0 depending only on n such that for any
X € N50/6 N é,

(LB + | VII(B,() + 20%"L3+(B/;(X))}l/p (1 a1 1))

wpp"

pl-n/p

LIy
p—n
is a non-decreasing function of p in (0,s0/6). Here c =cos 6. In the case that

0 € (n/2,7, the same claim holds with ¢ and B replaced by —o and 0Q\B* in
(3.9), respectively.

(3.9)

See Section 5 for more discussion.
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4. Proof of Theorem 3.2

The proof of the monotonicity formula (3.9) is similar to that of Griiter-
Jost [7] except that we use (3.1) with o # 0. For completeness, we present the
proof in this section.

First, we need to estimate the derivatives of &(x) and iy, and we cite the
following lemma ([2, Lemma 2.2]).

LemMa 4.1. The following statements hold.
(1) & is continuously differentiable in Ny,
(ii) For x € Ny, Q(x):=VE&(x)—t(&(x)) is symmetric,

O(x) o v(¢(x)) =0 (4.1)
and
|0(x)]|| < x dist(x, 9Q)(1 — x dist(x, 9Q2)) " (4.2)
(i) For bedQ,
IVaav(b)[| = [[Voar()]| < x (4.3)

holds.
In addition, we need the following.

LemMa 4.2.  Assume a € Ny, and p > 0 satisfy dist(a, 02) < p and B,(a) C

Ny,. Then for any point x € B,(a)

dist(x, 0Q) < 2p (4.4)
and

B,(a) C Bsy(a). (4.5)

Proor. For any x e B,(a), we have by the assumption dist(a,0Q) < p
dist(x, 0Q) = dist(x, 02) < |X — a| + dist(a, 02) < 2p,
which shows (4.4). Using (4.4) we have
|x —a] <[2&(x) —x —a| + 2|&(x) — x| = |Xx — a] + 2 dist(x, 09Q) < 5p
and hence (4.5) holds.

ProoF (Proof of Theorem 3.2). First, for 0 € (n/2,n], using

J divao g(x) d#"(x) = 0
0Q
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for g tangent to 02, we may replace ¢ by —o and B™ by 0Q\B*t in (3.1).
Thus in the following, we may assume without loss of generality that ¢ > 0.

For any point a € Ny /6 N Q, we choose for (3.1) the test function to prove
the monotonicity formula around a. Let ye C'(R) satisfy

y(1) = 2’
0, t=p

and y'(f) <0 for any ¢, where a constant p > 0 satisfies 0 < p < s50/6. Thus
the boundary point &(x) is defined for x € B,(a) from dist(x,0Q) < so/3. Let
the vector field g be

g(x) = p(r)(x — a) + p(7) (ix(¥ — a)),

where r = |x —a| and 7 = |x — a|. This vector field g may satisfy the property
g -veo =0 on 0Q by the following argument. For x € 0Q, x = X = &(x) yields
r=7 and

(X —a) =1(x)(x —a) —v(x)(x — a).
Thus, we have
9(x) = y({z(x)(x — @) +v(x)(x = a)} + 7(){z(x)(x — @) = v(x)(x — a)}
= 2y(r)e(x)(x — a)

and hence ¢ - vso = 0 holds on 0Q. To substitute g in (3.1), we calculate the
gradient of ¢

Vg(x) =V () (x — a)) + Vo (F)(ix(x — a))). (4.6)
For the first term of right hand side of (4.6), we have by a simple calculation

X—a _x—a
®

r r

V0) - a) =) )+oto

For the second term of right hand side of (4.6), we calculate the following
matrices M and N:

O0(ix(X — a));
V000t - ) = (2 G-, ) + (0 T )

=: (M) + (Ny). (4.7)

Calculation of M: By the definitions X = 2&(x) —x and 7= |X¥ — a|, we
have
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) =70 CEE) — 31— @) (260t (0) = o — )’

=V—”{<Z %) )<x—a>k>—<sc—a>,}.
k 1

Thus, the matrix element of M is represented by

{(Zzaiﬁ‘xl @) (i - a>>j> (- a>,-<ix<sc—a>>_,}

and hence, by Q(x) =V¢&(x) —7(&(x)) and iy = 7(&(x)) — v(&(x)), we have

M= V—f){zvg(x) o((¥—a)®ix(x—a)) — (¥—a) @ix(X —a)}

{20(x) o (x = @) ®ix(x — @) +ix o (¥ — @) ® ix(X — a))}

= fy’(f){zQ(x) 0 <x —®i (’z;a)) + iy <¥> ® i, <x . a) } (48)

Calculation of N: We define the matrix L(£(x)) by L(&(x)) = t(&(x)) —
v(&(x)) =i, and calculate as

6ixi (ix(X = a))j = aixl <§k: L (E(x))(x — a)k>
- 651 x)|(x—a
- zk: (Z 0¢; ax, )>( i
IIEE ( () - 5,»k>,

where J; is the Kronecker delta. By using this calculation, Q(x) = VE&(x) —
7(&(x)) and (4.1), we obtain

N = p(P{Ve(x) 0 Vo L(E(x)) o (X — @) + 2VE(x) o T(E(x)) — T(S(x))}
= 7(MN{(Q(x) + 7(¢(x))) o Vie(r = v)(E(x)) o (X — a)
+2(Q(x) + 7(<(x))) o (1(£(x)) = v(<(x))) — 7(&(x)) +v(E(x))}
= 7(A{(Q(x) + 1(£(x))) 0 Via(r = v)(E(x)) o (X — a) + 20(x) + 1}, (4.9)

where -o-o- has to be interpreted appropriately.
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Substituting (4.8) and (4.9) in (4.7), we have

Vatx) = 60 + 50 + ) (1 @ “ )

i@ (FF) o (S5 410800 - 7 it

£1(x) = 20(x) + {(E() + Q(x)} 0 Vaa(r — V)(E(x)) o (% — a),

B(x) = —20(x) o (X;a ®"X(5€;a)>.

Thus, for any S e G(n+ 1,n)

where

Vg(x) - S = n(y(r) + y(F) + 7' (r)(1 = [S(Vr)[)

o
()
+y(Pai(x, S) — 7' (Flea(x, S),
where
e1(x,8) =2(S - Q(x)) + <S o {z(&(x)) + O(x)}, Vaa(r — v)(¢(x)), X — a),
e -foo ()} oo (7))

and {-,-,-> has to be interpreted appropriately. For x € 092, the properties
r=F x=x, dist(x,0Q2) =0 and (4.2) yield

divag g(x) = 2np(r) + 17" (N{(1 = () (V7)) + (1 = [(x) (i (V) P)}
+ p(r)es(x),

+Fy’(;7)<1 -

where
&3(x) = {t(x),Vaa(r — v)(x),x — a).
Thus (3.1), 0 >0 and y’ <0 imply

([ o+ oI+ 26| snane)

+j () + 5P| V] + 2aj ' (A"
Q

Bt
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< fj () (x = @) + 7F)is (% — @)} - hd]| V]
Q
- (j Y(Per(x, S) — 7' (Flealr, S)dV (x, S>)
G,(Q)

- O'J y(r)es(x)dA". (4.10)
Bt
Now take ¢ € C'(R) such that
p(t) =1 for 1t <1/2, #(t) =0 for t>1

and ¢'(1) <0 for all ¢ and use (4.10) with y(r) = ¢(r/p). For this 7,

holds and implies

nl(p) — pI'(p) < —{H(p) + Ei(p) + pE;(p) + Es(p)},

where

Ei(/)):J (r>ei(x,S)dV(x,S), i=1,2,
G (Q) P

Es(p) = GJ A ¢(£)s3(x)dyf”.

-1

Multiplying by p~"~' we have

TR 2 p ) 4 HG) B ) + ). @)

To estimate the right hand side of this inequality, we apply (4.2) and (4.4).
From a € Ny s NQ and p < /6, the distance dist(x, Q) < s0/3 < 1/(3x) for
x € B,(a) with p > dist(a,0Q2). Hence x dist(x,dQ) < 1/3 and

lei(x)] < Cup, for x e B,(a), i = 1,2,

les(x)] < Cxp for xe B* N B,(a)
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with some constant C depending only on n whenever p > dist(a,0Q2). These
inequalities, ¢ > 0 and ¢/(dp){4(7/p)} = 0 imply

) < Cop [ 6(Z)a1v) < Copt(p),
v
B0) < Con [ o(E)av) < oot

Bx(p)] < Copo | ¢(/—)) dA" < Copl(p)
B+

for any p > 0 because of B,(a) Nspt|V| = & and B,(a) N B* = J whenever
p < dist(a,02). By applying the Hoélder inequality and (4.5), we have

<o)+ G} (L) o

50

2Ih|pd||V||)l/p < p,/"T1'"17 (p).
Combining these inequalities and (4.11), we have
W) = = Cap " (p) = Cap M) = ol )
and p > n implies
AT

1
> ——{Cxp_”/pll/”(p) + C%pl_”/”ll/”‘l(p)l’(p) + w,i/pfp_”/”}
p

C 1
> = S p = 1)+ (14 L) )1 )|
1/p
RE
p

Integrating from o to s and integrating by parts, we may estimate

IO = TN 2 = Ca(1 L) (1 ) = 51

— w;/}’ T

(pl—n/p _ Sl—n/p).
p—n
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Rearranging terms and letting ¢ increase to y(_,, ;) we have the monotonicity
formula.

5. Additional remarks

As a consequence of the monotonicity formula, we may conclude the
following.

COROLLARY 5.1. Under the same assumption of Theorem 3.2, for any
X € Nso/é N Q,

L IVIB(0) + V(B (x) + 208" - (B,()
p—0+ CL)n/)”

(5.1)

exists and it is upper-semicontinuous function of Xx.

For x € 02, B,(x) and B,(x) approach to each other as p — 0+, thus if
o =0, this implies the existence of @"(||V||,x) for x e 02. For o # 0, since
the existence of the third term of (5.1) is not guaranteed (only up to #" a.e.),
we cannot conclude such existence in general on 022. If we assume, in addition
to (Al) and (A2), that (3.2) is satisfied, then B™ has a finite perimeter as
discussed in the definition. Then by De Giorgi’s theorem (cf. [6, Theorem
5.19] used for characteristic function) again, for #"~! ae. x e dQ, the limit
of the third term exists and is equal to either 20, ¢ or 0. In particular, on
0*B*, it is o for #"~! a.e. Thus, in this case, we have @"(|| V|, x) for #""!
a.e. on 0L instead.

It is also interesting to pursue a boundary regularity theorem under a
natural “closeness to a single sheet” assumption. Extrapolating from [2, 7],
one may assume that ||V||(B,(x)) is close to w,p”/2. On the other hand, one
needs to differentiate two cases, the case away from “0B"” where the right
angle condition should be satisfied, and the other case of near “0B™” where
the fixed angle condition of @ should be satisfied. Compared to [7], it is less
clear what should be the right assumption for the further regularity theorem.

References

[1] W. K. Allard, On the first variation of a varifold, Ann. Math. 95 (1972), pp417-491.

[2] W. K. Allard, On the first variation of a varifold: boundary behavior, Ann. Math. 101
(1975), pp418-446.

[3] F.J. Almgren, Jr., The theory of varifolds, Mimeographed notes, Princeton 1965.

[4] T. Bourni, Allard-type boundary regularity for C'* boundaries, Adv. Calc. Var. 9(2)
(2016), ppl43-161.

[5] G. De Philippis and F. Maggi, Regularity of free boundaries in anisotropic capillarity prob-
lems and the validity of Young’s law, Arch. Ration. Mech. Anal. 216 (2015), pp473-568.



(6]
[7]
8]
9]
[10]

(11]

Contact angle for varifolds 153

L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, Studies
in Advanced Math., CRC Press, Revised ed. 2015.

M. Griiter and J. Jost, Allard type regularity for varifolds with free boundaries, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. 13 (1986), pp129-169.

T. Kagaya and Y. Tonegawa, A singular perturbation limit of diffused interface energy
with a fixed contact angle condition, arXiv:1609.00191.

M. Mizuno and Y. Tonegawa, Convergence of the Allen-Cahn equation with Neumann
boundary conditions, SIAM Joujrnal on Mathematical Analysis 47 (2015), pp1906-1932.
L. Simon, Lectures on geometric measure theory, Proceedings of the Centre for Math-
ematical Analysis, Australian National University 3 1983.

J. E. Taylor, Boundary regularity for solutions to various capillarity and free boundary
problems, Comm. Partial Differential Equations 2 (1977), pp323-357.

Takashi Kagaya
Department of Mathematics
Tokyo Institute of Technology
Tokyo 152-8551, Japan
E-mail: kagaya.t.aa@m.titech.ac.jp

Yoshihiro Tonegawa
Department of Mathematics
Tokyo Institute of Technology
Tokyo 152-8551, Japan
E-mail: tonegawa@math.titech.ac.jp



