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ABSTRACT. For a 4-dimensional Riemannian manifold (M,g) let Ty M be its unit
tangent sphere bundle with the standard contact metric structure (7, g, ¢,£). Then we
prove that the Ricci operator S and the structure operator ¢ commute i.e., S¢ = ¢S
(anti-commute i.e., S¢ + ¢S = 2k¢, respectively) if and only if (M,g) is of constant
sectional curvature 1 or 2 ((M,g) is of constant sectional curvature, respectively).

1. Introduction

It is intriguing to study the interplay between Riemannian manifolds
and their unit tangent sphere bundles. In particular, we are interested in the
standard contact metric structure (7,d,¢,£) of a unit tangent sphere bundle
T1 M over a given Riemannian manifold (M,g). As a classical result, Tashiro
([13])) proved that (71M,#n,g) is a K-contact manifold (i.e., the Reeb vector
field ¢ is a Killing vector field) if and only if (M,g) has constant sectional
curvature 1.

Boeckx and Vanhecke ([4]) proved that 77 M is Einstein, that is p = og if
and only if (M,g) is 2-dimensional and is locally isometric to the Euclidean
plane or the unit sphere, where p denotes the Ricci curvature tensor of 79 M
and o is a function of 79 M. In [6], for a 4-dimensional Riemannian manifold
M it was proved that T7M is y-Einstein, that is p = ag + fn ® » if and only if
M is of constant sectional curvature 1 or 2, where «, f are functions of 77M.
Later, Park and Sekigawa ([9]) generalized the result for higher dimensional
cases. In fact, they proved that 7'M is x-Einstein if and only if (M",g) is
of constant sectional curvature 1 or n — 2, where dim M = n. After all, we
are aware that (y-)Einstein condition is too strong to impose on 73 M. This
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motivates us to consider geometry of 77 M under some weaker restrictions.
Namely, in Section 3 we prove the following theorems.

THEOREM 1. Let M = (M, g) be a 4-dimensional Riemannian manifold and
let T\M be the unit tangent sphere bundle with the standard contact metric
structure (n,g,$,&) over M. Then the Ricci operator S and the structure
operator ¢ of T'M commute ie., Sp = ¢S if and only if (M,g) is of constant
sectional curvature 1 or 2.

From Theorem 1 we find that the commutativity condition S¢ = ¢S is
already reduced to #-Einstein condition at least for lower (<4) dimensional
base manifolds. Next, we prove

THEOREM 2. Let M = (M, g) be a 4-dimensional Riemannian manifold and
let T1M be the unit tangent sphere bundle with the standard contact metric
structure (n,g,¢,&) over M. Then the Ricci operator S and the structure
operator ¢ of T\M anti-commute ie., S¢ + ¢S = 2k, where k is a function of
TiM if and only if (M,g) is a space of constant sectional curvature.

The unit tangent sphere bundle 77 M treated in this paper has a so-called
H-contact structure, which means that the Reeb vector field ¢ is a harmonic
vector field. Indeed, Perrone ([10]) proved that a contact metric manifold is
H-contact if and only if & is an eigenvector of the Ricci operator S, that is,
S¢ = aé for some function o. For 2- or 3-dimensional Riemannian mani-
folds M, Boeckx and Vanhecke ([3]) proved that the standard contact metric
structure of 7T7\M is H-contact if and only if M is of constant curvature.
Recently, for 4-dimensional Riemannian manifolds M, Chun, Park and
Sekigawa ([8]) proved the necessary and sufficient condition for 77 M to admit
an H-contact structure is that M is a 2-stein manifold, that is, an Einstein
manifold satisfying Z;’j(Rui”j)z = u(p)lu|* for all ue T,M, peM, where
Ry = g(R(u, e;)u, e;), lu|> = g(u,u) and u is a real-valued function on M.
In a continuing work [7] they generalized their result for higher dimensional
Einstein manifolds. And they showed that the base manifolds of H-contact
unit tangent sphere bundle include many Einstein spaces other than two-point
homogeneous spaces.

2. The unit tangent sphere bundle

We start by reviewing some fundamental facts on contact metric man-
ifolds. We refer to [1] for more details. All manifolds are assumed to be
connected and of class C*. A (2n — 1)-dimensional manifold M is said to
be a contact manifold if it admits a global 1-form # such that n A (d;y)”_l #0

everywhere on M, where the exponent denotes the (n — 1)-th exterior power
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of the exterior derivative dn of #. We call such # a contact form of M. Tt is
well known that for a contact form #, there exists a unique vector field &, which
is called the characteristic vector field, satisfying (&) =1 and dn(&, X) =0 for
any vector field X on M. A Riemannian metric § on M is an associated
metric to a contact form # if there exists a (1,1)-tensor field ¢ satisfying

”(y):g(yvf)v d;y(,?, ?):g_(y,gﬁ)_/), ¢2)?:—A_/+7](A_/)é’ (1)
where X and Y are vector fields on M. From (1) it follows that
¢pE=0, nog=0,  gX,4Y)=g(X,Y)—n(X)n(Y).
A Riemannian manifold M equipped with structure tensors (7, 7, ¢, ¢) satisfying
(1) is said to be a contact metric manifold.

Let (M,g) be an n-dimensional Riemannian manifold and V the asso-
ciated Levi-Civita connection. Its Riemann curvature tensor R is defined by
R(X,Y)Z=VxVyZ -VyVxZ —Vx y)Z for all vector fields X, ¥ and Z on
M. The tangent bundle over (M,g) is denoted by TM and consists of pairs
(p,u), where p is a point in M and u a tangent vector to M at p. The
mapping 7 : TM — M, n(p,u) = p, is the natural projection from TM onto
M. For a vector field X on M, its vertical lift X" on TM is the vector field
defined by X'w = w(X) on, where w is a 1-form on M. For the Levi-Civita
connection V on M, the horizontal lift X" of X is defined by X'w =Vyw.
The tangent bundle TM can be endowed in a natural way with a Riemannian

metric g, the so-called Sasaki metric, depending only on the Riemannian metric
g on M. 1t is determined by

JX" Y =g(X", YY) =g(X,Y)on, GX",Y")=0

for all vector fields X and Y on M. Also, TM admits an almost complex
structure tensor J defined by JX"= X" and JX'=—X". Then § is a
Hermitian metric for the almost complex structure J.

The unit tangent sphere bundle 7 : 7'M — M is a hypersurface of TM
given by g,(u,u) =1. Note that 7 = woi, where i is the immersion of 7'M
into TM. A unit normal vector field N = u” to T\ M is given by the vertical
lift of u for (p,u). The horizontal lift of a vector is tangent to 7} M, but the
vertical lift of a vector is not tangent to 79 M in general. So, we define the
tangential lift of X to (p,u) e T\M by

X=X —g(X,u)u)".

pu
Clearly, the tangent space 7|, ,T1M is spanned by vectors of the form X h
and X', where X € T,M.
We now define the standard contact metric structure of the unit tangent
sphere bundle 73 M over a Riemannian manifold (M,g). The metric g’ on
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T\ M is induced from the Sasaki metric g on TM. Using the almost complex
structure J on TM, we define a unit vector field ¢’, a 1-form ' and a (1,1)-
tensor field ¢’ on Ty M by

&= _JN, ' =J—y@N.
Since ¢'(X,¢'Y) =2dn'(X,Y), (n',g',4',&’) is not a contact metric structure.
If we rescale this structure by

L L,

6226,7 7725777 ¢:¢,v g_:Zg7

we get the standard contact metric structure (,4,¢,&). Here the tensor ¢ is
explicitly given by

IX'= X" ZgX e X=X @)

where X and Y are vector fields on M. From now on, we consider 7'M =
(T'M,n,g,¢,&) with the standard contact metric structure.
The Levi-Civita connection V of T;M is described by

VyY' = —g(Y,u) X',

_ 1
Vi ¥" =2 (R(u, X) )",

_ |

Vi Y' = (VxY)' +5 (R, Y)X)",

_ 1

VY= (VyY)" — 5 (R, Y)u)' 3)

for all vector fields X and Y on M.
Also the Riemann curvature tensor R of T{M is given by

E(XI’ Yt)Zt = _(g(sz) - g(Xv u)g(Z, u))Yl
+(9(Y,Z) - g(Y, u)g(Z,u)) X",

R(X', Y)Z" = {R(X — g(X,u)u, Y — g(¥,u)u)Z}"

{[R(u, X), R(u, V)| Z}",

_|_

Blm NI—= A—

RIX" ¥YNZ'= — AR(Y — g(Y,u)u,Z — g(Z,u)u) X }"

{R(u, V)R(u, Z)X}",
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_ 1 1
R(X" yhz"= SR, Z)(Y —g(Y, uu)}' — 1 {R(X, R(u, Y)Z)u}'

3 (VxR V)2},
RX" Y"NZ' = {R(X, Y)(Z — 9(Z,u)u)}’

+ % {R(Y,R(u, Z)X)u — R(X, R(u, Z) Y )u}'

3 (TR 2)Y =~ (7yR)w 2)XY",
RX", YW Z" = (R(X, Y)Z)" —&—%{R(u, R(X, Y)u)Z}"
{R(u,R(Y,Z)u)X — R(u, R(X,Z)u) Y }"

+

N = =

{(VZR)(X, Y)u}! )

for all vector fields X, Y and Z on M.
Next, to calculate the Ricci tensor p of Ty M at the point (p,u) € T1 M, let
ei,...,e, be an orthonormal basis of T,M. Then p is given by

p_(le Yt) = (I’l - 2)(g(Xv Y) _g(Xvu)g(Yv Lt))

£33 0(R( X, R, Y)er),
1

n
i=

PXL YY) =2 ((Vup)(X, Y) = (Vxp)(u, ),

N —

POY YR = p(X.¥) = 23" g(R(w.e) X. Riw.e) Y), )

i=1

where p denotes the Ricci curvature tensor of M. We can refer to [2, 5] for
the formulas (3)—(5).

3. Proofs of Theorems

PrOOF OF THEOREM 1. Suppose that the unit tangent sphere bundle 77 M
over an n-dimensional Riemannian manifold M satisfies the condition S¢ = ¢S
for the Ricci operator S and the structure tensor field ¢ on 77M. Then from
(2) and (5), we have
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g(SeX', Y') - g(4SX', Y")

P@X",Y") +p(X' ¢Y")

2(Vup)(X, Y) = (Vxp)(u, Y) — (Vyp)(u, X)
—g9(X, ) {(Vup)(Y,u) — (Vyp)(u,u)}

—g9(Y, u){(Vup)(X,u) — (Vxp)(u,u)}, (6)

= g(SxX", Y') — g(¢SX", Y")

= /5(¢th Yt) +p_(th¢Yt)

= (0= 2)(g(X, ¥) — g(X.w)g(¥.0)) + ;> g(R(u X)ei, Rlu, Y)er)
i=1
22 (u,e))X,R(u,e;)Y)

+g(Y7u){p(X u 229 (u, e;)u, R(u, e,)X)} (7

0=g(Spx", ¥") - g(psx", v")
= p(ox", Y") + p(x" $Y")
=2(Vup)(X, Y) = (Vxp)(u, Y) = (Vyp)(u, X). ®)
Thus 77 M satisfies the condition S¢ = ¢S if and only if (M, g) satisfies (6)—(8).

In (7) we put X =¢,, Y =¢,, u=e.. Then we have

1 n 1 n
(I’l - 2) (5ab - 5a05b€) + Z Z Rcaincbij — Pab + E Z Rciachibj
i,j=1 i,j=1

+ 5bc (pac - Z RCZajRCIC]> = 0 (9)

1]1

where J,, denotes the Kronecker’s delta, Rup.q = g(R(eq,ep)e.,eq) and p,, =
ples,ep). For a=b#c in (9), we get

4paa - + Z an] + 2 Z R(za] (10)

In particular, from the assumption S¢ = ¢S we easily see that 7)1 M satisfies
S& =0, that is, it has an H-contact structure. We suppose that n =4.
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Then, owing to a result in [8], M is 2-stein. Now, since M is Einstein i.e.,
p=yg (y is a function on M), we may choose an orthonormal basis {ei}?zl
(known as the Singer-Thorpe basis) at each point p € M such that

Rioio = Raaza = A1,  Riziz = Roaoa = A2, Risis = Rozoz = A3,

Riza =y, Rizaa =, Riaz = i, (11)
Rjjis = 0 whenever just three of the indices i, j, k,/ are distinct (cf. [12]).

Note that

M+t + 3 =0 (12)
by the first Bianchi identity and

/11+/12+i3=—£, (13)

where 7 is the scalar curvature of M.
It is also known that a 4-dimensional Einstein manifold M is 2-stein if
and only if

T T T

,u1=/11+ﬁ7 :u2:j'2+ﬁa ﬂ3:/13+12 (14)
or
T T T
—ﬂ1—il+ﬁy —ﬂz—/12+ﬁy —ﬂs—/13+ﬁ (15)

holds for any Singer-Thorpe basis {e,-}?:1 at each point pe M (cf. [11]).
On the other hand, f we puta=b=1,c=2and a=5b =3, c =4 in (10),
then, using (11), we have

4y = 8+ 422 +2(87 + 15 + 12). (16)
Similarly, put a=b=1, c=3 and a=b=2, ¢ =4 in (10) to have
4y =B+ 433 +2(u} + 13 +18). (17)
Fora=b=1,c=4and a=b=2, c=3 in (10), we have
4y = 8 + 425 +2(pf + 13 + 413). (18)
From (16)—(18), we get
=13 =2 (19)

Then, from (12), (13), (14) and (19) we obtain the following four cases.
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i /112/12—/13— 13 and gy =g, = p3 =0,

(1)

(11) 11212 4, ig Z and U =l = % 1”3:%7
(111) }-1 = 13 4, 12 % and W =3 = % W = %’
(iv) h=A=-7, h=7and uy=p3=—%, u =3

In the case (i), we get from (17)
(t—12)(x —24) =0.

Therefore M is of constant sectional curvature 1 or 2. Conversely, we easily
check that such a space satisfies (6)—(8). In the other cases (ii)—(iv), we get
from (17)

7t — 121+ 96 = 0,
which can not occur. This completes the proof of Theorem 1. O

PrOOF OF THEOREM 2. Suppose that the unit tangent sphere bundle 77 M
over an n-dimensional Riemannian manifold M satisfies the condition S¢ + ¢S
= 2k¢. Then, at first we can easily find that 7 M satisfies S¢ = «&. From (2)
and (5), we have

G(SPX' + pSX' — 2kpX', Y")
=p(pX". Y") = p(X',9Y") = 2kg(¢X", Y")
{Vyp)(u, X) — (Vxp)(u, Y) + g(X,u)(Vup)(Y,u) — (Vyp)(u,u))
= 9(Y,u)(Vup)(X,u) — (Vxp)(u,u))}, (20)
= g(SpX" + pSX" — 2kg X" Y")
=p(pX". Y") = p(X" 9Y") = 2kg(pX", Y")

l\JI»— b|

—_

=(n—2-2k)(g(X,Y)—g(X,u)g 12 (u, X e, R(u, Y )e;)

+/D(‘X7 Y) - _ZQ(R(U, ei)XaR(ua 6,') Y)

- g( Y? u) {p(X, u) - EZ g(R(u, ei)u’ R(u’ 6’,—)X)}, (21)
g(SeX" + ¢SX" — 2kpX ", Y")
= p(pX", y") — p(X ", gy") — 2kg(pX ", Y

{Vyp)(u, X) = (Vxp)(u, Y)}. (22)

NI»—‘ ‘b|
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Thus T} M satisfies the condition S¢ + ¢S = 2k¢ if and only if (M, g) satisfies
(20)—(22). In (21), we put X =e¢,, Y =e¢p, u=e,. Then we have

1 n
(I’l -2- Zk) (5ab - 5(10(5170) + Z Z Rcaincbij
i,j=1

1 & 1<
+ Pap — 3 Z ReigjRcinj — Ope (Pac 3 Z Rciachibj> =0. (23)
i=1 i

»J=1

For a =5 # ¢ in (23), we get

1 & 1 &
(n_z_zk)+ZZRc2’aij+paa_§ZR?iaj:()' (24)
i j=1 i,j=1

Now we suppose that n =4. Since our 7'M is an H-contact manifold, M
is a 2-stein manifold. In a similar way as in the proof of Theorem 1, for
a=b=1,¢c=2and a=b=3, c=4 in (24), we have

2y = —pi + 45 + 45 —4(1 — k), (25)

where p is the function defined in the proof of Theorem 1. For a=5b=1,
c=3and a=b=2, c=4 in (24), we have

2y = + 45 — 1 — 41— k). (26)
Fora=b=1,¢c=4 and a=b=2, c=3 in (24), we have

2y =i — 5 + 1 — 41— k). (27)

From (25)-(27), we get

u=pG =4 (28)
From (12) and (28), we have
th =ty = p3 = 0. (29)
Hence, from (14) or (15), we have
T
M=la=l= 1z’

that is, M is a space of constant sectional curvature {5. Moreover, we find
that y =  and then from (25) we get k — 1 =¢. Conversely, we suppose that
M is a space of constant sectional curvature ¢ and k =1+g. Then we first
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get p(X,Y) =3¢cg(X,Y), 1=12¢,and k =1+ %c. Moreover, we easily check
(

that T\ M satisfies

0) and (22). For checking (21), we compute

S g(R(, X)er, R(u, V)er) = 263(g(X, ¥) — g(X,u)g(¥,u),
i=1

n

ZQ(R(M’ e,-)X,R(u, ei) Y) = Cz(g(X, Y) + (n - 2)g(X7 u)g(Y’ u))»

i=1

Z g(R(u,e;)u, R(u,e;)X) = cz(n - Dg(X,u).
i=1

After all, we can see that T} M satisfies (21). This completes the proof of
Theorem 2. O
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