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ABSTRACT. A general method to express in terms of Gauss sums the number of
rational points of general subschemes of projective schemes over finite fields is applied to
the image of the triple embedding P' < P3.  As a consequence, we obtain a non-trivial
description of the value of a Kloosterman-sum-like exponential sum.

Introduction

Based on a calculation concerning the diagonal hypersurfaces and Jacobi
sums, André Weil [12] observed that the number of rational points of algebraic
varieties over finite fields is a highly geometric information. His celebrated
Weil conjecture is eventually proved by Pierre Deligne [1] with Grothendieck’s
theory of étale cohomology.

Another, and the first, proof by Bernard Dwork [3] of the rationality of
zeta function, a part of Weil conjecture, more directly concerns exponential
sums. In the very beginning of his proof, he reduces the rationality of the zeta
function of algebraic varieties to that of hypersurfaces of (Gy,)", and writes the
number of rational points of the hypersurface by using exponential sums.

Besides such general theories, expressing the number of rational points
using exponential sums has proved to be effective also in studying concrete
projective hypersurfaces; the study of Dwork families, for example by Neal
Koblitz [9], is one of the most outstanding success of this strategy. It seems
therefore natural to expect the efficacy of this tactic in studying projective
varieties of higher codimension. This point of view, however, does not seem
to be taken note of enough in the study of concrete algebraic varieties of higher
codimension.

In the former half of this article, we explain the general method for
obtaining a formula for the number of rational points of projective varieties
in terms of Gauss sums. Then, in the latter half, we apply the method to
get an expression for the number of rational points of the image V' of the
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triple embedding P! < P3. Equating the result with the obvious equation
#V(F;) =q+1, we get a non-trivial equation on an exponential sum (Cor-
ollary 1);

Z 0ty + t + 1 — 81720 — 265,13 — 14,283) = 2¢% — 3q — 1,

t,0,13 GF;<

where 6 denotes a non-trivial character on F,. This result is also viewed as
a description of the Frobenius trace on a pull-back of an Artin—Schreier sheaf
by an appropriate morphism (Gm)3 — A!. In the last section, we work on
another subscheme of projective spaces, the image of the Segre embedding
P! x P2 — P>, to see that the character sum L above again appears in this
calculation.

The authors expect that the content of this article can help the future
study of the following two objects. The first is the zeta function of concrete
varieties; the method described in this article is expected to make it possible to
compute zeta function of possibly non-rational varieties of higher codimension
in projective spaces. The second is Kloosterman-sum-like exponential sums;
an explicit calculation of them may be possible by reducing the problem to
finding a variety the number of whose rational points is expressed by using the
exponential sum but is already known in some other methods.

Conventions and notations

Throughout this article, we fix a prime number p, a power ¢ of p, and a
prime number / different from p.

The n-dimensional projective space Py (resp. affine space Al';q) over F, is
simply denoted by P” (resp. A"), and similarly, the torus Gmy, = Spec F,r,17!]
is denoted by G,. Unless otherwise stated, the term “rational point” refers to
“F,-rational point”. e

The group of multiplicative characters F; — Q; _is denoted by F;. The
trivial character is denoted by ¢. Each character y € F;, possibly trivial one, is
also regarded as a function on F, by putting x(0) = 0.

Finally, we fix a non-trivial additive character 0: ¥, — Q) throughout this
article.

1. Preliminaries on Gauss sum

In this section, we briefly recall the definition and some basic properties of
Gauss sums used in this article. Note that we have fixed a non-trivial additive
character 0: F, — Q.
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DeriNITION 1. For a character y € F;, the Gauss sum of y is defined to
be

Go(x) == Y 0(x)x(x).

- X
.xqu

Although the Gauss sum depends on the choice of 8, we usually denote it
simply by G(y).

The following three equations on characters are fundamental in doing
calculations involving Gauss sums.

LemMma 1. The following equations hold.
(i) For each x eF,,

[0 i x#0,
ZH(wx)—{q if x=0.

wekF,

(i) For each Xeﬁq;,

ZV(X){O v
xeF;b LI71 if)(:&

(iii) For each x e ¥,
Z (x) = 0 if x#1,
AX S lg-1 if x=1.
reFy

Now, we list two basic facts on Gauss sums.

ProrosiTION 1.  For each character ){GF;,

ﬂmGul)z{?V4)éfx¢&

if x=e
ProprosITION 2. For each x € qu,
1 -1
9w=5iﬂm )x(x)
1€k

The detailed proofs for these propositions are omitted; they are straight-
forward by using Lemma 1 (i) for Proposition 1, and by using Lemma 1 (ii) for
Proposition 2.
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2. Computing the number of rational points—general strategy

In this section, we describe, in a general setting, a strategy to express the
number of rational points of subschemes of projective spaces over F, in terms
of Gauss sums. The first crucial point is the following reduction process to
hypersurfaces; this process is taken in the proof [3, Theorem 1] of rationality of
zeta functions, and is now also used in algorithmic theory of zeta functions
[11, 3].

OBSERVATION 1.  We obtain a formula for the number of rational points of
a closed subscheme of a projective space if we obtain a formula for the number of
rational points of some appropriate hypersurfaces.

In fact, let V' be a projective variety of which we want a formula for the
number of rational points. Take a closed immersion of 7 in a projective space
P”, and let the image be defined by m homogeneous polynomials fi,..., f.
For each choice of integers 1 <ij < --- < i, <m, we set

Nl’1~,~~»,l}~ = #{x € Pn(Fq) | 3] S {il, ey l'r}, jj(x) = 0}
Then, since

AVE) =D 3 (=D"Ny

r=1 1<i<-<i, <m

rational points of the hypersurface defined by the product f f; ... fi.

REMARK 1. A formula for rational points of not necessarily closed sub-
schemes of projective spaces is also obtained because such a subscheme is the
difference of two closed subschemes.

For obtaining a formula for the number of rational points of a hyper-
surface of P”, it suffices to count the number of rational points of the hyper-
surface of A" defined by the same polynomial. Moreover, the problem
reduces to obtaining a formula for

#{0x1, - Xn1) € (G) " X1 s - xup1] € V()

because the locus with at least one coordinates being zero is covered by
hypersurfaces of lower-dimensional affine spaces.

REMARK 2. When dealing with a specific projective variety V' <= P" (or
equivalently, specific homogeneous polynomials fi, ..., f,), it is often easier to
compute firstly the number

No:=#{[x1: :xpp1] e V(Fy) [Jie{l,...,n+1},x;, =0}
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directly, and to compute secondly, for each choice 1 <i < --- < i, <m, the
number

N~X’ g = #{[x1 - x01] € PY(Fy) |
Vie{l,...,n+1}, x;#0 and Jj e {i1,...,i}, f;(x) =0},

which is 1/(¢ — 1) times the number of rational points of the hypersurface of
(Gm)”+] defined by the product f; fi, ... fi. Under this notation, our formula
becomes

r=1 1<ij<-<i,<m
Our calculations in Sections 3 and 4 also go in this manner.

We conclude this section by giving a formula for the number of F,-rational
points of an arbitrary hypersurface of (Gp)" in terms of Gauss sums.

Let us introduce a convention which we need to state the result. Let
M = (my); ; be an nx N matrix with coeflicients in Z. Then, M naturally
defines the group homomorphism ¢(M): (FX) (FX) , explicitly expressed
as

(P(M)((Xi)izl, N) = (X;n/l~-X$/N)_/:1,m,n-

We always regard elements of (F;) and (fq;)" as column vectors.
The following proposition gives a formula we are asking for.

PrOPOSITION 3 ([2], [4]). Let n and N be positive integers, let cy,...,cn be
elements of ¥y, and let R = (ry); ; € My n(Z) be an nx N matrix. Define a
polynomial f(X1,...,X,) e Fj[X1,...,X,] by

N
SX, LX) =) XX
j=1

Then, the number of n-tuples (x1,...,x,) € (F;)" satisfying f(x1,...,x,) =0
equals

(q—l)”+(q—1>”“_N 3 ﬂG Vo
q 5(4)

q ok
Y1) €Ker(p(R)) J=1

()

where
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ProorF. Lemma 1 (i) shows that

Z Z Owf (x15-.-,Xn))

X1 ...,x”quX weF,

= q#{(x1,. .., x) € (F)" | f(x1,...,x,) = 0},

thus it suffices to calculate the left-hand side and divide the result by g¢.
Because 0(0) = 1 and because 0 transforms addition to multiplication, the left-
hand side equals

@-0"+ Y 00 ()

Xl yeeey Xy W E R

=(¢-1D"+ Z H@ (cjwxi” ... xm).

X1 yeeey Xy W EFX j=1

Now, Proposition 2 shows that the second term equals

;N Z H Z ,(] cijl Sox)

((]_ 1) xl,“.‘x,,,weF Jj= EFX

and by using the multiplicativity of characters, we know that it equals

N
ﬁ 2 A{H Gl (<)

H Z Y (x) Z (1 ...)(N)(w)}_

i=1 x,EFX weF;

Because of Lemma 1 (ii), each summand with respect to the outer sum
vanishes unless y|"...xy" =¢ for each i=1,...,n and y,...xy =¢, that is,
unless '(xy,...,xy) € Ker p(R); if it is the case, the summand equals
(g—1)""! Hj/il G(X]fl))(j(c,-). This completes the proof.

3. The image of triple embedding P' — P3

In this section, we compute the number of rational points of P' by
identifying it as the image ¥ of triple embedding P! < P and by following
the strategy in the previous section. Later, we compare the result with the
obvious answer #P!(F,) = ¢+ 1.
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The variety V is defined in P* = Proj(F,[x1,x2,x3,x4]) by the following
three polynomials:

AR =xix3—x3,  AE)=xxs—x3,  f3(X) =x1xX4 — X2x3.
We follow the notation in Remark 2; in particular, we have
#V(Fy) = No+ N + Ny + N3 — N5 — N5 — N5+ N}5s. (1)

Firstly, we directly compute the number Ny. In our case, we easily see
that

{lx1 :x2:x3:x4) € V(Fy) | i€ {1,2,3,4}, x; =0}
={[1:0:0:0],[0:0:0:1]};

thus Ny = 2.
Secondly, we compute the number

N = #{[x1:x2:x3: x4] e P*(F,) | fi(x) = 0 and Vj, x; # 0}

for i e {1,2,3}. Although we could employ Proposition 3, a direct calculation
is easy in this case. Namely, if i = 1, we may assume x4 = 1, and after a free
choice of x;,x3 € F;, the remaining x| € F; is uniquely determined; thus we get
N =(q—- 1)>. By a similar argument, we see that

N =Np =N = (g 1)
Thirdly, we compute the number
Ni=#{[x1:x:x3:x4] € P*(F,) | fi(x)fi(x) = 0 and Vj, x; # 0}
for (i, /) € {(1,2),(1,3), (2,3)}. Since
S1(x) f2(x) = x1x0x3%4 — xlxg — XSX4 + x%x%,

Proposition 3 shows that

(q — I)lez =

+—

_1\4 _ 4
Ao q 1 Gl ") (=1, (2)
1

Y15 s) €Ker p(R12) /

where

Ry =

— e e
—_0 W O =
—_—— O WO
—_ O NN O
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Since an elementary linear algebra with coefficient in Z /(g — 1)Z shows that
Ker p(Ri2) = {"(x.27" .2~ ) | x € Fy }, we have

(q—1)4 ‘];1 -1 ~1
+ > GGG G(x).

~

(g — DNy, =

X
r€Fy

With the aid of Proposition 1, we get (after dividing both sides by ¢ — 1)

Nx_(q—1)3+l S (@r(-D) + (-1
X = a2 qx(=1))"+ (1)
1R\ (e}
3
_(q_ql) +é{q2(q—2)+1}:2q2—561+3- (3)

Similarly, since
2 2 2
S2(x) f3(X) = x1x2X; — X5X3X4 — X1X3X4 + xzxg’,

(g — 1)N3J; equals (2) with R, replaced by

Rz =

—_—NY D = =
_—— = N O

—_— N D =
—_—0 W = O

In fact, we may directly show that Ker gp(Rp2) = Ker p(Ry3), and therefore
we have N5 = N3. Moreover, the symmetry shows N} = N[5, and we
have

NY = Njs = N3 =2¢> — 5¢+ 3.
Finally, we compute the number Np5;. Since
F1(x) (%) f5(x) = XPxax3x] — XTX3x4 + X1X2XF — X137 + X5 X3x4 — X33,
Proposition 3 shows that (g — 1)N}5; equals

(¢—1)°* 1
q +61(q—1) Z ]

Y1 26) € Ker(p(Ri3)) /

6
G(x; ") (araxs)(—1) (4)
=1

with
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Ry =

—_ N = =N
—_— =W O N
[ e Y N
—_— N O W
_—= = O
—_— O W W O

Again, an elementary linear algebra shows that Ker p(R;23) equals

{00506 xaxane a1 o6 das Xso x6) | xas 250 16 € By - (5)

This time, we cannot simplify the sum in the second term of (4) as we did in
(3). Instead, we rewrite this sum by using a more simple character sum.
By the definition of Gauss sums, the sum in the second term in (4) equals

6

> TI{ D2 0ex ' (6) ) Guaxss) (=1).

B A
gy rs) €Ker p(Ri) =1 \li €K,

Now, the description (5) of Ker ¢(Rp3) shows that this equals

6
> ( 0(t:-)> ((xix?xﬁ)(tl)(xl 21516 ) (12) (aidxe) (1)
i=1

x
1geens 15 EFL[

St
X X556 €FY

xa ! (l4)x5‘1(ts)x6‘1(t6>(x415x6)(—1)>

6
= Z 0(2&) ZM(*HZIEZZBQI)

N X
ra€Fy

S s Y as(—niy 5"

xs€Fy 16 €F;
Applying Lemma 1 (iii), this equals
3 _ _ _
(=17 > On+n+n-6065"6-606"5—-01),
t],tz,t}Equ
and therefore, we get the equation

—1)° ¢-1
g=1° ¢-1 Yo 0t +nt+n-ntn - 0675 - n5°5).

q tl,tz,tj;GF‘);

X
N123_

Now, we summarize the calculation and we get the result.
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THEOREM 1. Let L be the sum
L= Y 0+n+6-6676-16055-66575).
t, 02,13 €F
Then, #V (F,) = —2¢*+6q— 1+ ((¢—1)L—1)/q.
ProOF. Substituting the results above in the equation (1), we get
#V(F,)=2+3(q— 1)’ =324 = 5¢+3)+ (¢— 1)’ /g + (¢ — 1)L/q.

As a corollary, we obtain an explicit description of the exponential
sum L.

COROLLARY 1. L =2¢>—-3¢g—1.

Proor. Since #V(F,) = #P'(F,) = ¢+ 1, Theorem 1 gives an equation
on L. Solving it gives the corollary.

This corollary can be viewed as an explicit description of the trace function
of a rank-one /-adic sheaf.

COROLLARY 2. Define a morphism f: qu — Al by

2,2 2,-3.2 )

fltt, )=t +th+t—t7t, 13 —tit,°1; — Lty 13,
and denote the Artin—Schreier sheaf on A' associated to 0 by ¥y. Then, the
equation

(—1)" Tr(Frob; H{(G}, xx, ¥y, f*%s)) = 2¢* — 3¢ — 1.
i=0

holds.

Proor. The left-hand side equals L by the Grothendieck trace formula
[8, IIT B 1.3].

ReMARk 3. Corollary 1 can be also rewritten in terms of general hyper-
geometric functions [7, 8.1], [6], which Lei Fu [5] calls GKZ hypergeometric
sum. In fact, let A be the 3 x 6-matrix

100 2 2 1
A=l0 1 0 2 -3 2,
001 1 2 2

and let Hypy(xi1,x2, X3, X4, X5, X6; X1, %2, x3) denote the GKZ hypergeometric
sum associated to 4 with parameters y,,x,,x;. Then the exponential sum L
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coincides with the value Hyp,(1,1,1,—1,—1,—1;¢,¢,¢). In other words, let
Hypy(x1, 72, x3) denote the /-adic GKZ hypergeometric sheaf associated to the
matrix 4 with parameters xi, 2,13 eF;; this is a mixed perverse sheaf on A°
of weights < 9 [5, Theorem 0.3 (i)]. Then, setting x = (1,1,1,—-1,—-1,—1) € A°
and taking arbitrary geometric point X lying above x, we have

Tr(Frobg; Hypy(e, ¢,¢);) = (-1)°L = -2¢" + 3¢ + 1.

4. The image of Segre embedding P! x P? — P>

In this section, we give another example of counting rational points, the
image ¥ of the Segre embedding P! x P? < P°, and show that the character
sum L defined in Theorem 1 again appears in the calculation. The variety V'
is defined in P° = Proj(F,[x1,x2,...,x6]) by the following three polynomials:

S1(x) = x1x5 — X224, fo(X) = xX1X6 — X3X4, S3(x) = xax6 — X3Xs.

We again work under the notations in Remark 2. This time, the symmetry
shows that N = Ny = N;° and that N[5 = Nj5 = N}5; we therefore have

#V(F,) = No+ 3N —3N}5 + Np5s. (6)

Firstly, we compute Ny. Although we may again describe all points in Vj
(or may, at the beginning, proceed not along Remark 2 but along the original
Observation 1), it here seems easier to identify ¥ as P! x P2, For a sub-
scheme W of P" let W, denote the set of rational points of W at least one
of whose components is zero; therefore Ny = #V; under this notation. The
identification ¥ = P! x P? gives

Vo ={(P")g x P*(F))} U{P'(F,) x (P?),},

and it is easy to see that #(P'), =2 and #(P?), =3¢. Now, we see that
No=2(*>+q+1)+(q+1)3¢—2-3¢g=5¢>—q+2.
Secondly, the number (¢ — )N = #{x € (F;)6 | fi(x) =0} can be calcu-
lated just as in the previous section, and the result is N = (¢ — 1)4.
Thirdly, we compute the number (¢ — )N} = #{x e (F;)6 | fifa(x) =0},
Since

f1(x) fa(x) = xlzxsx6 — X|X3X4X5 — X X2X4X6 + xZX3xf7

Proposition 3 shows that

6 3 4
(- =4 12 TG - r.
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where

Ry =

—_— == OO O N
[ e e S S S e R
e e e = I N =
— O O N = = O

Since Ker p(Rp2) = {'(eox ",z

and we get

) |Xefq;}, we may calculate N5 as in (3)

s 2
Ny =Y q” + q” (Pa-2+1) = (g— 124> 5+ 3).

Finally, ~we compute the number (q— )N}, =#{x€ (F;)6 |
Jix) f2(x) f3(x) = 0}, Since fi(x)f2(x)f3(x) equals
xlzxzxsxg — XIZX3X§X6 + x1x§x4x§ — XIX§X4X2 + x%xpcfxé — x2x32x§X5,

Proposition 3 shows that

6 6
(¢-1)" ¢-1 G(){j_l)(){2)(4)(6)(_1)
=1

(4= DNfy =1 =+ T =
(12 26) €Ker(p(Rin3)) /

with

Ry =

—_— N = O O =N
—_— =N O = O N
—_— O N =N D =
—_— N O = O N
—_— = O N = O
—_—O = NN = O

We may again show that Ker (p(1€1v23) equals

{25706 a3 23 05706 X X5 26) | Has Xs: 2 €y 15

this space is the same as what we treated in the previous subsection. There-
fore, we may proceed the calculation just as before and show that, under the
definition of L in Theorem 1,

—1)° -1
q q
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Let us summarize the calculations above; substituting the results in (6), we

see that

#V(F,) = —2¢* +10¢° — 12¢> + 10g + 1 + {(¢ — 1)’ L — 1} /q.

This equation and Corollary 1 give

#V(F) =q¢ +2¢* +2q+1=(g+ 1)(¢* +q+1),

which coincides with #(P' x P?)(F,).
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