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Abstract. We clarified the variational meaning of the special values zð2MÞ ðM ¼ 1;

2; 3; . . .Þ of Riemann zeta function zðsÞ. These are essentially the best constant of

Sobolev inequality. In the background we consider Dirichlet-Neumann boundary value

problem for a di¤erential operator ð�1ÞMðd=dxÞ2M . Its Green function is found and

expressed in terms of the well-known Bernoulli polynomial. The supremum of the

diagonal value of Green function is equal to the best constant for corresponding Sobolev

inequality. Discrete version of the corresponding Sobolev inequality is also presented.

1. Introduction and results

Sobolev inequalities

kukLqðWÞ aCkukW m; pðWÞ ðWHRnÞ

play crucial roles in the development of theory of di¤erential equations. How-

ever, one can rarely find explicit forms of the best constants among such C.

In Watanabe et al. [10] and Kametaka et al. [2], a systematic way to find the

best constant of Sobolev inequality was discovered in the case p ¼ 2, q ¼ y,

where Green functions for suitable boundary value problem are obtained and

their aspect as reproducing kernels is investigated. It should be noted that

Talenti [9] found the best constant in another special case q ¼ np=ðn� pÞ,
W ¼ Rn.

Let us first survey our results [5]. For M ¼ 1; 2; 3; . . . , given Sobolev

spaces

HðX;MÞ ¼ fuðxÞ j uðxÞ; uðMÞðxÞ A L2ð0; 1Þ; uðxÞ A AðXÞg;

AðPÞ : uðiÞð1Þ � uðiÞð0Þ ¼ 0 ð0a iaM � 1Þ;
ð1
0

uðxÞdx ¼ 0;
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AðDÞ : uð2iÞð0Þ ¼ uð2iÞð1Þ ¼ 0 ð0a ia ½ðM � 1Þ=2�Þ;

AðNÞ : uð2iþ1Þð0Þ ¼ uð2iþ1Þð1Þ ¼ 0 ð0a ia ½ðM � 2Þ=2�Þ;
ð1
0

uðxÞdx ¼ 0;

where the boundary conditions for uðxÞ in AðNÞ are not required when M ¼ 1,

we have found the best constants of the corresponding Sobolev inequalities,

which are expressed by using Riemann zeta function as follows:

CðP;MÞ ¼ 2�ð2M�1Þp�2Mzð2MÞ;

CðD;MÞ ¼ 2�ð2M�1Þð22M � 1Þp�2Mzð2MÞ;

CðN;MÞ ¼ 2p�2Mzð2MÞ:

The key to finding the best constants is Green functions of suitable boundary

value problems for ð�1ÞMðd=dxÞ2M .

We here introduce Sobolev space

H ¼ HðMÞ ¼ fuðxÞ j uðxÞ; uðMÞðxÞ A L2ð0; 1Þ; uð2iÞð0Þ ¼ 0 ð0a ia ½ðM � 1Þ=2�Þ;

uð2iþ1Þð1Þ ¼ 0 ð0a ia ½ðM � 2Þ=2�Þg ð1:1Þ

where the boundary conditions for uðxÞ at x ¼ 1 are not required when M ¼ 1,

Sobolev inner product

ðu; vÞM ¼
ð1
0

uðMÞðxÞvðMÞðxÞdx; ð1:2Þ

Sobolev energy

kuk2M ¼
ð1
0

juðMÞðxÞj2dx ð1:3Þ

and Sobolev functional

SðuÞ ¼ SðM; uÞ ¼ sup
0aya1

juðyÞj
 !2,

kuk2M : ð1:4Þ

Sesquilinear form ð� ; �ÞM is proved to be an inner product of H afterwards. H

is Hilbert space with an inner product ð� ; �ÞM .

The purpose of this paper is to find the supremum of Sobolev functional

SðuÞ. Our conclusion is as follows:

Theorem 1.1. Let Gðx; yÞ ¼ GðM; x; yÞ be Green function defined later in

Theorem 3.1.
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(1) The supremum C0 ¼ sup
u AH;u B 0

SðuÞ is given by

C0 ¼ CðMÞ ¼ max
0aya1

Gðy; yÞ ¼ Gð1; 1Þ ¼ 2ð22M � 1Þp�2Mzð2MÞ ð1:5Þ

and is attained by putting uðxÞ ¼ cGðx; 1Þ, where c is an arbitrarily fixed complex

number. We here list explicit forms of CðMÞ.

Cð1Þ ¼ 1; Cð2Þ ¼ 1=3; Cð3Þ ¼ 2=15; Cð4Þ ¼ 17=315;

Cð5Þ ¼ 62=2835; Cð6Þ ¼ 1382=155925; Cð7Þ ¼ 21844=6081075;

Cð8Þ ¼ 929569=638512875; . . . :

(2) The infimum inf
u AH;u B 0

SðuÞ is equal to zero.

Concerning the infimum, we can prove easily as follows:

Sðsinðpðnþ 1=2ÞxÞÞ ¼ 2ðpðnþ 1=2ÞÞ�2M ! 0 ðn ! yÞ:

The above Theorem 1.1(1) is rewritten equivalently as follows:

Theorem 1.2. For any function uðxÞ A H, there exists a positive constant C

which is independent of uðxÞ such that Sobolev inequality

sup
0aya1

juðyÞj
 !2

aC

ð1
0

juðMÞðxÞj2dx ð1:6Þ

holds. Among such C the best constant C0 is the same as Theorem 1.1(1).

If we replace C by C0 in (1.6), then the equality holds for uðxÞ ¼ cGðx; 1Þ
ð0 < x < 1Þ for any complex number c.

The engineering meaning of Sobolev inequality is that the square of the

maximal bending of a string ðM ¼ 1Þ [3] or a beam ðM ¼ 2Þ is estimated from

above by the constant multiple of the potential energy.

This paper consists of seven sections. In section 2, we present Bernoulli

polynomial [1, 7, 11], which plays an important role in this paper. In section

3, we present a boundary value problem for ð�1ÞMðd=dxÞ2M with Dirichlet-

Neumann boundary condition. In section 4, we show that Green function

Gðx; yÞ is expressed in terms of Bernoulli polynomial. In section 5, it is

clarified that Green function Gðx; yÞ is a reproducing kernel for H and

ð� ; �ÞM . Section 6 is devoted to the proof of Theorem 1.2. Finally, in section

7, we present a discrete version of Theorem 1.2 ðM ¼ 1Þ.
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2. Bernoulli polynomial

As a preparation, we explain briefly about Bernoulli polynomials and their

properties which are required in this paper.

Bernoulli polynomials bjðxÞ defined by the following relation:

b0ðxÞ ¼ 1

b 0
j ðxÞ ¼ bj�1ðxÞ;

ð 1
0

bjðxÞdx ¼ 0 ð j ¼ 1; 2; 3; . . .Þ:

8><
>:

Here we list explicit forms of bjðxÞ ð j ¼ 0; 1; . . . ; 8Þ.

b0ðxÞ ¼ 1; b1ðxÞ ¼ x� 1

2
; b2ðxÞ ¼

1

2
x2 � 1

2
xþ 1

12
;

b3ðxÞ ¼
1

6
x3 � 1

4
x2 þ 1

12
x; b4ðxÞ ¼

1

24
x4 � 1

12
x3 þ 1

24
x2 � 1

720
;

b5ðxÞ ¼
1

120
x5 � 1

48
x4 þ 1

72
x3 � 1

720
x;

b6ðxÞ ¼
1

720
x6 � 1

240
x5 þ 1

288
x4 � 1

1440
x2 þ 1

30240
;

b7ðxÞ ¼
1

5040
x7 � 1

1440
x6 þ 1

1440
x5 � 1

4320
x3 þ 1

30240
x;

b8ðxÞ ¼
1

40320
x8 � 1

10080
x7 þ 1

8640
x6 � 1

17280
x4 þ 1

60480
x2 � 1

1209600
:

They are also defined by the following generating function:

ext

t�1ðet � 1Þ ¼
Xy
j¼0

bjðxÞt j ðjtj < 2pÞ:

Bernoulli polynomial bjðxÞ is j-th polynomial with respect to x. We list up the

properties of Bernoulli polynomial bjðxÞ [4, 5].

bjð1� xÞ ¼ ð�1Þ jbjðxÞ ð j ¼ 0; 1; 2; . . .Þ: ð2:1Þ

bjð1Þ � bjð0Þ ¼
1 ð j ¼ 1Þ
0 ð j0 1Þ:

�
ð2:2Þ

b2jþ1ð0Þ ¼
�1=2 ð j ¼ 0Þ
0 ð j ¼ 1; 2; 3; . . .Þ:

�
ð2:3Þ

b2jþ1ð1=2Þ ¼ 0 ð j ¼ 0; 1; 2; . . .Þ: ð2:4Þ

ð�1Þ jþ1
b2jð0Þ ¼ Bj=ð2jÞ! ð j ¼ 0; 1; 2; . . .Þ: ð2:5Þ
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In (2.5), Bj is Bernoulli number defined by the following recurrence relation:

Xn�1

j¼0

ð�1Þ j 2n

2j

� �
Bj ¼ �n ðn ¼ 1; 2; 3; . . .Þ

B0 ¼ �1:

8>><
>>:

Next we derive Fourier expansion formula of bjðfxgÞ, where

fxg ¼ x� ½x�; ½x� ¼ supfn A Z j na xg;

denotes a decimal part of a real number x. fxg is a periodic function of x

with period 1. For j ¼ 1; 2; 3; . . . , we have

bjðfxgÞ ¼ �
X
k00

ð
ffiffiffiffiffiffiffi
�1

p
2pkÞ�j expð

ffiffiffiffiffiffiffi
�1

p
2pkxÞ

that is to say

b2jðfxgÞ ¼ ð�1Þ jþ12
Xy
k¼1

ð2pkÞ�2j cosð2pkxÞ; ð2:6Þ

b2jþ1ðfxgÞ ¼ ð�1Þ jþ12
Xy
k¼1

ð2pkÞ�ð2jþ1Þ sinð2pkxÞ: ð2:7Þ

For j ¼ 0; 1; 2; . . . , the relation

ð�1Þ jþ1
b2jð0Þ ¼ 2

Xy
k¼1

ð2pkÞ�2j ¼ 2

ð2pÞ2j
zð2jÞ; ð2:8Þ

b2jð1=2Þ ¼ �ð1� 2�ð2j�1ÞÞb2jð0Þ ð2:9Þ

follows from the above Fourier expansion of b jðfxgÞ. In (2.8), zðzÞ is

Riemann z-function. The following lemma concerning Bernoulli polynomials

plays important roles hereafter.

Lemma 2.1 ([4, 5]). uðxÞ ¼ ð�1Þ jþ1
b2jðxÞ ð j ¼ 1; 2; 3; . . .Þ satisfy the fol-

lowing properties:

max
0axa1

uðxÞ ¼ uð0Þ ¼ uð1Þ > 0; ð2:10Þ

min
0axa1

uðxÞ ¼ uð1=2Þ < 0; ð2:11Þ

max
0axa1

juðxÞj ¼ uð0Þ ¼ uð1Þ; ð2:12Þ
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u 0ðxÞ < 0 ð0 < x < 1=2Þ; ð2:13Þ

u 0ðxÞ > 0 ð1=2 < x < 1Þ: ð2:14Þ

3. Dirichlet-Neumann boundary value problem

For any bounded continuous function f ðxÞ on an interval 0 < x < 1, we

consider the following Dirichlet-Neumann boundary value problem:

BVPðMÞ

ð�1ÞMuð2MÞ ¼ f ðxÞ ð0 < x < 1Þ
uð2iÞð0Þ ¼ uð2iþ1Þð1Þ ¼ 0 ð0a iaM � 1Þ:

(
ð3:1Þ
ð3:2Þ

For later convenience sake, we introduce monomials fEjðxÞg defined by

EjðxÞ ¼
x j=j! ð j ¼ 0; 1; 2; . . .Þ
0 ð j ¼ �1;�2;�3; . . .Þ:

�

Note that E 0
j ðxÞ ¼ Ej�1ðxÞ ð j ¼ 0;G1;G2; . . .Þ. We also use the abbreviation

Ej ¼ Ejð1Þ ð j ¼ 0;G1;G2; . . .Þ. We prepare the next lemma.

Lemma 3.1. For any N �N regular matrix A and N � 1 matrices a and b,

we have the following equality:

taA�1b ¼ �
A b

ta 0

�����
�����
�

jAj: ð3:3Þ

Concerning the uniqueness and existence of the solution to BVPðMÞ, we
have the following theorem:

Theorem 3.1. For any bounded continuous function f ðxÞ on an interval

0 < x < 1, BVPðMÞ has a unique classical solution uðxÞ expressed as

uðxÞ ¼
ð 1
0

Gðx; yÞ f ðyÞdy ð0 < x < 1Þ: ð3:4Þ

Green function Gðx; yÞ ¼ GðM; x; yÞ ð0 < x; y < 1Þ is given by the following

three equivalent expressions:

ð1Þ Gðx; yÞ ¼ ð�1ÞM

2

"
E2M�1ðjx� yjÞ þ

E2ð j�iÞ E2ðM�1�iÞð1� yÞ

E2jþ1ðxÞ 0

�����
�����

þ
E2ð j�iÞ E2ðM�1�iÞþ1ðyÞ

E2jð1� xÞ 0

�����
�����
#

ð3:5Þ
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where 0a i; jaM � 1. Moreover, we have jE2ð j�iÞj ¼ 1.

ð2Þ Gðx; yÞ ¼ ð�1ÞMþ142M�1

�
b2M

jx� yj
4

� �
� b2M

xþ y

4

� �

þ b2M
1

2
� xþ y

4

� �
� b2M

1

2
� jx� yj

4

� ��
: ð3:6Þ

ð3Þ Gðx; yÞ ¼ 2
Xy
j¼0

ðpð j þ 1=2ÞÞ�2M sinðpð j þ 1=2ÞxÞ sinðpð j þ 1=2ÞyÞ: ð3:7Þ

Proof of Theorem 3.1(1). We suppose that BVPðMÞ has a classical

solution uðxÞ. Introducing new functions ui ¼ uðiÞ ð0a ia 2M � 1Þ and ma-

trices

u ¼ tðu0; . . . ; u2M�1Þ; e ¼ tð0; . . . ; 0; 1Þ;

N ¼

0 1

0 . .
.

. .
.

1

0

0
BBBBB@

1
CCCCCA ð2M � 2M nilpotent matrixÞ;

one can rewrite BVPðMÞ as follows:

u 0 ¼ Nuþ eð�1ÞMf ðxÞ ð0 < x < 1Þ
u2ið0Þ ¼ u2iþ1ð1Þ ¼ 0 ð0a iaM � 1Þ:

(
ð3:8Þ
ð3:9Þ

Let EðxÞ be an upper-triangular matrix given by

EðxÞ ¼ expðxNÞ ¼ ðEj�iÞðxÞ;

which is a fundamental solution to the initial-value problem E 0 ¼ NE,

Eð0Þ ¼ I . Solving (3.8), we have

uðxÞ ¼ EðxÞuð0Þ þ
ð x
0

Eðx� yÞeð�1ÞMf ðyÞdy;

uðxÞ ¼ Eðx� 1Þuð1Þ �
ð 1
x

Eðx� yÞeð�1ÞMf ðyÞdy;

or equivalently, for 0a ia 2M � 1,

uiðxÞ ¼
X2M�1

j¼0

Ej�iðxÞujð0Þ þ
ð x
0

ð�1ÞME2M�1�iðx� yÞ f ðyÞdy;

uiðxÞ ¼
X2M�1

j¼0

Ej�iðx� 1Þujð1Þ �
ð1
x

ð�1ÞME2M�1�iðx� yÞ f ðyÞdy:
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Employing the boundary conditions u2ið0Þ ¼ u2iþ1ð1Þ ¼ 0 ð0a iaM � 1Þ, we

have

u2iðxÞ ¼
XM�1

j¼0

E2ð j�iÞþ1ðxÞu2jþ1ð0Þ þ
ð x
0

ð�1ÞME2ðM�1�iÞþ1ðx� yÞ f ðyÞdy;

u2iþ1ðxÞ ¼
XM�1

j¼0

E2ð j�iÞðxÞu2jþ1ð0Þ þ
ð x
0

ð�1ÞME2ðM�1�iÞðx� yÞ f ðyÞdy;

u2iðxÞ ¼
XM�1

j¼0

E2ð j�iÞðx� 1Þu2jð1Þ �
ð1
x

ð�1ÞME2ðM�1�iÞþ1ðx� yÞ f ðyÞdy;

u2iþ1ðxÞ ¼
XM�1

j¼0

E2ð j�i�1Þþ1ðx� 1Þu2jð1Þ �
ð1
x

ð�1ÞME2ðM�1�iÞðx� yÞ f ðyÞdy

for 0a iaM � 1. In particular, we have

u0ðxÞ ¼
XM�1

j¼0

E2jþ1ðxÞu2jþ1ð0Þ þ
ð x
0

ð�1ÞME2M�1ðx� yÞ f ðyÞdy; ð3:10Þ

u0ðxÞ ¼
XM�1

j¼0

E2jðx� 1Þu2jð1Þ �
ð1
x

ð�1ÞME2M�1ðx� yÞ f ðyÞdy: ð3:11Þ

Using the boundary conditions u2ið0Þ ¼ u2iþ1ð1Þ ¼ 0 ð0a iaM � 1Þ again, we
have

0 ¼ u2ið0Þ ¼
XM�1

j¼0

E2ð j�iÞð�1Þu2jð1Þ �
ð1
0

ð�1ÞME2ðM�1�iÞþ1ð�yÞ f ðyÞdy;

0 ¼ u2iþ1ð1Þ ¼
XM�1

j¼0

E2ð j�iÞð1Þu2jþ1ð0Þ þ
ð1
0

ð�1ÞME2ðM�1�iÞð1� yÞ f ðyÞdy:

Solving the above linear system of equations with respect to u2ið1Þ, u2iþ1ð0Þ
ð0a iaM � 1Þ, we have

ðu2iÞð1Þ ¼
ð1
0

ð�1ÞMðE2ð j�iÞÞ�1ð�1ÞðE2ðM�1�iÞþ1Þð�yÞ f ðyÞdy; ð3:12Þ

ðu2iþ1Þð0Þ ¼ �
ð1
0

ð�1ÞMðE2ð j�iÞÞ�1ð1ÞðE2ðM�1�iÞÞð1� yÞ f ðyÞdy: ð3:13Þ

Substituting (3.12) and (3.13) into (3.10) and (3.11), we have
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u0ðxÞ ¼ �
ð 1
0

ð�1ÞMðE2jþ1ÞðxÞðE2ð j�iÞÞ�1ð1ÞðE2ðM�1�iÞÞð1� yÞ f ðyÞdy

þ
ð x
0

ð�1ÞME2M�1ðjx� yjÞ f ðyÞdy;

u0ðxÞ ¼
ð 1
0

ð�1ÞMðE2jÞðx� 1ÞðE2ð j�iÞÞ�1ð�1ÞðE2ðM�1�iÞþ1Þð�yÞ f ðyÞdy

þ
ð1
x

ð�1ÞME2M�1ðjx� yjÞ f ðyÞdy:

Note that E2M�1ð�xÞ ¼ �E2M�1ðxÞ. Taking an average of the above two

expressions, we have obtained the following expression for a solution

uðxÞ ¼ u0ðxÞ to BVPðMÞ:

uðxÞ ¼
ð 1
0

Gðx; yÞ f ðyÞdy ð0 < x < 1Þ; ð3:14Þ

where Gðx; yÞ represents Green function given by

Gðx; yÞ ¼ ð�1ÞM

2
½E2M�1ðjx� yjÞ � ðE2jþ1ÞðxÞðE2ð j�iÞÞ�1ð1ÞðE2ðM�1�iÞÞð1� yÞ

þ ðE2jÞðx� 1ÞðE2ð j�iÞÞ�1ð�1ÞðE2ðM�1�iÞþ1Þð�yÞ� ð0 < x; y < 1Þ:

Owing to the relation Eið�xÞ ¼ ð�1Þ iEiðxÞ, Gðx; yÞ is rewritten as

Gðx; yÞ ¼ ð�1ÞM

2
½E2M�1ðjx� yjÞ � ðE2jþ1ÞðxÞðE2ð j�iÞÞ�1ðE2ðM�1�iÞÞð1� yÞ

� ðE2jÞð1� xÞðE2ð j�iÞÞ�1ðE2ðM�1�iÞþ1ÞðyÞ� ð0 < x; y < 1Þ; ð3:15Þ

where Ej ¼ Ejð1Þ. Applying Lemma 3.1 to (3.15), we have (1) of Theorem 3.1.

Since the right-hand side of (3.14) includes only a data function f ðxÞ, the
solution to BVPðMÞ is unique. From the next theorem, we can show that uðxÞ
defined by (3.14) satisfies BVPðMÞ, which guarantees the existence of the

solution.

Theorem 3.2. Green function Gðx; yÞ ¼ GðM; x; yÞ satisfies the following

properties:

ð1Þ q2Mx Gðx; yÞ ¼ 0 ð0 < x; y < 1; x0 yÞ: ð3:16Þ

ð2Þ q2ix Gðx; yÞjx¼0 ¼ q2iþ1
x Gðx; yÞjx¼1 ¼ 0 ð0a iaM � 1; 0 < y < 1Þ: ð3:17Þ
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ð3Þ q i
xGðx; yÞjy¼x�0 � q i

xGðx; yÞjy¼xþ0

¼ 0 ð0a ia 2M � 2Þ
ð�1ÞM ði ¼ 2M � 1Þ ð0 < x < 1Þ:

�
ð3:18Þ

ð4Þ q i
xGðx; yÞjx¼yþ0 � q i

xGðx; yÞjx¼y�0

¼ 0 ð0a ia 2M � 2Þ
ð�1ÞM ði ¼ 2M � 1Þ ð0 < y < 1Þ:

�
ð3:19Þ

ð5Þ Gðx; yÞ > 0 ð0 < x; y < 1Þ: ð3:20Þ

Proof of Theorem 3.2(1)@(4). Operating qk
x ð1a ka 2MÞ on both sides

of (3.5), we have

qk
xGðx; yÞ ¼ ð�1ÞM

2

"
ðsgnðx� yÞÞkE2M�1�kðjx� yjÞ

þ
E2ð j�iÞ E2ðM�1�iÞð1� yÞ

E2jþ1�kðxÞ 0

�����
�����

þ ð�1Þk
E2ð j�iÞ E2ðM�1�iÞþ1ðyÞ

E2j�kð1� xÞ 0

�����
�����
#
: ð3:21Þ

Putting k ¼ 2M in (3.21) and using E jðxÞ ¼ 0 ð j < 0Þ, we have (3.16). For

0a kaM � 1, we have

ð�1ÞM2q2kx Gðx; yÞjx¼0 ¼ E2ðM�1�kÞþ1ðyÞ þ
E2ð j�iÞ E2ðM�1�iÞð1� yÞ

E2ð j�kÞþ1ð0Þ 0

�����
�����

þ
E2ð j�iÞ E2ðM�1�iÞþ1ðyÞ

E2ð j�kÞ 0

�����
����� ¼ E2ðM�1�kÞþ1ðyÞ

þ
E2ð j�iÞ E2ðM�1�iÞþ1ðyÞ

0 � � � 0 �E2ðM�1�kÞþ1ðyÞ

�����
����� ¼ 0

and

ð�1ÞM2q2kþ1
x Gðx; yÞjx¼1 ¼ E2ðM�1�kÞð1� yÞ þ

E2ð j�iÞ E2ðM�1�iÞð1� yÞ

E2ð j�kÞ 0

�����
�����

�
E2ð j�iÞ E2ðM�1�iÞþ1ðyÞ

E2ð j�k�1Þþ1ð0Þ 0

�����
�����
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¼ E2ðM�1�kÞð1� yÞ

þ
E2ð j�iÞ E2ðM�1�iÞð1� yÞ

0 � � � 0 �E2ðM�1�kÞð1� yÞ

�����
����� ¼ 0

where we have used Ekð0Þ ¼ 0 ðk0 0Þ, 1 ðk ¼ 0Þ and jE2ð j�iÞj ¼ 1. Hence we

have (3.17). For 0a ka 2M � 1, we have

qk
xGðx; yÞjy¼x�0 � qk

xGðx; yÞjy¼xþ0 ¼
ð�1ÞM

2
ð1� ð�1ÞkÞE2M�1�kð0Þ

¼ 0 ð0a ka 2M � 2Þ
ð�1ÞM ðk ¼ 2M � 1Þ ð0 < x < 1Þ;

�

which proves (3.18). (3.19) follows from (3.18). The positivity (3.20) is

shown later.

Concerning the uniqueness of Green function, we have the following

theorem:

Theorem 3.3. The smooth function Gðx; yÞ on an open set 0 < x; y < 1,

x0 y satisfying properties (3.16), (3.17) and (3.18) is unique.

Proof of Theorem 3.3. Suppose that we have another function ~GGðx; yÞ
satisfying the same properties (3.16), (3.17) and (3.18). For any function f ðxÞ,

uðxÞ ¼
ð1
0

~GGðx; yÞ f ðyÞdy ð0 < x < 1Þ

satisfies BVPðMÞ. From Theorem 3.1, we haveð1
0

~GGðx; yÞ f ðyÞdy ¼
ð1
0

Gðx; yÞ f ðyÞdy ð0 < x < 1Þ:

This shows ~GGðx; yÞ ¼ Gðx; yÞ ð0 < x; y < 1Þ.

Proof of Theorem 3.1(2), (3). (3) follows from (2) by Fourier series

expansion of Bernoulli polynomial (2.6). In order to prove (2), it is enough to

show that Gðx; yÞ defined by (3.6) satisfies the properties (3.16), (3.17) and

(3.18). Di¤erentiating Gðx; yÞ with respect to x, we have

q i
xGðx; yÞ ¼ ð�1ÞMþ142M�1�i

�
ðsgnðx� yÞÞ ib2M�i

jx� yj
4

� �
� b2M�i

xþ y

4

� �

þ ð�1Þ ib2M�i

1

2
� xþ y

4

� �
� ð�1Þ iðsgnðx� yÞÞ ib2M�i

1

2
� jx� yj

4

� ��

ð0 < x; y < 1; x0 y; 0a ia 2MÞ: ð3:22Þ
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(3.16) is shown by putting i ¼ 2M in the above equality. For 0a iaM � 1

we have

q2ix Gðx; yÞ ¼ ð�1ÞMþ142ðM�1�iÞþ1

�
b2ðM�iÞ

jx� yj
4

� �
� b2ðM�iÞ

xþ y

4

� �

þ b2ðM�iÞ
1

2
� xþ y

4

� �
� b2ðM�iÞ

1

2
� jx� yj

4

� ��
: ð3:23Þ

Putting x ¼ 0 in (3.23), we have

q2ix Gðx; yÞjx¼0 ¼ 0 ð0 < y < 1; 0a iaM � 1Þ:

For 0a iaM � 1 we have

q2iþ1
x Gðx; yÞ ¼ ð�1ÞMþ142ðM�1�iÞ

�
sgnðx� yÞb2ðM�1�iÞþ1

jx� yj
4

� �

� b2ðM�1�iÞþ1
xþ y

4

� �
� b2ðM�1�iÞþ1

1

2
� xþ y

4

� �

þ sgnðx� yÞb2ðM�1�iÞþ1
1

2
� jx� yj

4

� ��
: ð3:24Þ

Putting x ¼ 1 in (3.24), we have

q2iþ1
x Gðx; yÞjx¼1 ¼ 0 ð0 < y < 1; 0a iaM � 1Þ:

Hence we have (3.17). Putting y ¼ xH 0 in (3.22) and taking their di¤erence,

we have

q i
xGðx; yÞjy¼x�0 � q i

xGðx; yÞjy¼xþ0

¼ ð�1ÞMþ1ð1� ð�1Þ iÞ42M�1�i½b2M�ið0Þ � ð�1Þ ib2M�ið1=2Þ�

¼ 0 ð0a ia 2M � 2Þ
ð�1ÞM ði ¼ 2M � 1Þ ð0 < x < 1Þ;

�
ð3:25Þ

where we have used (2.3) and (2.4). This completes the proof of Theorem

3.1(2), (3).

Proof of Theorem 3.2(5). We start with the expression (3.6). Noting

that

0a
jx� yj

4
<

xþ y

4
<

1

2
; 0 <

1

2
� xþ y

4
<

1

2
� jx� yj

4
a

1

2
ð0 < x; y < 1Þ

and using (2.13), we have Theorem 3.2(5).
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From Theorem 3.1(2), it is easy to see the following remark:

Remark 3.1.

Gðx; 0Þ ¼ 0 ð0a xa 1Þ: ð3:26Þ

q2Mx Gðx; 1Þ ¼ 0 ð0 < x < 1Þ: ð3:27Þ

q2kx Gðx; 1Þjx¼0 ¼ 0 ð0a kaM � 1Þ: ð3:28Þ

q2kþ1
x Gðx; 1Þjx¼1 ¼

0 ð0a kaM � 2Þ
ð�1ÞM�1 ðk ¼ M � 1Þ:

�
ð3:29Þ

We here list concrete forms of the functions Gðx; yÞ ¼ GðM; x; yÞ ðM ¼
1; 2; 3; 4Þ and related functions.

Gð1; x; yÞ ¼ 1

2
½xþ y� jx� yj�; Gð1; y; yÞ ¼ y; Gð1; 1; 1Þ ¼ 1:

Gð2; x; yÞ ¼ 1

12
½�½ðxþ yÞ3 � jx� yj3� þ 3½ðxþ yÞ2 � jx� yj2��;

Gð2; y; yÞ ¼ 1

3
½�2y3 þ 3y2�; Gð2; 1; 1Þ ¼ 1

3
:

Gð3; x; yÞ ¼ 1

240
½ðxþ yÞ5 � jx� yj5 � 5½ðxþ yÞ4 � jx� yj4�

þ 20½ðxþ yÞ2 � jx� yj2��;

Gð3; y; yÞ ¼ 1

15
½2y5 � 5y4 þ 5y2�; Gð3; 1; 1Þ ¼ 2

15
:

Gð4; x; yÞ ¼ 1

10080
½�½ðxþ yÞ7 � jx� yj7� þ 7½ðxþ yÞ6 � jx� yj6�

� 70½ðxþ yÞ4 � jx� yj4� þ 336½ðxþ yÞ2 � jx� yj2��;

Gð4; y; yÞ ¼ 1

315
½�4y7 þ 14y6 � 35y4 þ 42y2�; Gð4; 1; 1Þ ¼ 17

315
:

4. The method of reflection

In this section, we derive the solution to BVPðMÞ starting from Dirichlet

boundary problem BVPðD;MÞ. We call this procedure ‘‘the method of reflec-

tion’’. The latter half, we show that the relationship between BVPðD;MÞ and

BVPðMÞ.
In [5, 6], we have proved the following theorem:
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Theorem 4.1. For any bounded continuous function f ðxÞ on an interval

0 < x < 1, Dirichlet boundary value problem

BVPðD;MÞ

ð�1ÞMuð2MÞ ¼ f ðxÞ ð0 < x < 1Þ
uð2iÞð0Þ ¼ uð2iÞð1Þ ¼ 0 ð0a iaM � 1Þ

(

has a unique classical solution uðxÞ expressed as

uðxÞ ¼
ð 1
0

GðD; x; yÞ f ðyÞdy ð0 < x < 1Þ:

Green function GðD; x; yÞ is given by

GðD; x; yÞ ¼ ð�1ÞMþ122M�1 b2M
jx� yj

2

� �
� b2M

xþ y

2

� �� �
ð0 < x; y < 1Þ:

ð4:1Þ

If we extend the domain of definition 0 < x < 1 to 0 < x < 2, then we

have the following theorem.

Theorem 4.2. For any bounded continuous function f ðxÞ on an interval

0 < x < 2, Dirichlet boundary value problem

ð�1ÞMuð2MÞ ¼ f ðxÞ ð0 < x < 2Þ
uð2iÞð0Þ ¼ uð2iÞð2Þ ¼ 0 ð0a iaM � 1Þ

(
ð4:2Þ
ð4:3Þ

has a unique classical solution uðxÞ given by

uðxÞ ¼
ð2
0

22M�1G D;
x

2
;
y

2

� �
f ðyÞdy ð0 < x < 2Þ: ð4:4Þ

We impose the following additional condition on inhomogeneous term

f ðxÞ:

f ðxÞ ¼ f ð2� xÞ ð1 < x < 2Þ: ð4:5Þ

For this f ðxÞ ð0 < x < 2Þ, the solution uðxÞ to (4.2) and (4.3) is given by

(4.4). If 0 < x < 1, we have

uðxÞ ¼
ð2
0

22M�1G D;
x

2
;
y

2

� �
f ðyÞdy ¼ I1 þ I2;

I1 ¼
ð1
0

22M�1G D;
x

2
;
y

2

� �
f ðyÞdy;

I2 ¼
ð2
1

22M�1G D;
x

2
;
y

2

� �
f ðyÞdy:
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Applying (4.5) to I2, we have

I2 ¼
ð2
1

22M�1G D;
x

2
;
y

2

� �
f ð2� yÞdy ¼

ð1
0

22M�1G D;
x

2
; 1� y

2

� �
f ðyÞdy:

Thus we have

uðxÞ ¼
ð 1
0

Gðx; yÞ f ðyÞdy ð0 < x < 1Þ;

where Gðx; yÞ is given by

Gðx; yÞ ¼ 22M�1 G D;
x

2
;
y

2

� �
þ G D;

x

2
; 1� y

2

� �� �
ð0 < x; y < 1Þ: ð4:6Þ

For the second term of the right-hand side of (4.6), we have

ð�1ÞMþ12�ð2M�1ÞG D;
x

2
; 1� y

2

� �

¼ b2M
1

2
� xþ y

4

� �
� b2M

1

2
þ x� y

4

� �

¼
b2M

1

2
� xþ y

4

� �
� b2M

1

2
� jx� yj

4

� �
ð0 < x < y < 1Þ

b2M
1

2
� xþ y

4

� �
� b2M

1

2
þ jx� yj

4

� �
ð0 < y < x < 1Þ

8>>><
>>>:

9>>>=
>>>;

¼ b2M
1

2
� xþ y

4

� �
� b2M

1

2
� jx� yj

4

� �
ð0 < x; y < 1Þ

where we have used b2jð1=2� xÞ ¼ b2jð1=2þ xÞ from (2.1). So we have

G D;
x

2
;
y

2

� �
¼ ð�1ÞMþ122M�1 b2M

jx� yj
4

� �
� b2M

xþ y

4

� �� �
;

G D;
x

2
; 1� y

2

� �
¼ ð�1ÞMþ122M�1

�
b2M

1

2
� xþ y

4

� �

� b2M
1

2
� jx� yj

4

� ��
ð0 < x; y < 1Þ:

This shows that (4.6) is equivalent to (3.6). Therefore, (4.6) satisfies (3.16),

(3.17) and (3.18) of Theorem 3.2. So we have the following relation:
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Gðx; yÞ ¼ 22M�1 G D;
x

2
;
y

2

� �
þ G D;

x

2
; 1� y

2

� �� �

¼ ð�1ÞMþ142M�1

�
b2M

jx� yj
4

� �
� b2M

xþ y

4

� �

þ b2M
1

2
� xþ y

4

� �
� b2M

1

2
� jx� yj

4

� ��
ð0 < x; y < 1Þ: ð4:7Þ

Next, we investigate the diagonal values of Green functions GðD; y; yÞ
and Gðy; yÞ, which are given by

GðD; y; yÞ ¼ ð�1ÞMþ122M�1½b2Mð0Þ � b2MðyÞ�;

Gðy; yÞ ¼ 22M�1 G D;
y

2
;
y

2

� �
þ G D;

y

2
; 1� y

2

� �� �

¼ ð�1ÞMþ142M�1

�
b2Mð0Þ � b2M

y

2

� �
þ b2M

1

2
� y

2

� �

� b2M
1

2

� ��
ð0 < y < 1Þ:

From Lemma 2.1, it is shown that GðD; y; yÞ attains its maximum at y ¼ 1=2

and Gðy; yÞ attains its maximum at y ¼ 1. As a conclusion, we have obtained

the following theorem:

Theorem 4.3.

CðD;MÞ ¼ max
0aya1

GðD; y; yÞ ¼ GðD; 1=2; 1=2Þ

¼ ð�1ÞMþ122M�1½b2Mð0Þ � b2Mð1=2Þ�

¼ ð�1ÞMþ1ð22M � 1Þb2Mð0Þ ¼ 2�ð2M�1Þð22M � 1Þp�2Mzð2MÞ;

CðMÞ ¼ max
0aya1

Gðy; yÞ ¼ Gð1; 1Þ ¼ 22MGðD; 1=2; 1=2Þ

¼ ð�1ÞMþ142M�12½b2Mð0Þ � b2Mð1=2Þ�

¼ ð�1ÞMþ122Mð22M � 1Þb2Mð0Þ ¼ 2ð22M � 1Þp�2Mzð2MÞ:

From this theorem, we obtained the relation CðMÞ ¼ 22MCðD;MÞ.

5. Reproducing kernel

In this section, it is shown that Green function Gðx; yÞ is a reproducing

kernel for a set of Hilbert space H and its inner product ð� ; �ÞM introduced in

section 1.
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Theorem 5.1. (1) For any uðxÞ A H, we have the following reproducing

relation:

uðyÞ ¼ ðu;Gð�; yÞÞM ¼
ð1
0

uðMÞðxÞqM
x Gðx; yÞdx ð0a ya 1Þ: ð5:1Þ

This means that Green function Gðx; yÞ is a reproducing kernel for H and ð� ; �ÞM.

ð2Þ Gðy; yÞ ¼
ð 1
0

jqM
x Gðx; yÞj2dx ð0a ya 1Þ: ð5:2Þ

Proof of Theorem 5.1. For functions u ¼ uðxÞ and v ¼ vðxÞ ¼ Gðx; yÞ
with y arbitrarily fixed in 0a ya 1, we have

uðMÞvðMÞ � uð�1ÞMvð2MÞ ¼
XM�1

j¼0

ð�1ÞM�1�j
uð jÞvð2M�1�jÞ

 !0
:

Integrating this with respect to x on intervals 0 < x < y and y < x < 1, we

have ð 1
0

uðMÞðxÞvðMÞðxÞdx�
ð1
0

uðxÞð�1ÞMvð2MÞðxÞdx

¼
XM�1

j¼0

ð�1ÞM�1�j
uð jÞðxÞvð2M�1�jÞðxÞ

" # ����
x¼y�0

x¼0

þ
����
x¼1

x¼yþ0

( )

¼
XM�1

j¼0

ð�1ÞM�1�j½uð jÞð1Þvð2M�1�jÞð1Þ � uð jÞð0Þvð2M�1�jÞð0Þ�

þ
XM�1

j¼0

ð�1ÞM�1�j
uð jÞðyÞ½vð2M�1�jÞðy� 0Þ � vð2M�1�jÞðyþ 0Þ�:

The first term on the right-hand side is rewritten as

XM�1

j¼0

ð�1ÞM�1�j½uð jÞð1Þvð2M�1�jÞð1Þ � uð jÞð0Þvð2M�1�jÞð0Þ�

¼
X½ðM�1Þ=2�

j¼0

ð�1ÞM�1½uð2jÞð1Þvð2ðM�1�jÞþ1Þð1Þ � uð2jÞð0Þvð2ðM�1�jÞþ1Þð0Þ�

þ
X½ðM�2Þ=2�

j¼0

ð�1ÞM ½uð2jþ1Þð1Þvð2ðM�1�jÞÞð1Þ � uð2jþ1Þð0Þvð2ðM�1�jÞÞð0Þ�:
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Using (3.16), (3.17) and (3.19) in Theorem 3.2, we have (1) ð0 < y < 1Þ.
Using (3.26) in Remark 3.1, we have (1) ðy ¼ 0Þ. Using (3.27), (3.28) and

(3.29) in Remark 3.1, we have (1) ðy ¼ 1Þ. (2) follows from (1) by putting

uðxÞ ¼ Gðx; yÞ in (5.1). We have proved Theorem 5.1.

6. Sobolev inequality

In this section, we give a proof of Theorem 1.2, from which Theorem 1.1

is derived simultaneously.

Applying Schwarz inequality to (5.1) and using (5.2), we have

juðyÞj2 a
ð1
0

qM
x Gðx; yÞ

�� ��2dx ð1
0

uðMÞðxÞ
�� ��2dx

¼ Gðy; yÞ
ð 1
0

uðMÞðxÞ
�� ��2dx:

Noting that C0 ¼ max
0aya1

Gðy; yÞ ¼ Gð1; 1Þ, we have following Sobolev inequal-

ity:

sup
0aya1

juðyÞj
 !2

aC0

ð1
0

juðMÞðxÞj2dx: ð6:1Þ

This inequality shows that ð� ; �ÞM is positive definite. It should be noted that it

requires Schwarz inequality but does not require ‘‘positive definiteness’’ of the

inner product for the purpose of proving (6.1).

In the second place, we apply this inequality to uðxÞ ¼ Gðx; 1Þ A H and

have

sup
0aya1

jGðy; 1Þj
 !2

aC0

ð1
0

jqM
x Gðx; 1Þj2dx ¼ C2

0 :

Together with a trivial inequality

C2
0 ¼ G2ð1; 1Þa sup

0aya1
jGðy; 1Þj

 !2
;

we finally obtain

sup
0aya1

jGðy; 1Þj
 !2

¼ C0

ð 1
0

jqM
x Gðx; 1Þj2dx; ð6:2Þ

which completes the proof of Theorem 1.2.

7. Discrete Sobolev inequality ðM ¼ 1Þ

In this section, we consider a discrete version of the result obtained in

previous sections.
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We assume that N ¼ 2; 3; 4; . . . . We consider the following set of simul-

taneous equations:

�uði þ 1Þ þ 2uðiÞ � uði � 1Þ ¼ f ðiÞ ð1a iaNÞ
uð0Þ ¼ 0; uðN þ 1Þ � uðNÞ ¼ 0;

�

which are regarded as a discrete version of BVP(1). This is rewritten

equivalently as

Au ¼ f

where

A ¼ ðaijÞ ¼

2 �1

�1 . .
. . .

.

. .
.

2 �1

�1 1

0
BBBB@

1
CCCCA;

u ¼ tðuð1Þ; . . . ; uðNÞÞ; f ¼ tð f ð1Þ; . . . ; f ðNÞÞ A C N :

Let dj be a vector defined by

dj ¼ tð0; . . . ; 0; �11
j

; 0; . . . ; 0Þ ð1a jaNÞ:

We also introduce an ordinary unitary inner product

ðu; vÞ ¼ v�u ¼ tvu ¼
XN
j¼1

vð jÞuð jÞ;

Sobolev inner product

ðu; vÞA ¼ ðAu; vÞ ¼ v�Au ¼
XN
i; j¼1

vðiÞaijuð jÞ

and Sobolev energy

kuk2A ¼ ðu; uÞA ¼
XN
i; j¼1

uðiÞaijuð jÞ:

ð� ; �ÞA is proved to be an inner product of CN afterwards.

The conclusion of this section is as follows:

Theorem 7.1. For any u A C N, there exists a positive constant C which is

independent of u such that the discrete Sobolev inequality [8]

max
1ajaN

juð jÞj
� �2

aCkuk2A ð7:1Þ
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holds. Among such C the best constant is C0 ¼ N. If we replace C by C0,

then the equality holds for u ¼ GdN where G ¼ A�1 is given by the following

expression:

G ¼ ðgijÞ ¼ ðminfi; jgÞ ¼

1 1 1 � � � 1

1 2 2 � � � 2

1 2 3 � � � 3

..

. ..
. ..

. . .
. ..

.

1 2 3 � � � N

0
BBBBBB@

1
CCCCCCA
: ð7:2Þ

(7.2) is easily proved by using Gauss’s sweeping-out method.

Theorem 7.2. (1) For any u A C N, we have the following reproducing

relation:

uð jÞ ¼ ðu;GdjÞA ð1a jaNÞ: ð7:3Þ

ð2Þ gjj ¼ ðGdj;GdjÞA ð1a jaNÞ: ð7:4Þ

Proof of Theorem 7.2. Noting that G � ¼ G , we have

ðu;GdjÞA ¼ ðAu;GdjÞ ¼ d�
j G

�Au ¼ d�
j u ¼ uð jÞ:

Applying u ¼ Gdj A CN to (1), we have

ðGdj;GdjÞA ¼ ðAGdj;GdjÞ ¼ ðdj ;GdjÞ ¼ d�
j G

�dj ¼ d�
j Gdj ¼ gjj:

This shows Theorem 7.2.

Proof of Theorem 7.1. Applying Schwarz inequality to (7.3) and using

(7.4), we have

juð jÞj2 a kuk2AkGdjk2A ¼ gjjkuk2A:

Taking the maximum with respect to 1a jaN, we have the following discrete

Sobolev inequality:

max
1ajaN

juð jÞj
� �2

aC0kuk2A; C0 ¼ max
1ajaN

gjj ¼ gNN ¼ N: ð7:5Þ

This inequality shows that ð� ; �ÞA is positive definite.

In the second place, we apply this inequality to u ¼ GdN A CN . Then we

have

max
1ajaN

jgjN j
� �2

aC0kGdNk2A ¼ C2
0 :

Combining this and trivial inequality
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C2
0 ¼ g2NN a max

1ajaN
jgjN j

� �2
;

we obtain

max
1ajaN

jgjN j
� �2

¼ C0kGdNk2A; ð7:6Þ

which completes the proof of Theorem 7.1.
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