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Abstract. We consider the initial value problem for a system of parabolic partial

di¤erential equations modeling chemotaxis in Rnðnb 1Þ, and give the asymptotic

profiles for a specific class of solutions by space-time higher-order asymptotic expan-

sions.

1. Introduction

In this paper we are concerned with the large time behavior of solutions

to the initial value problem for the system of parabolic partial di¤erential

equations:

qtu ¼ Du� ‘ � ðu‘vÞ; x A Rn; t > 0;

qtv ¼ Dv� vþ u; x A Rn; t > 0;

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; x A Rn:

8><
>: ðPÞ

This system is a simple mathematical model to describe chemotaxis which is a

biological phenomenon simulating the directed movement of an organism in

response to gradients of a chemical attractant (see [11]).

Let us now recall the previous results for (P). It is well known that the

possibility of blow-up of nonnegative solutions depends strongly on space

dimension: The finite time blow-up never occurs in the case n ¼ 1, while it

can occur in the case nb 2. For related results to these studies, we refer to

[2, 8, 6, 18, 7].

Concerning the large time behavior of solutions to (P), it is known in [19]

that when nb 2, every bounded solution to (P) decays to zero as t ! y and

behaves like the heat kernel with the self-similarity. Furthermore, it was

shown in [20] that the result obtained in [19] holds for the case n ¼ 1, and

the improved asymptotic profiles of bounded solution ðu; vÞ to (P) are given
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as follows: Let 1a qay. Then the following assertions hold under suitable

initial conditions.

( i ) In the case nb 2, the integral
Ðy
0

Ð
R n u‘v dyds converges and

lim
t!y

tnð1�1=qÞ=2þ1=2

�����uðtÞ �
ð
R n

u0 dyGðtÞ

þ
ð
R n

yu0 dyþ
ðy
0

ð
R n

u‘v dyds

� �
� ‘GðtÞ

�����
q

¼ 0: ð1:1Þ

( ii ) In the case n ¼ 1, j
Ð t
0

Ð
R
uqyv dydsjaC logð1þ tÞ ðt > 0Þ and

lim
t!y

tð1�1=qÞ=2þ1=2ðlog tÞ�1

�����uðtÞ �
ð
R

u0 dyGðtÞ

þ
ð
R

yu0 dyþ
ð t
0

ð
R

uqyv dyds

� �
qxGðtÞ

�����
q

¼ 0: ð1:2Þ

(iii) v has the same asymptotic behavior as u.

Here k � kq is the usual LqðRnÞ-norm and G ¼ Gðx; tÞ is the heat kernel, that is,

Gðx; tÞ ¼ ð4ptÞ�n=2
e�jxj2=ð4tÞ: ð1:3Þ

As noted above, we see that the logarithmic term appears in the

asymptotic rate of (1.2), because the Lq-estimates of the solutions for n ¼ 1

might not decay faster than those for nb 2.

Kato [10] introduced a correction term to remove the logarithmic function

appearing in the asymptotic rate of (1.2), and obtained the improved asymp-

totic profiles of bounded solution ðu; vÞ to (P) for n ¼ 1: Let 1a qay.

Then, under suitable initial conditions, it holds that the integral
Ðy
0

Ð
R
uqyv dyds

converges and

lim
t!y

tð1�1=qÞ=2þ1=2

�����uðtÞ �
ð
R

u0 dyGðtÞ

þ
ð
R

yu0 dyþ
ðy
0

ð
R

uqyv dyds

� �
qxGðtÞ þ wðtÞ

�����
q

¼ 0; ð1:4Þ

where the correction term wðx; tÞ is defined by

wðx; tÞ ¼
ð
R

u0 dy

� �2ð t
0

ð
R

Gðx� y; t� sÞqyðGðy; 1þ sÞqyGðy; 1þ sÞÞdyds;
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and the upper and lower bounds of decay rates for kwðtÞky are given by

c1ð1þ tÞ�1
a kwðtÞky aC1ð1þ tÞ�1; tb 2

with some positive constants c1, C1. Also, v has the same asymptotic behavior

as u.

For a further study on the asymptotic profiles of bounded solutions to (P)

in the case n ¼ 1, adjusting the center of the heat kernel by use of a shift which

is suitably determined by the initial data and the nonlinear term, Nishihara [21]

obtained the decay estimates of di¤erence between the solution and the heat

kernel whose center is adjusted. The decay estimates obtained in this result are

rather sharp, though he imposed stronger assumptions on the initial data u0
than ones in [10].

Such an asymptotic profile with self-similarity was observed for other

nonlinear partial di¤erential equations. We now refer to several works, closely

related to our study. Escobedo-Zuazua [3] proved that the solutions to the

heat convection-di¤usion behave like the heat kernel as t ! y if the di¤u-

sion term is more dominant than the convection one. Carpio [1] gave the

asymptotic profiles of solutions to the incompressible Navier-Stokes equations

up to the second order in terms of the heat kernel. Moreover, it was shown

in [4] that under small initial data, a solution with the space-time decay

properties admits the higher-order asymptotic expansion in terms of the space-

time derivatives of Gaussian-like functions. This result improves essentially an

earlier one obtained in [1]. Here we note the fact that the solution treated in

[4] decays su‰ciently faster because for the initial data in L1ðRnÞ space, the

average of initial data is naturally zero by virtue of the divergence free

condition for the initial data (see [15]). This is the reason why the logarithmic

term does not appear in the asymptotic rate of the expansion in contrast to (P)

in one-dimensional space. Ogawa [22] and Luckhaus-Sugiyama [14] discussed

that for a parabolic-elliptic system with degenerate di¤usion modeling chemo-

taxis, a solution behaves like the Barenblatt solution as t ! y, where its

solution is the self-similar one to the porous medium equation, and obtained

the convergence rates for the di¤erence between these solutions. In [17], it

was proved that the solutions to generalized Burgers equations in the one-

dimensional space tend to nonlinear waves at the rate t�1 log t in LyðRÞ as

t ! y. This asymptotic rate in LyðRÞ space was improved to the rate t�1

by exactly giving the second asymptotic profile of the solution. For detail,

we refer to [9]. Recently, Kobayashi-Kawashima [12] showed that when

nb 3, the solutions to the drift-di¤usion system closely related to (P) ap-

proach asymptotically to the heat kernel. These asymptotic profiles decay in

LqðRnÞ ð1a qayÞ space at the rate t�nð1�1=qÞ=2�1=2 as t ! y if nb 4, and

at the rate t�3ð1�1=qÞ=2�1=2 log t as t ! y if n ¼ 3. As mentioned above,
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the logarithmic term appears in the asymptotic rate for the case n ¼ 3.

The situation is rather similar to that of (P) in the case n ¼ 1. To remove the

logarithmic function, Ogawa-Yamamoto [23] gave a correction term on the

basis of the argument used in [10], and obtained the improved asymptotic

profiles for the solutions.

Our aim of this paper is to give the higher-order asymptotic expansions of

solutions to (P) in higher-dimensional case. More precisely, we shall prove the

three assertions for the solutions to (P) with the following space-time decay

properties:
sup

x AR n; t>0
0amag

ð1þ jxjÞg�mð1þ tÞm=2ðjuðx; tÞj þ jvðx; tÞjÞ < y; ðDÞ

where g is either n or nþ 1. Under the appropriate moment conditions on the

initial data,

( i ) in the case nb 2, the solutions to (P) satisfying (D) with g ¼ n admit

asymptotic expansions up to n-th order,

( ii ) in the case nb 1, the solutions to (P) satisfying (D) with g ¼ nþ 1

admit asymptotic expansions up to ðnþ 1Þ-st order under the con-

dition
Ð
R n u0 dy ¼ 0,

(iii) there exists a unique solution to (P) with (D) for small initial data.

The proofs of the assertions (i) and (ii) are obtained by applying techniques

in [4], that is, some decay estimates for the solutions and Taylor’s formula for

the heat kernel. For the proof of the assertion (iii), we use the contraction

mapping principle. As mentioned in Section 2 below, in the assertion (i)

(Theorem 1), we need to introduce a correction term on the basis of the method

used in [10] because the logarithmic term appears in the asymptotic rates of

the expansions, and the desired asymptotic rates can not be obtained if we

do not add its term. Furthermore, under the influence of such a correction

term, there appears a di¤erence between the expansions in the odd and even

dimensional cases. On the other hand, in the assertion (ii) (Theorem 2), the

logarithmic term does not appear in the asymptotic rates of the expansions

since the solutions decay su‰ciently faster.

The plan of this paper is the following: In Section 2, we state our main

results in this paper. In Section 3, we prepare several lemmas which will be

used in this paper. In Section 4, we show some Lq-estimates for the solutions

to (P) satisfying (D) with g ¼ n. In Sections 5–7, we give the proofs of

Theorems 1, 2 and 3, respectively.

2. Main Theorems

We denote by k � kq the usual LqðRnÞ-norm, and by Wk;qðRnÞ the usual

Sobolev space. BðRnÞ is the Banach space of all bounded and uniformly
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continuous functions on Rn with the essential supremum norm. We define the

weighted Lebesgue space Lq
a ðRnÞ by

Lq
a ðRnÞ ¼ f f A LqðRnÞ j ð1þ j � jÞaj f j A LqðRnÞg:

The integer part of s is denoted by ½s�. For simplicity, we use the notation

Zþ ¼ NU f0g; a ¼ ða1; . . . ; anÞ A Zn
þ; jaj ¼ a1 þ � � � þ an;

qt ¼
q

qt
; qj ¼

q

qxj
; qa

x ¼ qa1
1 . . . qan

n ; ‘ ¼ ðq1; . . . ; qnÞ:

Throughout this paper, let g be either n or nþ 1, and for the initial

functions u0, v0, we always assume that

u0; v0; qjv0 A L1ðRnÞVBðRnÞVLy
g ðRnÞ ð1a ja nÞ:

To give the definition of solutions to (P), we define etDf ðxÞ by

etDf ðxÞ ¼
ð
R n

Gðx� y; tÞ f ðyÞdy;

where Gðx; tÞ is the heat kernel given by (1.3).

Definition 1. A function ðu; vÞ on Rn � ½0;T � ð0 < T < yÞ is said to be

a solution to (P) on Rn � ½0;T � if u, v satisfy

u; v; qjv A Cð½0;T �;L1ðRnÞÞVCð½0;T �;BðRnÞÞ ð1a ja nÞ;

and for all 0 < taT ,

uðtÞ ¼ etDu0 �
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds; ð2:1Þ

vðtÞ ¼ e�tetDv0 þ
ð t
0

e�ðt�sÞeðt�sÞDuðsÞds: ð2:2Þ

Also, ðu; vÞ is said to be a solution to (P) on Rn � ½0;yÞ if ðu; vÞ is a solution to

(P) on Rn � ½0;T � for all 0 < T < y.

Remark 1. Making use of the standard regularity argument for parabolic

equations (for example, see [13]), we see that ðu; vÞ is a classical solution to (P)

on Rn � ð0;T �, which satisfies

u; v A Cðð0;TÞ;W 2;qðRnÞÞVC1ðð0;TÞ;LqðRnÞÞ

for all 1 < q < y, and

qju;Dv A Cðð0;TÞ;LyðRnÞÞ ð1a ja nÞ:
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Before stating our main results, we introduce the following notation

M0 ¼
ð
R n

u0 dy;

and the correction term RðtÞ mentioned in Introduction as

RðtÞ ¼

WðtÞ � M 2
0

2ð8pÞDGð1þ tÞ logð1þ tÞ if n ¼ 2;

WðtÞ � M 2
0

2ð8pÞn=2
X

jajþpa½ðn�3Þ=2�

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg

if n is odd with nb 3;

WðtÞ � M 2
0

2ð8pÞn=2
X

jajþpa½ðn�3Þ=2�

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg

� M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ

if n is even with nb 3;

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð2:3Þ

where

WðtÞ ¼ M 2
0

ð t
0

eðt�sÞD‘ � ðG‘GÞð1þ sÞds: ð2:4Þ

The first result gives us the space-time asymptotic expansions of the

solutions to (P) on Rn � ½0;yÞ satisfying (D) with g ¼ n under the condition

jxjnu0 A L1ðRnÞ.

Theorem 1. Assume that nb 2 and 1a qay, and let ðu; vÞ be the

solution to (P) on Rn � ½0;yÞ satisfying (D) with g ¼ n. Under the condition

jxjnu0 A L1ðRnÞ, the following assertions hold:

( i ) If n is odd, then the integralðy
0

ð
R n

yað1þ sÞpu‘v dyds

converges for jaj þ 2pa n� 1, and

lim
t!y

tnð1�1=qÞ=2þn=2

����uðtÞ � X
jajan

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
R n

yau0 dy

þ
X

jajþ2pan�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
Rn

yað1þ sÞpu‘v dydsþ RðtÞ
����
q

¼ 0: ð2:5Þ
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( ii ) If n is even, then the integralðy
0

ð
R n

yað1þ sÞpu‘v dyds

converges for jaj þ 2pa n� 2 and the one

ðy
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

is well-defined for jaj þ 2p ¼ n� 1, and

lim
t!y

tnð1�1=qÞ=2þn=2

����uðtÞ � X
jajan

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
Rn

yau0 dy

þ
X

jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
Rn

yað1þ sÞpu‘v dyds

þ M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ

þ
X

jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
R n

yað1þ sÞp

� fðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdydsþ RðtÞ

����
q

¼ 0: ð2:6Þ

(iii) The correction term RðtÞ defined by (2.3) is estimated as

kRðtÞkq aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2

for t > 0: ð2:7Þ

(iv) v also has the same asymptotic profile as u.

Remark 2. The decay estimate for (2.7) is shown in the assertion (ii) of

Lemma 5 below. Moreover, in the case n ¼ 2,

kRðtÞky ¼ WðtÞ � M 2
0

2ð8pÞDGð1þ tÞ logð1þ tÞ
����

����
y

b cM 2
0 ð1þ tÞ�2 for tb 2;

where c is a positive constant. For details, see the assertion (iii) of Lemma 5

below.

Now, we explain why the correction term (2.3) is needed in Theo-

rem 1. First of all, we see that when jaj þ 2pa n� 2, the integralÐy
0

Ð
Rn yað1þ sÞpu‘v dyds converges, but when jaj þ 2p ¼ n� 1, the estimate
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ð t
0

ð
R n

yað1þ sÞpu‘v dyds
����

����aC logð1þ tÞ ðt > 0Þ ð2:8Þ

is satisfied because from the Lq-estimates of u and ‘v we have the following

estimate (see (5.9))

sup
s>0

ð1þ sÞn=2þ1=2�jaj=2
ð
R n

yau‘v dy

����
���� < y for jaja n:

If the asymptotic expansions up to n-th order are deduced without introducing

the correction term, then the logarithmic term appears in the asymptotic rates

of the expansions due to (2.8), and the asymptotic rate given in Theorem 1

can not be obtained. Therefore, to remove the logarithmic function, we have

introduced (2.3) as the correction term.

Next, it is observed in Theorem 1 that a di¤erence between the asymptotic

expansions in the odd and even dimensional cases appears in the n-th order

term of the expansions.

Indeed, in the odd dimensional case, the integral
Ðy
0

Ð
Rn yað1þ sÞpu‘v dyds

is well-defined for jaj þ 2p ¼ n� 1 by means of (4.24), (4.25) (see Proposition 3)

and the equalitiesðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds ¼ 0 ðjaj þ 2p ¼ n� 1Þ:

Hence the coe‰cients in the n-th order term of the asymptotic expansions are

determined by the well-defined ones
Ðy
0

Ð
R n yað1þ sÞpu‘v dyds ðjaj þ 2p ¼ n� 1Þ

without adding an extra term.

On the other hand, in the even dimensional case, (2.8) does not assure the

convergence of the integral
Ðy
0

Ð
R n yað1þ sÞpu‘v dyds for jaj þ 2p ¼ n� 1, butðy

0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds ð2:9Þ

converges for jaj þ 2p ¼ n� 1 by giving the following estimate (see (5.5))ð
R n

yafðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdy

����
����aCð1þ sÞ�n=2�1þjaj=2

for s > 0, jaja n. Therefore, in order to avoid the logarithmic term appearing

in (2.8), it is necessary to add the extra term (see (5.15))

M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

¼ M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ
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to the asymptotic expansions. As a result, the coe‰cients in the n-th order

term of the expansions are determined by the well-defined ones (2.9) under the

influence of such an extra term.

The next result gives us space-time asymptotic expansions of the solutions

to (P) on Rn � ½0;yÞ satisfying (D) with g ¼ nþ 1 under the conditions M0 ¼ 0

and jxjnþ1
u0 A L1ðRnÞ.

Theorem 2. Assume that nb 1 and 1a qay, and let ðu; vÞ be the

solution to (P) on Rn � ½0;yÞ satisfying (D) with g ¼ nþ 1. Then, under the

conditions M0 ¼ 0 and jxjnþ1
u0 A L1ðRnÞ, the integral

ðy
0

ð
R n

yað1þ sÞpu‘v dyds

converges for jaj þ 2pa n, and

lim
t!y

tnð1�1=qÞ=2þðnþ1Þ=2
����uðtÞ � X

1ajajanþ1

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
R n

yau0 dy

þ
X

jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
R n

yað1þ sÞpu‘v dyds
����
q

¼ 0: ð2:10Þ

Also, v has the same asymptotic behavior as u.

In Theorem 2, we see that the integral
Ðy
0

Ð
R n yað1þ sÞpu‘v dyds converges

for jaj þ 2pa n because the solutions to (P) treated in Theorem 2 decay faster

than those in Theorem 1 (see (6.1) and (6.2)). Hence the logarithmic term

does not appear in the asymptotic rate of (2.10). The situation is rather

similar to that of the incompressible Navier-stokes equations (see [4]).

The final result gives us the existence of solutions to (P) satisfying (D).

Theorem 3. Let nb 1. Then the following assertions hold:

( i ) In the case g ¼ n, there exists a unique solution ðu; vÞ to (P) with (D)

if ku0k1, ku0kLy
g
, k‘v0kLy

g
are small enough.

(ii) In the case g ¼ nþ 1, let jxju0 A L1ðRnÞ and
Ð
R n u0 dy ¼ 0. Then

there exists a unique solution ðu; vÞ to (P) with (D) if ku0kL1
1
, ku0kLy

g
,

k‘v0kLy
g

are small enough.

3. Preliminaries

In this section, we prepare several lemmas which will be used often in the

proofs of Theorems 1, 2 and 3. We begin with mentioning the pointwise

estimates and the Lq-estimates for the heat kernel Gðx; tÞ ¼ ð4ptÞ�n=2
e�jxj2=ð4tÞ.
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Lemma 1. Let nb 1. Then the following estimates hold:

( i ) For each integer j with 1a ja n and each k ¼ 0; 1,

jqk
j Gðx; tÞjaCjxj�n�k

e�jxj2=ð8tÞ ðx A Rn; t > 0Þ; ð3:1Þ

jqk
j Gðx; tÞjaCt�n=2�k=2e�jxj2=ð8tÞ ðx A Rn; t > 0Þ; ð3:2Þ

where C is a positive constant depending on k, n.

(ii) Let aj; b A Zþ ð1a ja nÞ and 1a qay. Then

kqa
xq

b
t GðtÞkq aCt�nð1�1=qÞ=2�jaj=2�b for t > 0; ð3:3Þ

where C is a positive constant depending on a, b, n, q.

The following lemma gives a version of Taylor’s formula for the heat

kernel Gðx; tÞ to prove Theorems 1 and 2.

Lemma 2. Let mb 1 be an arbitrary integer. Then, for each integer

1a ja n,

qjGðx� y; t� sÞ ¼
X

jajþ2pam�1

ð�1Þjajþp

a!p!
yað1þ sÞpqjqa

xq
p
t Gðx; 1þ tÞ þ Rm;

where

Rm ¼
X

jajþ2p¼m;
jajb1

jajð�1Þjajþp

a!p!

ð1
0

ð1� yÞjaj�1
yað1þ sÞpqa

xq
p
t qjGðx� yy; 1þ tÞdy

þ ð�1Þ½ðm�1Þ=2�þ1��
ðm� 1Þ=2

��
!

ð1
0

ð1� tÞ½ðm�1Þ=2�ð1þ sÞ½ðm�1Þ=2�þ1

� q
½ðm�1Þ=2�þ1
t qjGðx� y; 1þ t� tð1þ sÞÞdt:

The following lemma is concerned with well-known Lr-Lq estimates of

etDf , which are proved by Young’s inequality for convolution.

Lemma 3. Let 1a qa ray and aj; b A Zþ ð1a ja nÞ. Then

kqa
xq

b
t e

tDf kr aCt�nð1=q�1=rÞ=2�jaj=2�bk f kq for f A LqðRnÞ; ð3:4Þ

where C is a positive constant depending on a, b, n, r, q.

The following lemma gives the asymptotic behavior of etDf .
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Lemma 4. Let nb 1 and 1a qay. Then the following assertions hold:

( i ) Under the condition f A L1
1ðRnÞ,

sup
tb1

tnð1�1=qÞ=2þðkþ1Þ=2 qk
j e

tDf � qk
j Gð1þ tÞ

ð
R n

f ðyÞdy
����

����
q

< y

ð3:5Þ
for each integer j with 1a ja n and each k ¼ 0; 1.

(ii) Let m A Zþ. Under the condition f A L1
mðRnÞ,

lim
t!y

tnð1�1=qÞ=2þm=2

����etDf � X
jajam

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
Rn

yaf ðyÞdy
����
q

¼ 0:

ð3:6Þ

Proof. By using Taylor’s formula, we obtain

qk
j e

tDf ðxÞ � qk
j Gðx; 1þ tÞ

ð
Rn

f ðyÞdy

¼ �
ð
R n

f ðyÞdy
ð1
0

y � ‘qk
j Gðx� yy; tÞdy�

ð
Rn

f ðyÞdy
ð1
0

qtq
k
j Gðx; tþ tÞdt:

Hence (3.5) follows from Minkowski’s inequality and (3.3). For the proof of

(3.6), see [4]. r

The following lemma gives some estimates for WðtÞ and RðtÞ introduced

by (2.4) and (2.3), respectively. Here we recall M0 ¼
Ð
R n u0 dy.

Lemma 5. The following assertions hold:

( i ) Let nb 1 and 1a qay. Then

kqk
j WðtÞkq aCM 2

0 ð1þ tÞ�nð1�1=qÞ=2�ðkþ1Þ=2 ðt > 0Þ ð3:7Þ

for each integer j with 1a ja n and each k ¼ 0; 1.

( ii ) Assume that nb 2 and 1a qay. Then

kRðtÞkq aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2 ðt > 0Þ: ð3:8Þ

(iii) Let n ¼ 2. Then

kRðtÞky ¼ WðtÞ � M 2
0

2ð8pÞDGð1þ tÞ logð1þ tÞ
����

����
y

b cM 2
0 ð1þ tÞ�2

for tb 2; ð3:9Þ

where c is a positive constant.
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Proof. First of all, we shall show (3.7). We write WðtÞ as follows:

WðtÞ ¼ M 2
0

2ð8pÞn=2
ð t
0

ð1þ sÞ�n=2
DGðt� s=2þ 1=2Þds: ð3:10Þ

Here we have used the fact that

eðt�sÞDG2ðsÞ ¼ fð8pÞn=2g�1ð1þ sÞ�n=2
Gðt� s=2þ 1=2Þ:

Therefore, making use of Minkowski’s inequality and (3.3), we have

kqk
j WðtÞkq aCM 2

0

ð t
0

kqk
j DGðt� s=2þ 1=2Þkqð1þ sÞ�n=2

ds

aCM 2
0

ð t
0

ðt� s=2þ 1=2Þ�nð1�1=qÞ=2�ðkþ2Þ=2ð1þ sÞ�n=2
ds

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�ðkþ2Þ=2

ð t
0

ð1þ sÞ�n=2
ds

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�ðkþ1Þ=2

for each integer j with 1a ja n and each k ¼ 0; 1. Hence we get the

assertion (i) of Lemma 5.

Next, we are going to prove (3.8). Firstly, we use Taylor’s formula to get

WðtÞ ¼: W1ðtÞ þW2ðtÞ;

where

W1ðtÞ ¼
M 2

0

2ð8pÞn=2
X½ðn�2Þ=2�

k¼0

ð�1Þk

2kk!
qk
t DGð1þ tÞ

ð t
0

ð1þ sÞ�n=2þk
ds;

W2ðtÞ ¼
M 2

0 ð�1Þ½ðn�2Þ=2�þ1

2 ½ðn�2Þ=2�þ2ð8pÞn=2ð½ðn� 2Þ=2�Þ!

ð t
0

ð1þ sÞ�n=2þ½ðn�2Þ=2�þ1
ds

�
ð1
0

ð1� yÞ½ðn�2Þ=2�q
½ðn�2Þ=2�þ1
t DGð1þ t� yð1þ sÞ=2Þdy:

Minkowski’s inequality and (3.3) yield that

kW2ðtÞkq aCM 2
0

ð t
0

ð1þ sÞ�n=2þ½ðn�2Þ=2�þ1
ds

�
ð1
0

kq ½ðn�2Þ=2�þ1
t DGð1þ t� yð1þ sÞ=2Þkqdy
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aCM 2
0

ð t
0

ð1þ sÞ�n=2þ½ðn�2Þ=2�þ1
ds

�
ð1
0

f2ð1þ tÞ � yð1þ sÞg�nð1�1=qÞ=2�½ðn�2Þ=2��2
dy

aCM 2
0

ð t
0

ð2t� sþ 1Þ�nð1�1=qÞ=2�½ðn�2Þ=2��2ð1þ sÞ�n=2þ½ðn�2Þ=2�þ1
ds

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�½ðn�2Þ=2��2

ð t
0

ð1þ sÞ�n=2þ½ðn�2Þ=2�þ1
ds

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2:

Hence this estimate implies that

kWðtÞ �W1ðtÞkq aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2: ð3:11Þ

Next, noting that for every integer satisfying 0a ka ½ðn� 2Þ=2�,

� 1

2

� �k
¼
Xk
p¼0

k

p

� �
ð�1Þp

2k�p
;

we obtain

W1ðtÞ ¼
M 2

0

2ð8pÞn=2
X½ðn�2Þ=2�

k¼0

Xk
p¼0

k

p

� �
ð�1Þp

2k�pk!
Dq

ðk�pÞþp
t Gð1þ tÞ

�
ð t
0

ð1þ sÞ�n=2þðk�pÞþp
ds

¼ M 2
0

2ð8pÞn=2
X½ðn�2Þ=2�

k¼0

Xk
p¼0

X
jaj¼k�p

ðk � pÞ!
a!

k

p

� �
ð�1Þp

2k�pk!

� Dq2ax qp
t Gð1þ tÞ

ð t
0

ð1þ sÞ�n=2þpþðk�pÞ
ds

¼ M 2
0

2ð8pÞn=2
X

jajþpa½ðn�2Þ=2�

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ

�
ð t
0

ð1þ sÞ�n=2þjajþp
ds: ð3:12Þ

Thus substituting (3.12) into (3.11), we have
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����WðtÞ � M 2
0

2ð8pÞn=2
X

jajþpa½ðn�2Þ=2�

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ

�
ð t
0

ð1þ sÞ�n=2þjajþp
ds

����
q

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2; ð3:13Þ

from which (3.8) for n ¼ 2 directly follows since for jaj þ 2pa ½ðn� 2Þ=2�,

� n

2
þ jaj þ pa� n

2
þ n� 2

2

	 

¼

� 3

2
if n is odd;

�1 if n is even:

8><
>: ð3:14Þ

We now consider (3.8) in the case nb 3 in order to complete the proof

of assertion (ii) of Lemma 5. If n is odd with nb 3, then the convergence

of integral
Ðy
0 ð1þ sÞ�n=2�1þjajþp

ds is assured for jaj þ pa ðn� 3Þ=2 due to

(3.14). Hence, it holds from (3.3), (3.13) and

ðy
0

ð1þ sÞ�n=2þjajþp
ds ¼ 2fðn� 2Þ � 2ðjaj þ pÞg�1 ð3:15Þ

for jaj þ pa ðn� 3Þ=2 that

kRðtÞkq ¼
����WðtÞ � M 2

0

2ð8pÞn=2
X

jajþpaðn�3Þ=2

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg

����
q

a

���� M 2
0

2ð8pÞn=2
X

jajþpaðn�3Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ
ðy
t

ð1þ sÞ�n=2þjajþp
ds

����
q

þ
����WðtÞ � M 2

0

2ð8pÞn=2
X

jajþpaðn�3Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ

�
ð t
0

ð1þ sÞ�n=2þjajþp
ds

����
q

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2:

On the other hand, if n is even with nb 3, then we find that the conver-

gence of integral
Ðy
0 ð1þ sÞ�n=2þjajþp

ds is assured for jaj þ pa ðn� 4Þ=2, but is
not assured for jaj þ p ¼ ðn� 2Þ=2 because the equality

Ð t
0ð1þ sÞ�n=2þjajþp

ds ¼
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logð1þ tÞ is satisfied for jaj þ p ¼ ðn� 2Þ=2. Therefore, from (3.3) and (3.13)

we have

kRðtÞkq ¼
����WðtÞ � M 2

0

2ð8pÞn=2
X

jajþpaðn�4Þ=2

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg

� M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ
����
q

a

���� M 2
0

2ð8pÞn=2
X

jajþpaðn�4Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ
ðy
t

ð1þ sÞ�n=2þjajþp
ds

����
q

þ
����WðtÞ � M 2

0

2ð8pÞn=2
X

jajþpaðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ

�
ð t
0

ð1þ sÞ�n=2þjajþp
ds

����
q

aCM 2
0 ð1þ tÞ�nð1�1=qÞ=2�n=2:

Here we also have used the fact that (3.15) holds for jaj þ pa ðn� 4Þ=2. As

a consequence, we obtain the desired estimate (3.8).

Finally, we shall show (3.9). Let tb 2. A direct calculation gives

qtDGðx; tÞ ¼ t�2Gðx; tÞ
X2
i¼1

P4
xi

2
ffiffi
t

p
� �

þ 2
Y2
i¼1

P2
xi

2
ffiffi
t

p
� � !

; ð3:16Þ

where P2ðzÞ ¼ z2 � 1=2 and P4ðzÞ ¼ z4 � 3z2 þ 3=4. Hence it follows from

(3.16) that

jW2ð0; tÞj ¼ cM 2
0

ð t
0

ds

ð1
0

f2ð1þ tÞ � yð1þ sÞg�3
dyb cM 2

0 ð1þ tÞ�2;

which implies that

kRðtÞky ¼ WðtÞ � M 2
0

2ð8pÞDGð1þ tÞ logð1þ tÞ
����

����
y

¼ kWðtÞ �W1ðtÞky ¼ kW2ðtÞky b cM 2
0 ð1þ tÞ�2 for tb 2: r
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Let X ¼ LqðRnÞ for 1a q < y or X ¼ BðRnÞ. The following lemma is

needed to get decay estimates of ‘v (see [20]).

Lemma 6. Define vðtÞ by

vðtÞ ¼ e�tetDv0 þ
ð t
0

e�ðt�sÞeðt�sÞDuðsÞds ðt > 0Þ; vð0Þ ¼ v0:

Then the following assertions hold:

( i ) If v0, qjv0 A X and u A Cð½0;yÞ;X Þ, then v, qjv A Cð½0;yÞ;X Þ.
(ii) Let 1a ra qay and 1=r� 1=q < 1=n, and assume that v0, j‘v0j A

LqðRnÞ and u A Cð½0;yÞ;LrðRnÞÞ. Then,

k‘vðtÞkq a e�tk‘v0kq þ CGðd1Þ sup
0<s<t

kuðsÞkr; ð3:17Þ

k‘vðtÞkq a e�tk‘v0kq þ Ctd1�1e�t=2 sup
0<s<t=2

kuðsÞkr

þ CGðd1Þ sup
t=2<s<t

kuðsÞkr: ð3:18Þ

Furthermore, under the additional condition j‘uj A Cðð0;yÞ;LrðRnÞÞ,

k‘vðtÞkq a e�tk‘v0kq þ Ctd1�1e�t=2 sup
0<s<t=2

kuðsÞkr

þ CGðd2Þ sup
t=2<s<t

k‘uðsÞkr: ð3:19Þ

Here C is a positive constant depending only on q and r, GðzÞ is the

gamma function and d1 ¼ 1=2� nð1=r� 1=qÞ=2, d2 ¼ d1 þ 1=2.

Finally, we need the following lemma to show Theorem 3. This lemma is

obtained by an argument similar to that in the proof of Theorem 2 of [16].

Lemma 7. Let g be either n or nþ 1, and assume that

f A Ly
g ðRnÞ:

Then the following assertions hold:

( i ) je�tetDf ðxÞjaCk f kLy
g
ð1þ jxjÞ�g

, je�tetDf ðxÞjaCk f kLy
g
e�t.

( ii ) In the case g ¼ n, if f A L1ðRnÞ, then

jetDf ðxÞjaCðk f k1 þ k f kLy
n
Þð1þ jxjÞ�n;

jetDf ðxÞjaCðk f k1 þ k f kLy
n
Þð1þ tÞ�n=2:
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(iii) In the case g ¼ nþ 1, if
Ð
R n f ðxÞdx ¼ 0 and f A L1

1ðRnÞ, then

jetDf ðxÞjaCðk f kL1
1
þ k f kLy

nþ1
Þð1þ jxjÞ�n�1;

jetDf ðxÞjaCðk f kL1
1
þ k f kLy

nþ1
Þð1þ tÞ�n=2�1=2:

4. Decay estimates of solutions in the case g ¼ n

In this section, let ðu; vÞ be the solution to (P) satisfying (D) with g ¼ n.

Firstly, we begin with some Lq-estimates for the solution.

Proposition 1. Let nb 1 and 1 < qay. Then the following estimates

hold.

sup
tb1

ð1þ tÞnð1�1=qÞ=2þ1=2k‘uðtÞkq < y; ð4:1Þ

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2k‘vðtÞkq < y; ð4:2Þ

sup
t>0

ð1þ tÞnð1�1=qÞ=2kuðtÞkq < y: ð4:3Þ

Proposition 1 can be obtained by an argument similar to that in Section 4

of [20], but we give the outline of proof for reader’s convenience. We here

note that for every 1 < qay, the estimate

sup
t>0

ðkuðtÞkq þ k‘vðtÞkqÞ < y ð4:4Þ

follows from (D) with g ¼ n and (3.17). Furthermore, the following decay

estimates of u and ‘v are given by (D) with g ¼ n, (3.18) and (4.4):

sup
t>0

ð1þ tÞn=2ðkuðtÞky þ k‘vðtÞkyÞ < y: ð4:5Þ

The following claim is a key one to show Proposition 1.

Claim 1. Under the assumption of Proposition 1, the following estimates

hold:

k‘uðtÞkq aCð1þ tÞ�nð1�1=qÞ=2�1=2
Bðt; bÞ ðtb 1Þ; ð4:6Þ

k‘vðtÞkq aCð1þ tÞ�nð1�1=qÞ=2�1=2
Bðt; bÞ ðt > 0Þ; ð4:7Þ

where b A ð1; 2� and

Bðt; bÞ ¼ 1 if nb 2;

t�1=2þb=2 if n ¼ 1:

�
ð4:8Þ
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Proof. Fix tb 4 and e A ð0; 1=2Þ, and take b such that b A ð1; 2�. Then

it follows from (4.4) and (4.5) that

sup
t>0

ð1þ tÞnð1�b=2Þ=2ðkuðtÞk2 þ k‘vðtÞk2Þ < y: ð4:9Þ

To estimate k‘uðtÞkq, by (2.1), we write ‘uðtÞ as

‘uðtÞ ¼ ‘etDu0 �
ð ð1�eÞt

0

‘‘ � eðt�sÞDðu‘vÞðsÞds

�
ð t
ð1�eÞt

‘eðt�sÞDð‘u � ‘vÞðsÞds�
ð t
ð1�eÞt

‘eðt�sÞDðuDvÞðsÞds

¼ ‘etDu0 � I e1 ðtÞ � I e2 ðtÞ � I e3 ðtÞ:

By (3.4) and (4.9), we have

kI e1 ðtÞkq aC

ð ð1�eÞt

0

ðt� sÞ�nð1�1=qÞ=2�1kuðsÞk2k‘vðsÞk2ds

aCe�nð1�1=qÞ=2�1t�nð1�1=qÞ=2�1

ð ð1�eÞt

0

ð1þ sÞ�nð1�b=2Þ
ds:

Now we estimate the integral
Ð ð1�eÞt
0 ð1þ sÞ�nð1�b=2Þ

ds appearing in the

right-hand side of kI e1 ðtÞkq. For nb 2, take b again such that

b A ð1; 3=2� if n ¼ 2; b A ð1; 2ðn� 1Þ=nÞ if nb 3:

Then a simple calculation yields that

ð ð1�eÞt

0

ð1þ sÞ�nð1�b=2Þ
dsaC � 1 if nb 3;

t1=2 if n ¼ 2:

�

Also, for n ¼ 1, ð ð1�eÞt

0

ð1þ sÞ�ð1�b=2Þ
dsaCtb=2:

Therefore,

kI e1 ðtÞkq aCe�nð1�1=qÞ=2�1t�nð1�1=qÞ=2�1=2Bðt; bÞ; ð4:10Þ

where Bðt; bÞ is the one given by (4.8).

By use of (3.4) and (4.5), the estimates of kI e2 ðtÞkq and kI e3 ðtÞkq are

obtained as follows:
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kI e2 ðtÞkq aC

ð t
ð1�eÞt

ðt� sÞ�1=2
s�n=2k‘uðsÞkqds; ð4:11Þ

kI e3 ðtÞkq aC

ð t
ð1�eÞt

ðt� sÞ�1=2
s�n=2kDvðsÞkqds: ð4:12Þ

Therefore summing up (4.10), (4.11) and (4.12) implies that

k‘uðtÞkq a k‘etDu0kq þ Ce�nð1�1=qÞ=2�1t�nð1�1=qÞ=2�1=2Bðt; bÞ

þ C

ð t
ð1�eÞt

ðt� sÞ�1=2
s�n=2k‘uðsÞkqds

þ C

ð t
ð1�eÞt

ðt� sÞ�1=2
s�n=2kDvðsÞkqds: ð4:13Þ

Define here MðtÞ by

MðtÞ ¼ sup
1asat

snð1�1=qÞ=2þ1=2k‘uðsÞkq:

Then the third term on the right-hand side of (4.13) is estimated asð t
ð1�eÞt

ðt� sÞ�1=2
s�n=2k‘uðsÞkqdsaCe1=2t�nð1�1=qÞ=2�n=2MðtÞ: ð4:14Þ

We next consider the estimate of kDvðsÞkq on the right-hand side of (4.13).

Fix sb 2. To estimate it, by (2.2), we represent DvðsÞ as follows:

DvðsÞ ¼ e�s‘ � esD‘v0 þ
ð ð1�eÞs

0

e�ðs�tÞDeðs�tÞDuðtÞdt

þ
ð s
ð1�eÞs

e�ðs�tÞ‘ � eðs�tÞD‘uðtÞdt

¼ e�s‘ � esD‘v0 þ J e
1ðsÞ þ J e

2ðsÞ:

(3.4) and (4.4) imply that

kJ e
1ðsÞkq aCe�es

ð ð1�eÞs

0

ðs� tÞ�nð1=r�1=qÞ=2�1kuðtÞkrdt

aCe�ese�nð1=r�1=qÞ=2�1s�nð1=r�1=qÞ=2

aCe�nð1�1=qÞ=2�3=2s�nð1�1=qÞ=2�1=2:

Here we have taken r such that 1 < ra qay. By an argument similar to

that in (4.14), we also have
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kJ e
2ðsÞkq aCs�nð1�1=qÞ=2�1=2MðsÞ:

Therefore we find that

kDvðsÞkq aCe�sk‘v0kq þ Ce�nð1�1=qÞ=2�3=2s�nð1�1=qÞ=2�1=2

þ Cs�nð1�1=qÞ=2�1=2MðsÞ: ð4:15Þ

Substituting (4.14) and (4.15) into the right-hand side of (4.13) gives

tnð1�1=qÞ=2þ1=2k‘uðtÞkq aC þ Ce1=2 þ Ce�nð1�1=qÞ=2�1ð1þ Bðt; bÞÞ þ Ce1=2MðtÞ;

where a positive constant C is taken as C > 1. Here take e such that

e ¼ 1=ð4C2Þ. Then, by C > 1, we easily see that e A ð0; 1=2Þ. Hence we have

tnð1�1=qÞ=2þ1=2k‘uðtÞkq aC þ CBðt; bÞ þ 1

2
MðtÞ;

from which it follows that MðtÞaC þ CBðt; bÞ. As a consequence, we obtain

k‘uðtÞkq aCt�nð1�1=qÞ=2�1=2 þ Ct�nð1�1=qÞ=2�1=2Bðt; bÞ for tb 4; ð4:16Þ

which yields (4.6). Also, (4.7) follows from (3.19), (4.4) and (4.6). r

(4.1) and (4.2) for nb 2 follow from Claim 1. Before proving them for

n ¼ 1, we need the following estimate of kuðtÞkq for 1 < qay. This yields

the desired estimate (4.3).

Claim 2. Under the assumption of Proposition 1, the following holds:

sup
t>0

ð1þ tÞnð1�1=qÞ=2kuðtÞkq < y: ð4:17Þ

Proof. Let 1 < qay and tb 2. (4.7) reads as follows: For nb 1,

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2�~bbk‘vðtÞkq < y; ð4:18Þ

where

~bb ¼ b=2� 1=2 A ð0; 1=2� if n ¼ 1; ~bb ¼ 0 if nb 2:

We now put IðtÞ ¼
Ð t
0 e

ðt�sÞD‘ � ðu‘vÞðsÞds, and split this integral as

follows:

IðtÞ ¼
ð t
t=2

eðt�sÞD‘ � ðu‘vÞðsÞdsþ
ð t=2
0

eðt�sÞD‘ � ðu‘vÞðsÞds

¼: I1ðtÞ þ I2ðtÞ:
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Then (3.4), (4.5) and (4.18) give

kI1ðtÞkq aC

ð t
t=2

ðt� sÞ�1=2kuðsÞkyk‘vðsÞkqds

aC

ð t
t=2

ðt� sÞ�1=2ð1þ sÞ�nð1�1=qÞ=2�n=2�1=2þ~bb
ds

aCt�nð1�1=qÞ=2�n=2þ~bb
aCt�nð1�1=qÞ=2:

We next evaluate kI2ðtÞkq. Using (3.4), (4.9) and (4.18) implies that

kI2ðtÞkq aC

ð t=2
0

ðt� sÞ�nð1�1=qÞ=2�1=2kuðsÞk2k‘vðsÞk2ds

aCt�nð1�1=qÞ=2�1=2

ð t=2
0

ð1þ sÞ�1=2�nð3=2�b=2Þ=2þ~bb
ds:

For nb 2, noting that �nð3=2� b=2Þ=2þ ~bb < 0, we have

kI2ðtÞkq aCt�nð1�1=qÞ=2�1=2

ð t=2
0

ð1þ sÞ�1=2
dsaCt�nð1�1=qÞ=2:

On the other hand, for n ¼ 1, by taking b again such that b A ð1; 5=3�, we
get

kI2ðtÞkq aCt�ð1�1=qÞ=2�1=2

ð t=2
0

ð1þ sÞ�1þ3ðb�1Þ=4
ds

aCt�ð1�1=qÞ=2�1=2þ3ðb�1Þ=4
aCt�ð1�1=qÞ=2:

Hence

kIðtÞkq aCt�nð1�1=qÞ=2 for tb 2;

which together with (2.1) and (3.4) yields that

sup
tb2

ð1þ tÞnð1�1=qÞ=2kuðtÞkq < y:

Consequently, the desired estimate (4.17) follows from this estimate and (4.4).

r

Proof of Proposition 1. We show only (4.1) and (4.2) for n ¼ 1 due to

Claims 1 and 2. Using (3.18) and (4.3) for n ¼ 1 yields that

sup
t>0

ð1þ tÞð1�1=qÞ=2kqxvðtÞkq < y
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for 1 < qay. Therefore, repeating arguments in Claim 1, we obtain the

desired estimates (4.1) and (4.2) for n ¼ 1. r

The following proposition gives the decay estimates of kuðtÞkq and kvðtÞkq
for 1a qay.

Proposition 2. For nb 1 and 1a qay, the following holds:

sup
t>0

ð1þ tÞnð1�1=qÞ=2ðkuðtÞkq þ kvðtÞkqÞ < y: ð4:19Þ

Remark 3. Once Proposition 2 is proved, we easily see that kuðtÞk1 and

kvðtÞk1 are bounded on ½0;yÞ.

To obtain Proposition 2, we need to show the following lemma by making

use of the decay estimates (4.2) and (4.3) of Proposition 1. The proof can be

obtained by applying an argument similar to that in the proof of Proposition

5.1 of [20].

Lemma 8. Let nb 1 and 1a qay. Then

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2
DðtÞ

ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds
����

����
q

< y; ð4:20Þ

where

DðtÞ ¼
1 if nb 2;

ðlogð2þ tÞÞ�1
if n ¼ 1:

�
ð4:21Þ

Proof of Proposition 2. Let nb 1 and 1a qay. To obtain the

Lq-estimate of u, we prove only supt>0 kuðtÞk1 < y due to (4.3). Using (2.1),

(3.4) and (4.20) with q ¼ 1, we have

kuðtÞk1 a ketDu0k1 þ
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds
����

����
1

a ku0k1 þ Cð1þ tÞ�1=2
DðtÞ�1;

where DðtÞ is the one defined by (4.21). Therefore this estimate implies that

sup
t>0

kuðtÞk1 < y: ð4:22Þ

Next we consider the Lq-estimate of v. Using (D) with g ¼ n yields that

supt>0ð1þ tÞn=2kvðtÞky < y. kvðtÞk1 is also estimated as follows:
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kvðtÞk1 a e�tketDv0k1 þ
ð t
0

e�ðt�sÞeðt�sÞDuðsÞds
����

����
1

a e�tkv0k1 þ
ð t
0

e�ðt�sÞkuðsÞk1dsa e�tkv0k1 þ C

ðy
0

e�z dzaC:

Here we have used (2.2), (3.4) and (4.22). Hence interpolating between the L1

and Ly estimates of v yields that supt>0ð1þ tÞnð1�1=qÞ=2kvðtÞkq < y. r

The following proposition is a key one to show Proposition 4 below.

Firstly we remark that (3.17) and (4.19) imply

sup
t>0

k‘vðtÞkq < y for 1a qay: ð4:23Þ

Proposition 3. Let nb 1 and 1a qay. Then, under the condition

jxju0 A L1ðRnÞ, the following estimates hold:

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2kuðtÞ �M0Gð1þ tÞkq < y; ð4:24Þ

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq < y; ð4:25Þ

sup
t>0

ð1þ tÞnð1�1=qÞ=2þðnþ2Þ=2kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞkq < y; ð4:26Þ

where M0 ¼
Ð
R n u0 dy.

Once the estimates (4.24) and (4.25) are proved, from these estimates, (3.3)

and (4.19) we see that

kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞkq a kuðtÞkyk‘vðtÞ �M0‘Gð1þ tÞkq

þ Ck‘Gð1þ tÞkykuðtÞ �M0Gð1þ tÞkq

aCð1þ tÞ�nð1�1=qÞ=2�ðnþ2Þ=2;

which implies the desired estimate (4.26). Hence we show only the estimates

(4.24) and (4.25) in Proposition 3. The proof can be done by calculations

similar to those in [10], but we give the outline of proof for reader’s

convenience. Now, we begin with the following claim in order to show these

estimates.

Claim 3. Under the assumption of Proposition 3, we have

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2
DðtÞkuðtÞ �M0Gð1þ tÞkq < y; ð4:27Þ

where DðtÞ is the one given by (4.21), and M0 ¼
Ð
R n u0 dy.
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Proof. First of all, we use (2.1) to get

uðtÞ �M0Gð1þ tÞ ¼ fetDu0 �M0Gð1þ tÞg �
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds: ð4:28Þ

Since we easily see that

sup
t>0

ketDu0 �M0Gð1þ tÞkq < y;

it follows from (3.5) with k ¼ 0 that

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2ketDu0 �M0Gð1þ tÞkq < y; ð4:29Þ

which together with (4.20) and (4.28) implies (4.27). r

Therefore we see that (4.24) for nb 2 follows from Claim 3. Next claim

is to give the Lq-estimate of ‘v�M0‘G.

Claim 4. Under the assumption of Proposition 3, we have

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1
DðtÞk‘vðtÞ �M0‘Gð1þ tÞkq < y; ð4:30Þ

where DðtÞ is the one given by (4.21), and M0 ¼
Ð
R n u0 dy.

Proof. Let tb 4. To prove this claim, by (2.1) and (2.2), we write

‘vðtÞ �M0‘Gð1þ tÞ as

‘vðtÞ �M0‘Gð1þ tÞ

¼ e�t‘etDðv0 � u0Þ þ f‘etDu0 �M0‘Gð1þ tÞg

�
ð t=2
0

e�ðt�sÞ‘eðt�sÞD
ð s
0

eðs�tÞD‘ � ðu‘vÞðtÞdt
� �

ds

�
ð t
t=2

e�ðt�sÞ‘eðt�sÞD
ð s
0

eðs�tÞD‘ � ðu‘vÞðtÞdt
� �

ds

¼: e�t‘etDðv0 � u0Þ þ f‘etDu0 �M0‘Gð1þ tÞg � J1ðtÞ � J2ðtÞ:

By making use of (3.4) and (4.20), we have

kJ1ðtÞkq aCe�t=2

ð t=2
0

ðt� sÞ�nð1�1=qÞ=2�1=2

ð s
0

eðs�tÞD‘ � ðu‘vÞðtÞdt
����

����
1

ds

aCe�t=2t�nð1�1=qÞ=2�1=2

ð t=2
0

ð1þ sÞ�1=2ðDðsÞÞ�1
ds

aCt�nð1�1=qÞ=2ðDðtÞÞ�1
e�t=2

aCe�t=4: ð4:31Þ
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We next estimate kJ2ðtÞkq. Let e A ð0; 1=2Þ be a constant to be specified

later. Then we rewrite J2ðtÞ as follows.

J2ðtÞ ¼
ð t
t=2

e�ðt�sÞeðt�sÞDK1ðsÞdsþ
ð t
t=2

e�ðt�sÞ‘eðt�sÞDK2ðsÞds

þ
ð t
t=2

e�ðt�sÞeðt�sÞD‘ M 2
0

ð s
0

eðs�tÞD‘ � ðG‘GÞð1þ tÞdt
� �

ds

¼: J21ðtÞ þ J22ðtÞ þ J23ðtÞ;

where

K1ðsÞ ¼
ð ð1�eÞs

0

‘‘ � eðs�tÞDfðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞgdt;

K2ðsÞ ¼
ð s
ð1�eÞs

‘ � eðs�tÞDfðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞgdt:

We here need to consider the estimates of kKkðsÞkq ðk ¼ 1; 2Þ to obtain the

estimate of kJ2ðtÞkq. To give them, we prepare the following claim.

Claim 5. Let nb 1 and 1a qay. Then it holds that for t > 0,

kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞkq aCð1þ tÞ�nð1�1=qÞ=2�ðnþ2Þ=2ðDðtÞÞ�1

þ Cð1þ tÞ�nð1�1=qÞ=2�ðnþ1Þ=2; ð4:32Þ

kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞkq aCð1þ tÞ�nð1�1=qÞ=2�ðnþ2Þ=2ðDðtÞÞ�1

þ Cð1þ tÞ�n=2k‘vðtÞ �M0‘GðtÞkq; ð4:33Þ

where DðtÞ is the one given by (4.21), and M0 ¼
Ð
R n u0 dy.

Proof. We show only (4.32) because a calculation similar to that in the

proof of (4.32) gives the desired estimate (4.33). By using (3.3), (4.2), (4.19)

and (4.27), we have

kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞkq

aCk‘Gð1þ tÞkqkuðtÞ �M0Gð1þ tÞky þ kuðtÞkqk‘vðtÞ �M0‘Gð1þ tÞky

aCð1þ tÞ�nð1�1=qÞ=2�ðnþ2Þ=2ðDðtÞÞ�1 þ Cð1þ tÞ�nð1�1=qÞ=2�ðnþ1Þ=2:

Hence we obtain the desired estimate (4.32). r
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Proof of Claim 4, continued. Fix sb 2. By applying (3.4) and (4.32)

with q ¼ 1, the estimate of kK1ðsÞkq can be achieved as follows:

kK1ðsÞkq aCe�nð1�1=qÞ=2�1s�nð1�1=qÞ=2�1

�
ð ð1�eÞs

0

kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞk1dt

aCe�nð1�1=qÞ=2�1s�nð1�1=qÞ=2�1ðDðsÞÞ�1: ð4:34Þ

Similarly, we see from (3.4) and (4.33) that

kK2ðsÞkq aC

ð s
ð1�eÞs

ðs� tÞ�1=2kðu‘vÞðtÞ �M 2
0 ðG‘GÞð1þ tÞkqdt

aCe1=2s�nð1�1=qÞ=2�ðnþ1Þ=2ðDðsÞÞ�1

þ C

ð s
ð1�eÞs

ðs� tÞ�1=2
t�n=2k‘vðtÞ �M0‘Gð1þ tÞkqdt: ð4:35Þ

The second term on the right-hand side of (4.35) is here estimated as follows.ð s
ð1�eÞs

ðs� tÞ�1=2t�n=2k‘vðtÞ �M0‘Gð1þ tÞkqdt

aCe1=2s�nð1�1=qÞ=2�ðnþ1Þ=2 sup
1atas

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq;

which yields that

kK2ðsÞkq aCe1=2s�nð1�1=qÞ=2�ðnþ1Þ=2ðDðsÞÞ�1 þ Ce1=2s�nð1�1=qÞ=2�ðnþ1Þ=2

� sup
1atas

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq:

Therefore the estimates of kKkðsÞkq ðk ¼ 1; 2Þ and (3.7) with k ¼ 1 give

kJ21ðtÞkq a
ð t
t=2

e�ðt�sÞkK1ðsÞkqdsaCe�nð1�1=qÞ=2�1t�nð1�1=qÞ=2�1ðDðtÞÞ�1;

kJ22ðtÞkq aC

ð t
t=2

e�ðt�sÞðt� sÞ�1=2kK2ðsÞkqds

aCe1=2t�nð1�1=qÞ=2�ðnþ1Þ=2ðDðtÞÞ�1

ð t
t=2

e�ðt�sÞðt� sÞ�1=2
ds

þ Ce1=2t�nð1�1=qÞ=2�ðnþ1Þ=2
ð t
t=2

e�ðt�sÞðt� sÞ�1=2
ds

� sup
1atat

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq
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aCe1=2t�nð1�1=qÞ=2�ðnþ1Þ=2ðDðtÞÞ�1

ðy
0

e�zz�1=2 dz

þ Ce1=2t�nð1�1=qÞ=2�ðnþ1Þ=2
ðy
0

e�zz�1=2 dz

� sup
1atat

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq

aCe1=2t�nð1�1=qÞ=2�ðnþ1Þ=2ðDðtÞÞ�1 þ Ce1=2t�nð1�1=qÞ=2�ðnþ1Þ=2

� sup
1atat

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq;

kJ23ðtÞkq aC

ð t
t=2

e�ðt�sÞ ‘ M 2
0

ð s
0

eðs�tÞD‘ � ðG‘GÞð1þ tÞdt
� �����

����
q

ds

aC

ð t
t=2

e�ðt�sÞs�nð1�1=qÞ=2�1 dsaCt�nð1�1=qÞ=2�1

ðy
0

e�z dz

aCt�nð1�1=qÞ=2�1;

which yield that for tb 4,

tnð1�1=qÞ=2þ1kJ2ðtÞkq aC þ Ce1=2ðDðtÞÞ�1 þ Ce�nð1�1=qÞ=2�1ðDðtÞÞ�1

þ Ce1=2 sup
1atat

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq:

This together with (3.4), (3.5) with k ¼ 1 and (4.31) implies that for tb 4,

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq

aC þ Ce1=2ðDðtÞÞ�1 þ Ce�nð1�1=qÞ=2�1ðDðtÞÞ�1

þ Ce1=2 sup
1atat

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq: ð4:36Þ

In (4.36) we take a positive constant C as C > 1, and e such as

e ¼ 1=ð4C2Þ. Then, by C > 1, we find that e A ð0; 1=2Þ. Thus (4.36) gives

tnð1�1=qÞ=2þ1k‘vðtÞ �M0‘Gð1þ tÞkq aC þ CðDðtÞÞ�1

for tb 4. Consequently, by noting that supt>0 k‘vðtÞ �M0‘Gð1þ tÞkq < y
because of (4.23), the desired estimate (4.30) is obtained. r

Hence we find that (4.25) for nb 2 follows from Claim 4. Now, we shall

prove (4.24) and (4.25) for n ¼ 1. First of all, we give an improvement of

estimate (4.32) for n ¼ 1. The proof is given by applying (3.3), (4.19), (4.27)

and (4.30).
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Claim 6. Let n ¼ 1 and 1a qay. Then

kðuqxvÞðtÞ �M 2
0 ðGqxGÞð1þ tÞkq

aCð1þ tÞ�ð1�1=qÞ=2�3=2 logð2þ tÞ ð4:37Þ

for t > 0, where M0 ¼
Ð
R n u0 dy.

By using the estimate (4.37), we can remove the logarithmic function in

DðtÞ from (4.27) for n ¼ 1, and get the desired estimate (4.24) for n ¼ 1.

Claim 7. Let n ¼ 1 and 1a qay. Then

sup
t>0

ð1þ tÞð1�1=qÞ=2þ1=2kuðtÞ �M0Gð1þ tÞkq < y; ð4:38Þ

where M0 ¼
Ð
R n u0 dy.

Proof. Let tb 2. We now show that

sup
t>0

ð1þ tÞð1�1=qÞ=2þ1=2

ð t
0

eðt�sÞDqxðuqxvÞðsÞds
����

����
q

< y: ð4:39Þ

Once (4.39) is shown, (4.38) is obtained by making use of (4.28), (4.29) and

(4.39). To show this, we divide
Ð t
0 e

ðt�sÞDqxðuqxvÞðsÞds into three parts:ð t
0

eðt�sÞDqxðuqxvÞðsÞds

¼
ð t=2
0

eðt�sÞDqxððuqxvÞðsÞ �M 2
0 ðGqxGÞð1þ sÞÞds

þ
ð t
t=2

eðt�sÞDqxððuqxvÞðsÞ �M 2
0 ðGqxGÞð1þ sÞÞdsþWðtÞ

¼: I1ðtÞ þ I2ðtÞ þWðtÞ;

where WðtÞ ¼ M 2
0

Ð t
0 e

ðt�sÞDqxðGqxGÞð1þ sÞds. The estimates of kI1ðtÞkq and

kI2ðtÞkq can be achieved as follows.

kI1ðtÞkq aC

ð t=2
0

ðt� sÞ�ð1�1=qÞ=2�1=2kðuqxvÞðsÞ �M 2
0 ðGqxGÞð1þ sÞk1ds

aCt�ð1�1=qÞ=2�1=2;

kI2ðtÞkq aC

ð t
t=2

ðt� sÞ�1=2kðuqxvÞðsÞ �M 2
0 ðGqxGÞð1þ sÞkqds

aCt�ð1�1=qÞ=2�1=2:
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Here we have used the estimates (3.4) and (4.37). As a consequence, (4.39) is

obtained by using these estimates and (3.7) with k ¼ 0 and noting that

sup
0<ta2

ð t
0

eðt�sÞDqxðuqxvÞðsÞds
����

����
q

< y: r

Finally, to finish the proof of Proposition 3, we need to show (4.25) for

n ¼ 1. Before proving this, we give the following claim which is an improve-

ment of (4.33) for n ¼ 1.

Claim 8. Let n ¼ 1 and 1a qay. Then

kðuqxvÞðtÞ �M 2
0 ðGqxGÞð1þ tÞkq

aCð1þ tÞ�ð1�1=qÞ=2�3=2 þ Cð1þ tÞ�1=2kqxvðtÞ �M0qxGð1þ tÞkq ð4:40Þ

for t > 0, where M0 ¼
Ð
R n u0 dy.

Proof. (4.40) easily follows from (3.3), (4.19) and (4.24). r

Proof of Proposition 3. We shall show (4.25) only for n ¼ 1. Let n ¼ 1

and 1a qay, and use the same notation as in Claim 4.

Fix e A ð0; 1=2Þ and tb 4. Using (4.37) to remove the logarithmic func-

tion in (4.34), we obtain

kK1ðsÞkq aC

ð ð1�eÞs

0

ðs� tÞ�ð1�1=qÞ=2�1ð1þ tÞ�3=2 logð2þ tÞdt

aCe�ð1�1=qÞ=2�1s�ð1�1=qÞ=2�1

ðy
0

ð1þ tÞ�3=2 logð2þ tÞdt

aCe�ð1�1=qÞ=2�1s�ð1�1=qÞ=2�1: ð4:41Þ

Also, it follows from (4.40) that

kK2ðsÞkq aCe1=2s�ð1�1=qÞ=2�1 þ Ce1=2s�ð1�1=qÞ=2�1

� sup
1atat

tð1�1=qÞ=2þ1kqxvðtÞ �M0qxGð1þ tÞkq: ð4:42Þ

Therefore, by (4.41) and (4.42), calculations similar to those in Claim 4 yield

the following estimate of kJ2ðtÞkq.

kJ2ðtÞkq aCt�ð1�1=qÞ=2�1 þ Ce1=2t�ð1�1=qÞ=2�1 þ Ce�ð1�1=qÞ=2�1t�ð1�1=qÞ=2�1

þ Ce1=2t�ð1�1=qÞ=2�1 sup
1atat

tð1�1=qÞ=2þ1kqxvðtÞ �M0qxGð1þ tÞkq:
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This estimate together with (3.4), (3.5) with k ¼ 1 and (4.31) implies that for

tb 4,

tð1�1=qÞ=2þ1kqxvðtÞ �M0qxGð1þ tÞkq

aC þ Ce1=2 þ Ce�ð1�1=qÞ=2�1

þ Ce1=2 sup
1atat

tð1�1=qÞ=2þ1kqxvðtÞ �M0qxGð1þ tÞkq:

As a consequence, we obtain (4.25) for n ¼ 1 by repeating arguments in

Claim 4. r

5. Proof of Theorem 1

The aim of this section is to prove Theorem 1. We begin with the

following decay estimate which is needed to get the asymptotic behavior of v.

Lemma 9. Let nb 1 and 1a qay. Then

sup
t>0

ð1þ tÞnð1�1=qÞ=2þðnþ2Þ=2kuðtÞ � vðtÞkq < y: ð5:1Þ

Proof. This lemma can be proved by using arguments similar to those in

[10], but we give the outline of proof for reader’s convenience.

Let tb 2 and 1a qay, and put wðx; tÞ ¼ uðx; tÞ � vðx; tÞ. Since ðu; vÞ
is the classical solution to (P) on ðx; tÞ A Rn � ð0;yÞ, wðx; tÞ satisfies the

following equation:

qtw ¼ Dw� w� ‘ � ðu‘vÞ; x A Rn; t > 0;

wðx; 0Þ ¼ u0ðxÞ � v0ðxÞ; x A Rn:

�

Then we represent wðtÞ as

wðtÞ ¼ e�tetDðu0 � v0Þ � w1ðtÞ � w2ðtÞ � w3ðtÞ;

where

w1ðtÞ ¼
ð t=2
0

e�ðt�sÞ‘ � eðt�sÞDðu‘vÞðsÞds;

w2ðtÞ ¼
ð t
t=2

e�ðt�sÞ‘ � eðt�sÞDfðu‘vÞðsÞ �M 2
0 ðG‘GÞð1þ sÞgds;

w3ðtÞ ¼ M 2
0

ð t
t=2

e�ðt�sÞeðt�sÞD‘ � ðG‘GÞð1þ sÞds;

where M0 ¼
Ð
R n u0 dy. By (3.4), (4.2), (4.19), (4.26) and
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sup
s>0

ð1þ sÞnð1�1=qÞ=2þðnþ2Þ=2k‘ � ðG‘GÞð1þ sÞkq < y;

the estimates of kwkðtÞkq ðk ¼ 1; 2; 3Þ can be achieved as

kw1ðtÞkq aCe�t=2

ð t=2
0

ðt� sÞ�nð1�1=qÞ=2�1=2kuðsÞk2k‘vðsÞk2dsaCe�t=4;

kw2ðtÞkq aC

ð t
t=2

e�ðt�sÞðt� sÞ�1=2kðu‘vÞðsÞ �M 2
0 ðG‘GÞð1þ sÞkqds

aCt�nð1�1=qÞ=2�ðnþ2Þ=2
ð t
t=2

e�ðt�sÞðt� sÞ�1=2
ds

aCt�nð1�1=qÞ=2�ðnþ2Þ=2
ðy
0

e�zz�1=2 dz

aCt�nð1�1=qÞ=2�ðnþ2Þ=2;

kw3ðtÞkq aC

ð t
t=2

e�ðt�sÞk‘ � ðG‘GÞð1þ sÞkqds

aC

ð t
t=2

e�ðt�sÞs�nð1�1=qÞ=2�ðnþ2Þ=2 ds

aCt�nð1�1=qÞ=2�ðnþ2Þ=2:

Hence, using these estimates and ke�tetDðu0 � v0Þkq aCe�t, we obtain

sup
tb2

tnð1�1=qÞ=2þðnþ2Þ=2kwðtÞkq < y;

which together with supt>0 kwðtÞkq < y yields the desired estimate (5.1). r

The following proposition is a key one to show Theorem 1.

Proposition 4. Let nb 2 and 1a qay. Then the following holds:

lim
t!y

tnð1�1=qÞ=2þn=2

������
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds

�
X

jajþ2pan�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ

�M 2
0 ðG‘GÞðy; 1þ sÞgdyds�WðtÞ

������
q

¼ 0; ð5:2Þ

where M0 ¼
Ð
R n u0 dy and WðtÞ ¼ M 2

0

Ð t
0 e

ðt�sÞD‘ � ðG‘GÞð1þ sÞds as before.
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Proof. Let tb 2. Then we split
Ð t
0 e

ðt�sÞD‘ � ðu‘vÞðsÞds as follows:

ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds

¼
ð t
t=2

eðt�sÞD‘ � fðu‘vÞðsÞ �M 2
0 ðG‘GÞð1þ sÞgds

þ
ð t=2
0

eðt�sÞD‘ � fðu‘vÞðsÞ �M 2
0 ðG‘GÞð1þ sÞgds

þM 2
0

ð t
0

eðt�sÞD‘ � ðG‘GÞð1þ sÞds

¼: I1ðtÞ þ I2ðtÞ þWðtÞ: ð5:3Þ

Applying Lemma 2, for all integer mb 1, we can rewrite I2ðtÞ as follows:

I2ðtÞ ¼
X

jajþ2pam�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t=2
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

þ
X

jajþ2p¼m;
jajb1

jajð�1Þjajþp

a!p!

ð t=2
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ

�M 2
0 ðG‘GÞðy; 1þ sÞgdyds �

ð1
0

ð1� yÞjaj�1‘qa
xq

p
t Gð� � yy; 1þ tÞdy

þ Am

ð t=2
0

ð
R n

ð1þ sÞ½ðm�1Þ=2�þ1fðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds �

�
ð1
0

ð1� tÞ½ðm�1Þ=2�‘q
½ðm�1Þ=2�þ1
t Gð� � y; 1þ t� tð1þ sÞÞdt;

where Am ¼ ð�1Þ½ðm�1Þ=2�þ1��
ðm� 1Þ=2

��
!
. Substituting this equality into (5.3) implies that

for all integer mb 1,
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ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds�
X

jajþ2pam�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds�WðtÞ

¼ I1ðtÞ �
X

jajþ2pam�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
t=2

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ

�M 2
0 ðG‘GÞðy; 1þ sÞgdyds

þ
X

jajþ2p¼m;
jajb1

jajð�1Þjajþp

a!p!

ð t=2
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ

�M 2
0 ðG‘GÞðy; 1þ sÞgdsdy �

ð1
0

ð1� yÞjaj�1‘qa
xq

p
t Gð� � yy; 1þ tÞdy

þ Am

ð t=2
0

ð
R n

ð1þ sÞ½ðm�1Þ=2�þ1fðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds �

�
ð1
0

ð1� tÞ½ðm�1Þ=2�‘q
½ðm�1Þ=2�þ1
t Gð� � y; 1þ t� tð1þ sÞÞdt

¼: I1ðtÞ þ I m21ðtÞ þ I m22ðtÞ þ I m23ðtÞ;

Hence using this representation with m ¼ n, we obtain

ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds�
X

jajþ2pan�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds�WðtÞ

¼: I1ðtÞ þ I n21ðtÞ þ I n22ðtÞ þ I n23ðtÞ:

By using Lemma 3 and (4.26), we have

kI1ðtÞkq aC

ð t
t=2

ðt� sÞ�1=2kðu‘vÞðsÞ �M 2
0 ðG‘GÞð1þ sÞkqds

aC

ð t
t=2

ðt� sÞ�1=2
s�nð1�1=qÞ=2�ðnþ2Þ=2 dsaCt�nð1�1=qÞ=2�ðnþ1Þ=2;
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which implies that

lim
t!y

tnð1�1=qÞ=2þn=2kI1ðtÞkq ¼ 0: ð5:4Þ

To estimate kI n2kðtÞkq ðk ¼ 1; 2; 3Þ, we here claim that for jaja n,

ð
Rn

yafðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdy

����
����

aCð1þ sÞ�n=2�1þjaj=2 ðs > 0Þ: ð5:5Þ

Indeed, we prove (5.5) only for jaj > 0 since the estimate (5.5) for jaj ¼ 0

follows from (4.26). For this purpose, we write jyjjajjðu‘vÞðy; sÞ �M 2
0 ðG‘GÞ

ðy; 1þ sÞj as follows:

jyjjajjðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞj

a jyjjajjuðy; sÞj j‘vðy; sÞ �M0‘Gðy; 1þ sÞj

þ jyjjajjM0‘Gðy; 1þ sÞj juðy; sÞ �M0Gðy; 1þ sÞj

¼: L1ðy; sÞ þ L2ðy; sÞ:

Then, by (D) with g ¼ n, L1ðy; sÞ is estimated as

L1ðy; sÞa fjyjnjuðy; sÞjgjaj=njuðy; sÞj1�jaj=nj‘vðy; sÞ �M0‘Gðy; 1þ sÞj

aCjuðy; sÞj1�jaj=nj‘vðy; sÞ �M0‘Gðy; 1þ sÞj:

Similarly, by (3.1) with k ¼ 1,

L2ðy; sÞaCj‘Gðy; 1þ sÞj1�jaj=ðnþ1Þjuðy; sÞ �M0Gðy; 1þ sÞj:

Therefore applying Hölder’s inequality, (3.3), (4.19), (4.24) and (4.25) yields

that ð
R n

yafðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdy

����
����

aCkuðsÞk1�jaj=n
1 k‘vðsÞ �M0‘Gð1þ sÞkn=jaj

þ Ck‘Gð1þ sÞk1�jaj=ðnþ1Þ
1 kuðsÞ �M0Gð1þ sÞkðnþ1Þ=jaj

aCð1þ sÞ�n=2�1þjaj=2:

This implies the desired estimate (5.5).
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We now estimate kI n2kðtÞkq ðk ¼ 1; 2; 3Þ. It follows from Minkowski’s

inequality, (3.3) and (5.5) that

kI n21ðtÞkq a
X

jajþ2pan�1

Ck‘qa
xq

p
t Gð1þ tÞkq

ð t
t=2

ð1þ sÞpds

�
ð
R n

yafðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdy

����
����

a
X

jajþ2pan�1

Ct�nð1�1=qÞ=2�jaj=2�p�1=2

ð t
t=2

ð1þ sÞ�n=2�1þjaj=2þp
ds

aCt�nð1�1=qÞ=2�ðnþ1Þ=2;

which implies that

lim
t!y

tnð1�1=qÞ=2þn=2kI n21ðtÞkq ¼ 0: ð5:6Þ

Similarly,

kI n22ðtÞkq a
X

jajþ2p¼n;
jajb1

Ct�nð1�1=qÞ=2�jaj=2�p�1=2

ð t=2
0

ð1þ sÞpds

�
ð
Rn

yafðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdy

����
����

aCt�nð1�1=qÞ=2�ðnþ1Þ=2
ð t=2
0

ð1þ sÞ�1
ds

aCt�nð1�1=qÞ=2�ðnþ1Þ=2 log t;

kI n23ðtÞkq aC

ð t=2
0

ð1þ sÞ½ðn�1Þ=2�þ1
ds

�
ð
R n

fðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdy

����
����

�
ð1
0

kq ½ðn�1Þ=2�þ1
t ‘Gð� � y; 1þ t� tð1þ sÞÞkqdt

aC

ð t=2
0

ðt� sÞ�nð1�1=qÞ=2�½ðn�1Þ=2��3=2ð1þ sÞ�n=2þ½ðn�1Þ=2�
ds

aCt�nð1�1=qÞ=2�½ðn�1Þ=2��3=2

ð t=2
0

ð1þ sÞ�n=2þ½ðn�1Þ=2�
ds

aC � t�nð1�1=qÞ=2�ðnþ1Þ=2 if n is odd;

t�nð1�1=qÞ=2�ðnþ1Þ=2 log t if n is even;

�
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which yield that

lim
t!y

tnð1�1=qÞ=2þn=2ðkI n22ðtÞkq þ kI n23ðtÞkqÞ ¼ 0: ð5:7Þ

As a consequence, (5.2) follows from (5.4), (5.6) and (5.7). r

Proof of Theorem 1. Let tb 2 and 1a qay. Once the asymptotic

behavior of u is shown, that of v is obtained by Lemma 9. Hence we prove

only the asymptotic behavior of u.

First of all, by (5.5), we directly see that the convergence of integral

ðy
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds ð5:8Þ

is ensured for jaj þ 2pa n� 1. The integrals

ðy
0

ð
R n

yað1þ sÞpu‘v dyds and

ðy
0

ð
Rn

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

also converge for jaj þ 2pa n� 2 because using arguments similar to those in

the proof of (5.5) gives

sup
s>0

ð1þ sÞn=2þ1=2�jaj=2
ð
R n

yau‘v dy

����
���� < y; ð5:9Þ

sup
s>0

ð1þ sÞn=2þ1=2�jaj=2
ð
R n

yaðG‘GÞðy; 1þ sÞdy
����

���� < y ð5:10Þ

for jaja n. Hence we use these fact and (2.1) to get

uðtÞ �
X
jajan

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
R n

yau0 dy

þ
X

jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
Rn

yað1þ sÞpu‘v dyds

þ
X

jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
R n

yað1þ sÞpu‘v dyds

þ

8<
:WðtÞ �M 2

0

X
jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �
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�
ðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

�M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
Rn

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

9=
;

¼ etDu0 �
X
jajan

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
R n

yau0 dy

8<
:

9=
;

þ
X

jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
t

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

�

8<
:
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds�
X

jajþ2pan�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds�WðtÞ

9=
;

¼: M1ðtÞ þM2ðtÞ þM3ðtÞ;

where M0 ¼
Ð
R n u0 dy and WðtÞ ¼ M 2

0

Ð t
0 e

ðt�sÞD‘ � ðG‘GÞð1þ sÞds as before.

Next, we estimate kMkðtÞkq ðk ¼ 1; 2; 3Þ. Since tnð1�1=qÞ=2þn=2kM1ðtÞkq
and tnð1�1=qÞ=2þn=2kM3ðtÞkq tend to 0 as t ! y by making use of (3.6) with

m ¼ n and Proposition 4, respectively, we consider only the estimate of

kM2ðtÞkq. The estimation of kM2ðtÞkq can be achieved as follows:

kM2ðtÞkq a
X

jajþ2pan�2

Ck‘qa
xq

p
t Gð1þ tÞkq

�
ðy
t

ð
Rn

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

����
����

a
X

jajþ2pan�2

Ct�nð1�1=qÞ=2�jaj=2�p�1=2

ðy
t

s�n=2�1þjaj=2þp ds

aCt�nð1�1=qÞ=2�ðnþ1Þ=2;

399Higher-order asymptotic expansions



which yields that limt!y tnð1�1=qÞ=2þn=2kM2ðtÞkq ¼ 0. Here we have used (3.3)

and (5.5). Therefore,

tnð1�1=qÞ=2þn=2

������uðtÞ �
X
jajan

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
R n

yau0 dy

þ
X

jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
R n

yað1þ sÞpu‘v dyds

þ
X

jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
Rn

yað1þ sÞpu‘v dyds

þ

8<
:WðtÞ �M 2

0

X
jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

�M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
Rn

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

9=
;
������
q

! 0 ð5:11Þ

as t ! y.

Now we shall prove the following claim in order to obtain the higher-order

asymptotic expansion of u in more detail.

Claim 9. For any integer l with 1a l < n, we have

M 2
0

X
jajþ2p¼l�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

¼

0 if l is odd;

M 2
0

2ð8pÞn=2
X

jajþp¼ðl�2Þ=2

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg if l is even:

8><
>: ð5:12Þ

Furthermore, if n is odd,

M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds ¼ 0 ð5:13Þ
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and

M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds ¼ 0; ð5:14Þ

and if n is even,

M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

¼ M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ: ð5:15Þ

Proof. Since we can show the desired equalities (5.13), (5.14) and (5.15)

by using arguments similar to those in the proof of (5.12), we show only the

equality (5.12). A direct calculation gives

M 2
0

X
jajþ2p¼l�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

¼ �M 2
0

2

X
jajþ2p¼l�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yyað1þ sÞ�1þp
G2ðy; 1þ sÞdyds

¼ � M 2
0

2ð4pÞn
Xn
j¼1

X
jajþ2p¼l�1

ð�1Þjajþp

a!p!
qjq

a
xq

p
t Gð1þ tÞ

�
ðy
0

ð
R n

yjy
að1þ sÞ�n�1þp exp � jyj2

2ð1þ sÞ

 !
dyds
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¼ M 2
0

2ð4pÞn
Xn
j¼1

X
jajþ2p¼l;
aj00

ajð�1Þjajþp

a!p!
qa
xq

p
t Gð1þ tÞ

�
ðy
0

ð
R n

yað1þ sÞ�n�1þp exp � jyj2

2ð1þ sÞ

 !
dyds

¼ M 2
0

2ð4pÞn
Xn
j¼1

X
jajþ2p¼l;
aj00

ajð�1Þjajþp

a!p!
qa
xq

p
t Gð1þ tÞ

�
ðy
0

ð1þ sÞ�n=2þjaj=2þp�1
ds

ð
R n

yae�jyj2=2 dy: ð5:16Þ

If l is even, then it follows from (5.16) that

M 2
0

X
jajþ2p¼l�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
Rn

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

¼ M 2
0

2ð4pÞn
Xn
j¼1

X
jajþp¼l=2;

aj00

2ajð�1Þp

ð2aÞ!p! q2ax qp
t Gð1þ tÞ

�
ðy
0

ð1þ sÞ�n=2þjajþp�1
ds

ð
R n

y2ae�jyj2=2 dy

¼ M 2
0

2ð8pÞn=2
Xn
j¼1

X
jajþp¼l=2;

aj00

ajð�1Þp

2jaj�1a!p!
q2ax qp

t Gð1þ tÞ
ðy
0

ð1þ sÞ�n=2þjajþp�1
ds

¼ M 2
0

2ð8pÞn=2
Xn
j¼1

X
jajþp¼ðl�2Þ=2

ð�1Þp

2jaja!p!
q2j q

2a
x qp

t Gð1þ tÞ
ðy
0

ð1þ sÞ�n=2þjajþp
ds

¼ M 2
0

2ð8pÞn=2
X

jajþp¼ðl�2Þ=2

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg :

Here we have used the fact that for m A Zþ,ð
R

yme�y2=2 dy ¼ 0 if m is odd;

ðm� 1Þðm� 3Þ . . . 3 � 1 � ð2pÞ1=2 if m is even:

�
ð5:17Þ

On the other hand, if l is odd, then (5.16) is zero due to (5.17). As a

consequence, we obtain the desired equality (5.12). r
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Proof of Theorem 1, continued. First, by applying Claim 9, the

following term appearing in (5.11) is calculated as

WðtÞ �M 2
0

X
jajþ2pan�2

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

�M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpðG‘GÞðy; 1þ sÞdyds

¼

WðtÞ � M 2
0

2ð8pÞDGð1þ tÞ logð1þ tÞ if n ¼ 2;

WðtÞ � M 2
0

2ð8pÞn=2
X

jajþpa½ðn�3Þ=2�

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg

if n is odd with nb 3;

WðtÞ � M 2
0

2ð8pÞn=2
X

jajþp<½ðn�3Þ=2�

ð�1ÞpDq2ax qp
t Gð1þ tÞ

2jaj�1a!p!fðn� 2Þ � 2ðjaj þ pÞg

� M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ

if n is even with nb 3

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

¼ RðtÞ; ð5:18Þ

where RðtÞ is the one defined by (2.3).

Next, for the n-th order term of asymptotic expansion of u in (5.11), we

show the following: If n is odd,

tnð1�1=qÞ=2þn=2

���� X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
R n

yað1þ sÞpu‘v dyds

�
X

jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
R n

yað1þ sÞpu‘v dyds
����
q

! 0 ð5:19Þ

as t ! y, and if n is even,
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tnð1�1=qÞ=2þn=2

���� X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
R n

yað1þ sÞpu‘v dyds

�
X

jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

� M 2
0

2ð8pÞn=2
X

jajþp¼ðn�2Þ=2

ð�1Þp

2jaja!p!
Dq2ax qp

t Gð1þ tÞ logð1þ tÞ
����
q

! 0 ð5:20Þ

as t ! y.

Indeed, since the integral (5.8) is well-defined for jaj þ 2p ¼ n� 1, we see

from (3.3) and (5.5) that

tnð1�1=qÞ=2þn=2

���� X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ð t
0

ð
R n

yað1þ sÞpu‘v dyds

�
X

jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

�M 2
0

X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ð t
0

ð
R n

yað1þ sÞpðG‘GÞð1þ sÞdyds
����
q

¼ tnð1�1=qÞ=2þn=2

���� X
jajþ2p¼n�1

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
t

ð
R n

yað1þ sÞpfðu‘vÞðy; sÞ �M 2
0 ðG‘GÞðy; 1þ sÞgdyds

����
q

a
X

jajþ2p¼n�1

Ctn=2�jaj=2�p�1=2

ðy
t

s�n=2�1þjaj=2þp dsaCt�1=2 ! 0 ð5:21Þ

404 Tetsuya Yamada



as t ! y. If n is odd, (5.21) gives (5.19) by (5.13) and (5.14). On the other

hand, if n is even, (5.21) implies (5.20) because of (5.15). Hence (2.5) is

obtained by combining (5.18) and (5.19) with (5.11). Also, (2.6) follows

from (5.11), (5.18) and (5.20). As a consequence, the proof of Theorem 1

is complete.

6. Proof of Theorem 2

In this section, let ðu; vÞ be the solution to (P) satisfying (D) with g ¼ nþ 1,

and let nb 1 and 1a qay. We repeat arguments similar to those in Sec-

tion 5, and use the same notation as in the section. First of all, we give

Lq-estimates for the solution in order to prove Theorem 2. Using Proposition

3 with M0 ¼ 0 gives

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1=2kuðtÞkq < y; ð6:1Þ

sup
t>0

ð1þ tÞnð1�1=qÞ=2þ1k‘vðtÞkq < y: ð6:2Þ

Next we show only the asymptotic behavior of u because that of v

is obtained by Lemma 9. From (2.1) the following equality holds:

uðtÞ �
X

1ajajanþ1

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
Rn

yau0 dy

þ
X

jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
R n

yað1þ sÞpu‘v dyds

¼ etDu0 �
X

1ajajanþ1

ð�1Þjaj

a!
qa
xGð1þ tÞ

ð
R n

yau0 dy

8<
:

9=
;

�

8<
:
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds�
X

jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpu‘v dyds

9=
;:

Therefore it is su‰cient to prove the following proposition due to (3.6) with

m ¼ nþ 1 and M0 ¼ 0:
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Proposition 5. Let nb 1 and 1a qay. Then the convergence of

integral
Ðy
0

Ð
R n yað1þ sÞpu‘v dyds is assured for jaj þ 2pa n, and

tnð1�1=qÞ=2þðnþ1Þ=2
����
ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds�
X

jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpu‘v dyds
����
q

! 0 ð6:3Þ

as t ! y.

Proof. Fix tb 2. Firstly, we easily observe that the convergence of

integral
Ðy
0

Ð
R n yað1þ sÞpu‘v dyds is ensured for jaj þ 2pa n since it follows

from (6.1) and (6.2) that

sup
s>0

ð1þ sÞn=2þ3=2�jaj=2
ð
Rn

yau‘v dy

����
���� < y

for 1a ja n and jaja nþ 1 by using arguments similar to those in the proof

of (5.5).

Next, as in the proof of Proposition 4, the following holds:

ð t
0

eðt�sÞD‘ � ðu‘vÞðsÞds�
X

jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
Rn

yað1þ sÞpu‘v dyds

¼: I1ðtÞ þ

8<
:I nþ1

21 ðtÞ �
X

jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

�
ðy
0

ð
R n

yað1þ sÞpu‘v dyds

9=
;þ I nþ1

22 ðtÞ þ I nþ1
23 ðtÞ:

Hence calculations similar to those in the proof of Proposition 4 give the

following estimates:
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kI1ðtÞkq aCt�nð1�1=qÞ=2�ðnþ2Þ=2;����I nþ1
21 ðtÞ �

X
jajþ2pan

ð�1Þjajþp

a!p!
‘qa

xq
p
t Gð1þ tÞ �

ðy
0

ð
Rn

yað1þ sÞpu‘v dyds
����
q

a
X

jajþ2pan

Ct�nð1�1=qÞ=2�jaj=2�p�1=2

ðy
t=2

ð1þ sÞpds
ð
R n

yau‘v dy

����
����

a
X

jajþ2pan

Ct�nð1�1=qÞ=2�jaj=2�p�1=2

ðy
t=2

ð1þ sÞ�n=2�3=2þjaj=2þp
ds

aCt�nð1�1=qÞ=2�ðnþ2Þ=2;

kI nþ1
22 ðtÞkq a

X
jajþ2p¼nþ1;

jajb1

Ct�nð1�1=qÞ=2�ðnþ2Þ=2
ð t=2
0

ð1þ sÞpds
ð
R n

yau‘v dy

����
����

a
X

jajþ2p¼nþ1;
jajb1

Ct�nð1�1=qÞ=2�ðnþ2Þ=2
ð t=2
0

ð1þ sÞ�1
ds

aCt�nð1�1=qÞ=2�ðnþ2Þ=2 log t;

kI nþ1
23 ðtÞkq aCt�nð1�1=qÞ=2�3=2�½n=2�

ð t=2
0

ð1þ sÞ½n=2�þ1
ds

ð
Rn

u‘v dy

����
����

aCt�nð1�1=qÞ=2�3=2�½n=2�
ð t=2
0

ð1þ sÞ�n=2�1=2þ½n=2�
ds

aC � t�nð1�1=qÞ=2�ðnþ2Þ=2 log t if n is odd;

t�nð1�1=qÞ=2�ðnþ2Þ=2 if n is even:

�

As a consequence, (6.3) follows from these estimates.

7. Proof of Theorem 3

In this section, we shall show the existence of solutions to (P) satisfying

(D) by applying the contraction mapping principle. The proof consists of

several steps.

Step 1. Let us define the space X0 by

X0 ¼ Cð½0;yÞ;L1ðRnÞÞVCð½0;yÞ;BðRnÞÞ

and consider the Banach space

407Higher-order asymptotic expansions



X ¼ fu A X0 j kukX < yg

with the norm

kukX ¼ sup
x AR n; t>0

ð1þ jxjÞgjuðx; tÞj þ sup
x ARn; t>0

ð1þ tÞg=2juðx; tÞj þ sup
t>0

kuðtÞk1;

where g is either n or nþ 1. We here note that u A X implies

juðx; tÞja ð1þ jxjÞa�gð1þ tÞ�a=2kukX for 0a aa g: ð7:1Þ

For K > 0, we define the closed subset BK of X by

BK ¼ fu A X j kukX aKg:

Given u A BK , define v by

vðtÞ ¼ e�tetDv0 þ
ð t
0

e�ðt�sÞeðt�sÞDuðsÞds

¼: ½Vðv0Þ�ðtÞ þ ½JðuÞ�ðtÞ ð7:2Þ

and then FðuÞ by

½FðuÞ�ðtÞ ¼ etDu0 �
ð t
0

‘ � eðt�sÞDðu‘vÞðsÞds

¼: ½Uðu0Þ�ðtÞ � I ½ðu;‘vÞ�ðtÞ:

We now put kv0kL1VLy
g
:¼ kv0k1 þ kv0kLy

g
, k‘v0kL1VLy

g
:¼ k‘v0k1 þ k‘v0kLy

g

and

lgðu0Þ ¼
ku0k1 þ ku0kLy

g
if g ¼ n;

ku0kL1
1
þ ku0kLy

g
if g ¼ nþ 1:

(
ð7:3Þ

Using Lemma 7 and Uðu0Þ;Vðv0Þ;‘Vðv0Þ A X0, we easily see that Uðu0Þ, Vðv0Þ
and ‘Vðv0Þ are in X , and satisfy

kUðu0ÞkX aC �
1 lgðu0Þ; ð7:4Þ

kVðv0ÞkX aC �
2 kv0kL1VLy

g
; k‘Vðv0ÞkX aC �

3 k‘v0kL1VLy
g
; ð7:5Þ

where C �
k ðk ¼ 1; 2; 3Þ are positive constants. Furthermore, Lemma 6 gives v,

‘v A X0, which together with Lemma 2.2 of [19] implies Iðu;‘vÞ A X0. There-

fore we see that FðuÞ belongs to X0.

Step 2. We show the following claim.

Claim 10. There exist positive constants C1, C2 such that for u A BK,

kvkX aC1ðkv0kL1VLy
g
þ kukX Þ; ð7:6Þ

k‘vkX aC2ðk‘v0kL1VLy
g
þ kukX Þ: ð7:7Þ
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Proof. First of all, we show (7.6). By (7.5), it su‰ces to prove that

kJðuÞkX aCkukX : ð7:8Þ

Since Jð�Þ is linear on X , we can assume kukX ¼ 1. Thus (7.1) gives

juðx; tÞja ð1þ jxjÞa�gð1þ tÞ�a=2 for 0a aa g: ð7:9Þ

We now prove that

sup
x AR n; t>0

ð1þ jxjÞgjJðuÞj < y: ð7:10Þ

For this purpose, we split JðuÞ as follows:

JðuÞ ¼ J1ðuÞ þ J2ðuÞ;

where

J1ðuÞ ¼
ð t
0

ð
jyjajxj=2

e�ðt�sÞGðx� y; t� sÞuðy; sÞdyds;

J2ðuÞ ¼
ð t
0

ð
jyjbjxj=2

e�ðt�sÞGðx� y; t� sÞuðy; sÞdyds:

From (7.9) with a ¼ 0 we obtain

jJ2ðuÞja
ð t
0

e�ðt�sÞ ds

ð
jyjbjxj=2

Gðx� y; t� sÞð1þ jyjÞ�g
dy

aCð1þ jxjÞ�g

ð t
0

e�ðt�sÞ ds

ð
R n

Gðx� y; t� sÞdy

aCð1þ jxjÞ�g

for ðx; tÞ A Rn � ð0;yÞ, which implies that

sup
x AR n; t>0

ð1þ jxjÞgjJ2ðuÞj < y: ð7:11Þ

Assume that jxjb 1. Then we estimate jJ1ðuÞj. For g ¼ n, (3.1) with

k ¼ 0 yields that

jJ1ðuÞjaC

ð t
0

e�ðt�sÞ ds

ð
jyjajxj=2

jx� yj�n
e�jx�yj2=f8ðt�sÞgjuðy; sÞjdy

aCjxj�n

ð t
0

e�ðt�sÞ ds

ð
R n

juðy; sÞjdy

aCð1þ jxjÞ�n

since jx� yjb jxj=2 for jyja jxj=2.
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For g ¼ nþ 1, we need to rewrite J1ðuÞ as follows:

J1ðuÞ ¼: J11ðuÞ þ J12ðuÞ;

where

J11ðuÞ ¼
ð t=2
0

ð
jyjajxj=2

e�ðt�sÞGðx� y; t� sÞuðy; sÞdyds;

J12ðuÞ ¼
ð t
t=2

ð
jyjajxj=2

e�ðt�sÞGðx� y; t� sÞuðy; sÞdyds:

By using (3.1) with k ¼ 0 and jx� yjb jxj=2 for jyja jxj=2, we have

jJ11ðuÞjaCe�t=2

ð t=2
0

ð
jyjajxj=2

jx� yj�n
e�jx�yj2=f8ðt�sÞgjuðy; sÞjdyds

aCjxj�n
e�t=2e�jxj2=ð32tÞ

ð t=2
0

ds

ð
Rn

juðy; sÞjdy

aCð1þ jxjÞ�n�1:

(7.9) with a ¼ nþ 1 and (3.2) with k ¼ 0 also give

jJ12ðuÞjaC

ð t
t=2

e�ðt�sÞðt� sÞ�n=2ð1þ sÞ�n=2�1=2
ds

ð
jyjajxj=2

e�jx�yj2=f8ðt�sÞg dy

aCt�n=2�1=2e�jxj2=ð32tÞ
ð t
t=2

e�ðt�sÞðt� sÞ�n=2
ds

ð
R n

e�jx�yj2=f16ðt�sÞg dy

aCjxj�n�1

ð t
t=2

e�ðt�sÞ dsaCð1þ jxjÞ�n�1;

where we have used jx� yjb jxj=2 for jyja jxj=2. Therefore from these

estimates we see that

jJ1ðuÞjaCð1þ jxjÞ�g for jxjb 1: ð7:12Þ

On the other hand, (7.9) with a ¼ 0 implies that for ðx; tÞ A Rn � ð0;yÞ,

jJ1ðuÞja
ð t
0

ð
jyjajxj=2

e�ðt�sÞGðx� y; t� sÞjuðy; sÞjdyds

a

ð t
0

ð
R n

e�ðt�sÞGðx� y; t� sÞð1þ jyjÞ�g
dyds

a

ð t
0

e�ðt�sÞ ds

ð
R n

Gðx� y; t� sÞdya
ð t
0

e�ðt�sÞ dsaC:
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Hence using the boundedness of jJ1ðuÞj on Rn � ð0;yÞ and (7.12) yields that

sup
x AR n; t>0

ð1þ jxjÞgjJ1ðuÞj < y: ð7:13Þ

Consequently, combining (7.11) and (7.13), we obtain (7.10).

Next we show that

sup
x ARn; t>0

ð1þ tÞg=2jJðuÞj < y: ð7:14Þ

To prove this, we again divide JðuÞ into two parts:

JðuÞ ¼ J3ðuÞ þ J4ðuÞ;

where

J3ðuÞ ¼
ð t=2
0

ð
R n

e�ðt�sÞGðx� y; t� sÞuðy; sÞdyds;

J4ðuÞ ¼
ð t
t=2

ð
R n

e�ðt�sÞGðx� y; t� sÞuðy; sÞdyds:

Then the estimations of J3ðuÞ and J4ðuÞ can be achieved as follows: For

ðx; tÞ A Rn � ð0;yÞ,

jJ3ðuÞja
ð t=2
0

ð
R n

e�ðt�sÞGðx� y; t� sÞð1þ sÞ�g=2
dyds

a e�t=2

ð t=2
0

ð1þ sÞ�g=2
ds

ð
Rn

Gðx� y; t� sÞdy

a e�t=2

ð t=2
0

ð1þ sÞ�g=2
dsaCð1þ tÞ�g=2;

jJ4ðuÞja
ð t
t=2

e�ðt�sÞð1þ sÞ�g=2
ds

ð
Rn

Gðx� y; t� sÞdy

aCð1þ tÞ�g=2

ð t
t=2

e�ðt�sÞ dsaCð1þ tÞ�g=2;

where we have used (7.9) with a ¼ g. Thus these estimates give (7.14).

Finally, from (3.4) we have

kJðuÞk1 a
ð t
0

e�ðt�sÞkeðt�sÞDuðsÞk1dsa
ð t
0

e�ðt�sÞkuðsÞk1dsaC ðt > 0Þ;

which together with (7.10) and (7.14) implies (7.8). As a consequence, the

desired estimate (7.6) is obtained.
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We are going to show (7.7) by arguments similar to those in the proof

of (7.6). By (7.5), it is su‰cient to claim that

k‘JðuÞkX aCkukX : ð7:15Þ

Here we can assume kukX ¼ 1 since ‘JðuÞ is linear with respect to u A X .

We now prove that

sup
x AR n; t>0

ð1þ jxjÞgj‘JðuÞj < y: ð7:16Þ

First of all, we divide ‘JðuÞ into two parts:

‘JðuÞ ¼: ‘J1ðuÞ þ ‘J2ðuÞ;

where

‘J1ðuÞ ¼
ð t
0

ð
jyjajxj=2

e�ðt�sÞ‘Gðx� y; t� sÞuðy; sÞdyds;

‘J2ðuÞ ¼
ð t
0

ð
jyjbjxj=2

e�ðt�sÞ‘Gðx� y; t� sÞuðy; sÞdyds:

Fix jxjb 1. Since (3.1) and (3.2) with k ¼ 1 give

j‘Gðx� y; t� sÞjaCjx� yjb�ðnþ1Þðt� sÞ�b=2
e�jx�yj2=f8ðt�sÞg

aCjx� yjb�ðnþ1Þðt� sÞ�b=2 ð7:17Þ

for b with 0a ba nþ 1, using (7.17) with b ¼ nþ 1� g implies that for

jxjb 1,

j‘J1ðuÞjaC

ð t
0

e�ðt�sÞðt� sÞ�n=2�1=2þg=2
ds

ð
jyjajxj=2

jx� yj�gjuðy; sÞjdy

aCjxj�g

ð t
0

e�ðt�sÞðt� sÞ�n=2�1=2þg=2
ds

ð
R n

juðy; sÞjds

aCð1þ jxjÞ�g

ð t
0

e�ðt�sÞðt� sÞ�n=2�1=2þg=2
ds

aCð1þ jxjÞ�g: ð7:18Þ

On the other hand, (7.9) with a ¼ 0 gives that for ðx; tÞ A Rn � ð0;yÞ,

j‘J1ðuÞja
ð t
0

ð
jyjajxj=2

e�ðt�sÞj‘Gðx� y; t� sÞj juðy; sÞjdyds

a

ð t
0

ð
R n

e�ðt�sÞj‘Gðx� y; t� sÞjð1þ jyjÞ�g
dyds
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a

ð t
0

e�ðt�sÞ ds

ð
Rn

j‘Gðx� y; t� sÞjdy

aC

ð t
0

e�ðt�sÞðt� sÞ�1=2
dsaC:

Therefore, putting together the boundedness of j‘J1ðuÞj on Rn � ð0;yÞ and

(7.18) yields that

sup
x ARn; t>0

ð1þ jxjÞgj‘J1ðuÞj < y: ð7:19Þ

Furthermore, by (7.9) with a ¼ 0, we obtain

j‘J2ðuÞja
ð t
0

e�ðt�sÞ ds

ð
jyjbjxj=2

j‘Gðx� y; t� sÞjð1þ jyjÞ�g
dy

aCð1þ jxjÞ�g

ð t
0

e�ðt�sÞðt� sÞ�1=2
dsaCð1þ jxjÞ�g

for ðx; tÞ A Rn � ð0;yÞ. Hence the desired estimate (7.16) is obtained by

combining this estimate and (7.19).

Next we claim that the following holds:

sup
x AR n; t>0

ð1þ tÞg=2j‘JðuÞj < y: ð7:20Þ

In fact, ‘JðuÞ is again represented as follows:

‘JðuÞ ¼: ‘J3ðuÞ þ ‘J4ðuÞ;

where

‘J3ðuÞ ¼
ð t=2
0

ð
R n

e�ðt�sÞ‘Gðx� y; t� sÞuðy; sÞdyds;

‘J4ðuÞ ¼
ð t
t=2

ð
R n

e�ðt�sÞ‘Gðx� y; t� sÞuðy; sÞdyds:

Then the estimations of ‘J3ðuÞ and ‘J4ðuÞ can be achieved as follows: For

ðx; tÞ A Rn � ð0;yÞ,

j‘J3ðuÞja
ð t=2
0

ð
Rn

e�ðt�sÞj‘Gðx� y; t� sÞjð1þ sÞ�g=2
dyds

a e�t=2

ð t=2
0

ð1þ sÞ�g=2
ds

ð
R n

j‘Gðx� y; t� sÞjdy

aCe�t=2

ð t=2
0

ðt� sÞ�1=2ð1þ sÞ�g=2
dsaCð1þ tÞ�g=2;
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j‘J4ðuÞja
ð t
t=2

e�ðt�sÞð1þ sÞ�g=2
ds

ð
R n

j‘Gðx� y; t� sÞjdy

aCð1þ tÞ�g=2

ð t
t=2

e�ðt�sÞðt� sÞ�1=2
dsaCð1þ tÞ�g=2;

where we have used (7.9) with a ¼ g. Hence from these estimates we get

(7.20).

Finally, from (3.4) we have

k‘JðuÞk1 a
ð t
0

e�ðt�sÞk‘eðt�sÞDuðsÞk1ds

aC

ð t
0

e�ðt�sÞðt� sÞ�1=2kuðsÞk1dsaC ðt > 0Þ;

which together with (7.16) and (7.20) yields (7.15). Consequently, the desired

estimate (7.7) is obtained. r

By Claim 10, we see that ðu; vÞ is a solution to (P) on Rn � ½0;yÞ
satisfying (D) if u A BK is a fixed-point of F.

Step 3. The following claim is a key one to prove Theorem 3.

Claim 11. Let j;‘c A BK. Then

kIðj;‘cÞkX aC3kjkXk‘ckX ; ð7:21Þ

where C3 is a positive constant independent of j and c.

Proof. Assume that kjkX ¼ k‘ckX ¼ 1 because Ið� ; �Þ is bilinear on

BK � BK , and note that for every 0a la 2g and every 0a ma g, j;‘c A BK

satisfy the following estimates:

jðj‘cÞðy; sÞja ð1þ jyjÞl�2gð1þ sÞ�l=2; ð7:22Þ

j‘cðy; sÞja ð1þ jyjÞm�gð1þ sÞ�m=2: ð7:23Þ

We now divide Iðj;‘cÞ into two parts:

Iðj;‘cÞ ¼ I1ðj;‘cÞ þ I2ðj;‘cÞ;

where

I1ðj;‘cÞ ¼
ð t
0

ð
jyjajxj=2

‘Gðx� y; t� sÞ � ðj‘cÞðy; sÞdyds;

I2ðj;‘cÞ ¼
ð t
0

ð
jyjbjxj=2

‘Gðx� y; t� sÞ � ðj‘cÞðy; sÞdyds:
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Firstly, we estimate jI1ðj;‘cÞj. Fix jxjb 1. In the case g ¼ n, by

applying (7.17) with b ¼ 1 and (7.23) with m ¼ 1, we have

jI1ðj;‘cÞja
ð t
0

ð
jyjajxj=2

j‘Gðx� y; t� sÞj jjðy; sÞj j‘cðy; sÞjdyds

aCjxj�n

ð t
0

ðt� sÞ�1=2ð1þ sÞ�1=2
ds

ð
Rn

ð1þ jyjÞ�nþ1jjðy; sÞjdy

aCjxj�n

ð t
0

ðt� sÞ�1=2
s�1=2 ds

ð
R n

jjðy; sÞjdyaCð1þ jxjÞ�n;

where we have used jx� yjb jxj=2 for jyja jxj=2.
In the case g ¼ nþ 1, from (7.17) with b ¼ 0 and (7.22) with l ¼ nþ 3=2

we obtain

jI1ðj;‘cÞja
ð t
0

ð
jyjajxj=2

j‘Gðx� y; t� sÞj jðj‘cÞðy; sÞjdyds

aCjxj�n�1

ð t
0

ð1þ sÞ�n=2�3=4
ds

ð
R n

ð1þ jyjÞ�n�1=2
dy

aCð1þ jxjÞ�n�1:

Therefore it follows from these estimates that for jxjb 1,

jI1ðj;‘cÞjaCð1þ jxjÞ�g: ð7:24Þ

On the other hand, (7.22) with l ¼ 1 implies that for ðx; tÞ A Rn � ð0;yÞ,

jI1ðj;‘cÞja
ð t
0

ð
jyjajxj=2

j‘Gðx� y; t� sÞj jðj‘cÞðy; sÞjdyds

a

ð t
0

ð1þ sÞ�1=2
ds

ð
R n

j‘Gðx� y; t� sÞjð1þ jyjÞ�2gþ1
dy

aC

ð t
0

ðt� sÞ�1=2
s�1=2 dsaC: ð7:25Þ

Hence, it follows from the boundedness of jI1ðj;‘cÞj on Rn � ð0;yÞ and

(7.24) that

sup
x AR n; t>0

ð1þ jxjÞgjI1ðj;‘cÞj < y: ð7:26Þ

Next we estimate jI2ðj;‘cÞj. By using (7.22) with l ¼ 1, the estimation

of jI2ðj;‘cÞj can be achieved as follows: For ðx; tÞ A Rn � ð0;yÞ,
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jI2ðj;‘cÞja
ð t
0

ð
jyjbjxj=2

j‘Gðx� y; t� sÞj jðj‘cÞðy; sÞjdyds

a

ð t
0

ð1þ sÞ�1=2
ds

ð
jyjbjxj=2

ð1þ jyjÞ�2gþ1j‘Gðx� y; t� sÞjdy

aCð1þ jxjÞ�2gþ1

ð t
0

ðt� sÞ�1=2
s�1=2 dsaCð1þ jxjÞ�g:

This together with (7.26) implies that

sup
x AR n; t>0

ð1þ jxjÞgjIðj;‘cÞj < y: ð7:27Þ

Here we again split the integral Iðj;‘cÞ as follows:

Iðj;‘cÞ ¼: I3ðj;‘cÞ þ I4ðj;‘cÞ;

where

I3ðj;‘cÞ ¼
ð t=2
0

ð
R n

‘Gðx� y; t� sÞ � ðj‘cÞðy; sÞdyds;

I4ðj;‘cÞ ¼
ð t
t=2

ð
R n

‘Gðx� y; t� sÞ � ðj‘cÞðy; sÞdyds:

First of all, we estimate jI3ðj;‘cÞj. Assume that tb 1. In the case

g ¼ n, by using (7.17) with b ¼ nþ 1 and (7.23) with m ¼ 1, we have

jI3ðj;‘cÞja
ð t=2
0

ð
R n

j‘Gðx� y; t� sÞj jjðy; sÞj j‘cðy; sÞjdyds

aC

ð t=2
0

ðt� sÞ�n=2�1=2ð1þ sÞ�1=2
ds

ð
R n

ð1þ jyjÞ�nþ1jjðy; sÞjdy

aCt�n=2�1=2

ð t=2
0

s�1=2 ds

ð
R n

jjðy; sÞjdyaCð1þ tÞ�n=2:

In the case g ¼ nþ 1, (7.17) with b ¼ nþ 1 and (7.22) with l ¼ nþ 3=2 imply

that

jI3ðj;‘cÞja
ð t=2
0

ð
R n

j‘Gðx� y; t� sÞj jðj‘cÞðy; sÞjdyds

aC

ð t=2
0

ðt� sÞ�n=2�1=2ð1þ sÞ�n=2�3=4
ds

ð
R n

ð1þ jyjÞ�n�1=2
dy

aCt�n=2�1=2

ðy
0

ð1þ sÞ�n=2�3=4
dsaCð1þ tÞ�n=2�1=2:
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Thus,

jI3ðj;‘cÞjaCð1þ tÞ�g=2 for tb 1: ð7:28Þ

Since jI3ðj;‘cÞj is bounded on Rn � ð0;yÞ by making use of the argument

similar to that in the proof of (7.25), from this boundedness and (7.28) we see

that

sup
x AR n; t>0

ð1þ tÞg=2jI3ðj;‘cÞj < y: ð7:29Þ

Next, we estimate jI4ðj;‘cÞj. It follows from (7.22) with l ¼ 2g that for

ðx; tÞ A Rn � ð0;yÞ,

jI4ðj;‘cÞja
ð t
t=2

ð
R n

j‘Gðx� y; t� sÞj jðj‘cÞðy; sÞjdyds

a

ð t
t=2

ð1þ sÞ�g
ds

ð
R n

j‘Gðx� y; t� sÞjdy

aC

ð t
t=2

ðt� sÞ�1=2ð1þ sÞ�g
dsaCð1þ tÞ�g=2:

Therefore this estimate and (7.29) yield that

sup
x AR n; t>0

ð1þ tÞg=2jIðj;‘cÞj < y: ð7:30Þ

To finish the proof of Claim 11, we estimate kIðj;‘cÞk1. It follows from

Minkowski’s inequality and (7.23) with m ¼ g that

kIðj;‘cÞk1 a
ð t
0

ds

ð
R n

jjðy; sÞj j‘cðy; sÞjdy
ð
R n

j‘Gðx� y; t� sÞjdx

a

ð t
0

ðt� sÞ�1=2ð1þ sÞ�g=2
ds

ð
R n

jjðy; sÞjdy

a

ð t
0

ðt� sÞ�1=2ð1þ sÞ�1=2
dsaC for t > 0;

which together with (7.27) and (7.30) implies (7.21). r

Step 4. We begin with the following claim.

Claim 12. For u A BK,

kFðuÞkX aC0lgðu0Þ þ C0k‘v0kL1VLy
g
kukX þ C0kuk2X ; ð7:31Þ

and for u1; u2 A BK,
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kFðu1Þ �Fðu2ÞkX aC0ðk‘v0kL1VLy
g
þ ku1kX þ ku2kX Þku1 � u2kX ; ð7:32Þ

where C0 ¼ maxfC �
1 ;C2C3g and lgðu0Þ is the one defined by (7.3).

Proof. First, we shall prove (7.32). A direct calculation gives

Fðu1Þ �Fðu2Þ ¼ �Iðu1 � u2;‘v1Þ � Iðu2;‘v1 � ‘v2Þ

¼: I1 þ I2:

For I1, making use of (7.7) with v ¼ v1, u ¼ u1 and (7.21) with j ¼ u1 � u2,

‘c ¼ ‘v1, we have

kI1kX aC3ku1 � u2kXk‘v1kX
aC2C3ðk‘v0kL1VLy

g
þ ku1kX Þku1 � u2kX

aC0ðk‘v0kL1VLy
g
þ ku1kX Þku1 � u2kX :

For I2, applying (7.7) with v ¼ v1 � v2, ‘v0 ¼ 0 and u ¼ u1 � u2 gives

k‘v1 � ‘v2kX aC2ku1 � u2kX : ð7:33Þ

Therefore (7.21) with j ¼ u2, ‘c ¼ ‘v1 � ‘v2 and (7.33) imply that

kI2kX aC3ku2kXk‘v1 � ‘v2kX
aC2C3ku2kXku1 � u2kX aC0ku2kXku1 � u2kX :

Consequently, (7.32) follows from these estimates.

The estimate (7.31) is also obtained by (7.4) and (7.32) with u1 ¼ u, u2 ¼ 0.

r

Step 5. We shall prove Theorem 3. Assuming

C2
0 lgðu0Þ < 1=16 and C0k‘v0kL1VLy

g
< 1=2;

we define K0 by

K0 ¼
1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
� 4C2

0 lgðu0Þ
r !,

ð2C0Þ: ð7:34Þ

Then, by Claim 12, u A BK0
implies that

kF½u�kX aC0lgðu0Þ þ
1

2
K0 þ C0K

2
0 ¼ K0:

Therefore F½u� A BK0
if u A BK0

. Since 2C0K0 < 1=2 by (7.34), there exists

d A ð0; 1Þ such that

kF½u1� �F½u2�kX a dku1 � u2kX for every u1; u2 A BK0
:
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Hence, F is a contraction mapping in the closed subset BK0
of X , which implies

that F admits a unique fixed-point u in BK0
. As a result, there exists a unique

global solution to (P) satisfying (D). The proof of Theorem 3 is complete.
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