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1. Introduction

Given a differential equation

1.1 y' =f(x, ¥

and the initial condition y(x,)= y, where f(x, y) is assumed to be a suf-
ficiently smooth function. We are concerned with the case where the e-
quation (1.1) is integrated numerically by one-step methods of order 3 and
of order 4.

It is well known that the one-step methods of order 8 such as Kutta
method and those of order 4 such as Runge-Kutta method require three and
four evaluations of the derivative respectively. It is also known that, if the
same step-size is used twice in succession, an approximate value of the trun-
cation error can be obtained by integrating again with the double step-size.
This method of approximating the truncation error requires, per two steps
of integration, eight and eleven evaluations of f(x, y) for any one-step
method of order 3 and for that of order 4 respectively.

In our previous paper [ 197, it has been shown that there exists a one-
step formula of order 4 such that, after two steps of integration with the
same step-size, only one additional evaluation of the derivative makes it
possible to approximate the truncation error. In that formula, however, four
values of f(x, y) evaluated in the first step of integration are not used ex-
plicitly in the second step. Thus there remains a possibility of reducing the
number of evaluations of the derivative by utilizing all the values of the de-
rivative computed already.

In this paper, it is shown that there exist one-step integration formulas
of order 3 and those of of order 4 such that approximate values z; and z, of
y(xo+h) and y(xo+ 2h) and an approximation to their truncation errors can
be obtained with five and seven evaluations of f(x, y) respectively. Finally
two numerical examples are presented.

1) Numbers in square brackets refer to the references listed at the end of this paper.
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2. Preliminaries

Let
1) 2= y0+h§1 piki  (r=3),
where
(2.2) ky=f(x0, ),
ko= fCrtaih, obhSiouk) (=23, 1),
(2.3) :i‘;b,-jzai,

Put, for simplicity [14],

i+1 i+l i+1
(24) Ci= Zzajbprzj, dizga?bi”j, e,»:_zga?bﬁzj, (lzl, 2, ceey T—2),
7= J= 7=

i-3 i-3
(2.5) li= zicjbijurz, m;= _Z_‘{djbij+2 (i:4, 5, Tty r),
7= 7=

Let D be a differential operator defined by the formula [ 16]

@7 p=2 kl%

and put

(2.8) Dif(x0, y0)=T’, Dfy(%0, yo)=8"  (j=1,2, ..., r—2),

(2.9) (Df)z(xm ¥)=P, (Dfy)(x0, %) =Q, Dfyy(%0, y)=R,

(2.10) So(xos y0)=Fys fs5(%0, y0)=F3y-

Then y(xo+h) and z can be expanded into power series in A as follows:
@11yt h)= ot hbit e BT+ BT 4 fy T+ BT+ 3TS+

+fy T i)+ KT 4 6TS* + AT S+ 875, P+ f, T+

AT+ AT TS, TS)+ 5 h(TF +10TS*+10T28"+

+5T%S+10f,,TT*+15PR+15TQ+13f,f,,P+16f,TS*+
+9f, T2S+12F2 TS+ f, T*+ f2T°+ f3T*+ f1 T)+ O,



(2.12)

where
(2.13)

(2.14)

(2.15)

(2.16)

.17
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o= ot hAhi F WA, T+ LR AT 24, T+ 5 BB T+

+6B;TS+38Byf, T*+6B,f2T)+ %hs(CITLF 12C, TS*+

+12C; TS+12C, f,yP+4Cs f, T3+ 12Cs f3 T+ 24C, f3 T+
+24Csf, TS)+ %hG(D1T5+2OD2 TS3+80DsT2S%+20D,T*S+
+60Dsf,y TT?+60DcPR+120D; TQ+ 60Ds f,f y, P+ 60D, f, T S*+
+60D10fyT?S+60D,, f2TS+5D,,f,T*+20D,,f2T*+
+60D,,f3T?+120D,, f4T)+O(R"),

A1=§pi, Az=§aipi,

Ay=33alps, B,=3lalpi, Ci=Sjalpi, Di=3Saip,
A4=;§Ci72pi, Bzzéaicthi, Bszigdi_zpi, széazfci—zpis
nggsa,-d,-,zp,-, C4=i2:]30?,2p,~, Dzziéaﬁc,-,zp;,
D3=1ga%d,'—zpi, Ds—‘—gcifzdifzpi, Dezgaic%—zpn
B4=i§4‘:l:}7i, Cszgei—zpi, Ce=i§mfpi, 07212(:%11@1')]71"
CS':g(aili+i§aj+20]‘bii+2)}’i, D4=i2;a,-e,-_zp,~,

D;= éai(:;Ejaf+chbij+2)Pia

-D8:§<20i~21i+;;2jcjz'bij+2)]7i, D9:g(a%li+§:aj+2djbij+2)Pi’
Dl():éi(aimi+gaj+zdjbij+2)}7ia
Du=ig[g(ailrl—ajlj+;:Zjak+zckbjk+z)bijjpi,

r i-1 r i-3
Dlzz_%(zza-‘;bij)Pi’ D13:§(z.‘]l.efbij+2).pi’
t=3 1= =2 7=

r i—1 r -1 7-1
Du=35(3mbi)pi, Dis= %E%(Elkbﬂ)biﬂpi'
i=6 j= =

i=5j=
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Now we impose the condition that

Lo =34, .. 0.

1
(2.18) p2=0, ci—2=Ta%7 dip= 3

Then it follows that

1 1

1 1 1

(2~19) A4:—2‘A3, BzzTBl, B?):—Q*Bl, CZZTCI’ Cs=—3—cl,
C4=—1—Cl, Dz=—;—-D1, D3=—;—D1, D5=%D1, DG=—1—D1,
(2.20) t=—2 ag
3
i-1
(2.21) a%bi3+32aj(aj—az)b,-j=a%(a,~—a3) (l=4, 5, sty r),
i=4

(222) = ythdiei AT+ 2 AT +f,T)+ o KBTS +3TS+

T+ 6B, f1T ]+ o KTC(T +6TS* +4T?S +3f,,P)+
FAC £, T*+12C, f2T+24C, 3 T+ 24C, £, TS T+ -%!-/f[Dl(Tu

+107S°+1072S%+10f,, TT?+15PR)+ 20D, T*S+
+120D;TQ+ .- J+O0(h"),

and the equations in (2.14) and (2.16) can be rewritten as follows:

(2.23) Eai(ai —a3)pi= As—azA,,
(2.24) ;Esai(ai —as3)(ai—ay)pi=B1—(as+ a,) A3+ aza, 4>,

(2.25) zé ai(ai— as)(ai— as) (@: — as)pi= C1 — (as+ as + as) By + (asas + asas +
+ aqa5) A3 — azasas Az,
(2.26) gai(ai —as3)(ai—as)(a;—as) (a;i—ae)pi=D1—(as+ as+as+ as)Cy +

+ (asas+ asas + asas + agas + asas+ asas) B1 — (a30405 + aza1a6 +

+ asasas+ asasas) As+ azasasas Az,

r i—1
2.27) N Slgipi= o Bi—Bi— = as s,
i=5 j=4 2 2
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(2.28) 2 :().. gu)p, Ce —Cs— (6'1 —asBy),

(2.29) ’zé (Jz 4 gi7)p:=3Cs— 2a3Bs,

(2.30) Z[Z(Z ginbi1pi= Cs— Cr—asBy,

(2.31) el gi)pi=Di— % Ci— —é— (2Cs—3Cs),
P

(2.32) 3Cs— Cs= T as(6B,— B)),

(2.33) Dy—2D;= % as(C1+9Cs—6Cy),

where

(2.34) gi=a(a;—ay)bi;.

In the sequel, we assume the condition (2.18).

3. Existence of formulas

3.1 Formulas of order 4

To obtain an integration formula of order 4 for r=4, we require that

4

(3.1 21— y(x)=00h%), 2= Yot+h3rik
Then, since
(3.2) A=1, AZ:"%’, ASZ‘;_9 Bl":_éli—> B4=‘21—45
from (2.27), (2.24), (2.23), (2.20), (2.13) and (2.18), it follows that
(3.3) azz%, as—_——;‘, a;=1, 531=%, 632=%“1

byn= %a byp=— —g*, bi3=2,
(3.4) nen= e, =0, =t

and we have
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(3.5)
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PN G 15 UPTIN G G G
s1— yw)= b g T o TS*+ L T2S+ L f,P

T AT AT T ] e ST

g TS g TS S TT 4 g PR g fof P

+lTlfyTsz_ %fyTZS—IZfﬁTS—— %fyT“__g_ 2e

—f3T*= fiT |+ 0.

Next, under the condition (3.3), we require that

(3.6)

3.7)

7
=y (o) =00, 2= y+h>giks

7
25— y(x2)=0("), D1=%—2, Z;:yo+hi=zlpiki-

Then the following equations must be satisfied:

(3.8)
(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
(3.16)

3.17)

(3.18)

&gsps+ geps+ gipr= %,

ssps+sepe+sipr=1,

s5besps+ (s5b75 + sebre)pr = 1;45 ,
1
&sbes ps+ (gsbrs+ gebre)pr= <

(as—as) gepe+ (a1 —as) grpr = % — —g— as,

(as—as)seps+ (a7 —as)sypr= %g_ —as,

(a7 —as) (a7 —ae)s;pr= % - %(as + as)+ asas,

&s59s+ geqs+ g797=0,
$5¢5+ seq6+s7g7=0,

s5b65g6 1 (55075 + s6D76)g7 = 1%6

__ 1
gsbesqe+ (gsbrs+ gebre)gr= 240
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(3.19) (as—as)gsqe—}— (a7—a5)g7q7= 2—16’
(3.20) (ae - a5)ssq6 + ((17 _— a5)s7q7 = — 1%6 s
where
i—1
(3.21) si=a;j(a;— a3)(a;—ay), gj=;§;gjk (j=5,6,17).

As is easily checked, these equations have a solution

(32 w= o, w=2 w=1, bu=—1, bu=—2, bu=-g,
2 4 2 32 7
=gk b=yt T b BT g P g
1 1 1 1
Pr=—s BT g 15T Ty T g

For these values, other constants are determined as follows:

(3.23) b= — 1 b= b= B, ba=-5, bp=—12, =12,
8 8 3
_ 1,46 __ 3 _ _o9. 92 _ 7
b71'—'—§-+i—3-5t, br2= 2 2t, brz=2+ 45 L, pr= 45°
—0 =92 _12 1 . _29 __, 3l
Pe=0 P3s= gy ATy T T DT gy T BT 4o
2 _ 1
=75~ 8

and we have

. 1 e[ 1 .5 5 nes. B omoce 1 .
(325) st y(w)=h| —g TP— - TS*— L T*S*— - T°S
5 15 1 21 3 7
— S TT =" PR~ TQ— 2 f, f3,P— —- [y TS*+ —f, T*S+

44 1 1 31
FRATS G f, T g AT g [T = S T [+ 0,

3.25)  zF— y(xy)= %_ha[—_lgﬁ T3S—16TQ+22f, f,, P+ 28f, TS* +

8 80 8 8 40
+g [y 12— 5 f3TS+2f, T~ TfiT?’—Tf?Tz—?fﬁT]‘l‘

+O(h").



190 Hisayoshi SHINTANI

Now put
(3.26) m=z,—z¥, z,=zF+m.

Then, from (3.5), (3.24) and (3.25), it follows that

(3.27) mz%h[iTw%Tsu%T S+ fyy fT3
LI fiT 5 f,TS [+ gk T+ N
+3 15— Lorist Dop, T 22 PR+ 110+ 2L pyf, P

7 23 80
g TS TS TS [T (g [T T

B par|+om,

1 1 1 1 1
(3.28) 29— y(xz)— —hs[ﬂ‘ T4+ T TSZ+ 6 T25+ Tfyyp— Tfy TS_
— e fiT 3T+ 5 f,TS |+ b s%% TS%—
103 15 209 rst_

18TS+ 2fnyT2 4PR_7TQ+”““fyfny+ 2fy

— L p 5= 10prs i B pepe Topare B purly

+O(h").

Thus the truncation errors of z; and z; are approximated by m, and z¥ and
z¥ can also be used as integration formulas of order 5. Finally we choose
t=—28 so that the coefficient of —h7f 2f,,P in zF— y(x,) may be small in

magnitude.
Summarizing the results, we have the following formulas:

(3.29) ky=f(x0, 70), kz=f(xo+%, ot —’?}kl)

k3=f<x0+%, y0+ ’%(k1+3kz)>, k4=f(x0+h, _’)’0+—%~(’C1—3]€2+4k9),

k5=f<x0—|— 2 h, yo—i—h(—%kl-l—%kz—mcg—l— {_h)),
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ho=f(x0+2h, 0+ h(% by~ 12k, + 12k — 2bs+ 5 ks )),

- 2 4, 2
P‘8h< 13571 2k = g kst g kit g ks 45’“‘)

kr=f(wothy 3o+ (i —8hs+ 4ho) 4 p ),
(330) Z1= Yo + — (kl + 4k3 + k4),

ik kot By — s ko) g (b — k),

m=
2= yo+ z"g(wcl + 82k + 12k, + 32ks + The) — % (kr—kg)+m.

3.2 Formulas of order 3
To obtain a one-step formula of order 3 for r=3, we require that
3
(3.31) 71— y(x)=0"), z1= yo-i’h}__}lfiki-

Then, from (2.23), (2.13) and (2.18), it follows that

(332) az:%) 013:%, bSlz’é—’ b32=*;‘3

3.33) rl:‘i—s re=0, r3:‘i~a

and we have

334  n— yla)= h“{ %W—%TS—%fyTz——fﬁT}L
LT e 14 e 28 gag
+5'h[ g7 ' =9 IS~ 9f” ~og3/>

— [T = fiT—Tf,TS |+0G.

Next, under the condition (3.32), we require that

5
(3.35) st y(@)=0(), =t=y+h3lqk
(3.36) W) =00), €=, st=y+h 3k,

Then the following equations must be satisfied:
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(3.37) as(as—as)ps+ as(as —as)ps = —43{ s
(3.38) as(as —as)(as—aps = 2 — —-a,
(3.39) gps= o,
(3.40) f_g 20 (4t + 2 a4a5—0
(3.41) as(as— as)qs+ as(as— as)gs =0,
(3.42) as(as—as)(as —ag)qs = L >
36

(3-43) 85445=— — —1—

36

These equations have a unique solution

28 14

8
(3.44) a=2, as=—( 125’ pPi= 168’ Ps

5:b54

_5 125
9= 192> 57 " 2688"

125

~ 168’

For these values, other constants are determined as follows:

(3.45) bs1=—%, bsz=%, bss=%, b41=%, byp=—
35 162 637
bis=12, p1=1gg> P2=0: Ps=1gg> 1= 688> 2~
and we have
1 1 1 1
348) m=—h| - 13- LTS L p1- —fT [+ b - o
82, 64 .,0 16 160 . 1, 10 5.
5 TS = T2S— g fuuP+ 5o fs T+ S 3T
_ 3_34 7 TS] +ORS),
_ f_ 1 e 1 pe 1 o2
(3.47) (xz)-——hI: ST — = TS— 5 f,T AT |+

27 9 27

+_h5[—_liT4 82 pgr_ 64 pog 9 16 , P+
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1024 32 74
o [T+ LT+ T —107,TS |+ 009,

where
(3.48) m=z,—z¥, z,=zF+m.

Summarizing the results, we have the following formulas:

(3.49) k= (o, 30), ka=f( o+ _g_h, ot —}hkl),

bt 0 wia(b 4)

ko=f(x0 2, ot h( o bi— 2 ky+12K3)),
k= (w0t by 3o+ {h(— Bk 2Ths + 21ks+ Tho) ),
(3.50) 5= g0+ (£ 3ko),
m= -2 h(Tk;— 18ks — 14k, + 25ks),

~ 2688

2= yot Ig‘_8<35k1 162k + 14ky + 125k5)+ m.

4. Numerical examples

To compare m with the truncation error, the following two problems
are solved numerically by our formulas:

ExawmprE 1
@41 Y =2xy y0)=1,

ExawmpLE 2
4.2) y'=12x°*—8y/x, y(—1)=1.

The step-size is halved until the inequality
4.3) [m| =< el z| (e=0.5%x10"")

is satisfied, and x, and y, are replaced by x; and z, respectively. Initially &
is set equal to 0.05. Computation is carried out in the floating-point arithme-
tic with 39 bit mantissa and rounding is done by chopping.

The results are given in Tables 1 and 2. In these tables, T denotes the
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truncation error and u stands for the approximation of 7 by the usual method,
namely

(4.4) u= %(k1 - 6kF — 8k, —k,— 3ky),

where
T S AT TP S A P TR |
1= g0+ (it 8k, ki=fCa, 20),
et ik, (o B 34)
K =f(mt Shy 3ot Shby), kY =f(xot by yuth(g ki HAE))

Table 1. y'=2xy

order 3 order 4
x
m u T m T
0.2 —2.865-08 —2.906-08 —2.585-08 1.619-09 —1. 543-09
0.4 —4. 138-09 —4.192-09 —3.791-09 3.020-09 —2.434-09
0.6 —1.051-08 —1.071-08 —9.415-09 —3.187-09 —1.609-08
0.8 —2.762-08 —2.830-08 —2.424-08 —3.833-08 —7.529-08
1.0 —7.363-08 —7.579-08 —6.342-08 —6.790-09 —9.124-09
1.2 —1.994-07 —2.062-07 —1.680-07 —2.543-08 —3.296-08
1.4 —3.685-08 —3.756-08 —3.360-08 —8.852-08 —1.135-07
1.6 —1.058-07 —1.080-07 —9. 540-08 —3.013-07 —3.874-07
1.8 —3.153-07 —3.228-07 —2.822-07 —1.030-06 —1. 335-06
2.0 —9.826-07 — 1. 008-06 —8.693-07 —1.318-07 —1.534-07
Table 2. y'=12x°—8y/x
order 3 order 4
x
m u T m T
—-0.9 —2.687-09 —2.734-09 —2.410-09 —1.149-08 —1.547-08
—-0.8 —2.682-09 —2.736-09 —2.334-09 —1.276-08 —1.775-08
—-0.7 —2.676-09 —2.737-09 —2.260-09 —4.795-10 —5.798-10
—0.6 —2.667-09 —2.739-09 —2.181-09 —5.531-10 —6.985-10
—0.5 —2.650-09 —2.735-09 —2.077-09 —6.524-10 —8.500-10
—0.4 —1.603-10 —1.634-10 —1.397-10 —7.813-10 —1.087-09
—-0.3 5.579-11 6.127-11 4.232-11 —1.009-11 —1.288-11
—0.2 1.195-10 1. 215-10 1.087-10 1.576-10 1.854-10
—0.1 4. 566-07 4.717-07 3.894-07 4.077-08 4.819-08
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