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1. Introduction.

Given a differential equation

(l.i) / = / ( * , r)

and the initial condition y(χo) = jo, where /(#, y) is assumed to be a suf-
ficiently smooth function. We are concerned with the case where the e-
quation (1.1) is integrated numerically by one-step methods of order 3 and
of order 4.

It is well known that the one-step methods of order 3 such as Kutta
method and those of order 4 such as Runge-Kutta method require three and
four evaluations of the derivative respectively. It is also known that, if the
same step-size is used twice in succession, an approximate value of the trun-
cation error can be obtained by integrating again with the double step-size.
This method of approximating the truncation error requires, per two steps
of integration, eight and eleven evaluations of f(x, y) for any one-step
method of order 3 and for that of order 4 respectively.

In our previous paper C19]1}, it has been shown that there exists a one-
step formula of order 4 such that, after two steps of integration with the
same step-size, only one additional evaluation of the derivative makes/it
possible to approximate the truncation error. In that formula, however, four
values of f(χ, y) evaluated in the first step of integration are not used ex-
plicitly in the second step. Thus there remains a possibility of reducing the
number of evaluations of the derivative by utilizing all the values of the de-
rivative computed already.

In this paper, it is shown that there exist one-step integration formulas
of order 3 and those of of order 4 such that approximate values zx and z2 of
y(χo + h) and y(xo-\-2h) and an approximation to their truncation errors can
be obtained with five and seven evaluations of f(x, y) respectively. Finally
two numerical examples are presented.

1) Numbers in square brackets refer to the references listed at the end of this paper.
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2. Preliminaries

Let

(2.1) z=yo + h'Σ1
i = l

where

(2.2) *i =/(*„, Jo),

i - l

y=i

(2.3)

Put, for simplicity

/ +1 / +1 / +1

(2.4) Ci=*Σajbi+2j9 d ^'Σajbi+zj, e~^a)bi+2j, (i = l, 2, ..., r-2),
y=2 y=2 y=2

ί-3 ί-3
(2.5) U=ΎiCjbij+2, mi=^djbij+2 (i = 4, 5, ..., r),

y=i y=i

(2.6) Xj=Xo+jh (y=l,2).

Let Z> be a differential operator defined by the formula

(2.7) dd
D = + k

dx dγ

and put

(2.8) Z>7(*o, jo)= Γy, Λy/,(α;o, Jo)=5 y (; = 1, 2, ..., r -2) ,

(2.9) (^/)2(^o, Jo) = P5 (U/,)2(Λ;O, Jo) = f t Dfyy(x0, yo) = R,

(2.10) //Λ?0, yo)=fy, fyy(xo> yb)=fyy

Then J(Λ;0 + Λ) and z can be expanded into power series in h as follows:

(2.11) ±± ±±hT+hXT+fyT) +

+ 9/, T2S+12/2 Γ5+/, Γ4 +/2 T3 +f3yT2+fy T)+O(h7),
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(2.12) z = jo + hAάx + h2A2 T+ -^-h\A3 T2 + 2A,fy T) + ~\h\B1 T3 +

(2.17)

12C3 T
2S+ 12C4fyyP+ 4Qfy T3 + 12Cβf2 T2 + 24C7f

3 T+

y TT2+60D6PR + 120D7 TQ+60D8fyfyyP+ 60D9fy TS2

T2S+ 60Dnβ TS+ 5D12fy T4 + 20D13f
2

y T
3 +

where

(2.13)

(2.14) A3 = ±a2

iPi, B,= ±cήPi, C1=±ajpi, D1=±a*i
»=2 ί = 2 ί = 2 / = 2

r r r r

(2.15) ^ 4 = Σ c / - 2 p ι , B2-=*ΣiaiCi-2ph B3
i=3 i=3 ί=3

Σ p h 4 Σ i 2 p h 2
i = 3 ί = 3 / = 3

i = 3

(2.16) B4
ί - 4

r

ί = 4

r

ί = 4

^ 8 — 2-JV
ί=4

r
Π — "SΓV

-^10 — x Λ

n . NΠΓ
ί = 5

012=Σl
x = 3

ί = 5

I t

ί - 3

ι-2

K 1 I

i-l
"VΛ
y=4

ί - l

y=2

ί - l

y=4

ί - 3

y = i

*J + 2C, ί ; ,

ί - 3

y=i J

ί - 3

y = i

l f y αyy

ty iy;/>i> •-

y ίy+2

•2/?.,

b

y - 3

* = 1

ft.-

15 —

r

Pl> .=3°

r

)Pi, 9-£Λ

+2 Pi,

= Σ(Σ e y^/; + 2
/ = 4 y = i

x I 1 s I \ -^ ι " k™
( = 6 y = 5 * = 4

•{e{-2ph

t-3

a2l ._|_ yj
y = i

dpi>

jk) ijjpi
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Now we impose the condition that

(2.18) P2 = 0, C /_ 2=-i-α?, ^_ 2 = -^-α?

Then it follows that

(2.19) Ai = ̂ -AZt Bs=±-Bu Bs = ±-Bu C

C4=-J-d, D2=^-Du D3=±DU D5 = ±-Du D6=~

(2.20) α 2 = - | - α s

(2.21) o|6,3 + 3 Σ β y ( β y - o 2 ) ί i > = α ? ( β , - o 3 ) (i = 4, 5, .... r),
y4

(2.22) z =

A-Λ[C1(

+ 4CB/, Γ3+12C6/2 T2+24C7β T+ 24Csfy TSJ+ -gj-A

+ 120D7TQ+---J+O(h7),

and the equations in (2.14) and (2.16) can be rewritten as follows:

r

(2.23) Σ Ufa}

r

(2.24) 5 J
1=5

r

(2.25) Σ ai(βi"~ ©3) («/ — #4) («»— θδ)pί = Cι — (

(2.26) 5 J αί(«ί — ^3) («i — «4) (o, — α 5) (a{ — a6)pi = Dλ — (α 3 + α 4 +
I =7

(2.27)
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r i — 1 O 1

i = 5 y = 4 ^ ^

r ί - 1

(^Z.zyj 2̂_ι \2-Jaj gij)pi=z 0^6 — Δa^Jj^
ί = 5 ; = 4

(2.30) Σ [ Σ ( Σ ίry*)δ/y> = - | - C 6 - C 7 -α 3 ^4,
ί = 6 /=5 k = l &

(2.31) l]α« (Σα^.7)/'. = ̂ 4 - - | - Ci - ~ (2C8 - 3Cβ),
ί=5 j=4 » O

(2.32) 3 C 6 - C 5 = - ?

(2.33) D4-2D7=-C

where

(2.34) # y = <

In the sequel, we assume the condition (2.18).

3. Existence of formulas

3.1 Formulas of order 4

To obtain an integration formula of order 4 for r = 4, we require that

4

Then, since

from (2.27), (2.24), (2.23), (2.20), (2.13) and (2.18), it follows that

1 1 , , 1 , 3(3.3)

- o - ,

(3.4) = 0, Γ 3 = -' 1 ' 4 /» j ' Z V 5 >ά n 5

and we have
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τ i + 4 Γ S 2 +

Next, under the condition (3.3), we require that

(3.6) z*-y(Xl)=O(h6), z*=ya

qo

Then the following equations must be satisfied:

2
(3.8) g5p5 + gβp6 + g7p7 =

(3.9)

(3.10) s5b65p6 + (5 5 δ 7 5 + s6b76)p7 = -jg-,

(3.11) gsbβspβ + (#5675 + gQb7β)p7 = -g- ,

17 2
(3.12) (α 6 — a5)g6pe + (a7 — a5)g7p7 = -jg- — - g - α 5 ,

(3.13) (α 6 — a5)s6pe + («7 — a5)s7p7 = -jg- — as,

4fi

(3.14) (a 7 — a5)(a7 — a6)s7p7 =-γ^-—

(3.15)

(3.16) S595 + 5β?6 + s7q7 = 0,

(3.17) s b q + ( s b + s b ) q

(3.18) ^5&65?6 + (̂ 5&75 + geb7e)q7 = - ^ Q ,
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(3.19) (α 6 — a5)g6q6 + (α 7 — a^)g7q7 =

(3.20) (α 6 — a5)s6qe + (α 7 — a5)s7q7 = — τ ^ ? r ,

where

(3.21) sj = aj(aj-a3Xaj-aA)9 ί7 = § ί 7 * (; = 5, 6, 7).

As is easily checked, these equations have a solution

/o OOΛ " o I Ά A 9Λ

2 4 . , 2 . 32 "i
5 "' " 7 5 - 135"' " " ' " 45 " ^ ~ 45 ' ^ ' 45 '

1 1 1 1

For these values, other constants are determined as follows:

(3.23) όsi= — g - , ό52 = ^ - , 0 5 3 = - 5 , δβi = -g-, δ 6 2 = - 1 2 , 063 = 12,

A 1 i ^ ( ί 3 oth o , 92 7
" 7 2 ~ 2 " ' ' "Ίi-"< 4 5 * ' ^ " 4 5 '

ft 32 12 1 29 n 31

^~ 15 8ί '

and we have

(3.25) **-

(3.25)

+ O(h7).



190 Hisayoshi SHINTANI

Now put

(3.26) m = z1 — z*, z2 = z* + τn

Then, from (3.5), (3.24) and (3.25), it follows that

(3.27) m = ^h*[± Γ4 + - j - ΓS2 + -*-

--\-ft T2-βT+ -λ-f,TS] + -gj*6[-f- T* + ΊΓ

I r τ c 2 «« ^ T 2 e °" /"2TC /• τ 4 11

/Q oo\ / \ •*• L5[ -*- T»4 i -*- / T τ c 2 i -*- ^p2 C I -^ ^* D π/* ' P S

" ~ / i ^"T"/^ "~~ΐ8"^^ 2 Γ ^ " 6 ~ ^ v J

Thus the truncation errors of zx and z2 are approximated by m, and zf and
zf can also be used as integration formulas of order 5. Finally we choose

t= — 8 so that the coefficient of —=γhΊf2

yfyyP in z*— yte) may be small in

magnitude.
Summarizing the results, we have the following formulas:

(3.29) * i = / ( * o , Jo), fe=( |

) ( , yo + ^-C*!-3*2 + 4*3)),

o A, j o + Λ( — - A ; +
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4 6

(3.30) z! = jo +-g-

m=

(7k! + Z2k3 + 12λ4 + 32A:5 + 7Λ6)- -A-(A7- A4) + m.
o

Z2=γ0+ (7k! + Z2k3 + 12λ4 + 32A:5 + 7 Λ 6 ) - A
45 o

3.2 Formulas of order 3

To obtain a one-step formula of order 3 for r = 3, we require that

(3.31) 2ι-y(Xl) = O(h4), z1=yQ + hilriki.
ί = 1

Then, from (2.23), (2.13) and (2.18), it follows that

O i δ
"9" '

(3.32)

(3.33)

and we have

(3.34) Zl- y(Xι)= 1 ^ - l r - -i- r s -

28 7,2( f 7 f p 83

/2T2 /3T Hf T^\-\-Π(h&Λ

Jyl J yl IJylO M" 17̂ /2- ) .

Next, under the condition (3.32), we require that

(3.35) z* — γ(xι) = O(h5), z*= i

Then the following equations must be satisfied:
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

These

(3.44)

ί \r \ 20
#5 W> — α 3 / V 5̂ — a4jp5 = Q

4

^ r — ~τr~ (^4 "i" #5) ~i" 0 015 y o

α4(α4 — ^3)^4 + ^5(05 — 03)

^5(^5 — #3) (05 — ^4)^5 —

1
^ 5 4 ^ 5 QΛ

OΌ

equations have a unique solution

2 8 6 2 8

5 125
q i 192' ? b 2688"

4

4
- 3 α«,

4«5 = 0,

?6 = 0,

1

14 125

For these values, other constants are determined as follows:

Ϊ. 20 , 108 , 84 , 7 , 27
(OAO) 4 1 ~ 2 ' 4 ' " 2 '

10 _ 35 _ Λ _ 1 6 2 _ 637 _ n _ 3 5 1
-12, p i - m , P2-V, .Ps- ? ^ 0 9

and we have

(3.46) m =

32 τ, (j2_ 64 / Γ 2 ( ? _ 16 /• p , 160/ T3M _1P__/ 3T—
" 9 " J l > ^7~ " F 7 w 243/3> + T ~ / ; 1

(3.47)

16 774 32 T Q 2 64 T 2 π 16

~ ϊΓ 9" i > s ~ W1 b--Q-
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where

(3.48) m = zl-zf, z2 = z

Summarizing the results, we have the following formulas:

(3.49) h =/(*„, Jo), *2 =/(*o + -j- h, y0 +

-|-λ, 70+ j|g

(3.50) * i j

Z2=γ°+ i k ( 3 5 A : i + 1 6 2 A ; 3 + U k " + 1 2 5 A : 5 ) +

4. Numerical examples

To compare m with the truncation error, the following two problems
are solved numerically by our formulas:

EXAMPLE 1

(4.1) y' = 2xγ, 7(0) = 1,

EXAMPLE 2

(4.2) f = 12x3Sy/x, y(-l) = l.

The step-size is halved until the inequality

(4.3) I*ι|<;ε|s2| (ε = 0.5xl0-7)

is satisfied, and x0 and y0 are replaced by x2 and z2 respectively. Initially h
is set equal to 0.05. Computation is carried out in the floating-point arithme-
tic with 39 bit mantissa and rounding is done by chopping.

The results are given in Tables 1 and 2. In these tables, T denotes the
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truncation error and u stands for the approximation of T by the usual method,
namely

(4.4)

where

(4.5) k2=f[ xo+^r-h,

_h_
56

i= Jo

k*=f(χo+*h, yo+* hkλ k*=f(xo+4-h>

X

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

m

-2.865-08

-4 . 138-09

-1.051-08

-2.762-08

-7.363-08

-1.994-07

-3.685-08

-1.058-07

- 3 . 153-07

-9.826-07

Table

order 3

u

-2.906-08

-4 . 192-09

-1.071-08

-2.830-08

-7.579-08

-2.062-07

-3.756-08

-1.080-07

-3.228-07

-1.008-06

1. y' = 2xy

T

-2.585-08

-3.791-09

-9.415-09

-2.424-08

-6.342-08

-1.680-07

-3.360-08

-9.540-08

-2.822-07

-8.693-07

order

m

1.619-09

3. 020-09

- 3 . 187-09

-3.833-08

-6.790-09

-2.543-08

-8.852-08

-3.013-07

-1.030-06

-1.318-07

4

T

-1.543-09

-2.434-09

-1.609-08

-7.529-08

- 9 . 124-09

-3.296-08

- 1 . 135-07

-3.874-07

-1.335-06

-1.534-07

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0 .3

-0.2

- 0 . 1

m

-2.687-09

-2.682-09

-2.676-09

-2.667-09

-2.650-09

-1.603-10

5.579-11

1.195-10

4.566-07

Table 2.

order 3

u

-2.734-09

-2.736-09

-2.737-09

-2.739-09

-2.735-09

-1.634-10

6.127-11

1.215-10

4.717-07

y'-\2x*-By/x

T

-2.410-09

-2.334-09

-2.260-09

- 2 . 181-09

-2.077-09

-1.397-10

4.232-11

1.087-10

3. 894-07

order

m

- 1 . 149-08

-1.276-08

-4.795-10

-5.531-10

-6.524-10

-7.813-10

-1.009-11

1.576-10

4. 077-08

4

T

-1.547-08

-1.775-08

-5.798-10

-6.985-10

-8.500-10

-1.087-09

-1.288-11

1.854-10

4.819-08
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