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Introduction

Let x=(«1, ..., x,) denote points in the real Euclidean n-space E” and ¢
denote points on the real line E!. The distance of a point x of E” to the ori-

gin is defined by | x| —(Z}xz)“2
Consider the Cauchy problem

ou

7 9%y
= B

_ 72 2
,:10x%+( E|x|*+u—

=0 in E”x (0, <o),

u(x, 0)=Mexp (a|x|?) on E”,

where k>0, [, o and M are constants. It is shown in [5] that if 2a<k the
solution of this problem exists and is given explicitly by

( ) M k n|2
wla, ¢ ( kcosh 2kt — 2asinh 2kt) >

k (2acosh 2kt — ksinh 2kt) 2 ]
Xexp[ 2 (keosh 2kt —2asinh 2kt | T,

This formula shows that if —kn is negative, then u (x, t) tends to zero as t—
oo, the convergence being of exponential order and uniform with respect to
x € E”,

The purpose of the present paper is to prove similar results for general
second order parabolic equations with unbounded coefficients. In Section 1
we investigate under what conditions the solutions of

(A) iyjzla,,(x 1) —— 6 8 + Z b; (x, t) -I—c(x, Du— at =0

with unbounded initial values decay exponentially to zero as :—oo. In Section
2 the results of Section 1 are extended to weakly coupled parabolic systems
of the form

*) This research was supported by Matsunaga Science Foundation.
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n a2u,u n u ou* N v , ou” N
B ,-,jz=:1a/;j(x’ t>ﬂ707j+§1b"(x’ t) ox +l§10 (x, u o =0,
u=1 .., N.

1. Exponential decay of solutions of (A)

(a) Statement of results. Throughout this section it is assumed that
there exist constants K; >0, K, =0, K;>0 and K, such that

L1 0= ﬁlmx, 1&g <Ki|£|%

1,]=
1.2) 1B:(x, )| <Kz (Jx |24+ DY i=1, .., n,
(13) C(.’X,', t)é_K3lx|2+K43

for all («, ¢t) € E"x [0, o) and é=(&y, ..., &,) € E". We put

(1.4) a=min [ inf a;i(x, t)]

i=1,en (2,8)EET%[0,%)
and let 1 be the positive root of the equation
(1.5) 4K, 224+ 2K,nd—K3=0.
One of the main results of this paper is the following

TueorEM 1. Let u(x, t) be a regular solution of (A) in E”x (0, o) such
that

(1.6) |u(x, 0)| < Mexp (a| x|?) for » € E",

where M and a are positive constants. Suppose that the following inequalities
are satisfied:

an 4K a*+2K;na—K;3<0,
(1.8) K+2(K;—a)ni<0.

Then lim u (x, t)=0, the convergence being of exponential order and uniform

t—oo

with respect to x in E”.

By a regular solution of (A) we mean a function u(x, t) with the pro-
perties: (i) u (x, ¢) is continuous in E” x [0, o), (i) u («, t) has the continuous
partial derivatives which appear in (A) and fulfils (A) in E” x (0, o), and (iii)
for each 7'>0 there are positive numbers My and ar such that |u(x, )| <
Mrexp(ar|x|?) for (x, t) € E"x [0, T].

Under the additional hypothesis that there exists a positive constant /2
such that
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(1.9) 3 (@i, 1)+ bs(x, 0 2) Z B for (x, 1) € " x[0, o),

we can prove the following theorem.

Tueorem 2. Let u(x, t) be a regular solution of (A) in E” x (0, o) satisfy-
ang (1.6). Assume the following inequalities to hold :

(1.10) 4K, 0’ +2K;na—K;3<0,
K,—BVK;5/K:<0.

Then lim u (x, t)=0, the convergence being of exponential order and uniform
with r:espect to x in E”.

It will be of interest to compare our theorems with an earlier result of
Il’in, Kalashnikov and Oleinik [2] (§12, Theorem 6).

(b) Proof of Theorem 1. At first we shall show that under assumptions
(1.1)—(1.8) a finite time can be found at which the solution u(x, t) becomes
a bounded function of x in E”. For this purpose we employ the method as
described in [6]. We introduce the auxiliary function

_ 2,~0,t 2(K1+Kz)an+2K4 0t
(1D (s, )= Mexp| alx %+ e a-o],

where p (1<p<2) is a parameter and

— Kga—l —2K2n —4K1a
logo '

0o
0, is positive by assumption (1.7). Using (1.1)—(1.3) it is easy to verify that
v(x, t) satisfies the differential inequality

0v
é’x;

Yew,v—2Y <0

Z:: 0t

1,7

2%v 2
aij (%, t) %07]_'1‘ i§1bi(x’ t)

1

in E”x (0, ,']. Setting w+(x, t)=v(x,t)+u(x,t) and applying the maximum
principle of Krzyzanski [3] to wi(x, t) we have w.(x, £)=>0, or equivalently |u
(x, )| Zwv(x, t)in E"x (0, 05 ]. Substituting, in particular, :=60;' we obtain

1.12) lu(x, 05| < Miexp (ap~*|x|?) for » € E”,

where

M1:Mexp|: 2(K1+ﬁgzn+2K4 A—-o™ 051J .

Now regarding t=6,' as the initial time and (1.12) as the bound for the
initial values of u(x, t), we can use the same argument as above to derive
the inequality
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lu(x, £)] §M16Xp[ap_1 | x| 2p0rtt =657

2<K1 +Kz) apﬁln + 2K, (1_0_,91(1—.95‘)):|

+ 6,logp

for (x, t) € E* x (05, 05+ 07]), where

_ Kga"lp-—2K2n —"4K100_1

I >0.
0go

01

In particular
lu (%, 651 +67Y) | < Mzexp (ap™?| x|?) for x € E”

where

M,= Mexp[w{%glgz)an (1—p 1 (05 +07107Y)

72K4 -1 -1 -1
+ B0y 60 .

By induction we have in general

(1.13) lu(x, 05 +07 4+ 071 | < M, 1exp(ap * | x|?) for x € E”,
where
0,= K3a‘1pk-—21Kzn—4K1ap_k >0,
0og o
1.14) Mk+1:Mexp[,2(K11:gI§2)an (L—0~Y) (05 + 0071+ +07*07Y)
2K4 _ -1 -1 -1 ... —1:| —
+ Tog o Q-0 DO 4071+ +6;Y) |, k=0,1,2, ...

We form the convergent series

. = o~'logo
= 10‘1: i i
O =L e 0 = L e 9Ky —4Kap

i=0

S = logo
— 671: . -
&) iZO ! i§0 Ksa ' —2K,n—4Kqa0™"

and observe that the following relations hold:

1 log o
<
(1.15) flo= Kea '—2K,n—4Kya 1—p 1’

. i (T logo
(1.16) IPI_I.rll g(p)_],,ljrllgo Kia'o°—2Ky;n—4Kia0™° ds
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B 1 Ksa '—Kon+VK2n?+ 4K, K
WKEn? +AK K, C Ksa'— Kyn—VK2n®+ 4K,Ks |

From (1.14) and (1.15) it follows that

(1.17) ngzﬂexp[ i’g‘}; (1—p1) goaﬂ, k=1,2, .,

where we have set

M:Mexp[ 2(K1+Ky)an ]

Kga—]' —2K2n —4K1(l

and on account of (1.16) it is possible to choose po (1< 0,<2) so that the right-

hand side of (1.17) does not exceed a constant, say M,=2Mexp (2K,T,) pro-

vided 1< p< 0o, where T, stands for the limit lim g(p) given in (1.16). There-
p—1

fore it follows from (1.13) that
(1.18) lu(x, 31651 | < Moexp (ap=""| x|2) for » € E”
=0

provided p is sufficiently close to 1.

Let x € E” be arbitrary but fixed. Given an ¢>0, by (1.16) and the con-
tinuity of u(«, t) there exists a number p;(1< p;<2) such that |u(x, To) —u(x,
g(0)] <e/2 for 1<p<p;. On the other hand, for a fixed p Withk1<p<min

(0o, 01) an integer N can be found such that |u(x, g(0)—u(x, 210;1)| <e/2
i=0
for k>N. Thus we obtain

k
lu(x, To)| <|u(x, 2071)|+e for k>N,
i=o

whence in view of (1.18)
|u(x, To)| <Moexp(ap™* | x|?)+e for k>N.

Letting k—oco and e—>0 we have|u(x, To)|< M, Since x is arbitrary, this
inequality holds throughout E”.

Our next task is to study how u (x, ¢t) behaves for > T,. To do this, we
make use of a result due to Krzyzanski [4]. We introduce the function

(1.19) w(x, £)=Mo[cosh 4K, A (1 — To)"Ke-a12Ks
xexp[ —a|x|%tanh 4K 2 (t— To) + Ks (t— To) .

Then by assumptions (1.1) through (1.5) we can verify that

1200 3 an 050 - pAes DR Yoty u— ow

i,j=1 0
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in E" % (T,, o0). Thus, according to Krzyzanski’s maximum principle, we con-
clude that |u(x, t)|<w(x, t) in E”" x (Ty, o). Now the assertion of Theorem
1 follows from the observation that the asymptotic behavior of w(x, t) as
t— oo is determined by the factor

[cosh 4K A (t— Ty) | Kz-ami2ky oKt

which decays exponentially to zero as t— oo provided (1.8) holds.

(c) Proof of Theorem 2. We are able to proceed entirely as in the first
part of the proof of Theorem 1 to arrive at the estimate: |u(x, Ty)|< M,
for x € E*. In order to obtain information about the behavior of u(x, ¢) for
t> T, we employ a comparison function w(«, t) slightly different from (1.19),
namely

w(x, t)=M,[cosh 2K, K3 (t— To) ] #/*£1
xexp[—«/ml x| 2tanh 2\/1{171(3@-— To)+Ks(t— To)].

Using the additional hypothesis (1.9) together with (1.1)—(1.3) we find that
w(x, t) satisfies the differential inequality (1.20) in E” %< (T,, o) and hence
that |u(x, t)| <w(x, t) for (x, t) € E*" %X (T, o). The conclusion of Theorem
2 follows immediately, for when t— oo the function w(x, ¢) behaves just like

[COSh 2\/K1 K; (t— To)]_ﬁ/ZKl eK",

which tends exponentially to zero as t— oo provided (1.10) holds.

2. Exponential decay of solutions of (B)

The system (B) of parabolic equations to which we shall extend the
results of the preceding section can be written

N
L Tu )+ 2 (%, Du*=0, u=1, ..., N,
v=1

where

L"—Za”(x, 1) s —I-Z}b"(x ) g 7,ft_,ﬂ=1, N

i,j=1

The system is coupled only in the terms which are not differentiated; so that
a system of this form is said to be weakly coupled (see [7]).

It is assumed that there exist constants K; >0, K, >0, K;>0 and K, such
that

(2'1) g Z”:; 1](x, t)‘széngl|5|2) ﬂ':l,,N

(2.2) | 0% (=, t)|§K2(|x|2+1)1/23 i=1,..,n, =1, .., N,



Asymptotic Behavior of Solutions of Parabolic Differential Equations 157

2.3) c* (%, t) =0 for u=~=vy, u,v=1, ..., N,
N

(2.9 et (x, t) <—Ks|x |2+ Ky, u=1, .., N,
v=1

for all («x, t) € E"x [0, o) and & € E”,
Theorem 1 of Section 1 is generalized as follows.

TraeoreMm 3. Let {u*(x,t)}, #u=1, ..., N, be a solution of (B) in E" x (0, o)
with the properties:

(i) there are positive constants M and a such that
|u*(x, 0)| < Mexp (a|x|?) for x € E", u=1, ..., N,
(i) for any T>0 there are positive numbers Mr and ar such that
|u*(x, t)| < Mrexp (ar|x|?) for (x, t) € E"x[0, T, u=1, ..., N.
Assume that
4K, a*+2K.na—K5<0 and K;+2(K,—a)ni<0,
where

(2.5) a= min [ inf a% (x, t)],
Liij:’;\f (2,2) €EE™x[0,00)

and 2 is the positive root of the quadratic equation 4K; 22+ 2K;nl—K;=0.
Then lim u”(x, t)=0, #=1, ..., N, the convergence being of exponential

order and z’c;aefiform with respect to x in E”.
Proor. We need the following Lemma due to Besala [17].

Lemma. Suppose that hypotheses (2.1)—(2.3) are satisfied. Suppose, fur-
thermore, that there are positive constants K; and K; such that

N
et (x, t) <Kj|x|*+ K, for (x,t) € E"x[0, o), u=1, ..., N.
vl

Let {Z#(x, 1)}, u=1, ..., N, be a system of functions defined in E" x [0, c0), with
the property (ii) mentioned in Theorem 3, and such that

N
L[ Z2¢]+ et (%, ) 2 <0 9m E" % (0, o), =1, ..., N,
v=1
Z*(x,0)>=00n E”, n=1, ..., N.
Then, Z*(x, t) =0 for (x, t) € E*x (0, o), u=1, ..., N.

We let the quantities o, 6., M;, T, and the functions v (x, t), w(x, t) be as
in the proof of Theorem 1, except that it is required for « to be replaced by
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(2.5). We form the functions wi(x, t)=v(x, t) +u*(x, t), #=1, ..., N. Since,
by (2.1)—(2.4),

N
Lo+ 2 e (%, ) v<01in E*"x (0, 6,1, =1, ..., N,
v=1
we see that
N
LATwi 1+ 25 e* (%, )wi <0 in E* x (0, 05, #=1, ..., N.
v=1

Since w4(x, 0) =0 for x € E”, u=1, ..., N, we conclude from Besala’s lemma
that wi(x, ) =0, i. e. |u*(x, t)|<v(x, t) for (x,t) € E"x (0, 651], u=1, ..., N.
Thus in particular

|u*(x, 051) | < M,exp(ap™*| x|?) for x € E", u=1, ..., N.
Applying this argument successively yields
|ut(x, 051+ 0714+ 0,1 | < My, exp(ap™* 1| x|?) for » € E”,
u=1 ..., N, k=12 ...,

Employing exactly the same limiting procedure as in the proof of Theorem 1
we can derive the estimate: |u*(x, To)| < M, for x € E*, u=1, ..., N.

Now define the functions Z4(x, t)=w(x, t) +u*(x, t), =1, ..., N. It is
clear that

LL2ET+ 5 ot (w, 0 Z20 in B" X (Ty, <o),
Z4(x, To)=0o0n E", u=1, ..., N.
Consequently, by Besala’s lemma, we have
Zh(x, 1) =0, 1. e. |u*(x, t)| Sw(x, t) for (x, t) € E" x (T, o0),

#=1, ..., N, which was to be proved.
The following is an extension of Theorem 2 of Section 1.

TueoreMm 4. In addition to (2.1) —(2.4), we assume that there is a positive
constant B such that

37 (a (%, 1)+ b% (%, 0) %) = B for (x, t) € E*x [0, o), u=1, ..., N.
i=1

If {u*(x, 1)}, =1, ..., N, is a solution of (B) in E” x (0, o) having the pro-
perties (i), (ii) mentioned in Theorem 3 and if

4K1a2+2K2 na—K3<0 and K4_B\/K3/K1<O,
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then lim u*(x, t)=0, x=1, ..., N, the convergence being of exponential order

t—oo
and uniform with respect to x in E”.

1]
(2]
(3]
[4]
(5]
[6]
(7]

The proof of this theorem may be omitted.
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