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§0. Introduction

A given embedding f of a topological space X in the real m-space R™
induces the continuous map F of the space X X—4 (4 is the diagonal of
X x X) into the unit (m—1)-sphere S™~! in R™, which is defined as follows:

_ f@—f()
B ) =15 =

Then it is clear that F is equivariant with respect to the symmetry which
interchanges the factors in X< X— 4 and the antipodal map of S™!. Also,
an isotopy f;(¢ € [0, 1]) of two embeddings f,, f1 of X in R™ induces the equi-
variant homotopy F;.

A. Haefliger [ 8] investigated the embeddings of compact differentiable
manifolds in Euclidean spaces using the above equivariant maps and proved

for any distinct points x, y of X.

Turorem (Haefliger). Let M be an n-dimensional compact differentiable
manifold. Consider the correspondence which associates with an isotopy class
of a differentiable embedding f: M——R™ the equivariant homotopy class of
the map F defined as above. Then this correspondence is surjective tf 2m—>
3(n+1) and bijective 1 f 2m >3(n+1).

Let the reduced symmetric product space M* be the quotient space ob-
tained from Mx M—4 by identifying (x, y)~(y, x). Then the projection
Mx M—4——M* is a double covering, and there exists a sphere bundle
S™ s (Mx M —4) % 7, S™'— M* associated with this covering. Since
there is a one-to-one correspondence between the equivariant homotopy clas-
ses of equivariant maps M x M— 4——S™ ! and the homotopy classes of cross
sections of the above sphere bundle S™'——(Mx M— 4) x z,S™'——M*, the
study of this sphere bundle and so the cohomology of M* play an important
part in studying embeddings of M in R™. In fact, D. Handel [4] and S.
Feder [2] studied the cohomology of (RP™)* and applied it to the existence
and the classification of embeddings of the real projective spaces RP” in
Euclidean spaces.

In this paper, we try to determine the cohomology of (CP”)* and to
study the double covering CP” x CP"— 4——(CP™)* and to apply it to the em-
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bedding problem of the complex projective spaces CP”.

This paper is organized as follows: In §1, we construct the double
covering Z,.,;——>SZ,.1,; in (1.3-4) which is homotopy equivalent to the
double covering CP" x CP"— 4——(CP™)* of above. We prepare some results
concerning the cohomology of real and complex projective bundles in §2. In
§3, we determine the cohomology of Z,,; , in Theorem 3.1 using the results
of §2. In §4, we determine the cohomology of SZ,.,. and so the reduced
symmetric product space (CP™)* in Theorems 4.9, 4.10, 4.15. In §5, we cons-
ider the isotopy classification of embeddings of CP” in R” (m=4n, 4n—1,
4n—2) and so we have the main theorem:

TueoreEM 5.5. Let n>>4.

(1) There exists a unique isotopy class of embeddings of CP" in R*".
(2) There exist just two isotopy classes of embeddings of CP" im R**~1.
(8) There exist just two isotopy classes of embeddings of CP" in R*"~*

Jor n=¢27.

The author wishes to express his gratitude to Professors M. Sugawara
and T. Kobayashi for their encouragement and valuable discussions.

§1. Construction of the double covering Z,,; ,——SZ,,1,»

Let U(2) be the unitary group on the complex 2-space C? and T?=S"x
S! be the maximal torus of U(2) and let

St={e|0<<0< 27},

G:{ 61 ?2)’(24 (7)’3>

Then we have a sequence of inclusions

reS, i=1,2 8, 4}.

1.1) S'CT*CGCUQ?),

where S! is embedded in 7'? by the diagonal map.
It is clear that G/T?=Z, and we have the following

Lemma 1.2,  The quotient spaces U(2)/T? and U(2)/G are diffeomorphic
to S? and RP? respectively, and natural projection U(2)/ T*——U(2)/G corres-
ponds to the double covering S?——RP2.

Set W, .=U(n)/U(n—2). Then W, is the complex Stiefel manifold of
orthonormal 2-frames in C”, and U(2) acts freely on W, . as follows: If a=

g; gi) is an element of U(2) and (u1, us) € W, 2, then
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a(ul, le) = (C(lul +azu2, [0 Z2Y/5% +6K4u2).
We consider the following quotient manifolds:

Xn,zz Wn,z/sl, Zn,2: Wn,z/ Tz
(1.3)
SZn,Z= Wn,Z/G, Gn,2(0>: Wn,Z/U(z)

Here X, , is called the complex projective Stiefel manifold [7] and G, .(C)
is the complex Grassmann manifold of complex 2-spaces in C”.

The sequence (1.1) induces the following commutative diagram of fibra-
tions:

St T e Ue)

L] J

(14) Wn,Z' Wn,z Wn,z

A l

Xn,z =1 Zn,a =2 SZn,4 s sn,Z(C))

;.
-

where 7,: Z, ,——SZ, » is a double covering.
Let f: Z,.1,,——CP”" x CP"— 4 be a map defined by

f(n(ul, u2))=([ul]) I:uz:])s

where [u;](i=1, 2) is the element of CP” determined by u; € S***'. Then f
is well-defined and is an equivariant map, which induces the map f: SZ,,1,.
——(CP™* and so we obtain the map of double coverings

Z,H_]_,z—f-) CP”XCP”-A

(1.5) 1
SZn+1,2_L) (CP”)*

ProrositioN 1.6. In (1.5), the map f is a homotopy equivalence and f s
a weak homotopy equivalence.

Proor. Let (ui, u;) be a pair of linearly independent unit vectors in
n+l us— <ug, U1 >Uy
€+t Then (i =2 IS0
C"*! which is obtained from (uy, u;) by the Gram-Schmidt process, where
<uj, u> stands for the inner product of u, and u,. We define a map g:

CP"XCP"—4——Z,,1,2 by

) is a pair of orthonormal vectors in

g([lh:l, Cuz]) = ﬂ(ul, upz— <ug, u1>uy

lus— <way ui>ui|l/

Then g is a well-defined map such that gf is the identity map. Let f;:
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CP"x CP"— 4——CP" x CP"— 4 be the homotopy defined by

Fiud, CuD =(Lu ) e iSte 2 )

ur—t<ug, ur>u1ll

Then f, is a well-defined homotopy between the identity map and fg. Hence
f is a homotopy equivalence.

By the exact sequences of homotopy groups of fibrations and the five
lemma, f induces isomorphisms of all homotopy groups of SZ,,, . and (CP")*
and so f is a weak homotopy equivalence. Q. E.D.

Let 7, 2 be the real Stiefel manifold of orthonormal 2-frames in the real
n-space R". The orthogonal group 0(2) acts on V,, as follows: If a=

a1 az> is an element of O(2) and (v, v2) € V, 2, then
A3 Ay ’

a(v1, v2) =(a1v1+ A2, 301+ A4v2).

Let
Gl:{ f)l gz)’ <<?4 83

0(1) x0(1) = { o 22)

=1, i=1, 2,3, 4},

s=+1 =12}, p={(g.(75 _D}

and consider the quotient manifolds

Xo2=Vuo/D, Z,,=Vuo/O)x0W), SZ,,=V,0/C,

and the double coverings X}, ,—Z2,,, Z, ,——SZ,,. Considering the 2-
frame in R” as that in C”, we have a map A: V,,——W,,. The map A in-
duces the equivariant map Z, ,——Z, ; and so the map of double coverings.
Also, let g: X, ,——Z, , be the equivariant map defined by

e o = (5 )

where (vy, v2) € V,2 and 7n’': V, ,—X,, ,, n”: V,o——Z, , are the projec-
tions. Then we obtain the following commutative diagram of double cover-
ings:

/ g /
Xn+1,z—>Zn+1,z—h—>Zn+1,2

(L7 l l j -

Z'/t+1.4 £ SZf/1+1.2 3 SZn+1,2-

Remark. D. Handel [4] treated the spaces Z,, and SZ,, and applied
them to embedding problem for real projective spaces. Our notations are
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due to D. Handel.

§2. Projective bundles

In this section, we prepare some results concerning the cohomology of
projective bundles, which will be applied in §§3-4.

For a complex (or real) n-plane bundle &= (E(¢), p(¢), B(¢)), there deter-
mines the associated sphere bundle S(&)=(S(¢), po(§), B(£)) with S§**~' (or
S”~1) as the fiber. Let P(¢) be the quotient space of S(¢) where two unit
vectors in the same fiber in S(¢) are identified by the standard free action of
S* (or Z) on S**7! (or S*'), and let ¢(¢): P(§)——B(¢&) be the factorization
of po(£): S(§)——B(¢) through P(¢) by the natural projection ¢'(¢): S(6)——
P(¢). The bundle P(&)=(P(¢), q(&), B(§)) with CP""! (or RP""") as the fib-
er is the projective bundle associated with &.

Let 1; be the complex (or real) line bundle associated with the S*-bundle
(or double covering) (S(¢), ¢'(¢), P(§)). Then, for the inclusion i: CP" '—
P(¢) (or i: RP"'——P(¢)) in any fiber of P(¢), i*1. is the canonical line
bundle of CP"! (or RP" ).

Under the above situations, we have

TuEoREM 2.1. Let & be a complex n-plane bundle and let a: € H*(P(¢); Z)
be the first Chern class of ¥, the dual of ;. Then 1, ag,--- a7 ! form a
base of H*(B(£); Z)-module H*(P(§); Z). Moreover q(§)*: H*(B(§); Z)—
H*(P(&); Z) 18 a monomorphism. The ring structure of H*(P(£); Z) is given
by

al=— ié]lci(f)a}""

where c;(€) 1s the i-th Chern class of &. If H'(B(&); Z)=0 for i>2n, then
there s the following relation :

n—-k p
(22) a?+k= - Z Zoéj(e)ci+k—j(€)az_i fO”' kZO,

i=1j=
where ¢;(£) is the j-th dual Chern class of &.
Similarly, we have

TueoreM 2.8. Let & be a real n-plane bundle and let a; € H*(P(§); Z,) be
the first Stiefel-Whitney class of A and let w;(§) (resp. w; (§)) be the i-th
Stiefel-Whitney class (resp. dual Stiefel-Whitney class) of &. Then 1, ag,.---,
ait form a base of H*(B(£); Zy)-module H*(PX§); Z,). Moreover g(&)*:
H*(B(&); Z,)—H*(P(€); Zy) is a monomorphism. The ring structure of
H*(P(¢); Z) is given by
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ap= 3 wi(Eal™.

If H'(B(&); Z,)=0 for i>n, then there is the following relation:
n-k k .
(2.4) a?+k=i§1 j;owj(f)wnk—j(f)af—’ Sfor k0.
Proor or Tueorems 2.1, 2.3. The first half of each theorem is well-
known (e.g. [5]), and the straightforward induction provides the proofs of
(2.2) and (2.4) (see [4]). Q. E. D.

§8. Cohomology of Z,, ., ,

It is easily seen that X,.,, of (1.3) is the total space of the tangent
sphere bundle of CP” and Z,.; » of (1.3) is the total space of the complex pro-
jective bundle associated with the tangent bundle of CP”. Also, it is well-
known that the i-th Chern class c;(CP") and the i-th dual Chern class ¢;(CP")

of the tangent bundle of CP” are equal to (n —1; 1>z" and (—1)‘(”?— i)z", res-

pectively, where z is the generator of H*(CP"; Z). Therefore the cohomolo-
gy H*(Z,.1,2; Z) is determined by Theorem 2.1 as follows:

Tueorem 3.1. As H*(CP"; Z)-module, H*(Z,.15; Z) has {1, a,..., a"" '}
as basis, where a (2x0) € H*(Z,.1,3; Z) s the first Chern class of the dual of
the complex line bundle associated with the S'-bundle my: Xpi1,2——Zni1,2-
The ring structure is given by

an+k:—”2k Zk:(_1)J-<n—l—j><i_|rf—]ic-1—j>zi+kan-i for >0,

i=1j=0 j
where z is the generator of HX(CP"; Z).

Similarly, Z,,,, is the total space of the real projective bundle associ-
ated with the tangent bundle of RP”. Therefore, by Theorem 2.3 we have

ProrposiTion 3.2 [4, Proposition 3.17]. In H*(Z,.,.,; Z.), the following
relation holds:

n—k k

o= 3 D@ (RPYwi s (RPDV™ ™ for k=0,
0

i=1j=
where v’ (220) is the first Stiefel-Whitney class of the double covering X3, ,
——Z} 11,2 and w;(RP") and w;(RP") are the j-th Stiefel-Whitney class and the
j-th dual Stiefel-W hitney class of RP", respectively.

CoroLLAarY 3.3 [4, Corollary 3.2]. If k=max{i (”ji)z——;o mod 2,




The Reduced Symmetric Product of a Complex Projective Space the and Embedding Problem 33

ogign}, them v/ #1300, p/n k=),

Lemma 3.4 [4, Lemma 3.8]. Let u’ denote the first Stiefel-Whitney class
<n+i>é$0 mod 2,

4

of the double covering Zj.,,——SZy., ., and k=max{i
0<i<n}.  Then u*120,

Proor. By the diagram (1.7), it is evident. Q. E. D.
CoROLLARY 8.5. If n>>4, then u*>c0.

§4. Cohomology of (CP™)*

By the mapping cylinder considerations, the diagram (1.4) gives rise to
the commutative diagram of fibrations:

Wn+1,2 Wn+1,2 'Wn+1,2 Wn+1,2

N

(4~1) Xn+1,2L>Zn+l,2i) SZrH—l,Zi)GrHl,Z(C)
lh 11’2 11’3 lm
BUQ1)—irsBT?*— i > BG .—i»» BU(2).

The cohomology structures of SZ,... and BG are unknown. On the
other hand, the cohomology of Z,,; ; has been determined in §3 and the coho-
mology of X, . was determined by C.A. Ruiz [7], and the others are well-
known:

(4.2) H*(Wai1,2; Z)= A (wn, w,,1) Where deg w;=2i—1 (i=n, n+1).
(4.3) H*(BU(2); Z)=2Z[c1, c2]
where c;(i=1, 2) is the universal i-th Chern class.
(4.4) H*(BT?; Z)=Z[x1, x;] wheredeg x;=2 (i=1, 2),
and there are the relations
(4.5) ifi¥cr=x1+4 %2, iFico=x1%,.
For G,.1,:(C), it is known that
H*(Gpi1,2(C); Z)=S(y1, y2)QS(y35---5 Y1)/ ST (y155 Yus1)

where deg y=2(G=1,.,n+1) and S(y,---, y») is the ring of symmetric
polynomials of k variables y,..., y, with integral coefficients and S*(y1,---, y2)
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is the ideal generated by the elements of positive degree [1, Proposition
31.17].

Let 0;(i=1,..., n—1) be the i-th elementary symmetric function with
respect to n—1 variables ys,...,y,.1 and let c;= y1+ y3, c2= y172. Then the
ideal S*(y1,---,ys+1) is generated by the elements ¢,+ci, 02+01c1+c2, 0:+
Gi_1c1+0;_2c2(i >2), where g;=0 for i>>n. By a straightforward induction,
we obtain

(4.6) 5= (_1>f-f(r—. i)cg—zf‘cg for r>1,
i=0 i
and
(4.7) H*(Gp11,2(C); Z)=Z[c1, c21/(Ony Oni1).

From now on, we shall study the cohomology of SZ,,; . and BG. Con-
sider the following commutative diagram of fibrations:

T*— U (©2)—U(2)/T?=S?

Lo l

G — U(2)—U(2)/G=RP"

This diagram induces the following two commutative diagrams such that
each row is a fibration and each column is a double covering:

SZ Zn+1,2 ks Gn+1,Z(C) SZ __)BTZ—M)BU(Z)

w | T

.RPZ SZn+1, 3 G,H.l,z(C), RP2—>BG L>Bl](2)

Therefore SZ,., . and BG are the total spaces of the real projective bundles
over G,.;2(C) and BU(2), respectively.

Since H*(G,,1,2(C); Z) and H*(BU(2); Z) have no torsion, we adopt the
same symbol for each element of H*(G,,,:(C); Z) and H*(BU(2); Z) and its
image in H*(G,.1,2(C); Z;) and H*(BU(2); Z,) by the mod 2 reduction, in the
rest of this paper.

THEOREM 4.9. Let n>>4 and let v € H*(SZ,.1,2; Z5) be the first Stiefel-
Whitney class of the double covering Z,,,,—"25SZ,.1,5. Then,as H*(Gy. 1,2
(C); Zy)-module, H*(SZ,. 1,25 Z) has {1, v, v?} as basis and 7n¥: H*(G,,1,2(C);
Zy)——H*(SZ,,1.2; Z2) 18 @ monomorphism. Moreover the ring structure of
H*(SZ,,1.2; Z3) is given by

vi=cv
where c¢1 € H*(G,.1,2(C); Z,) is the mod 2 reduction of the element of (4.7).

Proor. The first half follows from Theorem 2.3. Hence it is sufficient
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“to show that v*=ci;v. By (1.7), we have A*»=u’, the first Stiefel-Whitney
class of the double covering Z, , ,——SZ,.,.,. Since u"*30 for n>4 by Co-
rollary 3.5, we have v°2:0. On the other hand, H3(SZ,.1,; Z;)=Z. and its
generator is c,v by the first half of this theorem. Therefore we have v°=
C1v. Q E. D.

Let 0,: H*( ; Z;)——H**( ; Z) be the Bockstein homomorphism associa-
ted with the exact sequence 0——Z—22,7 > ,7,— 0.

Since 0p,0:=Sq" and Sq'v=0v?30 in H*(SZ,,1:; Z>), we have 0,v-¢0.
Put 0yv=u € H*(SZ,.1,2; Z). Then we have

THeoreM 4.10. Let n>>4. Then H*(G,,1,2(C); Z)-module H*(SZ,.1,2; Z)
has {1, u} as gemerators and w¥: H*(G,,1:(C); Z)——H*(SZy,12; Z) 18 @
monomorphism. Moreover there are the following relations:

2u=0, 02u =102 u’=ciu.

Proor. The first two relations follow from the fact that d,v=u.
In the integral cohomology spectral sequence of the fibration RP:*——
SZ,i1,2—25G,.1,2(C), Es-term is given as follows:

HS<Gn+1,Z(C>; Z) fOI‘ t:()
Egt = H(Gnu1,2(C); H(RP?; 2)) ={H*Gp1,2(C); Zs)  for 1=2
0 otherwise.

Therefore, each differential is trivial and so we have E,=E.. Hence we
obtain the following exact sequence:

0'—‘)Ef¢’0—‘—>HS(SZn+1,z; Z) Ei—Z,Z 0.

This gives rise to the exact sequence
(4.11)  0——H*(Gp1,2(C); Z)——H’(SZy11,25 Z)——H*"*(Gyy1,2(C) ; Z;)—0.

(4.11) induces that H**~'(SZ,,1,2; Z)=0 for all s and H?**(SZ,.,.; Z) has no
p-torsion for odd prime p. Since H**~'(SZ,,,.; Z)=0, the Bockstein coho-
mology exact sequence associated with the exact sequence of coefficients
0—2Z2x2,7*2,7,——0 induces the exact sequence

0——H* " N(SZps1,25 Z3)2H* (SZys1 05 Z)—2
H**(SZyr 23 Z)LH*(SZyon 25 Z2)—0.

This exact sequence implies that the torsion part of H?°(SZ,.12;7Z) is
isomorphic to H?*"*(SZ,.1,2; Z2) by 0:. Since H**"%(G,,1,2(C); Z;) is isomor-
phic to H?**"*(SZ,.1.2; Z;) by the cup product with v, H* %G, 2(C); Z2)
is isomorphic to the torsion part of H?*°(SZ,,..; Z), which is given by
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uH**"%(G,,1,,(C); Z). Therefore the exact sequence (4.11) is split. Thus
H*(Gpi1,2(C); Z)-module H*(SZ,.1,; Z) has {1, u} as generators and z¥}:
H*(Gy41,2(C); Z)—H*(SZy.1,2; Z) is a monomorphism.

Since p,u’=v* in H*(SZ,.1,2; Z;) and 2*v*=u'"*2:0 by (1.7) and Corollary
3.5, we have u?2:0 in H*(SZ,.1,2; Z). On the other hand, the torsion part of
H*(S8Z,.1,2; Z) is Z, and its generator is c,u. Therefore we have the last
relation u?=cu. Q. E. D.

The integral and the mod 2 cohomology of BG are given by the same
way as Theorems 4.9-10 and we omit the details.

Tueorem 4.12. Let n>>4 and let v € H*(BG; Z,) be the first Stiefel-W hit-
ney class of the double covering BT*—i2BG and let u=0,v. Then H*(BU(2);
Z,)-module H*(BG; Z;) has {1, v, v*} as basis and H*(BU(2); Z)-module
H*(BG; Z) has {1, u} as gemerators, and if: H(BU(2); Z,)——H*(BG; Z>)
and i¥: H¥(BU2); Z)——H*(BG; Z) are both monomorphic. Moreover the
Sollowing relations hold :

vi=cyv, uw?=cu, piv=v, pfu=u.

Remark. If we notice that the transgression of the fibration W,,;,,——
Guyi1,2(C)——BU(2) is given by tw;=¢,(i=n, n+1), the universal i-th dual
Chern class of the complex 2-plane bundle, and that ;¥ is a monomorphism
because i§i¥ is so, we see easily

H*(SZy110; Z)=H*(BG; Z)/(i%es, i%cns1)  for n>1,
H*(SZn+1,2; Zz):H*(BG, Zz)/(l’;é,,, i§5n+1) for nzl.

Lemma 4.18. Let n>>4. Then the homomorphism n’: H¥*(SZy1,25 Z2)—
H*(Zy11,25 Z5) is given by
n¥ci=a, n¥co=az+ 7%, niv=0,
where a, z in H*(Z,.1 2; Z,) are the images of a, z in H*(Z, 1,25 Z) respective-
ly, by the mod 2 reduction.

Proor. It is easily seen that n%v=0. Since W,., . is 6-connected for
n>4, p¥(i=1, 2, 3, 4) is isomorphic in degree smaller than 7. Therefore
there exists a unique element o’ in H%(BT?; Z,) such that p%a’=a. Since
0=n%a=p%ita’ and p% is isomorphic in degree 2, we have i%a’=0. On the
other hand, the generator of H%(BU(1); Z,) is i*x,=i%x;. Therefore the
kernel of i* of degree 2 is generated by x,+x.. Hence we have a’=x;+
x2=1i%c, by (4.5) and so we have n%c;=a.

By Theorem 3.1, 7¥c, has the form n%c,=¢1a®+esaz+e32%, where &=0
or 1(i=1,2,3). Then we have
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1%Sq’cs=nF(cic2) =10+ 20’z +e3a2%
However we have
qurc"z‘cz = ng(elaz +esaz+e3z2) =602z +e5a2%.

Comparing the coefficients of the corresponding terms of z%S¢°c. and
Sq®m%cs, we obtain ¢,=0 and e;=¢;, since n>>4. Assume that e;=e;=0.
Then 0=rn¥co=p%itco=p%(x1x:). This contradicts the fact that p% is isomo-
rphic in degree 4. Therefore we have n%c;=az+ 2% Q. E. D.

ProrosiTion 4.14. Let n>>4 and set n=2"+s, 0<s<2"—1. The follow-
wng relations hold in H*(SZ,. 1,2; Z2):

+1_ +1_
¢ 1=, c? " 2esv?20.

Proor. By Lemma 4.6, we have ¢,= Z(r_. i)c;—z"cg for r>1 in H*

i=o\ 1
(Gri1,2(C); Zy). If r>n, then ¢,=0. Therefore we obtainc?"~1=0. To
prove the second relation, it is sufficient to show that ¢Z""~2¢52:0 and so
7%(c2" " 2¢5)2¢0 in H*(Z,,1.2; Z2). By Theorem 3.1, we have

n—-1 .
7%(c? " 2cs)= Y bia’,  b; € H¥(CP"; Z,).
i=0
On the other hand, by Theorem 3.1 and Lemma 4.13, we have

ﬁ?(c%“l_zcg):az'“"z(a—l— 2)%z°5 = i:(-:)a27“+s—t—2zs+t

S [\ EGIP 22 n ny, s+t n—i
=5G) T P e (CPME

i=1 j=0

where c;(CP"), ¢;(CP") are the j-th Chern and dual Chern classes of CP”.
Comparing the coefficients of a"~!, we have

s T—1

2 -2
b= 5(5) L elCPMesr i1 (CPM*
i=o\l/ j=o
= 5 (5 )esrra(cPmyz
=0

oSS 2 s —t—1\ 2risoa
2P ) G C

. . 27l ps—1—1 .
By a simple calculation, we have ( or_ 41 >=O or 20 according as
t<s—1 or t=s, and so we obtain b,_;=z""12:0 in H*(CP"; Z,). Q. E. D.

Using the above proposition, we have
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Tueorem 4.15. Let n>>4. Then SZ,,1 5 is an unorientable (4n-2)-dimen-
sitonal mani fold which is weakly homotopy equivalent to the reduced symmetric
product of CP" and H*""*(SZ,,,,; Z)=Z, with the generator c2 '~2csu for
n=2"+s, 0<s<2"—1.

§5. Classification of embeddings of CP" in Euclidean spaces

A. Haefliger investigated the embeddings in the stable range [37] and
proved the following theorem.

Tueorewm 5.1 (Haefliger). Let M be an n-dimensional compact differen-
tiable manifold. The correspondence which associates with a given differen-
tiable embedding f: M——R™ the equivariant map F: Mx M—4——S™ "
defined by F(x, y):ML induces the correspondence which assoctates

Il fCx)— f(l

with a given isotopy class of f the equivariant homotopy class of F. Thas cor-
respondence is surjective if 2m>3(n+1) and bijective i f 2m>3(n+1).

We now know that there exists a one-to-one correspondence between the
equivariant homotopy classes of equivariant maps Mx M—4——S™ ! and
the homotopy classes of cross sections of the sphere bundle S™ !'——(M X
M—4)x z,S™'——M* associated with the double covering M x M— 4——M*.

Let 2 be the real line bundle over (CP*)* associated with the double
covering CP” x CP"— 4——(CP™)*. Then the sphere bundle

S™ 1 (CP" % CP"— 4) % 7,8™ ' ——(CP")*

is the sphere bundle associated with mA, the Whitney sum of m copies of 1.
Therefore we have

ProrosiTioN 5.2. (1) Let 2m>3(2n+1). If mA has a non-zero cross sec-
tion, then there exists an embedding of CP” in R™.

(2) Let 2m>3(2n+1). Then there exists a one-to-ome correspondence
between the isotopy classes of embeddings of CP" in R™ and the homotopy clas-
ses of cross sections of the sphere bundle associated with ma over (CP™)*.

By Propositions 1.6 and 5.2, the obstructions for miA to have a non-
zero cross section are the elements of H*'(SZ,,;.; m:(S™ ') and its pri-
mary obstruction for even m is the Euler class x(ma) of m4, and the obstruc-
tions for two given cross sections to be homotopic are the elements of
Hi(SZn+1,2; ni(sm—l)).

Lemma 5.8. Let 7 be a real line bundle. Then the Euler class x(27) is
given by

x(27) =05w1(7),
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where wi(y) 1s the first Stiefel-Whitney class of 7.

Proor. Let & be the canonical line bundle over RP~. By the univer-
sality of ¢, it is sufficient to show that x(2¢)=0,w;(¢). Consider the
Bockstein cohomology exact sequence of RP~

0——H'(RP=; Z,)—*.,H¥(RP=; Z)—*%LHYRP~; Z)—>H*(RP~; Zy)—0,

where H'(RP~; Z;)=Z, with the generator w,(¢) and H2(RP~; Z)=Z, with
the generator 0,w:(€). Since 0,x(28)=w,(28)=w(£)?2c0, it follows that
x(26)2c0 in H*(RP>; Z) and so we have x(2&)=02w,(€). Q. E. D.

Remark. The above lemma is generalized as follows: Let %' and £” be
a real line bundle and a real n-plane bundle over the same space with
w1 (") =w,(&"). Then we have

2(p €DL") = 02wn(C").

By the above considerations, we have the following theorem, which is
already known ((6], [8],[9]):

TueoreEM 5.4. (1) CP" is embeddable in R**~% for n>>4, n=x2".
(2) CP?" is embeddable in R* '~ but not embeddable in R*"**~% for r>2.

Proor. The obstructions for the existence of a non-zero cross section
of (4n—1)2 arein H*Y(SZ,.,:; m(S**"?)) which is 0, since SZ,.,,. is a
(4n— 2)-dimensional manifold. Hence CP” is embeddable in R*"~! by Pro-
position 5.2, (1). The obstructions for the existence of a non-zero cross sec-
tion of (4n—2)2 are in H*'(SZ,.1 2; m;(S*"~3)) and non-trivial obstruction is
the Euler class x((4n—2)2) in H'""*(SZ,.12; Z). By Lemma 5.3, we have
x(22)=u=0,v and using Proposition 4.14, we have

=0 for n=>x2"
x((Adn—2))=x(22)*"" 1=u?""1=yc2" 2
20 for n=2".

Therefore by Proposition 5.2 (1), it follows that CP” is embeddable or not
embeddable in R*"~? according as n2” or n=2". Q. E. D.

Our main theorem is the following

THeOREM b.5. Let n>>4.

(1) There exists a unique isotopy class of embeddings of CP" in R*".

(2) There exist just two isotopy classes of embeddings of CP" im R*"~1.
(8) There exist just two isotopy classes of embeddings of CP" in R*"~2

Sfor n=g2’,

Proor. The obstructions for two non-zero cross sections of 4ni being
homotopic are the elements of H'(SZ,.1,.; w,(S*"~')) which is 0 for all :.
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This implies (1). The obstructions for two non-zero cross sections of

(4n—

1)4 being homotopic are in H'(SZ,.1,; n:(S*""%)) and

‘ 0 for ixdn—2
H’(SZ,H_],_Z ; 7[,‘(84'1—2)) =
Zg for i=4n—2,

by Theorem 4.15. Therefore we have (2). By Theorems 4.9-10, 4.15,

_ 0 for irdn—2
H’(SZ,H.],’z; 7'[,'(54”_3)):
Zy for i=4n—2,

and so we have (3). Q. E. D.

Remark 1. W.-T. Wu [10] proved that any two embeddings of an n-

dimensional differentiable manifold in R?**! are isotopic.

Remark 2. T. Watabe [9] proved that any two immersions of CP” in

R**~! are regularly homotopic for even n.
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