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1. Introduction.

One of the problems which are proposed by S. Helgason for the Radon
transform is to study the relations between the function spaces on a space X
and on the dual space X by means of the Radon transform f—f. In[1], we
considered the transform of the rapidly decreasing functions in JS(S) on a
Riemannian globally symmetric space S. But to construct a J-theory for the
Radon transform in a sense, it seems more favorable to study the Radon
transform on the Schwartz space €(S), which is generalized by Harish-
Chandra in [ 87, than on J(S), since we know that the Schwartz space is in-
variant under the left translations by G [3].

In this paper we shall study the Radon transform for the funections in
the Schwartz space @(S) on a Riemannian globally symmetric space of the
non-compact type. The main results are Theorems A, B, C and D.

2. Preliminaries.

As usual, R and C denote the fields of real and complex numbers res-
pectively. If M and N are two topological spaces, ¢ a homeomorphism of M
onto N and f a function on M, we put f?=fop~'. If Mis a C~-manifold, C*
(M) (respectively, C7(M)) denotes the space of differentiable functions (res-
pectively, differentiable functions with compact support) on M. If G is a Lie
group and K a closed subgroup of G, for x € G, the left translation by «x of
the homogeneous space G/K of the left cosets onto itself will be denoted by
7(x).

D(G/K) denotes the algebra of differential operators on the homogeneous
space G/K which are invariant under the left translations c(x), x €G. We
write D(G) instead of D(G/e), where e is the identity element of G.

Let S be a Riemannian globally symmetric space of the noncompact type,
and G=1I,(S) denote the largest connected group of isometries of S in the
compact open topology, then G is a semisimple Lie group and has no compact
normal subgroup s=e. Let any point o in S fix, K denote the isotropy sub-
group of G at o, go and f, denote the Lie algebras of G and K, respectively,
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and let p, denote the orthogonal complement of f, in g, with respect to the
Killing form B of go. Then G/K has a G-invariant Riemannian structure in-
duced from B. Let 0 be the involution of g, which associates with the Car-
tan decomposition go=*t,+p,. Let ), denote a Cartan subalgebra for the
space S and 4, denote the analytic subgroup of G corresponding to ,,. Let
C denote a Weyl chamber in b, , then the dual space of ), can be ordered by
calling a linear function 1 on 0, positive if 2(H#)>0 for all He C. By this
ordering we have an Iwasawa decomposition of G, G=KA4,N. For geG, let
H(g) denote the unique element in ), such that g=kexpH(g)n for ne N
and k € K.

Let M and M’, respectively, denote the centralizer and normalizer of 0,
in K. Let W denote the Weyl group M’'/M. Let b, be any maximal abelian
subalgebra of g, containing 0, , let g denote the complexification of g, and ¥
the subspace of g spanned by §),. Then ) is a Cartan subalgebra of g. Let 4
denote the set of nonzero roots of g with respect to ) and let b, =HNt,, h*=
B,,+iby,. All the roots in 4 are real on h*. Let C* be any Weyl chamber in
b* whose closure contains the Weyl chamber C inY,. We order the dual
space of h* by means of the Weyl chamber C*. Let @ denote the restriction
to b, of a root @ € 4. Then the set 4" of positive roots in 4 is a disjoint uni-
on, 4*=P,\UP_, where a belongs to P, or P_ respectively according to whe-
ther @>0 or @=0. Let o=, Y, a. The adjoint representation of g will be

aep,
denoted by adX for X €g. Let 3 denote the set of all linear functions on b,
which are restrictions of the member of P,. Let

So={2€2X|2/n ¢ 2 for all integers n=¢1},
by ={Heh, |a(H)>0 forall ac€l},

and put 4y = exp b;,, where exp denotes the exponential mapping of g, into
G. Let *p,, denote the set of all H €1, such that <H, H>=>0 for every H
in h}. Also let CI(4y) denote the closure of 4; in 4,.

The dual space of S is the space S of horocycles in S, that is, the set of
all orbits of subgroups of the form gNg™' for all elements g in G, with a
differentiable structure in such a way that $ is diffeomorphic to G/MN. We
shall write D(S) for a D(G/K) and D(S) for D(G/MN) respectively.

Let ¢ be any horocycle in S, ds; the volume element on & in the Rie-
mannian structure on ¢ induced by S. For a good function f on S we put

f®= gsf(s)dsf, ges,

and call it the Radon transform of f. Let

r:6—->G/K, #:6G—->G/MN
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denote the projections, and let
F=fon, F=fot.

We can select a Haar measure dn on N such that the mapping n—n-o of &=
{MN?} onto itself is measure-preserving, and then

F’(g)ZSNF(gn)dn.
or any continuous function ¢ on S, we define the dual Radon transform by

(Z(p)=$m o(&) dm (&), peS,

where the integral on the right is the average of ¢ over the set of horocycles
passing through p. If we select g € G such that g-o=p. we have

o(g-0)= o(ehe0) ak,

where the Haar measure dk on K is so normalized that the total measure of
Kis 1.

Let Dy(G) denote the set of operators in D(G) which are invariant under
all right translations from K. Let S(9, ) denote the symmetric algebra over
b,, and I(9,,) be the set of invariant polynomials in S(,,) which are invariant
under W. Then D(4,) is canonically isomorphic to S(p, ). Let v be a linear
function on Y, then e* € C=(h,). For simplicity, the function a—»e”’°8® on
A, shall also be denoted by e”. A C~=-function f on a manifold can be re-
garded as a differential operator F—fF. As is well known [5],

(i) for each D € D(G) there exists a unique element D, € D(A,) such that
-D_'Da € nOD(G) +D(G)f0’

(ii) if ¢ € C=(G) such that ¢(ngk)=¢(g) forall n e N, g€G, ke K
then

(D$)"=Dup, D eD(@G),

where the bar denotes restriction to A,,

(iii) the mapping D—e "Doe’ 18 a homomorphism of Dy(G) onto I(Y,)
and the kernel is Dyo(G) N\D(G)f,,

(iv) the factor algebra Dy(G)/D(G)N\D(G)Y, is canonically isomorphic to
D(D/K)

Hence we have an isomorphism /" of D(S) onto I(f),). For each DeD
(S), let D, be any operator in Dy(G) which goes into D by the natural homo-
morphism x of Dy(G) onto D(S). Making use of the canonical isomorphism
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D(4,)=5(b,,), we obtain an isomorphism 7" of D(S) ont S(b,) under the
diffeomorphism ¢ : (kM, a)—>kaMN, of the fibre bundle K/M x 4, onto S [57].
Also, under the canonical isomorphism D(4,)=~5(b, ), the unique automor-
phism p—'p of S(h,,) given by 'H=H—p(H) (He€b,) corresponds to the
automorphism D—e’Doe* of D(4,). If we define the mapping A : D—D by

'T(D)y=1(D),

it is an isomorphism of D(S) into D(S). The image of this mapping will be
denoted by D(S).

8. The functions w, 2, &, £ and o.

For x € S=G/K and g€ G such that 7(g)=x, there exists a unique ele-
ment X € p, such that x=rn(exp X)=expX-K. Put

1

2(g)=w(x)= {det(sinh adX/adX), } 2,

where (sinhadX/adX),, denotes the restriction on p, of the linear trans-
formation

sinh adX/adX= ¥ (adX)*"/(2q+1)!
q=0

of go and det( ) denotes the determinant of (). Put
a(g)=a(x)=IX]l,

where || X|| denotes the norm of X by means of the inner product which is in-
duced from the Killing form B. Also put

é(x)zg e—p(H(cpr.k)) dk,
K
and
F(o)=\ e-rEHEk)
E(g) SKe dk.
If we write h= exp H (h € Ay, H€Y;,) and n(h) =4, since
o(h)*=D(h),
where
D(h)= TI (% — =),
aexy

there exist a positive constant ¢, and a positive integer d such that



On the Radon Transform of the Rapidly Decreasing Functions on Symmetric Spaces II 165

@ oM =c:¢(W)'A+0(R)’, he Ay
[3].

4. The Schwartz spaces of S and S.

After Harish-Chandra let us define the Schwartz space of S. For fe C”
(S), D € D(G) and d=0, put

vp,o(f)= sup | D(fom)|(1+0)%€7,
tp,4(f)= sup | D(fom) |Q+0) 0.

Let C(S) (respectively, I(S)) denote the space of all f € C=(S) such that vp,
(f)< +eoo (respectively, tp (f)<+ o) for all D € D(G) and d=0. We topo-
logize @(S) (respectively, S(S)) by means of the system of the seminorms
vp,a (respectively, rp ) (D€ D(G), d=0). Then O(S) and J(S) are Hausdorft,
locally convex and complete spaces. And we call @(S) the Schwartz space of
S.

Let @(S) denote the set of all functions ¢ € C=($) which satisfy the
following condition: For every E¢€ D(A,), u € D(K/M) and r=0

LEu(P)= sup (1-+ [[logal|)"|[Eu(po¢) ] (kM, a) | <+ oo,
P

M,a)€(KIM)xA

where ¢ is the diffeomorphism (kM, a)—>kaMN of (K/M) x A, onto S. By means
of this system of the seminorms, we topologize €(S). Then @(S) is a locally
convex space too, and we call it the Schwartz space of S.

5. Proof of the theorems.

As a colollary of the theorem 1 in [17], we obtain by (1) the following
TueoreMm A. For any f € O(S) and D € D(S)

Df=Df.

Let us denote by e’ the function (e?) (kan)=e*"°¢® defined on G=KA,N
and put

Ff(xMN)Z[:ef’(fOﬁ')](x) =e*’(H("))SNf(xn)dn, (x €G).

Tueorem B.  The mapping f—F; is a one-to-one continuous linear ma-
pping of O(S) into O(S).
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Proor. To prove F; € O(S) and the continuity of the mapping f—Fy, we
use the following

Lemma ([ 387, pp. 106). Put a=0(n""). Then there exist d—=0 and c=1
such that

1+max (0(a), o(H (7))=c(1+0(an))
and
E(an)=c(1+0(an))’exp{—p(loga) —o(H (7))}

Joraed,and n € N.

Now let E € D(4,) and u € D(K/M). Then we can regard E, u as E, u € D(G)
in a natural way and there exists an elment £ € D(4,), depending on E but
independent of u, such that

(Eu) (e’ f) (kan)= eP108a) C(Eu) f](kan)

fork€K,a€ A,and n € N. Applying the above lemma, for every positive
integers d and [/, we can find a constant c¢; such that

(A+0())’ [(Eu)(e?f)] (kan)
<c1(l+0(kan))* 4 (Eu f) (kan)e P E@)( 1+ o(H(n)))~*+9

forall k€ K,a€ 4, and n € N. Since there exists an integer d satisfying
S . e—p(H(Tz))(l + p(H(ﬁ))*(”d)dﬁ < 4 oo
N

(2], pp. 289), for every integers [ and every differential operators E € D(4,),
u € D(K/M) we have

sup (140(a))'|[(Eu)(e?? f(kM, a))]]

(kM,a)E(K/M)XAp

Sersup (L+0(e)" 4| (Bu ()| E(g) | e @ (At p(H (n))**Vdn

< + OO’
which shows F; € @(S) and the mapping f—F; is continuous.

From now on, we assume that G is a complex semisimple Lie group.
Then there exists an explicit differential operator [] € D(S) such that for all

fecz(s),
O =cfs

where ¢ is a constant =0, independent of f [5]. Moreover we know that
the inclusion mapping C:3(S) into @(S) is continuous and the image is dense
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in @(S) and that O(S) is invariant under the left translations r(x), x € G [ 3.
TueoreEM C.  For any f € O(S),
o)) =cf.

Proor. We prove this in the same way as in [5], by means of the den-
sity of C7(S) in €(S). Let f, € @(S). Then there exists a sequence {f,} in
C;(S) which converges to f, with respect to the topology in €(S). Put F,=
fmom (m=0, 1, 2,...) and define F,; by

le(g)ngxNFm(kng) dk dn,  (m=0,1,2,..).

Then we obtain

Fo(e)=clim [ [F,, (), (m=1, 2,...),
bei,
where ¢ is a constant. We shall prove the same formula for F,. Since for
any D € D(S)

[DFo Q) ~[DoFu)(@) = _ CDFIGkng)—[DF](kng)dk dn,
(m=1, 2,...), in particular, for b € 4,,

|[DoF01](6) —[DoFpnJ(b) | <e?(o® ”)SK |CDoFoJ(kbn) —[DoF, (kbn)| dk dn

xN

<e?osDerley sup 2(g)1+0()?|LDoFo (&) —[DoFrl(g) 1,

where ci, c; are certain positive constants and d is a positive integer. Hence
we have

};im |[DoFo1J(6)—[DoF,i ()| =0.

beAp

And therefore
Fo(e)=c Igfen [OoFo1](b).

beAyp
Now since @(S) is invariant under the left translations (x) (» € G), if we

put Fi=f,*Yor and put

3) Fgl(g):gKXNFf,‘(kng) dk dn,
we have
@ Fix)=e lim [C0F5,10).

beAp
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The rest of the proof is same as the one in [5].
From (8), we have

[DOF6’1](,§’)=§N<§K[DO Fo](xkng) dk)dn.
Now let g=b and b—e in 4,. Then by (4)
folaro)=Fy)=c{ (§ [Clo F] (kn) dk)dn,

which, by commutativity of the mean value operators with the differential
operators [ 4], equals

CSN[]x<SKF(xkn) dk>dn=cDOx<SKXNFo(xkn) dk)dn,

where the subscript x denotes the argument on which [ and [, act. There-
fore we have

folxr0)=c[O(fo) J(x+0)

and the theorem is proved.
the proof of this theorem suggests the following

Turorem D. Let E € D(S) corresponds to E € D under the isomorphism
D(S)=D. For any function ¢ in the image of C(S) by the Radon transform,
the following relation holds.

(Ep)” =Ej.
Proor. Let f=g¢, f€@(S), and D=E, D ¢ D(S). And put F=for. Then

(E{p)(x-o)zDOSKSNF(xkn) dn dk:DOSNSKF(xkn) dk dn=

— SN(DSKF(xkn) dk)dn‘

Since, in the last integral, we can exchange the mean value operator for the
differential operator, the last integral equals

gNgK[DOF](xkn) dk dnngDAF (xk) dk

=(Ep)” (x+0).

This proves the theorem.
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