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The purpose of this paper is to study the second order delay equation

) y' (O +a(®)y() = ()

where the following will be assumed throughout this paper unless otherwise
specified :

(i) a(®), f(¥), ©(¢) are assumed to be continuous on the whole real line R,
(ii) ["aranat < oo,

(iii) ydt) = y(t—1(1),

(iv) 1()=>0, 7(t) is bounded as t— oo, 0<7'(t)<1.

Our first result deals with the existence and asymptotic nature of the non-
oscillatory solutions of equation (1). We call a function on C(T,, ), T,>0
oscillatory if it has arbitrarily large zeros, otherwise we call it nonoscillatory.
The term “‘solution” will only apply to continuous solutions (of equations under
consideration) on some positive half line. The equation

(2 y'(@)+a(®) y(®) = f(1)

has been very extensively studied. Cohen [2] and Bellman [1] give a very
elaborate treatment on this subject. The main problem, however, is created by
the presence of the delay term to the point that hitherto known techniques fail to
contain equation (1) (see [4]). We shall use an adaptation of a technique given
in Singh [5] to arrive at the asymptotic nature of the oscillatory solutions of
equation (1). In the third section, it will be shown that this technique applies to
higher order equations.

Second section deals with a Lyapunov inequality for a certain class of solu-
tions of the equation

€) y'®+a(®)y () =0.

The classical Lyapunov inequality states that if y(¢) is nontrivial solution
of the second order equation
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@ y'(®)+a(®)y®) =0,

and if y(¢f) vanishes at least twice on an interval [c, d] then
d
(d—c)S a*(f)dt > 4.

As shown by Dahiya and Singh [3], this inequality is not true for delay equa-
tions. For example the equation

y'(@®)—y(it—n)=0
has
y(t) = sint

as a nontrivial solution in (0, 0). If we consider this solution over the interval
[0, =] where it has two zeros then taking a(f)= —1, we find the conclusion of the
inequality is not true.

However this inequality will be shown to be true for a certain class of solu-
tions of equation (3).

The fourth section of this paper is a commentary on the integrability of the
nonoscillatory solutions of equation (1) with restrictive conditions on a(f) and

f@.
1. Asymptoticity and Existence of Nonoscillatory Solutions

[+ o]
THEOREM 1. Under the given conditions, andS tla(t)|dt < oo, equation

(1) has nonoscillatory solutions asymptotic to by+b,t, where b;#0.
ProofF. From equation (1), we have
®) V'O =) -a() y o).
Integrating (5) between t, and t where t,>1 and large enough so that
SZtla(t)ldt <1
and
[l <1,
to
we get

© y® =)+ s ays—e(s)ds.
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Integrating (6) again between t, and t—1(t), (t—1(t)>t, for large 1),

s

$t=(0) = yito)+y 1o)Xt —e)=to)+ | " fodras

to

3 S:—r(') Sj a(r)y(r—1(r))drds

to

from which

01 <1y +11y @) (A0 =10) 4 (O | 1) s

{0 oy maras.

Therefore, there exist positive constants ¢, and ¢, such that

@ ol coret+ ] golaras+ ] § a1y oidras
since

0<’_—_£_(?:_‘231

for large t.
(7) can now be written as

® 0l < corert+ ] (=n10Nar+{ @=nla@pldr

and since %<1 for t>1, we have from above

901 < (o+enute]| 1fNdr+o{] 1at yldr
from where we get
©) ‘yf—t(‘)'s(co+c,+L)+S:°r1a(r)|Mdr
where by condition (iii)
NGRS

for some positive constant L. Let k=cy,+c;+L. By Gronwall’s inequality
[1, p. 107], we get from (9)
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mt(i)lSk'expG:orla(r)ldr)

or

(10) 12Ol <,

where k, is some positive constant.
Due to (10) and conditions (ii) and (iii), it follows that the integrals on the
right hand side of (6) converge and hence y’(f) tends to a limit as t—00. ¢, can

be chosen so that y(t0)+S f(s)ds— ' a(s)y.(s)ds—a non zero limit as t— oco.
to
Hence y'(t)—b;#0 as t—> and the conclusmn follows.

2. Lyapunov Inequality

THEOREM 2. Let y(t) be an oscillatory solution of equation (3), namely
Y'(@®)+a@®y ) =0

such that if t;<t, are two maximas of |y(t)| then |y(t,)|=|y(t,)]. Let a<p be
two consecutive zeros of y(t) in an interval [c, d] then

(ﬂ—a)gﬁla(t)ldt > 4.
Proor. Without any loss we can assume that y(¢)>0 in [a, f]. Let

M =maxy(t) for te[a,f]

Due to continuity of y(¢), this maximum is achieved at some point 6 € (a, f).
Now since y(«) =0, we have

={ v war
or
1) M ngl Y(ldt.
Again since y(f)=0
M=-— S‘; V(0)dt
or

(12) M SSZ' Y(Hldt.
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From (11) and (12)
(13) ZMSS':I y(@Oldt.
Squaring (13) we get
am2<((yolar)” <-o @)
by Schwartz’s inequality, or
am2<p-af 'y oy war.
Integrating by parts we get
(14) am? < p-a) (v - yoyoar].
Since y(f)=y(x)=0, we obtain from (14) after using equation (3),
4m2 < (-0 oy Dawdr
or
(s) 4M2 < (8- ) Ly O la(oldr
Since

max |y(¢)] < max y(t) for te[a, p],

it follows from (15)
aM? < (ﬁ—cx)SiM-M-la(t)ldt
or
4< (B—oc)gz la(Dldt.

This proves the theorem.
Example 1. Consider the equation

(16) y"(z)+2e%y(t—_;‘_)=o.

This has

11
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y(t) = e'sint

as an oscillatory solution satisfying the conditions of the theorem.

S"|a(t);dt =S"2e%dt = 2né8
0 0

Thus (n—O)gn]a(t)|dt=2nze%>4_
o

3. More on Asymptoticity

The method of section 2 can be extended to nth order equations of the form
17) ym(@©+a(@)yLt) = £(1).
In fact we shall prove the following theorem:

THEOREM 3. Let
(18) Swt"‘ll fDldt < o

(19) S‘”zn-l[a(t)ldt < .

Then equation (17) has nonoscillatory solutions asymptotic to by+bt+b,t2+
"‘+bn_1tn—1, bn_xﬁéo.

ProOF. Let t be large so that t—1(f)>1t,>0.
Integrating (17) (n—1) times between ¢, and ¢t we have

(20) V() = by +byt+byt? 4o+ bly_, "2

where b}, b,..., b,_, are appropriate constants. Integrating (20) between ¢, and
t—1(t) we have

PO =B+ But+ Bot 4+ Byostrt 4 ([ CZDEL £ (rydras

— S:;t(‘) S:., (2_;:’)7")"_2 a(r)y (r)drds,

where B, Bi,..., B.—1 is another set of appropriate constants. Now in a manner
of Theorem 2, there exist positive constants by, by,..., b,- such that
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DOl <py+6,+b,+ b, tLot GimpyT 1),8 (=) |a(s)| 12 4

t
where ———l——g (t—s)"" ! f(s)|ds<L,, for some positive constant L.
to

(n—1)!

The rest of the proof is more or less the same as of Theorem 2. The proof
of Theorem 3 is now complete.

4. Integrability of Nonoscillatory Solutions
In this section we consider equation (1)
O Y' (@O +a@®y1) = f()
when a(#) >0 and f(£)>0.
THEOREM 4. Suppose a(f)>0, a'() >0, a(t)a"(t) <2(a’(t))?. Further suppose
that

@1) S‘”] f@ldt < oo.

Then all nonoscillatory solutions of equation (1) are integrable.

Proor. Let y(f) be a nonoscillatory solution of equation (1). Dividing
equation (1) by a(?) and integrating between t, and t we get

y' (@) y(t) y'(s)a’(s) 1)
S e as+{ yioass( LS as

or

YO _yts) , yOd@) _yga'ty) a'(s)
@) T wS T ew T d) =, 70 (&) as

+S' V(s)ds <
to

by condition (21). Since y(¢) is a nonoscillatory solution, we can assume without
any loss that y(f) is nonnegative eventually. The case when y(t)<0 eventually
can be handled in a similar manner. Suppose to the contrary

(23) S‘:’ y(Ddt = o

Now

a' ()20, a(®)a"(t) <2(a' (1))*= ( az((tt)) ) <0
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Thus on the left hand side of (22)

Y@
a(?) @©

and since a’(f) >0, it follows that

(24) lim y'(f)=—o0 — a contradiction since this means y(f) is eventually
t=o0

negative; now boundedness of () and 0<1'(f)<1 imply from Sw y(f)dt < co that

y(t) is integrable. The proof is complete.

Remark. We like to point out that if a(t)>0 and monotonic and a(t)a”(t) <
2(a’(?))?, then the theorem will not be true if a’(f)<0 as the following example
shows.

Example 2. The equation

" 1 2 1
y (t)+TY(t)=7T+Tf

aO) = f)="+75

a'()) <0, a@®) >0

@' (0)a(t) = %4
2@ @)=

so that a"(Ha(f)<2(a’(¥))?. All conditions of the theorem are satisfied except
on a’(t). This equation has

YO =1

as a nonoscillatory solution which is not integrable on [¢,, c0].
This example completes this section.
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