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1. Introduction

This paper is a sequel to our earlier paper [1] and presents a semigroup treat-
ment of the Cauchy problem (hereafter called (CP)) for the Hamilton-Jacobi
equation

(DE) u,+f(u,) =0, xeR", t>0.

Here u(x, t) is a real-valued function, f: R"—>R!, u,=0u/0t, and u, denotes the
gradient (0u/dx,,..., 0u/0x,) in the space variables x.

Multi-dimensional equations of Hamilton-Jacobi type have been treated by
several authors in several ways (for instance, see A. Douglis [8, p. 203 and Bib-
liography]). Speaking of (CP), global generalized solutions with uniformly
Lipschitz continuous initial data have been obtained when f: R"—R! is strictly
convex. Uniqueness theorems have been given by A. Douglis [7] and S. N.
Kruzkov [10]. Nevertheless, it seems worthwhile to add a new method for treat-
ing (CP), to which this paper is devoted. Besides, from the viewpoint of semi-
group theory, the Hamilton-Jacobi equation (DE) provides an example of non-
linear semigroups in nonreflexive Banach spaces that are not differentiable.

In the present paper we shall, as before [1], choose L*(R") as the Banach
space that may be associated with (CP), and construct a semigroup of contractions
on the subspace of L”(R") consisting of all bounded and uniformly continuous
functions on R". As we shall see, the semigroup approach enables us to treat
(CP) under the assumption that f: R*— R is merely convex and of class C? (Note
that we do not assume the strict convexity of f). Moreover, as an intermediate
step in the development, the existence and uniqueness of certain bounded (possibly
generalized) solutions will be established for the equation

(D utf(u,) = h(x),  xeR",

for given h.

We start, in Section 2, with a definition of the operator 4: v—f(v,) in L*(R")
that may be associated with (CP). Section 3 concerns the existence and unique-
ness of certain bounded generalized solutions of (1). Here the solutions are
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obtained as limits of bounded solutions of the regularized elliptic equations
?) u+f(u,)—edu = h(x), xeR",

as ¢/ 0. Various results concerning (2) are obtained as needed. Section 4 is
devoted to the construction of a semigroup of contractions generated by A through
the generation theorem of M. G. Crandall and T. M. Liggett [5] and to the study
of its properties relating to (CP).

2. Definition of the operator A: v—f(v,)

Throughout the present paper we shall work in the Banach space L*(R")
of all real-valued, bounded and measurable functions v on the real n-dimensional
Euclidean space R" with norm

llvll, = essential sup {|v(x)|; x e R"}.

Wy (R"™) denotes the subspace of L*(R") consisting of all measurable func-
tions whose distribution derivatives of order at most k lie in L*(R*). Thus, in
particular, WT(R") is the subspace of all bounded and uniformly Lipschitz con-
tinuous functions on R*. For ve W{(R") we set

loxlleo = (X 100/0x;]12)" /2.

We shall assume that the function f: R*—R! appearing in (DE) is convex.
(Note that a finite convex function on R” is necessarily continuous.) Correspond-
ing to this assumption, we need a subclass of WT(R"):

E(R") denotes the subset of L*(R") consisting of all bounded and uniformly
Lipschitz continuous functions v on R” such that v satisfies the following semi-

concavity condition:
(SC) U(x+y)+v(x—y)—2v(x) < lelz, X, yER"’

for some constant k>0.
A function v: R*—R? that satisfies the semiconcavity condition (SC) is called

a semiconcave function, and we let |v|z denote the infimum of such constants k.
Our first task is to define an operator 4, associated with (CP) in L*(R").

DEFINITION 2.1. Let f: R"—>R*! be convex. A, is the operator in L*(R")
defined by: ve D(A4y), w=Ayv if

(i) veE(R"), we WT(R™), and w=f(v,), that is, the equality w(x)=f(v.(x))
holds at almost all points of R*, and

(ii) there is a positive number A, depending upon v for which v+Aqwe
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E(R™).
The next lemma will clarify our definition of the operator A,.

LemMA 2.1. Let feC? and let A, be given by Definition2.1. If ve
F(R"), then ve D(A,) and Agv=f(v,).

Proor. Letfe C2. If ve W3(R™), then both v and w=f(v,) lie in W$(R").
It is easily shown that every function in W$(R") is semiconcave, and that a linear
combination of semiconcave functions with positive coefficients again is semi-
concave. Hence, by definition, v € D(4,) and A,v=f(v,), which proves the lemma.

We are now in a position to define an operator 4 in L®(R") that may be
multi-valued for general convex f.

DEFINITION 2.2. A is the closure of Ay, i.e., ve D(A) and we Av if there is
a sequence {v™} = D(A,) such that v"—v, Agv™—w in L*(R").

3. The equation u+f(u)=h

Our object in this section is to establish the existence and uniqueness of cer-
tain bounded generalized solutions of the equation

(3.1) u+f(u,) = h(x), x€R",

where h is a given function, under the assumption that f: R*—R! is convex. For
the sake of simplicity the normalization

(3.2) fl0)=0

will be assumed throughout this section, for this can always be achieved by
introducing the new unknown & =u +f(0).

DEFINITION 3.1. Let f: R*>R?! be convex and let A, be given by Defini-
tion2.1. Let he WP(R"). Then a function ueE(R") is called a bounded
generalized solution of (3.1) provided u e D(Ay) and u+ Agu=h.

Our results concerning equation (3.1) are stated in the following three theo-
rems.

THEOREM 3.1 (Existence). Let f: R"—R be convex, and the normalization
(3.2) be assumed. Then we have R(I+ Ay)> E(R"), i.e., for each h e E(R") there
is a bounded generalized solution u of (3.1) such that

(3.3) lullw < hlos  Nuelle < Il o

and, for the semiconcavity constant of u,
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(3.4) lulg < |hlg.

THEOREM 3.2 (Uniqueness). Let f: R"—>R' be convex and of class C2.
Then there exists at most one bounded generalized solution of (3.1).

THEOREM 3.3. Under the assumptions of Theorem 3.2, let u,ve D(A)
satisfy the equations

3.5) u+AAgu = h, v+AAgv =g,

respectively, where A is an arbitrary number such that 0<1<1. If bothu+ Ayu
and v+ Agv lie in E(R"), then:

(1) Ju—vlp <lh—gle.

(ii) Ifg > h, then v > u.

First we shall take up the problem of uniqueness of bounded generalized
solutions. The following proof has been given in our recent paper [2].

Proor oF THEOREM 3.2. To prove the theorem by contradiction let u
and v be two bounded generalized solutions of (3.1). For u and v, let U denote a
common absolute bound in R”, let P be a common Lipschitz constant, and let k
be a common semiconcavity constant. We set

Ky = sup (3 (fp(p))!2: Ipl < P}
and
Ky = sup {3 fypp): Ipl < P}.

Since
u+flu,) = h(x), v+f(vy) = h(x),

a.e. in R", the difference w=u — v satisfies the equation

a.e. in R", where
1
G, = Gy(u, v) = S et 0y —v)d0,  i=1,..n.
0

If we set W=w4, where q is an even integer, we have
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(3.6) aw+y. GW,, =0
i=1

a.e. in R".

By convolving u and v with mollifying kernels, we can find two approximating
sequences {u™} and {v™} of C? functions, each having the same absolute bound
U, Lipschitz constant P and semiconcavity constant k as u and v, such that the se-
quences {u™} and {v} converge a.e. in R" to u, and v, respectively. If we set

Gr = Gum, o), i=1..,n,

then equation (3.6) can be written as

(3.7) W+ 2 (GIW),, = 3 (GI=G)Ws W 2 (G,
Let r be an arbitrary positive number, and we integrate the both sides of
(3.7) over the ball |x|<r. We thus get

(3.8) qg' g Wdx +S WZ" G cos(n, x;)dS

|x|=r i=1

= _ Z@r-comax+( w3 @p.dx,
|x|<r i=1 [x|<r i=1

where n is the outer normal to the sphere S: |x|=r and dS is the surface element.
On the other hand, we have

SII WZ"‘, Gmcos(n, x;)dS > —Klg | wds
x|=r i |x|=r

i=1

and

SI 5 WS (Gr).dx < "K2S Wix,
x|<r i=1

i= |x|<r

since
2 (G,
i=1

-3 (u',';wglﬂ fmpj(...)d0+v;"'xjgl(1 —0)f, p,(--)d6)
i,j=1 0 o

where (---)=("+60(ur—v™). (Note that, by virtue of the convexity of f and the
semiconcavity condition (SC),

3w, o) = A M —KDF1 kS £ ()

i,j=1



20 Sadakazu Aizawa

< kS o)

M and F denoting the matrices (u},,,) and (f,,, (--)) respectively.)
Substituting these inequalities into (3.8), we get

qg de—KIS wds
|x|<r

|x|=r

sS Z"‘,(G;”—G,-)Wx,.dx+kK2S Wix
|x|<ri=1 |x|<r

and, hence, by letting m tend to infinity and using the bounded convergence
theorem

Wds < szg Wix.

|x|<r

(3.9) qSIX'Srde—KIg

If we set

I(r) = S Wix  for r>0
|x|<r

and choose an even integer g so large that ¢>kK,, then inequality (3.9) can be

written as a differential inequality for I(r)

(3.10) al(r)—dI(r)/dr < 0, r>0,

where a=(q—kK,)/K, is a positive constant.

Now suppose that there is a positive number r, for which I(r;)>0. Then
the differential inequality (3.10) gives a lower bound I(r,)exp (a(r—ry)) for the
growth order of I(r) as r tends to infinity. But this is a contradiction, since the
integral I(r) increases at most polynomially with r because of the boundedness of
W=wd. Therefore, I(r)=0 for r>0 and, hence, the difference w=u—v must
vanish identically on R". This completes the proof.

Next we shall proceed to the problem of existence of bounded generalized
solutions and their properties. As was stated in the introduction, the bounded
generalized solution of (3.1) will be obtained as a limit of bounded solutions of
the regularized elliptic equations

3.11) u+flu,)—edu = h(x), x€eR",

as ¢| 0. Consequently, in order to prove Theorems 3.1 and 3.3, it will suffice
to prove the corresponding results-for bounded solutions of (3.11). To this end,
we shall use a result of T. Kusano [11, Th. 1, p. 2] that is a variant of the maxi-
mum principle. We shall state it in a form suitable for our later use and give
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a proof for the sake of completeness.

LemMA 3.1. Let a;: R*"->R!,i=1,...,n, be bounded. If veC?*(R") is
bounded from above and satisfies the inequality

Lv=v+ Zn a(x)v,,—edv <0, x€R",
i=1

where ¢ is an arbitrary positive number, then.v<0 on R".

Proor. To prove the lemma by contradiction, suppose there is a point
x0 such that v(x%)>0. Set

w = (0(x°) —1) ,1:"11 cosh [k(x; —x)],

where n(0<n<wv(x®) and k are positive constants. A simple calculation shows
that we can choose a sufficiently small k in such a way that Lw>0 on R”. Then
we have L(v—w)<0 and, hence, v—w can not have a positive maximum at finite
points of R". But this contradicts the fact that v—w>0 at x° and v—w— — 0
as |x|—oo.

ProposiTION 3.1. Let f: R"—>R! be continuous and let u,ve C?*(R")
N WT(R™) satisfy the equations

(3.12) u+fu,)—edu = h, v+flo,)—edv =g,

respectively, where ¢ is an arbitrary positive number. If h, ge L*(R"), then:
(i) Nu=vle < h—9l.
(ii) Ifg = h, thenv > u.

Proor. We shall only give a proof of the first part (i), since the second part
(ii) can be proved quite similarly.
First Step. Let fe C!. Then the difference w=u—v satisfies the equation

Lw = w+f(u,)—f(v,)—edw

w4+ ilfm("x +0(u,—v,))W,, —eAw
= w+ Zn ai(x)wxi—'EAW = h_g’
i=1

where 0<f=0(x)<1 and the a;: R"—>R! are bounded. Hence an application of
Lemma 3.1 yields

Wl = llu—vlle < Ih—gllw
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since
L(tw—]h—gl,) = £(h—g)—|h—gl, < 0.

Second Step. Let feC and let P be a common Lipschitz constant for u
and v. Convolving f with mollifying kernels, we can find a sequence {f,,} of C!
functions satisfying

D) =) < 1/m,  m=1,2,..
for every p such that |p|<P. Then, since

U+ fo(u) —edu = h+fo(u)—f(us),

v+fu(0) — edv = g+, (v) —f(v,),
and

1h =g +fuu) = f() = (fu0:) = f 0D o < [h—g |l +2/m,
we have by the result of the first step
lu=vlo < Ih—glle+2/m

and, hence, by letting m tend to infinity, we obtain (i). Thus the proof is com-
plete.

Immediate consequences of Proposition 3.1 are:

CoROLLARY 3.1. Let f: R"—>R! be continuous. Then for each he L*(R")
there exists at most one bounded solution u e C*(R") n WT(R") of (3.11).

CoROLLARY 3.2. Under the assumption of Corollary 3.1, let ue C?(R")
n WS(R™) satisfy (3.11).  If he WT(R"), then ||u,|o<l|lhello. Moreover, if the
normalization (3.2) is assumed, then |ul , < ||h| -

ProposITION 3.2. Let f: R">R! be convex and let ue C*(R")n WP(R")
satisfy (3.11). If he E(R"), then |u|p<|h|g.

ProoF. The convexity of f implies that to each point p° in R" there cor-
responds a real vector (a,,..., a,) such that the inequality

(3.13) f(p)—f(p°) = ; a(p;—p?)

holds for all points p of R*. We note that when p varies on a bounded subset
of R" the set of corresponding vectors (a,,..., a,) forms a bounded set in R".
Let y be a fixed vector, and we set
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v(x) = u(x+y)+u(x—y)—2u(x).

Then, since we have

S )=S0 0) = 3 a ()t (x4 )= ()

and
Sl =) =Jx) = 3 a0t (5= )= ().

where the a,(x) form a vector corresponding to the point p® =u (x) for which (3.13)
holds, the function v satisfies the differential inequality

Lo =v+ 2" a(x)v,,—edv
i=1

< h(x+y)+ h(x— )= 2h(x) < |hlgly|?

on the whole of R". Here the a;: R*>R! are bounded, since p®=u,(x) varies
on a subset of the ball |p®| < | h,| ., in view of Corollary 3.2. Hence an applica-
tion of Lemma 3.1 again yields

v(x) = u(x+y)+ulx—y)—2u(x) < |hlglyl?

for each fixed y. But this implies that u € E(R") and |u|z<|h|g. The proof is
complete.

Existence theorems for bounded solutions on the whole space R" of second
order elliptic equations have been given by K. Ak6 and T. Kusano [3] under
the assumption that there exist a bounded superfunction and a bounded sub-
function. Using their result, we can prove the

ProprosiTION 3.3. Let f: R"—>R! be locally Hélder continuous and the
normalization (3.2) be assumed. Then for each he WT(R") there is a bounded
solution ue C*(R")n WT(R") of (3.11) such that |ull,<||hll, and |uyl,<
Ielco-

Proor. Let F: R*—>R! be a bounded and locally Hélder continuous func-
tion such that F(p)=f(p) when |p|<|h,| ., and consider the equation

(3.14) u+ F(u,)—edu = h(x), x € R".

Then the constant functions ||h|,, and — ||h| ., are respectively a bounded super-
function and a bounded subfunction of this equation. By a result of [3, Th. 1,
p. 30], there is a bounded solution u e C2(R") of the equation (3.14). For this
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solution u we have
lullo < Tl and  Juyll, < l[h]le

by virtue of Corollary 3.2. Thus, in particular, u is also a bounded solution in
C2(R")n W$(R") of the original equation (3.11). Thus the proof is complete.

PrOPOSITION 3.4. Let f: R"—>R! be convex and the normalization (3.2)
be assumed. Then for each he E(R") there is a bounded solution ue C?(R")
n E(R™) such that

(3.15) lullo < Mhlleos  Nuglle < Nhill oo
and, for the semiconcavity constant of u,
(3.16) : lulg < [h]g.

Proor. This follows immediately from Propositions 3.2 and 3.3, since
every convex function f: R*—R! is locally Lipschitz continuous.

To prove the existence theorem for bounded generalized solutions of (3.1),
we need a lemma concerning the convergence of a sequence of semiconcave
functions. The following result has been observed by A. Douglis (cf. [7], [8]).

LeEMMA 3.2. Let u™, m=1,2,..., be a sequence of functions in E(R") such
that

(3'17) ”um”oo < U7 ”u:tn”oo < P’ lumlE < K’
m=1,2,...

where U, P, and K are uniform positive constants. If the sequence {u™} con-
verges to a limit u uniformly on compact sets, then the limit u satisfies the three
inequalities (3.17) with u™ replaced by u. Moreover, the sequence {u™} converges
to u, at almost all points of R".

Proor. This iemma is a version of a result stated in the work of A. Douglis
(for instance, see [7, Th. 2.3, p. 11]).

ProoFr oF THEOREM 3.1. Given he E(R"), let ume C%(R*)n E(R") be the
unique bounded solution of the equation

u+flu)—(1/m)du = h(x), xeR",

guaranteed by Proposition 3.4. Then the estimates (3.15) and (3.16) imply that
the sequence {u™} satisfies (3.17) with U= ||h|| ., P=|h,|| ., and K=|h|g. Arzela’s
theorem asserts that there is a subsequence {u™®} of {u™} converging uniformly
on compact sets to a limit u. By Lemma 3.2, the subsequence {u”®} then
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converges to u, a.e. in R". We denote this convergence in WP(R") by -»-,
um®s>y,  Obviously, the limit u enjoys the properties (3.3) and (3.4).

We shall show that the limit u satisfies (3.1) a.e. in R*. To see this, let ¢
€ CZ(R™). Multiplying the equation satisfied by u™ by ¢ and integrating we have

[, {wmefamo+a/mS urgydx = hods.

Letting m tend to infinity through the subsequence {m(i)} and using the conver-
gence um()s-y, we obtain

[ wrfwneds = nodx,

since g Z" u™ @, dx is bounded in m by (3.15). But this implies that u+f(u,)
JRM" i=1
=h a.e. in R", since ¢ € CF(R") is arbitrary.
It remains to show that ue D(A,) and u+ Aqu=h. But this fact is clear,
since u e E(R"), f(u,))=w=h—ueWP(R") a.e. in R", and u+w=heE(R").
Thus the proof of Theorem 3.1 has been completed.

Proor oF THEOREM 3.3. First we note that a linear combination of semi-
concave functions with positive coefficients again is semiconcave. Hence, the
functions

h=u+24u = (1—=Du+A(u+ Aou)
and
g =v+AA4o0 = (1 =)o+ Av+ Agp)

are semiconcave for 0<A<1.

Now the proof of (i) and (ii) can be carried out as follows: From Theorem
3.2 it follows immediately that u, ve D(A4,) are unique bounded generalized solu-
tions of (3.5) respectively, where h, g € E(R"). Hence, by what was shown in
the proof of Theorem 3.1, u, v can be obtained as respective limits of bounded
solutions u™, v™ e C2(R") n E(R") of the equations

u+Af(u,)—(1/m)4u = h, v+ Af(v,)—(1/m)dv = g

as m tends to infinity. Since u™->>u, v">>v in W{(R"), Proposition 3.1 can be
used to prove (i) and (ii). The proof is complete.

4. The semigroup of contractions associated with (CP)

The Cauchy problem (CP) consists of (DE) and the initial condition
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(I0) u(x, 0) = u(x), xeR",

where u® is a given function on R*.
It is assumed throughout the section that f: R*—R! is of class C? and satisfies

the convexity condition:
The matrix (f;;(p)), where f;;=02f/0p,0p; (i, j=1,..., n), is nonnegative, i.e.,

. jz_lfij(p))'i)‘j >0
for each pe R" and each real 1,,..., 4,. In addition, the normalization (3.2) will
be assumed, for this can always be achieved by introducing the new unknown
u=u+f(0)t.

We shall choose L*(R") as the Banach space associated with (CP)and regard
the unknown function u as a map: [0, c0) 3 t—u(., ) € L(R"). Let 4 be given
by Definition 2.2. Then (CP) can be rewritten in the abstract form

(ACP) dujdt+Aus0,  u(0) = u®

(Note that A may be multi-valued for general convex f).

In order to apply the abstract theory to (ACP), we shall state the generation
theorem of M. G. Crandall and T. M. Liggett [5] in a form suitable for our later
use. Let X be a real Banach space and 4 be an operator in X (that is allowed
to be multi-valued). A is said to be accretive in X if

I(u+Aw)=(+22)]| > |lu—v]

for A>0, u, ve D(A), we Au, and z € Av, where | - | denotes the norm in X. For
A>0, let D,=D(J,)=R(I+1A4), J,=(I+14)""', and A,=1"1(I-J;). Set 9
= U,»0( No<i<ckD;), and define, if 2> D(A),

D(A) = {ve 2; |Av| < w0},
where we have set for ve @
|Av| = lim ||A,v].
ilo
The following generation theorem is a result of M. G. Crandall and T. M.
Liggett [5].

GENERATION THEOREM. Let A be an accretive operator in a real Banach
space X. If R(I+24A4)>D(A) for all sufficiently small positive A, then

@.1) lim (I+—t’;A>—nu°

n-—a0
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exists for u® € D(A) and t>0. Moreover, if S(t)u® is defined as the limit in (4.1),
then S(t) is a semigroup of contractions on D(A):

(i) We have S(t): D(A)—»D(A) for t>0; S(t)S(t)=S(t+71) for t,1>0;
|S(H)v—S(tyw|| < |[v—w| for v, we D(A) and t=>0; S(0)=1I and S(t)v is continuous
in (t, v).

(ii) If ve D(A), then S(t)v is locally Lipschitz continuous in t.

(iliy For each £>0 and each u® e D(A), the problem

e (wi(t)—us(t—e))+ Au®(t) 0, t>0,
4.2)

u(t) = u®, t<0,
has a unique solution us(t) on [0, 00) and limu®(t)=S(t)u® uniformly in t on
compact sets. e

We have to verify the hypotheses of the Generation Theorem for the A4
of Definition 2.2.

First we shall establish the accretiveness of the operator A,.

ProrosITION 4.1. Aq is accretive in L*(R"), i.e., we have

(4.3) (u+AA40u)—(0+AA)] o = llu—vl,
for each 2>0 and each u, ve D(A,).

Proor. Let u, ve D(4,). By definition, it follows immediately that there
is a positive number A, for which both u+A1,4,u and v+ 213440 lie in E(R").
The same argument as in the proof of Theorem 3.3 then shows that (4.3) holds
for 0<A<,. Using a result of T. Kato [9, Lemma 1.1, p. 509] that, in a real
Banach space X, ||x|| <||x+ay]|| for every a>0 if and only if there is fe Fx such
that f(y)>0 (F being the duality map from X to its dual space X*), we can con-
clude that (4.3) holds for every A>0. The proof is complete.

From Theorem 3.3 and Proposition 4.1 we easily have:

ProposITION 4.2. If u, ve D(A), we Au, and z e Av satisfy the equations
(4.4) u+iw = h, v+iz =4,

where A>0, then:
(i) A is accretive in L*(R"), i.e., we have for (4.4)

lu—vlle < [lh—glo-

(i) If g=h, then v>u.
In what follows, BU(R") denotes the closed linear subspace of L*(R") con-
sisting of all bounded and uniformly continuous functions on R".
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Now we shall give another definition of bounded generalized solutions of
G3.1).

DEefFINITION 4.1. Let he BU(R"). Then a function ue BUR") is a
bounded generalized solution of (3.1) provided u e D(A) and heu+ Au.

It follows from Theorem 3.1 that R(I+AA)=BU(R") for A1>0, since R(I
+1A4,)> E(R") is dense in BU(R") and A is the closure of 4, (Note that R(I +AA4)
is closed for A>0 when A4 is closed and accretive). By Lemma 2.1 we have
D(A)=BU(R"). Therefore we have proved the

THEOREM 4.1. Let f: R"—R!' be convex and of class C2. Then the opera-
tor A of Definition 2.2 satisfies the assumptions of the Generation Theorem with
D(A)=BU(R"). In particular, u=I+A)"'h is the unique bounded generalized
solution of (3.1) for he BU(R™).

According to Theorem 4.1 and the Generation Theorem, a semigroup of
contractions S(t) on BU(R") is determined by the operator 4. Concerning the
properties of this semigroup we have first the

THEOREM 4.2. Let f: R"—>R!' be convex and of class C?, and let S(t) be
the semigroup of contractions on BU(R") obtained from A through the Gener-
ation Theorem. Let u, ve BU(R") and t>0. Then:

(i) If yeR", then

sup S0+ )= S| < sup Jo(x+3)—o(x)].

Moreover, if ve E(R"), then S(f)v € E(R") and
ISl < [0lws  NS@V)el e < N0illas  [S(BV]E < [0l

(Note that the normalization (3.2) is assumed).
(i) If v>u, then S(t)v> S(t)u.

Proor. The solution u®(t) of (4.2) is given by u®(t)=(I+eA) */&1-1y0,
where [t/¢] is the greatest integer in f/e. Since liln(} u®(t)=S(¢t)u® uniformly in ¢
on compact sets, the proofs of (i) and (ii) follow;E immediately from Proposition
4.2, (i), (ii), and Theorem 3.1.

When f: R*—R! is convex, a Lipschitz continuous function u(x, t) defined
on R"x [0, o) is called a generalized solution of (CP) if: i) u satisfies (DE) a.e.
as well as (IC); ii) for each level t> 0, u satisfies a semiconcavity condition

u(x+y, +ulx—y, )—2u(x, 1) < k@ly|>,  x, yeR",

where k(f)<k; for t>06>0. Below we shall show that the semigroup S(#) ob-
tained above provides a bounded generalized solution S(t)u® of (CP) if u° lies
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in E(R").

TurorEM 4.3. Let f: R"—>R" be convex and of class C?, and let S(t) be
the semigroup of contractions on BU(R"™) obtained from A through the Gener-
ation Theorem. If u®e E(R"), then:

(1) ISOu°)| o < Nt o, 1SOU), N < llulll., and, for the semiconcavity
constant of S(HHu®, |S(Ou°|g < |ul|g.

(i) S()u®(x) is Lipschitz continuous on R"x[0, c0) and satisfies (DE)
a.e..

Proor. It suffices to prove (ii). For u®e E(R"), let u®(t) satisfy

e~ 1 (us(t)—us(t—e)) + Aqu(t) = 0, t >0,
(4.5)
u®(t) = uo, t<0.

Then ué(t)=(I+¢&A4,) /817 1u® for t>0 and, by Theorem 3.1, we have

(4.6) @l < 14l M@ D)l < Nl N*(D]g < [u0lg

for 1>0. Next we note that E(R")cD(A). Indeed, if ve E(R"), then u=J,v
satisfies u +A4qu=v and so A,v=2"1(I—J,)v=Aqu=f(u,) for 1>0 (cf. Defini-
tion 2.1). Hence we have

40l < sup {5 Ipl < loall}

for >0, which implies ve D(4). Therefore, according to the Generation Theo-
rem, (ii), S(f)u® is locally Lipschitz continuous in ¢.
By Definition 2.1, u(?) satisfies the equation

(4.7) e 1w (t) —u(t— &) + (1)) = 0

a.e. in R” for each t>0. Let T>0. Since S(f)u® is Lipschitz continuous for
0<t< T and S(t)u®e WP(R") for each t>0, S(t)u®(x) is Lipschitz continuous in
(x, t) and, hence, (totally) differentiable a.e. in R" x [0, T]. Moreover, by Lemma
3.2, the sequence {(u®(t)),} converges a.e. in R"x [0, T] to (S(t)u®), as ¢ 0.
Multiply (4.7) by ¢ € CF(R" x (0, T)) and integrate over R* x [0, T]. Integrating
by parts and letting ¢ | O yield

S ZSRJ — (S(Ou)p, +f((S(tu°))p}dxdt = 0,

which can be rewritten as

S :Smﬂs(’)u‘))z +F(S(tu®),)} pdxdt = 0.
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But this implies that S(¢)u®(x) satisfies (DE) a.e. on R” x (0, T), which in turn
shows that S(#)u®(x) is uniformly Lipschitz continuous on R" x [0, c0) by Theorem
4.2, (i). Thus the proof is complete.

[11]
[2]
[31]
[4]
[51]
[6]
[7]
[81]
(91
[10]

(1]

References

S. Aizawa, A semigroup treatment of the Hamilton-Jacobi equation in one space
variable, Hiroshima Math. J., 3 (1973), 367-386.

, On the uniqueness of global generalized solutions for the equation F(x, u,
grad #)=0, Proc. Japan Acad., 51 (1975), 147-150.
K. Ako and T. Kusano, On bounded solutions of second order elliptic differential
equations, J. Fac. Sci. Univ. Tokyo Sect. I, 11, Part 1 (1964), 29-37.
M. G. Crandall, The semigroup approach to first order quasilinear equations in several
space variables, Israel J. Math., 12 (1972), 108-132.
M. G. Crandall and T. M. Liggett, Generation of semigroups of nonlinear transfor-
mations on general Banach spaces, Amer. J. Math., 93 (1971), 265-298.
M. G. Crandall and A. Pazy, Nonlinear evolution equations in Banach spaces, Israel
J. Math., 11 (1972), 57-94.
A. Douglis, Solutions in the large for multi-dimensional, non-linear partial differential
equations of first order, Ann. Inst. Fourier, Grenoble, 15, 2 (1965), 1-35.

, Layering methods for nonlinear partial differential equations of first order,
Ann. Inst. Fourier, Grenoble, 22, 3 (1972), 141-227.
T. Kato, Nonlinear semigroups and evolution equations, J. Math. Soc. Japan, 19
(1967), 508-520.
S. N. Kruzkov, Generalized solutions of non-linear equations of first order with sev-
eral variables I, Mat. Sb., 70 (112) (1966), 394-415 (in Russian).
T. Kusano, On bounded solutions of elliptic partial differential equations of the
second order, Funkcial. Ekvac., 7 (1965), 1-13.

Department of Mathematics,
Faculty of Science,
Kobe University





