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§1. Introduction

Let G be a finite group, 4 be a discrete abelian group, and
0—A—K-1G6—1

be an extension with the associated operator ¢: G—Aut(A4), ¢(j(k))(a)=kak™1.
Also let X be a connected CW-complex with a G-action f: Gx X—-X or f: G—

Homeo (X) satisfying ¢(Ker f)=1, and n: P— X be a principal A-bundle with an
A-action a: A x P—P.

In this paper, we study the existence and the enumeration of K-actions y on
P such that the following diagram is commutative:

AxP—KxPL%GxX
3 I b
P = P =, X.
We call such a K-action y on P an extended K-action on P of « over f. In [3],

A. Hattori and T. Yoshida have studied this problem for K=A x G, where A is a

product of a torus group and a discrete abelian group, (cf. also [2, p. 23, Re-
mark]).

By considering the G-action (2.8) on [X, BA] of all equivalence classes of
principal A-bundles over X, we define the map

(2.17) 0:[X, BA]° — H’(G, A)

from the set [X, BA]¢ of all G-invariant classes to the cohomology H3(G, A) of
the group G with coefficients in the G-module 4 by ¢¢. Then we have the follow-
ing existence theorem:

THEOREM 3.3. A principal A-bundle P admits an extended K-action of
o over B if and only if

[Ple[X, BA]® and O([P]) = o([K]),
where : Opext(G, A, ¢)—H3(G, A) is the bijection given in [4, Ch. IV, Th. 4.1].

As an application, we obtain
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COROLLARY 3.6. Assume that a finite CW-complex P has the same mod 2
cohomology as the n-sphere (n=1) and has a free cellular involution T. If the
orbit space X=P|T has a free Z,-action, then there is a free Z,,-action on P
which is an extension of the given involution.

Furthermore, by studying the map @, we have Theorem 4.18 and the fol-
lowing generalization of a theorem of J. C. Su [5, Th. 3.13]:

COROLLARY 4.19. Assume that the given G-action B on X has a fixed
point. Then, a principal A-bundle P satisfying [P]e[X, BA]® admits an ex-
tended A x ,G-action, where Ax 4G is the semi-direct product.

For the enumeration of extended K-actions, we have

THEOREM 5.7. If a principal A-bundle P admits an extended K-action,
then the set of all equivalence classes of extended K-actions on P under the con-
Jjugation by elements of A is equivalent to the cohomology H}(G, A) as a set.

As a corollary to Theorems 3.3 and 5.7, we have

COROLLARIES 3.5 AND 5.8. If A is a finite abelian group and the orders of
A and G are relatively prime, and [P]e[X, BA]®, then P admits a unique ex-
tended A x ,G-action up to the conjugation by elements of A.

§2. Preliminaries

Let G be a finite group and X be a connected CW-complex having a G-action
f:GxX—X,i.e., a homomorphism

(2.1) B: G— Homeo (X).
For a given discrete abelian group A, consider a group extension
(2.2) K:0—A—K—-+G6—1

over G with kernel A. Throughout this paper, we consider only such an exten-
sion K of (2.2) that the associated operator

(2.3) ¢:G— Aut(4), ¢(jk))(a) = kak™! (keK, aeA),
satisfies the condition
(2.4) ¢(Kerp) =1,,

where f is the given G-action (2.1) on X. We notice that this condition is satis-
fied for any extension K if B is an effective action.
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Also, we consider a principal 4-bundle
(2.5) n: P— X, with an A-action «a: 4 x P— P
which is an inclusion a: A =Isom (P), and denote by
Isomg 4 (P)

the set of all fibre preserving homeomorphisms f: P— P of n such that
(2.6) there is some g € G and the diagram

P2 ,P =, X

R

P 9(9)(a) P, X

is commutative for any a € 4.
Then, Isomg 4(P) is a group by the composition and the sequence

(2.7 0 —» A —% Isomg,4 (P) —2 B(G)

is exact by (2.4), where p is a homomorphism defined by p(f)=B(g).
Now, we define the G-action on the set [ X, BA] of all equivalence classes of
principal A-bundles over X by :

(2.8) g-u = B(¢(g))ouof(g~1): X LD, X u, B4 B4W), gy

for ge G and ue[X, BA], where B(¢(g)) e Homeo (BA) is the map induced by
@(g) e Aut(A4). Set

2.9) [X, BAJS = {ue[X,BA]|g-u=u forany geG}.

We notice that we can i-dentify [X, BA] with H!(X, A) and then [X, BA]¢
is a subgroup of H(X, A).

LemMA 2.10. (i) p in (2.7) is surjective if and only if the equivalence
class [P]e[X, BA] of P belongs to [X, BA]C.

(ii) If p in (2.7) is surjective, i.e., the sequence
0 — A4 —= Isomg 4 (P) — B(G) — 1

is exact, then the associated operator ¢': f(G)—Aut(A4) with this extension sat-

isfies ¢p'of=¢.

ProoF. (i) Let u: X—BA be the classifying map of n: P»X. For any
g € G, we consider the A-action

o, = ao(p(g) x 1): A x P 2@x1, g x p_=, P
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on P. Then we see easily that m,=n: P—X with this A-action «,: AX P>P is
the principal A-bundle with the classifying map B(¢(g))~lou: X —BA.

Also, the commutativity of the diagram in (2.6) means that fis a bundle map
of m to m, over f(g) by the above definition. Thus fe Isomg 4(P) if and only if
[u]=[B(¢(g)) toucf(g)]=g~! - [u] for B(g)=p(f) € G by the above facts and (2.8).
Thus we have (i).

(ii) By the definition of ¢’ and the commutative diagram in (2.6), we see

that

¢'(B(g)) (a) = feaof ' = ¢(g)(a)  for p(f) = B(g).
g.e.d.

Here we recall the cohomology group H}(G, A) of a group G with coeffi-
cients in a G-module 4 by an operator ¢: G—Aut(A), (cf. [4, Ch. IV, §5]). Let
B,(G) be the free Z(G)-module with basis G"=G x --- x G (n-times) and set

B"(G9 A) = I_Ion-lZ(G) (Bn(G), A)9

where Z(G) is the group ring of G. Then HJ(G, A) is the cohomology group of
the cochain comples {B*(G, A), 6}, whose coboundary é: B"(G, A)—B"*(G, A)
is defined by

(2.11)  (00)(G15e-s Gns1) = (= D" H(g ) (@255 Gn+1))
+ 2?=1( - l)ic(gl’“-’ 9iJi+ 15> gn+1) + ( - 1)n+lc(g1’_“, gn)} .

Let ¢;: G;>Aut(A) (i=1, 2) be operators and h: G,—»G, be a homomor-
phism satisfying ¢; =¢,oh. Then the homomorphism

h*: H3 (G,, A) — H} (G,, A)
is induced from the cochain map h*: B/(G,, A)—B"(G,, A) given by
h”(C) = (gl""’ gn) = c(h(gl)’--', h(gn))

We say that two extensions 0-4—K—->G—1 and 0-4—-K'—>G—1 are con-
gruent if there exists an isomorphism A: K— K’ such that

00— A—K—G—1

| <]

00— 4A— K —G—>1

is commutative. This relation is an equivalence relation, and two congruent ex-
tensions have the same operator. We denote by

Opext (G, A, ¢)
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the set of all congruence classes of extensions with an operator ¢: G—Aut (A4).

Let 0-A— K-4,G—1 be anextension with an operator ¢: G»Aut(4). We
choose a section s: G—K, i.e., a map s: G—=K such that jos=1;, and define a
cochain ¢ € B¥G, A) by

(2.12) c(g1, 92) = 5(9192)5(g2)"1s(g) ! for (g4, 9,)€G>.

Then by using the equality ¢(g)(a)=s(g)as(g)~! (g€ G, ae A) of (2.3), we see
easily from the definition (2.11) of é that dc=0 and the cohomology class

o(K) = [c]e H}(G, A)

does not depend on the choice of s. Also it is clear that w(K)=w(K") if K is
congruent with K’. Thus we have a map

w: Opext (G, A, ¢) — H3(G, A).

TueoreM 2.13 ([4, Ch. 1V, Th. 4.1]). This map w is bijective, and the w-
image of the semi-direct product Ax ,G is zero in H3(G, A).

Here, the semi-direct product 0-4—A4x,G—-G-1 is an extension which
has a homomorphism s: G—»A4 x , G as a section.

For an operator ¢: G—Aut(A) satisfying (2.4), let P, and P, be two princi-
pal A-bundles over X such that [P,]=[P,]e[X, BA]S, and F: P,—>P, be an
isomorphism. Then we have the commutative diagram

0 — A -5 Isomg, 4(P,) — B(G) — 1

|l \1

0 — 4 =5 Isomg 4(P;) —25 B(G) — 1

of the extensions in Lemma 2.10, where F, is an isomorphism defined by F,(f)=

FofoF~1. Thus the two extensions Isomg 4(P;) (i=1, 2) are congruent, and we
have the map

(2.14) 0': [X, BAJ® — Opext(8(G), 4, ¢'), 0'(P) = Isomg 4(P),

where ¢’: f(G)—Aut (A4) is the associated operator and satisfies ¢’of = ¢ by Lemma
2.10 (ii).
By the last equality ¢’of=¢, we have the commutative diagram

Opext (B(G), 4, ¢") <= HE.(B(G), A)

b b

Opext(G, 4, ¢) —2> H(G, A),



76 Kensé Fuin

where the left f* is induced by taking the pull backs of extensions by S, the right
B* is the induced homomorphism of §, and w and ' are the bijections in Theorem
2.13. We consider the following maps:

(2.15) 0 = p*-0': [X, BA]® — Opext(G, 4, ¢),
(2.16) @' = w'sf': [X, BA]S —> H3((G), 4),
(2.17) @ = web : [X, BA]S — H3(G, A).

Then the above commutative diagram shows the equality

(2.18) 0 = f*0'.

§3. A characterization

Let G be a finite group, 4 be a discrete abelian group, and
0—A4—K-1-6—1

be an extension with an operator ¢: G—Aut(A) satisfying (2.4). Also, let X be
a connected CW-complex with a G-action f: Gx X— X, and n: P- X be a prin-
cipal A-bundle with an A-action a: A x P—P.

, In this section, we study a K-action y: K x P— P such that the following dia-
gram is commutative:

AXxP—KxPIXGx X
(3.1) la lv la
p = P =, X.
We call such a K-action y on P an extended K-action of a over f.

REMARK 3.2. We see easily that y is free (resp. effective) if and only if B
is so.

For the existence of an extended K-action, we have the following

- THEeOREM 3.3. A principal A-bundle P admits an extended K-action of o
over B if and only if the class [P] belongs to [ X, BA]C of (2.9) and the equality
O([P])=w([K]) holds, where O is the map of (2.17) and w is the bijection of
Theorem 2.13.

Proor. Suppose that there exists a K-action y: K x P—»P and the diagram
(3.1) is commutative. Then this K-action y induces a homomorphism y: K—
Isomg 4, (P) and we have the commutative diagram
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0—d4 — K -1 G6—1

R

O--»A—Z»Isomc,d,(P)—"—»/i(G)——»l,

(cf. (2.6) and (2.7)). Therefore, p is surjective and so [P] belongs to [X, BA]S
by Lemma 2.10 (i). Moreover, the above commutative diagram of the extensions
shows that 8([P])=p*(6'([P]))=[K] by the definition (2.15) of . This implies
O([P]))=w([K]) by the definition (2.17) of 6.

Conversely we assume that [P]e[X, BA]® and O([P])=w([K]). Then p
in (3.4) is surjective by Lemma 2.10 (i), and the above diagram (3.4) is commu-
tative for some homomorphism y: K—Isomg 4, (P) by the definition of @. There-
fore, the diagram (3.1) is commutative for this K-action y. q.e.d.

COROLLARY 3.5. Assume that A is a finite abelian group, the orders of the
group A and B(G) are relatively prime and [P1e[X, BA]®. Then P admits an
extended A x ,G-action, where A% 4G is the semi-direct product.

Proor. Since H%.(B(G), A)=0 by the assumption and [4, Ch. IV, Prop.
5.3], we see that @([P])=0 by (2.16) and (2.18). Thus the result follows from
the above theorem and the last half of Theorem 2.13. q.e.d.

As a special case, we have the following

COROLLARY 3.6. Assume that a finite CW-complex P has the same mod 2
cohomology as the n-sphere (n=1) and has a free cellular involution T. If the
orbit space X=_P|T has a free Z,-action, then there is a free Z,,-action on P
which is an extension of the given involution.

Proor. By the assumption, we see easily that [X, BZ,]=H\(X, Z,)=Z,
and so [X, BZ,]?»=[X, BZ,]. If mis odd, then P admits a Z,,-action by the
above corollary.

If m is even, then w([Z,,]) of the extension 0-Z,—-Z,,,—~Z,—1 is not zero
in H}(Z,, Z,)=H*Z,, Z,)=Z,, where ¢: Z,—~Aut(Z,)=1. If O(P])=0 in
HXZ,, Z,), then P has a free Z, x Z,-action by Theorem 3.3 and Remark 3.2.
Therefore, by the assumption on P and the Gysin sequence of the fibering P—
Pi(Z,xZ,)-B(Z, x Z,), this fact implies that the mod 2 cohomology of Z,x Z,,
is periodic in higher degrees (cf. [1, Ch. XVI, §9, Appl. 4]), which is clearly a con-
tradiction. Hence, we see that O([P])=w([Z,,,]) in H¥Z,,, Z,), and so P admits
an extended Z,,-action by Theorem 3.3.

The required Z,,-action is free by Remark 3.2. q.e.d.
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§4. Observations of the map 6

In this section, we assume that there are given a finite group G, a discrete
abelian group A, an operator ¢: G—>Aut(A4), and a connected CW-complex X
with a G-action f: G x X— X, and we study the map @ of (2.17).

Let pg: EG—BG be the universal G-bundle and X;=(EG x X)/G be the or-
bit space by the diagonal G-action, and consider the fibre bundle

(4.1 X - X6 25 BG, i(x) = [yo, x],  p(Ly, x]) = ps(¥),
where y, is a point of EG. Then we have the exact sequence

4.2) 1 — (X, xo) =5 7,(Xg, Wo) 2> G — 1.

In this section, we use the following notations for the simplicity:
4.2) I'=n,X, xy), II =m,Xg Wo).

By considering a G-module A by ¢ as a II-module by ¢oy and as a trivial
I'-module, we have the following

Lemma 4.3 ([4, Ch. X1, §§9-10]). The sequence (4.2) induces the cohomo-
logy exact sequence

0 —» HY(G, A) 25 H\(IT, A) —*» HYI'", A)® — HX(G, A) - H¥(II, A).

Here H\(I', A)S is the G-invariant subgroup of H\(I', A) which is a G-module
by the action

(4.4) (g-9) = d(g)(c(z7y2))
for ceBWI', A),g = x(2)eG, zell, yeT,
and 7 is the transgression.
By (4.2)', (4.4) and (2.8), we see easily the following
LeMMA 4.5. As a G-module, we can consider naturally
H\TI, A) = H\(X, A) = [X, BA],
where [ X, BA] is the G-module by the action (2.8).

For a given principal A-bundle n: P— X, we can take a system {V;|ieI} of
coordinate neighborhoods satisfying the following properties:

(4.6) 'V, is connected, and there exists only one j=gi € I such that V;=gV, (= (g,
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V) for each iel and g€ G.

Let ;: Ax V;-»n~1(V)) be the coordinate function and f; ;: V; nV,»A4 be
the transition function given by

Wy ) (@ x) = (S0 + a.x) (xe¥;nV,acd).
In the rest of this paper, we assume that
(4.7) the equivalence class [P] belongs to [ X, BA]S.
Then by Lemma 2.10, we have the exact sequence
(4.8) 0 — A — Isomg 4(P) 2> B(G) — 1.
We choose a section s”: f(G)—Isomg 4 (P), pos’ =14, With s'(1y)=1p, and set
4.9) s = s'of: G — Isomg 4 (P), pos = B, s(1) = 1.

LeMMA 4.10. Under the assumption (4.7), there exist maps h;: G—»A (i€
I) satisfying h(1)=0 and

(4.11) s(9) (Wia, x)) = Y u($(9)(a) + h(g), gx) (9€G, xeV),
(4.12)  foi05(g%) = hi(g) — hi(g) + ¢(g)([f;,(x)) (9eG,xeV,nV),
where s is the map of (4.9) and gx=f(g, x).

Proor. The map h; can be defined by (4.11) for a=0, which does not de-
pend on x €V since V; is connected and A is discrete. Then the equality hy(1)
=0 is clear and (4.11) follows from the definition of Isomg 4 (P) (cf. (2.6)). The
equality (4.12) is obtained from (4.11) and the definition of the transition func-
tions. q.e.d.

Now, we consider the map
O = wof*0': [X, BA]® — H3(G, A)

of (2.17). Then, by (2.14) and the definition of w in Theorem 2.13, we see imme-
diately that

(4.13) the image O([P))=[c] of [P]1e[X, BA]C is represented by the co-
cycle c e BXG, A) defined by

(g1, 92) = 5(9192)5(g2)'s(g)™ (91, 92€0),

where s is the map in (4.9).

LemMA 4.14. The cocycle ¢ in (4.13) is given by
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(g1, 92) = — hy,(g1) + hi(g192) — #(9.)(h(g2))  forany i€l

where h; is the map in the above lemma.

Proor. By (4.11), we see that

5(g192) W0, x)) = ¢glgzi(hi(g192)a 9192%),
5(g1)s(92) (Y0, x)) = '/’g.gzi(¢(91)(hi(gz)) + hgzi(gl)7 9192%).
These imply the desired equality by the definition of c. q.e.d.

For an element z=[I]e I1=n,(X;, w,), we take a path [ of EG x X with the
initial point (yo, Xo) such that gol=1(q: EG x X »Xg is the projection). Then
1=p,ol (p,: EG x X— X is the projection) is a path of X from x, to x(z)x,, Where
x is the homomorphism in (4.2). Now, we fix a coordinate neighborhood V, 3
X0, and consider a map

(4.15) he IT— A, Yi,(h(2) 5 Xo) = PP y00(05 1(2)%0)),

where 1* is the translation on P back along the path 1. It is clear that this defi-
nition is independent of the choice of 1.

Since A is a trivial I'-module, the coboundary 6: BY(I", A)—»B!(I’, A) is zero
by (2.11) and hence

B\(I', A) > H\(T', A) = [X, BA].

LemMMA 4.16. By the induced cochain map i*: B'(II, A)»BY(I', A) of i:
I'>1I1 in (4.2), the cochain h e B\(I1, A) of (4.15) is mapped to —[P]e[X, BA]C.

Proof. If z=[I]eI'=i(l"<II, then I=p,ol=1. Thus we see that i*(h)=
—[P] by (4.15) and the definition of the characteristic map of P. q.e.d.

Furthermore, we have the following
LeEMMA 4.17. For the coboundary 6: BY(Il, A)—B*(I1, A), we have
o(h)(zy, z5) = hx(zz)io(X(zl)) - hio(X(zx)) (24, z,€1I).

Proof. For z, =[1]eIl, we take a path ] of X as in the definition of (4.15)

and covering {V; |0< j<n} of 1[0, 1]) with V, =V,.,y,- Also, we take real num-
bers 0=1y<t; <---<t,,,=1 such that I([t;, t;,;])=V;, and set x;=I(t;). Then
by (4.15) and the definition of ¥, we see immediately that

(*) h(zy) = Z0=1fi, (%))

By the same way, for z,=[1'] €I, we take a path I’, a covering {V} [0<s<
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n’} of ([0, 1]) and x,(0<s=<n’). For the element z,z,=[m], m=I', we see
that m=1(xy(z,)°l'). Then {V,|0<j<n}U{V,,w|0<s<n’} is a covering of
m([0, 1]) and we see that

(%) h(zyz2) = 201 fi,o 0 (X)) + 250 ke nazonX(21)%9)

by the same way as (*). .
Then the desired equality is shown easily from the definition (2.11) of 4§, (%),
(%) and (4.12). q.e.d.

Now, we can prove the following
THEOREM 4.18. The map
O:[X, BA]° — H3(G, A)
of (2.17) coincides with the transgression
. H\(I', A)¢ — H3(G, A)
in Lemma 4.3, under the identification in Lemma 4.5.
Proor. Consider a cochain h: IT- A given by
h(z) = = hi(x(2)) — h(z) ~ (zeIl).
Then, by (4.2) and Lemma 4.16, we see that
ji(h) = — i*(h) = [P].

Also, the definition (2.11) of é: B!(I1, A)->B%(I1, A) and the above lemma show
that (8h)(z,, z,) is equal to

= d(x(z1)) (hio(X(zz))) + hio(x(ZIZZ)) - hx(zz)io(x(zl))9
which is equal to (x*c)(z,, z,) by Lemma 4.14. Thus we have
oh = y¥c.

These show that O([P])=[c]=1([P]) by (4.13) and the definition of the trans-
gression 7. g.e.d.

As an application of the above theorem and Theorem 3.3, we have the fol-
lowing

CoROLLARY 4.19 (cf. J. C. Su [5, Th. 3.13]). Assume that the given G-ac-
tion B on X has a fixed point. Then, a principal A-bundle P satisfying (4.7)
admits an extended A x ,G-action, where AX 4G is the semi-direct product.
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Proor. The fibre bundle X — X ;— BG of (4.1) has a cross-section
s: BG—> X, s(lyD) = [y, xol  (y€EG),

where xy€ X is a fixed point of . Then the induced homomorphism s,: G—
n(Xg, wo)=1II is a right inverse of y in (4.2), and hence t=0 by Lemma 4.3.
Therefore, we have desired result by Theorems 4.18, 3.3 and 2.13. g.e.d.

§5. The enumeration of extended K-actions on P

In the proof of Theorem 3.3, we observe that an extended K-action y: K x P
—P on a principal A-bundle P over X is a homomorphism y: K—Isomg 4 (P)
such that

(5.1) the following diagram is commutative:

0—d4 — K L. G6—1
H lv lﬁ
0 — A -2 Tsomg 4 (P) — B(G) — 1.

In this section, we enumerate the number of extended K-actions on P.
Suppose that y;: K—Isomg 4 (P) (i=1, 2) are two homomorphism satisfying
(5.1), and define a 1-cochain d: K—A by

(5.2) d(x) = 7,(x)ey2(x)"!  (x€K).
Here A is a K-module by ¢oj, i.e.,
x-a = p(x)eacy(x)~? (xeK,aeA)

for any homomorphism y: K—Isomg ,(P) satisfying (5.1), by (2.3).
Then, we see easily that d e B1(K, A) is a cocycle, and we denote its cohomo-
logy class by

d(y1, v2) = [d]e H'(K, A4).
The upper exact sequence in (5.1) induces the cohomology exact sequence
(5.3) 0 — HY(G, A) £ HY(K, A) —*5 HY(A, A)¢

by the same way as Lemma 4.3. Therefore, by (5.2) and the commutativity of
the left square in (5.1) for y=y;, we have

LemMmA 5.4. d(y,, y,) € Imj*.

LemMma 5.5. If d(y,, y,)=0, then there is some element a € A such that
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P2(x) = a7loyy(x)ea  (xeK).

Proor. By the assumption, we see that

Pi(X)ey2(x)t = d(x) = (3a)(x) = @ — x-a = aepy(x)oaoy,(x)!
for some a e A=B%K, A). q.e.d.

LEMMA 5.6. Let y,: K—Isomg 4,(P) be a homomorphism satisfying (5.1)
and [d] be any element of Im j*. Then, there exists a homomorphism y,: K—
Isomg 4 (P) satisfying (5.1) and d(y,, y,)=[d].

Proor. We see easily the lemma, by defining
72(x) = d(x)" oy (X) (xeK). q.e.d.
Now, we have immediately the following theorem by the above lemmas.

THEOREM 5.7. For a given G-action on X and an extension 0-A—-K—G

—1, suppose that a principal A-bundle P over X admits an extended K-action.
Then the set

EA(P, K)

of all equivalence classes of extended K-actions on P under the conjugation by
elements of A is equivalent to H}(G, A)=Im j* as a set.

CoROLLARY 5.8. If A is a finite abelian group and the orders of A and G
are relatively prime in addition, then EA(P, K) consists of one element.
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