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1. Introduction

Let u be a Green potential in the half space D={x=(x,,..., x,); x,>0},
n2=2. Then it is known that x,u(x) tends to zero as |x|— o0, x € D—E, where
E is minimally thin at infinity (cf. [2]). Recently Essén-Jackson [2] have proved
that |x|~'u(x) tends to zero as |x|— o0, x e D—E, where the exceptional set E is
called rarefied at infinity. Our aim in this note is to extend these results to Green
potentials of general order.

Let k be a non-negative Borel measurable function on R” x R*, and set

Keeo ) = | KGe, »)duG) and ki, 3) = [ ktx, )
for a non-negative measure p on a Borel set EcR”. We define a capacity C, by
CJE) =supu(R"), EcD,

where the supremum is taken over all non-negative measures u such that S, (the
support of p) is contained in E and

k(x, ) £ 1 for every xeD.
Let G, be the Green function of order « for D, i.e.,
[x — y|=" — [X — y|&n incase O<a<n,
G, y) =

log (Ix — yl/Ix — yI) in case a = n,

where X=(xy,..., —X,) for x=(x4,..., x,). For 0<B=1, we consider the function
k, g defined by

X ynEGy(x, y) for x, yeD,
ka,ﬂ(xs y) = .
lim z7'y;?Gy(z, y) = agy;~F|x — y|*"2
z-+x,zeD

for xedD and yeD,

where a,=2(n—a) if a<n and =2 if a=n. In case f=1, k, , is extended to be
continuous on D x D in the extended sense.
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Our first aim is to establish the following theorem.

THEOREM 1. Let A be a non-negative measure on D which satisfies
) SD (@ + |yh=rr=""1dA(y) < o, —1Zy<n—a+1.

Then there exists a Borel set E<D such that

lim  x1f|x[F+7k, (x, A) =0,
E

jx| -+, xeD—

(a) El 2-in=atbt G, (E) < oo,

where E,={xeE;2'<|x|<2*1}.

COROLLARY. Let u be a non-negative measure on D satisfying
@  { nspdrdi) <o, —1Sy<n-a+l
D

Then there exists a Borel set Ec D satisfying (a) such that

Hm  x;f|x|P*?*G(x, u) = 0.
|x|=*o,xeD—E
A similar result was obtained in [4] for Riesz potentials in R”.
Theorem 1 is the best possible as to the size of the exceptional set. In fact
we shall prove the next result.

THEOREM 2. Let EcD be a Borel set satisfying (a). Then we can find a

non-negative measure A satisfying (1) such that
lim x!f|x|f*7k, ,(x, A) = co.
|x|=,xeE

ReMARK. In the case a=2, by using Lemma 3 below, we can easily show
that C,, ,=4# in the notation of [1]. Thus, Condition (a) with «=2 means
that E is B-rarefied at infinity in the sense of [1], so that [1; Theorem 4.2] is a
corollary to our Theorems 1 and 2. In particular, Condition (a) with a=2,
B=1 (resp. a=2, f=0) means that E is minimally thin at infinity (resp. rarefied
at infinity in the sense of [2]).

2. Proof of Theorem 1

First we consider the case 0<a<n; in this case our theorem is an easy con-
sequence of the next lemmas.



On the behavior at infinity of Green potentials in a half space 609

LeEMMA 1. Let O<a<n. Then there exist positive constants ¢, and c,
such that

XnVn <G < XnYn
c L SG(x,y) = ¢ nrn_
N P T e R Ry P e

for x=(x4,..., x,) and y=y1,..., ¥,) in D.

This can be proved by elementary calculation.

LeMMA 2. Let O<a<n. For a non-negative measure A on D satisfying
(1), we set

U = x,{_Ix = =17 = y2d2),  xeD.

Then there exists a Borel set E <D satisyfing (a) such that

lim xp#[x|P*7U() = 0.

|x|—o0,xeD—

PrOOF. Write U as the sum of U, and U,, where

UL = x| Ix = YI=HIR = YI2di),

{yeD;|x—y|2|x|/2}

U, =, Ix = yle=lE — yI2d0).

{yeD;|x—yi<|x|/2}
We see that if x, ye D and |x — y| = |x|/2=1, then
xy~P|x|P*7]x — y|*"|xX — y|72 < const. (1 + [y[)=+rn1.
Hence, by Lebesgue’s dominated convergence theorem, we obtain

lim x;#|x|#+7U,(x) = 0.
|x|—e0

By assumption (1) we can find a sequence {a;} of positive numbers such that
lim;, a;=00 and } %2, a;b;< 0, where

[y|*r=m=1dA(y).

bi = S
2#—1<|y|<21+2
Consider the sets

E; = {xeD; 2 £ |x| <2, x;PU,(x) 2 a7 1271+ 1},

for i=1,2,... If pis a non-negative measure on D such that S,cE; and
kqg(x, )<1 for x € D, or equivalently for x € D, then we have
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{,dn < azom [ xU500duc)
D

< a 216+ S o7k, 5y, WAA(Y)

2(—1<]yl<21+2

= cI‘ai2“”+”S dA(y)

26-1<|y|<2t42
é c;l4n-a—y+12i(n—u+ﬁ+1)aibi’
so that
Ck.,p(Ei) é c;l4n—a—7+12i(n—a+ﬁ+l)aibi’
which yields

21 2-i=eH0C, (E) < .

Setting E=\UX, E;, we see that (a) is satisfied and

lim sup Ex;"lxl'”VUz(x) < lim sup 218+712i(B+1) g 71216+ = (,
i—

|x|-+00,xeD—
Next we consider the case a=n. In this case our theorem can be proved
similarly; we have only to use the following lemma instead of Lemma 1.

LeMMA 1'. There exist ¢ and c3>0 such that

l)—c—yl < o XnYn

’ xnyn __cz -
- [x =yl = “ |x=yllx =yl

€17z ylz élog

|%
Jor x=(x1,..., x,) and y=(yy,..., y,) in D.

3. Proof of Theorem 2
To show Theorem 2, we need the following lemma which is a consequence
of [3; Théoréme 7.8].
LemMA 3. For any Borel set EcD, we have
Ck.,p(E) = Ck,_p(E)’

where C,‘..B=infl(5), the infimum being taken over all non-negative measures
A on D such that k,4(4, y)21 for yeE.

Proor oF THEOREM 2. We prove only the case a <n, because the remaining
case can be proved similarly. By Lemma 3, for each i we can find a non-negative
measure 4; on D such that 4(D)<C,, ,(E)+1 and k,4(4;, 2)21 on E;. Denote
by A; the restriction of A, to the set {x € D; 2i-1<|x| <2i*2}, and set
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0
A= izl a2-iB+n ),

where {a;} is a sequence of positive numbers such that lim,,, a;=oc0 but
2y a2 et D{C,  (E)+1}<co. If zeE, then

kel D 21 = e, 2)A()

{Ix|s21-1}U{|x]22!*+2}
21— 27U D=adbaD{C,  (E) + 1}.
We also obtain
2P|z ke (2, ) = |2IPH 7k, 42, 2) 2 271N ak, 4(A, 2)
for ze E;. Consequently it follows that

lim zl-|z|P*7k, ((z, ) = co.

|z]=o,zeE

On the other hand,

[iterrraic = £ a0l xpeerr1azi)
i=1

IIA
™s

2rmamrtgmin=atfi(C,  (E) + 1} < 0.

1

4. Radial limits
If a Borel set EcD is contained in a cone

{x = (X15..., X,) €D; |x| < ax,}, a>0,
then there exists a positive constant M independent of E such that

M~1C,, ,(E) < 216*DCq (E) = MC,, ,(E),
where E;={x € E; 2! <|x| <2!*1} and

|x— y|e=» incase a<n,
R(x, y) = {

log (IXx — yl/Ix — yD) in case o = n;

this implies that in case n >3, E is minimally thin or rarefied at infinity if and only
if E is thin at infinity in the sense of [4].
In the same way as [4; Corollary 3.4] we can prove the following theorem.

THEOREM 4. Let A be a non-negative measure on D satisfying (1). Then
there exists a Borel set EcS,={xe€D; |x|=1} such that Cg (E)=0 and
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}1}2 ik, (rx,2) =0  for every xe€S,—E.
CorOLLARY 1. Let u be a non-negative measure on D satisfying (2).
Then there exists a Borel set Ec S, with Cg_(E)=0 such that
rllrg r’'G(rx, ) =0  for every xeS,—E.

Denote by S, (cf. [2]) the family of all superharmonic functions u on D which
are of the form

u(x) = GZ(x’ ”) + P(x9 V),

where P is the Poisson kernel for D and u (resp. v) is a non-negative measure on
D (resp. 0D) such that

[, + Dy <o (resp. | (1 + yr+rrany) < o).
oD

CoROLLARY 2. Let ueS, —1<y<n—1. Then there exists a Borel set
EcS, with Cg,(E)=0 such that

lim r’u(rx) =0  for every xeS,—E.

5. Green potential of a measure with density in Lebesgue classes

In the case where p in Corollary to Theorem 1 has a density in Lebesgue
classes, we can state the following result:

Let f be a non-negative measurable function on D such that

(it + 12 s0pdy < .
If p>1, pla—1)—6—n<y<2p—1 and p(1-B)<n+y+6—p(a—1), then there
exists a set Ec D such that

lim  x;8|x|(n+r+=(@=BR)PG (%, ) = 0,

|x|—o,xeD—E

™8

) 2—i(n+v-(a—ﬂ)p)ck’p(Ei) < 0,

where du(y)=f(y)dy, E;={x€E; 2! £ |x| < 2"*1}, k=k,,, and

CunlE) = inf {{ l90ledy; xi=0{ kCx, g)dyz1 for xeE}.

This fact can be proved in the same way as Theorem 1 and [4; Theorem 4.5].
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