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1. Introduction

Let u be a Green potential in the half space D = {x = (xl5..., xπ); xn>0},

n^2. Then it is known that x~lu(x) tends to zero as |x|->oo, x e D — E, where
E is minimally thin at infinity (cf. [2]). Recently Essen- Jackson [2] have proved

that \x\~ίu(x) tends to zero as |x|-»oo, xeD-E, where the exceptional set E is

called rarefied at infinity. Our aim in this note is to extend these results to Green
potentials of general order.

Let k be a non-negative Borel measurable function on R" x Rn, and set

k(x9 μ) = \ k(x9 y)dμ(y) and k(μ9 y) = \ fe(x, y)dμ(x)
JE JE

for a non-negative measure μ on a Borel set EcjR", We define a capacity Ck by

where the supremum is taken over all non-negative measures μ such that Sμ (the
support of μ) is contained in E and

k(x, μ) ̂  1 for every x 6 D.

Let Gα be the Green function of order α for D, i.e.,

|

|x - y\*-n - fx - y\*~n in case 0 < α < n,

log (\x - y|/|jc - y|) in case α = n,

where 3c = (x1,..., ~xn) for x = (xl9..., xn). For 0^/?<1, we consider the function

kΛfβ defined by

9 y\ for x,yeD,
kΛ,β(χ, y) = {

I lim z^y^GAz, y) = αjtf-'lx - yl—2

z-*x,zeD

for xedD and 3; e D,

where αα=2(n — α) if α<n and =2 if α = n. In case /?=!, fcβ§1 is extended to be

continuous on D x D in the extended sense.
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Our first aim is to establish the following theorem.

THEOREM 1. Let λ be a non-negative measure on D which satisfies

(1)
JD

Then there exists a Borel set E^D such that

lim xΓ'M'+'M*' 4> = 0.
jjc|-*oo,xeI>-£

(a) Σ^ - +'+vc^Eύ < co,

where E~{xeE\ 2''^|x|<2ί+1}.

COROLLARY. Let μ be a non-negative measure on D satisfying

(2) ί yn(l + \y\)"+*-"-^(y)< oo, - l ^ y < n - α + l.
JD

Then there exists a Borel set EciD satisfying (a) such that

lim xJWGJix, μ) = 0.

A similar result was obtained in [4] for Riesz potentials in Rn.
Theorem 1 is the best possible as to the size of the exceptional set. In fact

we shall prove the next result.

THEOREM 2. Let EcD be a Borel set satisfying (a). Then we can find a
non-negative measure λ satisfying (1) such that

lim xJ-'|ji|'+Tfce ΛX, λ) = oo.
|x|-»oo,jce£ '

REMARK. In the case α=2, by using Lemma 3 below, we can easily show
that Ck2tβ = λβ in the notation of [1]. Thus, Condition (a) with α = 2 means
that E is β-rarefied at infinity in the sense of [1], so that [1 Theorem 4.2] is a
corollary to our Theorems 1 and 2. In particular, Condition (a) with α = 2,
β=l (resp. α = 2, /? = 0) means that E is minimally thin at infinity (resp. rarefied
at infinity in the sense of [2]).

2. Proof of Theorem 1

First we consider the case 0<α<n; in this case our theorem is an easy con-
sequence of the next lemmas.
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LEMMA 1. Let 0<α<π. Then there exist positive constants c1 and c2

such that

y{2

forx=(xί,...9xn)andy = (yί,...,yn)inD.

This can be proved by elementary calculation.

LEMMA 2. Let 0<α<n. For a non-negative measure λ on D satisfying
(I), we set

U(x)=xn( \x-y\*-»\x-y\-2dλ(y)9 xeD.
JD

Then there exists a Borel set EC: D satisyfίng (a) such that

lim x~β\x\β+yU(x) = 0.
\x\-κx>,xeD-E

PROOF. Write U as the sum of Uv and l/2) where

{yeD;\x-y\*\x\/2}

U2(x) = xn ( \x - y\*-»\x - y\~2dλ(y) .
J{yeD;\x-y\<\X\/2}

We see that if x, y e D and \x - y\ ̂  |x|/2^ I, then

χj-^|χpy|χ - y\*~n\x - y\~2 ^ const. (I + \y\)*+y-»-*.

Hence, by Lebesgue's dominated convergence theorem, we obtain

By assumption (I) we can find a sequence {a^ of positive numbers such that

lim^oo α f=oo and ΣS=ι «ffci<oo5 where

Consider the sets

; 2i ^ \x\ < 2ί+1, xήβ

for i = l, 2,... . If μ is a non-negative measure on D such that Sμc£. and
kΛίβ(x, μ) ̂  I for x e D, or equivalently for x e D, then we have
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.-,<,̂

dλ(y)

so that

Ckmtβ(Eύ ^

which yields

Setting E=VJjL! £j} we see that (a) is satisfied and

lira sup χ-f>\x\ι>+W2(x) g limsup2l>+'Ί2ί«'+v>αΓ12-ί«'+>'> = 0.
\x\-κx>,χeD-E i-»oo

Next we consider the case α = n. In this case our theorem can be proved
similarly; we have only to use the following lemma instead of Lemma 1.

LEMMA Γ. There exist c\ and c2>0 such that

c

 χ

nyn < ing I* -y\ < c1 χny*1 I x - j l 2 = log μΓ=7Γ = 2 \ χ - y \ \ z - y \

for x = (xl9..., xn) and y = (yl9...9 yn) in D.

3. Proof of Theorem 2

To show Theorem 2, we need the following lemma which is a consequence
of [3;Thέoreme7.8].

LEMMAS. For any Borel set EcD, we have

where Ck<jt β=infλ(D)9 the infimum being taken over all non-negative measures
λ on D such that kΛtβ(λ, y) ̂  1 for y e E.

PROOF OF THEOREM 2. We prove only the case α<n, because the remaining
case can be proved similarly. By Lemma 3, for each i we can find a non-negative
measure .λ, on D such that λt(ΰ) < Ckβ β(Ei) + 1 and katβ(λi9 z)^l on Et. Denote
by λ\ the restriction of λf to the set { c'eD; 2/-1<|x|<2i+2}, and set
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λ = Σ α,2-'C+')λ{,
i=l

where {αf} is a sequence of positive numbers such that limj^ooa^oo but

Σf-i αi2-1(B-ίί+/ί+1){C)t.ι/((£() + 1} < oo. If z 6 Et, then

Z 1 - CaΣ-C-iM - +'+ ί̂Ct..̂  + 1}

We also obtain

for z e EJ. Consequently it follows that

lim 2^-'
|z|-+oo,ze£

On the other hand,

=ι J

£ 2»-«-v+ia.2-i(«-«+^i){cfcet^(E.) + 1} < oo.

4. Radial limits

If a Borel set EcD is contained in a cone

{* = (x lv..,xn)eD; |x| < αxπ}, α > 0,

then there exists a positive constant M independent of £ such that

where E^ίxeE; 2 f^|x|<2 i+1} and

{ |x— y|α~π in case α < n,
_

log(|x - y\l\x - y|) in case α = n;

this implies that in case n ̂  3, £ is minimally thin or rarefied at infinity if and only

if £ is thin at infinity in the sense of [4].
In the same way as [4; Corollary 3.4] we can prove the following theorem.

THEOREM 4. Let λ be a non-negative measure on D satisfying (1). Then
there exists a Borel set EcS+ = {xeD; |x| = l} such that CΛβ(E)=0 and
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lim r^+1fcajl(rx, λ) = 0 for every xeS+-E.
r-» oo

COROLLARY 1. Let μ be a non-negative measure on D satisfying (2).
Then there exists a Borel set EaS+ with CjRa(£) = 0 such that

lim rγGΛ(rx, μ) = 0 for every xeS+—E.
r->oo

Denote by Sy (cf. [2]) the family of all superharmonic functions u on D which
are of the form

where P is the Poisson kernel for D and μ (resp. v) is a non-negative measure on
D (resp. dΰ) such that

oo (resp. ( (1 + M)1+'-»*<jO < oo).
\ JdD /

COROLLARY 2. Let ueSΓ — l:gy<n — 1. T/iβn ί/z^rβ ^xisίs α J?0re/
wiί/i CΛ2(E) = 0 such that

lim ryw(rx) = 0 for every xeS+—E.

5. Green potential of a measure with density in Lebesgue classes

In the case where μ in Corollary to Theorem 1 has a density in Lebesgue
classes, we can state the following result :

Let f be a non-negative measurable function on D such that

If p>l, p(a-l)-δ-n<y<2p-l and p(l-β)<n + γ + δ-p(a-l)9 then there
exists a set EC: D such that

lim x^\x\(n+?+*-(*-VpVPGa(x, μ) = 0,
\x\-+<x>,xeD-E

Σ 2-^«+y-^-f^Cktp(Et) < oo,

where dμ(y)=f(y)dy, Et={xeE; 2' :g \x\ < 2"'}, fc=fcα>v/p and

Cktp(EΪ = inf I ̂ D\g(yWdy xj- ' ̂  k(x, y)g(y)dy ^ 1 for x e £(} .

This fact can be proved in the same way as Theorem 1 and [4; Theorem 4.5].
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