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1. Introduction

In this paper we consider the fourth order Emden-Fowler type equation
(1) y& = p(Dlyl*sgn y,

where a>1 is a constant and p(¢) is a positive continuous function on [t,, ),
t,>0. We are concerned with oscillatory and nonoscillatory properties of proper
solutions of (1). A nontrivial real-valued solution y(t) of (1) is called proper if
it exists on some half-line [T,, co)=[ty, ). A proper solution is called oscil-
latory if it has arbitrarily large zeros; otherwise it is called nonoscillatory.

We denote by & the set of all proper solutions of (1). From the viewpoint
of oscillatory and nonoscillatory properties, & can be decomposed into a disjoint
union

=004,

where 0 (resp. 4”) is the set of all oscillatory (resp. nonoscillatory) solutions of
(1). Moreover 4" can be decomposed into a disjoint union

N =N gUN U Ny,
where 47, 47, and , denote the sets of nonoscillatory solutions y(t) satisfying,
y@)y'(®) <0, y(O)y"(1) > 0, y(H)y" (1) <0,

y@)y'(t) > 0, y()y"(r) > 0, y()y"(t) < 0
and

yy'(t) > 0, y(0)y"(t) > 0, y(t)y"(t) > 0
respectively, for all sufficiently large ¢. The following results are known:
THEOREM A (Kiguradze [3]). A#p#9.

TueEOREM B (Kitamura [6]). 47,=¢ if and only if

2 Sw 2+ep(f)dt = oo.

to
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TreoreM C (Kiguradze [2]). (1) A ,=90 if
3) liminf,, ., £'*3%p(¢) > 0.
(i) AL#8if
Sf Pep(t)dt < co.

THeoOREM D (Kiguradze [S]). 0#6 if p(¢) is locally absolutely continuous
on [toy, o) and satisfies the condition (2).

It seems to be unknown when @ =g holds for (1). The purpose of this paper
is to establish conditions under which ¢=¢ or 0#@. In Section 2 we give con-
ditions for (1) to have no oscillatory solution. In Section 3 we prove the existence
of oscillatory solutions of (1) without the above condition (2). That our results
are sharp is illustrated by an example. Finally we mention the paper [7] in which
conditions are presented for the nonexistence of oscillatory solutions for third
order Emden-Fowler type equations. The reader is referred to the survey article
of Kiguradze [4] for typical results concerning the qualitative theory of solutions
of n-th order Emden-Fowler type equations.

2. Nonoscillation criteria
In this section we find conditions under which equation (1) has no oscillatory
solution (0 =g).

THEOREM 1. Let (d/dt)p(t)<0 for t>t, and

4) Sw t1+2ep(f) dt < 0.

to
Then every proper solution of (1) is nonoscillatory.

PrOOF. Suppose to the contrary that there exists an oscillatory solution
y(t) of (1) on [T, ), T>t,. Let {t,}5, be an increasing sequence of zeros of
y"(t) such that lim,_,?,=c. Choose, for each n, s,e(t,, t,,;) such that
[y"(s,)|=max {|y"()|: t,<t<t,.,}. Consider the function

V@) =y 0y’ ®) - 5 0" 0) — 1oz POl @1,

Since y"(s,)=0, we have V(s,)=—(y"(s,)*/2=p(s)Iy(sn)|***/(1+a). On the
other hand, from our assumption,

V() = — Tag PO 20
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for t>T. Therefore there exists M >0 such that |y”(s,)| <M for all n. From the
choice of s,, it follows that |y"(f)] <M, t>t,. Consequently, |y(t)] < M2, t>T,,
provided T, >t, is sufficiently large. This together with (4) implies that

(%) S;o 3p(0)|y(B)|*~1dt < 0.

Now y(t) can be considered as an oscillatory solution of the linear equation
(6 z® = p(O)|y(DI='z,

and, as is well-known, (5) is a sufficient condition for (6) to have no oscillatory
solution. This contradiction completes the proof.

THEOREM 2. Suppose that there exist positive constants ¢ and K such
that p(t)tGe+3+e)i2 > K and

@) 7(117 [ p(0)13e+5+212] < 0

for t>t,. Then every proper solution of (1) is nonoscillatory.

The following lemma (cf. Bellman [ 1, p 155]) is needed in proving Theorem 2.

LEMMA 1. Let y'(t) be bounded on [T, ©) and y(t)e L*[T, o). Then
lim,_, ., y(t)=0.

PrOOF OF THEOREM 2. If e>a—1, then, as easily verified, p(r) satisfies the
assumptions of Theorem 1. Therefore it suffices to consider the case 0<e<a—1.
We make the change of variables

8) x =logt, w(t) = t*y(t),
where 1=3/2+¢/2(x— 1), which transforms (1) into
9) WO a4 i + ag + agw — f(x)w|esgnw = 0,

where - =d/dx, a,;=4A—6, a,=6A>—18)+11, a;=4A3—1812+22)1—6, a,=
MA—=1)(A=2)(A—3) and f(x)=p(t)tB3=+5+a/2 Suppose that (1) has an oscil-
latory solution y(f) on [T, ©), T>t,. Then the function w(x) defined by (8) is
also an oscillatory solution of (9) on [x,, ), xo=log T. Let {x,}2; be an in-
creasing sequence of zeros of w(x) such that lim,_  x,=oc0. Choose, for each
n, S,€(x,, X,+1) such that |w(s,)|=max {{w(x)|: x,<x<x,,,}. Consider the
function
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F(x) = B (x) = 5 (9(x))* + a (i (x) + & a;(h(x))?
—a | @@ +as | 06)2ds + L aw)?
— 1 SO

Then it follows from (7) that F(x)= —f(x)w(x)|'**/(1+a)>0, x>x,, so that
F(x) is nondecreasing. Since w(s,)=0, we have

Sn

Fis) = =5 607 = a [ (602ds + a7 Gis))2as

(10)
+ b auw(s))? — g S Iwis) e

We wish to show that

(11) lim,_,,, w(x) = 0.

We consider the case where 0<ée<a—1. Then we obtain 3/2<A<2 and
(12) a; >0, a; <0, a,>0.

Since

L0 w(s)? = oy S < (s (S au = g wisl),

it follows from the choice of s, that w(x) is bounded. Therefore, letting n— oo
in (10) and using (12), we have

(13) Sw (W(s))*ds < o, S: (W(s))?ds < oo.

X0

Transforming back to the original variables, we see from the boundedness of
w(t) that y(t)=0(t*) as t— o0, so that, by (1) and (7), y4)(t)=0(t**) as t—oo.
Since y(t)is oscillatory, we obtain y"(t)=0(t*3), y"(t)=0(t*"2) and y'(t)=0(t*"1)
as t—o00. Since

(14) w(x) = — A3t72p(t) + (3A2 =34+ 1)!4y'(1) + 3(1 = D)2=4p"(1) + 3-4y" (1),
i(x) is bounded. Applying Lemma 1 yields
(15) lim,_, , w(x) = lim,_, , w(x) = 0.

Consider the function
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V() = 0()W(0) = 5 (5(0))2 +ari (B (x) + 5 a(h(x)?

+ L a @) - @)

Then by (7) and (12) we see that

V(x) = a,(F(0)) — a,(h(x))2 — g fOWEI 2 0, x = xo.

It follows from (15) that lim,,_, , V(x)=0, so that lim,_  V(x)=0, which implies
from (15) and the boundedness of #(x) that

(16) lim, o (—;— as(w(x))? — ] _le f(x)lw(x),l+u> =0.

Suppose that limsup,._, |[W(x)|>0>0, where 6 is a constant. Since w(x) is
oscillatory, there exists a sequence {z,}2, such that lim,_, ,, z,= o0 and |w(z,)|=N,
where N=min {6/2, [a,(1+a)/2L]/¢¢=1/2} and L is a positive constant such
that f(x)<L, x>x,. We have for all n,

L@@ - g w2 N (L a - A Lvet) > o,

which contradicts (16). Hence (11) is valid. It remains to consider the case
where e=a—1. In this case we remark that A1=2 and

a, >0, a; <0, a,=0.

Letting n— oo in (10), we have (13). Since f(s,)> K >0, w(x) is bounded and
y(t)=0(t*) ast—oo. Similarly as above we have y*)(t)=0(t"2) and y"(t)=0(t"!)
as t—>oo. On the other hand, since p’(t) <0, t>1t,, by (7), the proof of Theorem 1
shows that y”(t) is bounded. Thus, y"(f)=0(1) and y'(t)=0(t) as t—oc0. Pro-
ceeding with the same argument as in the case where 0<e<a—1, we conclude
that (16) holds. Consequently, (11) is valid. Transforming back to the original
variables, we see that y(1)=o0(t*), so that from (7)

(17 tpy()*! = p()rBa*3+e/20(1) = o(1) as t— oo.
Now y(t) can be considered as an oscillatory solution of the linear equation
(18) z® = p()ly)|*~'z.

From the Leighton-Nehari’s nonoscillation theorem [8, Theorem 6.2], (17) is
sufficient for (18) to have no oscillatory solution. This is a contradiction and the
proof is complete.

As an example, we consider the equation
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(19) y@ =thlyl*sgny, t>1,

where f is a real number and «>1. Theorem 2 implies that every proper solution
of (19) is nonoscillatory if g+ (3a+5)/2<0.

3. Existence of oscillatory solutions

In this section we establish conditions guaranteeing the existence of oscil-
latory solutions of equation (1) (0 #g).

THEOREM 3. Suppose that p(t) is positive and locally absolutely continuous
on [ty, ) and let

(20) % [ p(0)t3«+912] > 0

for t>t,. Then equation (1) has an oscillatory solution.

To prove Theorem 3, the following Lemma 3 will be needed. Lemma 3
will be proved by using Lemma 2. The proof of Lemma 3 was suggested by
Y. Kitamura.

Lemma 2 (Kiguradze [5, Lemma 2.6]). Let p(t) be positive and locally
absolutely continuous on [ty, ) and let [t,, t;), to<t,<t,<o0, be a right
maximal interval of existence for a solution y(t) of (1). Then y(t) satisfies the
following inequalities in a certain left neighborhood of t,:

YOy >0 (i=0,1,2,3).

LEMMA 3. Suppose that p(t) is positive and locally absolutely continuous
on [ty, o). Then for any ce(— o0, +0) there exists a solution y(t) of (1)
which is defined on [t,, 00) and satisfies the following :

(21) W(to) = y'(te) =0, y'(ty) = c;
(22) liminf,_,_, |y"(¢)] = 0.

ProoF OoF LEMMA 3. It suffices to assume that c is positive. Let ¢ be fixed
We denote by y(t, d) the solution of (1) satisfying the initial conditions

Wio) = y'(to) =0, y'(to) =c¢, y"(tp) =d.
It is clear that in the common interval of existence of y(t, d,) and y(t, d,)
(23)  yit, dy) <y d,) (i=0,1,2,3) if dy<d, and 1y # 1.

Define the sets A* and A~ by
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At ={d: yd(t,d)>0 (i=0,1,2,3) forsome ¢>1t,}
and
A-={d: y¥O(t,d) <0 (i=0,1,2,3) forsome ¢>t,}.

From (23) and the continuity of solutions of (1) with respect to initial values,
it follows that A* and A~ are open intervals. It is clear that A* n A~ =¢ and
0e A*. On the other hand, there exists a positive constant ¢ such that y(t, 0)
is defined on [t,, to+2¢]. Choose d, <0 such that

€ r tote
¢+ L d+ o+, O)S' p(t)dt—‘ <o0.

We show that d,£A*. Assume that d, e A,. By (23), then, y(t, d,) is defined
on [to, to+2¢]. Noticing that y(t, 0)>y(t, d,) and y(t, 0)>0 on (t,, to+el,
we have

tote
Pote d)= S e+ Lae + LI @ore—0p0lve, d)sen v, da

to

<

+e
e+ Ldg+ Lesg P()y*(t, 0)dt

<
2 6 6

—i—sz <c+ %[dl +y*(to+e, O)S

to

IN

:°“ p(t)dzD <o.

0o

Similarly as above, we have
YO (tg+e, d) <0 (i=0,1,2,3).

This implies that d, € A~ and that d, e A* n A~, which contradicts 4* n A~ =g.
Therefore d,£A*. By (23) and this, the set A* is bounded below. Hence
there exists do=inf{d: de A*}. Since A* is open, doy&A*. Suppose that
y(t, dy) cannot be extended to +oo. It follows from Lemma 2 that dye A~.
However, since A~ is open, A~ contains a certain neighborhood of d,, which
contradicts the definition of d, and A* n A~ =@. Therefore y(t, d,) can be
extended to + 00 and do& AT U A~. Suppose that y(t, dy) does not satisfy (22).
Then

lim inf,_, ,, |y"(t, do)| > O.

In this case there exists ¢ > t, such that y()(t, do)y(t, dg)>0(i=0, 1, 2, 3). Hence
doe A* UA~. From this contradiction, we conclude that y(t, d,) is a proper
solution of (1) satisfying (21) and (22).

ProOOF OF THEOREM 3. We define the constants K, L and the function P(¢) by
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K = 27a?, L= KY@DP(1,)"1/ @D P(t) = p()132+9)/2,
We choose ¢ so that
(24) c2 > 130t51(1 +3K)2L2.

For this ¢, Lemma 3 guarantees that there exists a proper solution y(f) of (1)
satisfying (21) and (22). In the following we shall prove that y(t) is oscillatory.
Assume to the contrary that p(¢) is nonoscillatory. We may assume that y(#)>0
for all sufficiently large t. From (21) and (22), there exists T > ¢, such that

(25 Y >0, y'(@) >0 y"(t)<0

for t>T,i.e., y(t)eA,. By (22) and (25), we have

(26) 0 < y"(o0) = lim,_ , y"(t) < 0, y"(0) = lim,,, y"(t) = 0.
Hence integrating (1), yields for t> T,

@7 ¥(0) = W(T) + y(T)(t=T) + 4 y"(00) (t=T)?

t (t1 (0 (o
#0000 pdysedrdrsdngds,.
TJT Jit2 Jis

Using (20) and (25), we have

0= a1 )
= 5= [ 5= 09y (s)ds

>

@
t

(t—T)zy“(t)P(t)S (s —1)s~Ga+9)2gy,

[

Therefore, we have
¥(t) = K y()P(t)t=3 (=~ 1/2

for all sufficiently large t, say, t>T,>T. Consequently,
(28) y(@) < KNEDP@)TVEDER, 1 > T,
By (1) and (28), we obtain
YW@ < K@D Pp@)y~U@-Dg=52 ) ¢ > T,
Integrating the above over [t, o), t > T;, and using (20) and (26), we obtain

_ y///(t) S %_Ka/(a—l)P(t)—l/(a—l)t—'3/2, t 2 Tl'
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It follows from (20), (26), (27) and (28) that y"(c0)=0. Hence we have, as above,

y”(t) < _g; Ka/(a—l)P(t)*l/(a-l)t—l/2
and
YO < €o + 3 KelamD P(gg) e p2
for t> Ty, where c,=y'(T;). From (20), we have the following estimates

y() < L3,

Y@ <co+ % KLt/2,
(29
Y < 5 KL,

") < —%— KLt-3/2

for t>T,. We make the change of variables x=logt, w(x)=t"3/2y(t), which
transforms (1) into

30 w® — 255 + 2y — f(x)lw|* sgn w = 0,
2 16

where - =d/dx and f(x)=P(t). Since

w(x) =172y (1),

W) = = 3 ) + Y ),
31)
w(x) = % 1732y (1) — 267129 (&) +£112y" (1),
W) = = AL + Y @) = 3020 402" )

using (28) and (29), we obtain the following estimates:
S w(x)|'* < KL?,
w(x)| < L,

(32) [Ww(x)| < %—L + %KL + coexp (—x/2),

()] <5 L+ 2L KL + 2coexp (—x/2),

lw(x)| < —2§7— L+ %KL + —l%c()exp(‘x/z)
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for x>x,, x;=log T,. Consider the function

(3 F®) =) — 5 @) = 5 (0()? + 5y ()

— T f@ )|,
Then by (20),
F(x) = — —I—_}ﬁf(x)lw(x)l”“ <0, X=X Xo = logt,.
Hence by (32), we see that F(x) is bounded and that
(34) lim,,, F(x) < F(x,).
From (21), (31), (32) and (34), it follows that

F(xo) = — % toc? > lim, . . F(x)
2l 8 1/9 20 2
( L+ KL)(2L+3KL> 2<4L+3KL>
_5(3 8 29 45 2
4<2L+3KL> =L T kL

> — 65(1+3K)2L?,

which contradicts (24). From this contradiction, we conclude that y(7) is an
oscillatory solution of (1). This completes the proof.

The proof of Theorem 3 shows that, under the hypotheses of Theorem 3,
every proper solution y(¢) of (1) such that y(t,)=y'(t,) =0 and |y"(t,)] is sufficiently
large is oscillatory.

THEOREM 4. Let p(t) be a positive continuous function on [t,, ), t,>0.
Suppose that there exists a positive constant & such that

(35) A [p®1O=+5912] 2 0

for t>t,. Then every proper solution y(t) of (1) such that y(to)=y'(t,)=0 is
oscillatory.

ProOOF. We may assume that the number ¢ in (35) satisfies
(36) e<a-—1,

since if (35) holds for some ¢>0, then it also does for all smaller e>0. Suppose
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to the contrary that there exists a nonoscillatory solution y(t) of (1) such that
¥(to)=y'(t)=0. Without loss of generality we may assume that y(f)>0 for all
sufficiently large ¢t. Tt is easy to see that (35) implies (3). Hence it follows from
Theorem C that y"(#,)#0 and y(t)&A4,. Since y(to)=y'(to)=0, y(t)&H.
Consequently we conclude that y(f)e.#",, so that (25) holds. If y”(00)<0,
then y(t)- — oo as t—o0, which contradicts the assumption that y(t)>0 for all
large t. Hence (26) holds and y(¢) satisfies the integral equation (27). From
(25), (26), (27) and (35), it follows that

y(@) > (S; g; a‘tds)(Sj0 STp(t)y“(r)dtds)

2 3= @ PO [ (s—psers-ords,
t

where P(t)=p($)t©**5-9/2,  From the above there exist T;>T and K>0 such
that
37 y() < KP(t)~V@=Dg3/2=¢/2(2=1) ¢ > T,
By (1), we obtain

y(4)(1) < KazP(t)—l/(a—l)t—5/2—£/2(a—1)’ > Tl‘
By an argument similar to that employed in the proof of Theorem 4 we have,
using (35) and (36),

YO) = 0@ S mHED), (g = 0@ 2mer),
(38) y"(t) — O(t—1/2—£/2(a—l)), y'(t) =O(tl/2—£/2(or—l)),
p(©) = 0@,

as t—»o0. We make the change of variables x=logt, w(x)=1t3/2y(t), which
transforms (1) into (30) with f(x)= P(¢)t¢/2. Since from (37)

FxX)w(x)|Hre < KAt p(z)=2/@-Dgele=D g > T,
we have, by (31) and (38),
w(x) = o(1), W(x) =o(1), W(x)=o(1), W(x)=o(1)
FEIw(x)|H+e = o(1),

as x—oo. Consider the function F(x) defined by (33). From (35) we obtain
F(x)= —f(x)[w(x)|'**/(1+x)<0 and hence lim,_, F(x)<F(x,), xo=logt,. It
follows from y(t,)=y'(t,)=0, y"(t,)#0 and (39) that

(39

lim, ., F(x) = 0 < F(xo) = — 5 1o/"(t0))* < O,
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which is a contradiction. This completes the proof.
ExaMPLE. Consider the equation
(40) y® =1ty|*sgny, t>1,

where f is a real number and «a>1. Theorem 3 implies that (40) has an oscillatory
solution if B+(3x+5)/2>0. Combining this with Theorem 2, we see that (40)
has an oscillatory solution if and only if B+ (30 +5)/2>0. The classes of solutions
of (40) mentioned in the introduction can be characterized as follows:

No # B

N, #@ifand only if . + B+ 3 < 0;
A, # ¢ ifand only if 3a + f+ 1 <O0;
0 # ¢ if and only if g + (3a+5)/2 > 0.
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