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1. Introduction and basic compactness results

We say that a normed space V is embedded in a normed space H, and write
VGH, if Vis a linear subspace of H and the injection mapping x—x from Vto H
is continuous. If, in addition, the injection mapping is a compact operator from
V to H, we say that Vis compactly embedded in H and write V € H. From the
well known Sobolev lemma, we know that

(D H'(R") —— L%(R")

holds for 2<qg<2n/(n—2) if n>2. Moreover, if Q is a bounded piece-wise
smooth domain in R", then HY(Q) is compactly embedded in L1(Q) if 2<qg<
2n/(n—2). However, this fails to hold if Q is not bounded. To see, for example,
that we cannot replace the embedding in (1) by a compact embedding, let ¢, (x)=
¢(x+me) (m=1, 2,...), where ¢ is a non-zero element of CP(R") and e is a unit
vector in R*. The sequence {¢,} is clearly bounded in H!(R") but does not have
a subsequence converging in L4,

When solving differential equations, we sometimes construct approximate
solutions in a suitable framework of function spaces and discuss their convergence.
For non-linear equations specially, the best way to prove convergence in some
space is to prove that the sequence of approximate solutions is bounded in some
space which is compactly embedded in the original space. There is a lot of
information available concerning compact and non-compact embeddings in the
theory of Sobolev spaces (cf. [1], [2], [3], [4]). In this paper we restrict our
attention to the spaces

HY(R"):= {ue H"(R"): u = u(|x])} ;

i.e., the class of all radial functions u(|x]) whose derivatives of order up to m
belong to L%(R") (m=0, 1, 2,...); n>3. We denote by || - | the L2-norm in R"
and we set for m>0 '

lullz = llull® + 11EIma13,

where (&)=(2n)""/2 [ e ~**%u(x)dx is the Fourier transform of u. The norm
Il .. is equivalent to the standard norm of H™(R"); we employ this norm in
H™(R"). We have:
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THeOREM 1.1. If 2<qg<2n/(n—2), then HXR") is compactly embedded
in L4(R") (n>3).

This theorem, due to W. A. Strauss, is a consequence of the following two
lemmas (cf. [5]).

LemMMa 1. (Radial lemma) Let n>2 and let ue HI(R"); then there exists
U(x) continuous for x#0 such that u(x)=U(x) a.e. x and for any p>0

U < Clx| =2 ullgs for |x| > p,
where ¢ depends only on n and p.

LemMA 2. (Compactness lemma) Let {P;}, {Q,} be two sequences of con-
tinuous functions from R to R. For ¢>0, let y(c)=sup {|t|: t=P/(s) for some
1, s such that |Q,(s)| <c|P(s)|}.

Assume
i) p(c)>0 for all ¢>0;
ii) {u,} is a sequence of measurable functions from R" to R such that
d:=sup, [ |Q(u(x))ldx < co;
iii) Pyu/(x))->v(x) a.e. on R*. Then
lim,, , SB |Pf(u;)—v|dx=0 for all bounded sets B. If, in addition
iv)  P(s)=0(Q(s)) as s—0, univormly in I,
v) u(x)—>0 as |x|—> o0, uniformly in I; then lim,., , | |P(u;)—v|dx=0.

As a limiting case of Theorem 1.1, we are interested in whether H!(R") €
L*(R™); H!€LY(R") (g=2n/(n—2)). As we show in the next section, the
answer is negative.

We obtain the following corollaries of Theorem 1.1.

COROLLARY 1 OF THEOREM 1.1.
1) L>*(R") n H(R") € LXR") if 0<e<1,
2) L*+(R") n H(R") € L*(R") if ¢>0, q*=2n/(n—2)

Proor. Let 1<p<p'<g<oo. By Holder’s inequality,
luller < llulldsllulis

where A=p(p'—q)/p'(p—q), u=q(p—p')/p'(p—q). It follows that a sequence
which converges in one of LP, L2 and is bounded in the other one, converges in

Lr’. To get tke first result, select p=2—¢, p'=2, q €(2, q*); for the second result
select pe(2, g*), p'=q*, g=q*+¢ and use Theorem 1.1 to conclude that a
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sequence bounded in L2~®n H} or in L7**:n H! has a convergent subsequence
in L2 or in L®*, respectively. Q.E.D.

COROLLARY 2 OF THEOREM 1.1. We have
1) Hm™(R") € L(R") if 2<m<nf2,2<p<2n/(n—2m);
2) Hm™(R™) € LP(R™) if m=n/2,2<p< .

ProOF. 1) Hrisembeddedin I? if m<n/2,2< p<2n/(n—2m) by Sobolev’s
lemma. If {u;} is a bounded sequence in H™, m<n/2, then it is also bounded in
Lr*, p*=2n/(n—2m). Since H*SH! € L1 if 2<g<2n/(n—2), {u,} has a sub-
sequence converging in LP. If 2<p<p*, we can choose g so that 2<g<p
and conclude that the subsequence (which is bounded in L?* and converges in
L9) converges in L?.

The proof of 2) is similar, since H™ is embedded in L?, 2<p< o0, if m>n/2.

Q.E.D.

2. Non-compactness results

THEOREM 2.1. 'H™(R™) is not compactly embedded in LA(R™) (m=1, 2,...).

Proor. Let u(x)=p"*e"#1xI>, where B>0. Then |[&|*a(&)=(4p)"/+.
|E|2e~141%/48; hence

ligleal? = @y e, { prmtvase-riasay
0
=2eti-n/28agy I (oc+ —124—) >

where w, is the area of the unit sphere in R” and I' is the gamma function. Thus
(with a=0, m),

lul|? = 21="2w,(n/2) is > 0, independent of f;

lullz = llul + 1 Ema)> < 271720, I (m+n/2) (1+ ).
Select now a sequence {f;} in (0, o) with lim,_, , f,=0 and let u,=u with f=p,.
The estimates above show that {u,} is bounded in H™(R") and |ju,| =c,>0 for all

k. On the other hand, lim,_, ., u(x)=0 for all xe R", thus {u,} cannot have a
subsequence converging in L2(R™). Q.E.D.

ReMARK 1. In case m=1, other examples of sequences which are bounded
in H!, bounded away from 0 in L2 and converging pointwise to 0 are given by

EXAMPLE 1: f(x)=k(~m/2¢(|x| —k), k=1, 2,... . where ¢ CP(R), ¢ #0,
supp ¢ < [0, 1],
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EXAMPLE 2: u(x)=e 51?12k~ =12, ...

COROLLARY OF THEOREM 2.1. Let m,;, m, be integers, 0<m,<m;,.
Then H™(R") is not compactly embedded in H™(R").

THEOREM 2.2. Let 1<m<n/2. Then H™(R") is not compactly embedded
in L?(R"); p=2n/(n—2m).

Proor. Let ¢ CP(R), ¢#0, suppp<[0, 1]. We set Y(x)=¢(|x[2—1)
for xe R*. Then Y € CP(R™); hence Yye HY(R™). Let fi(x)=ud(Bx|2—1)
for k=1, 2,..., where o, =p{r~2m/4=pgn/2r B, >0 for k=0, 1,... and lim,_,, B,=
0. Then

Ji®) = B ?PCEIB), EeR™k=1,2,.. ;
hence

I el = 11 Fell? = a2Bi™ 21912 = Bem P2 — 0
as k— 0, and

NEImfell? = azBp=21EImF 12 = 1€,

which is bounded uniformly in k. Hence {f;} is bounded in H™; since
lim,_, , f,=0 in L2, the only possible limit for a convergent subsequence in L?

is 0. However,
I fell 2o = afBi™/? [ [W(x)I7dx = [ [Y(x)|Pdx > O,

since aff;"?=p2=1. Thus no subsequence of {f,} can converge to 0 in Lr.
Q.E.D.

ReMARK 2. In case m=1, we have other examples:
ExaMPLE 3: Letting ¢ be the same as in Remark 1, we put
Jilx) = a,p(2¥x]| 1) (k=1,2,..).
Then we can determine thé sequence {a,} so that
(1) Imifilly <o, 2 Lm|fill =0, (3) Lim[fl. >0.
ExaMmPLE 4: Let 0, >0, lim;_, , o, =c0. Then
u,(x) = oy exp [ —ag!xI1?/(=2)] k=1,2,.)

satisfies above conditions.
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REMARK 3. Although we have considered only the spaces H™(R?), we will
obtain analogous results for the general Sobolev spaces W P(R™).
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