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1. Introduction

The problem of finding boundary for a stable end of a non-compact smooth
m-manifold W is studied by Siebenmann [13] for m > 6, Husch and Price [6] for
m=3 and so on. On the other hand, the end of the universal covering M™ of a
closed aspherical m-manifold M™ is conjectured to be semistable (Mihalik [117)
and to be R3 in case m=3. In this paper, we shall find boundary for semistable
ends of a P2Z-irreducible 3-manifold.

To start with we define the semistability at an end of a manifold. Let W be
a non-compact connected m-manifold and ¢ be an end of W. Let UyoU,>
U,>--- be a base of neighborhoods of ¢ consisting of connected m-submanifolds
of W, and let r: [0, co)— W be a base ray, that is, a proper map with r[n, c0)cU,
for all n. Then we have the inverse sequence of the fundamental groups

1y (Ug, ag) Lot ny (U, ay) Luz m(Uy, a3) e— -

where a,=r(n) and ¢, ; (n <k) is the homomorphism induced by the path r | [n, k]:
([n, k1, n, k)>(U,, a,, a,). Now ¢ is defined to be semistable if o7 is semistable,
or satisfies the Mittag-Leffler condition, that is, for each n there is a k(n) (=n)
such that

Im @, 4 = Im @, for all k > k(n).

It is shown in [7] that the semistability of o7 is independent of the choice of {U,}
and r, and hence the semistability at ¢ is well defined. Then we have the following
main result in this paper:

THEOREM. Let W be a non-compact connected P%-irreducible 3-manifold
such that OW is compact and n{(W) is finitely generated. Let ¢ be an end of W
and suppose that ¢ is semistable. Then ¢ has a neighborhood U such that dU is
a closed surface and U is homeomorphic to 0U x [0, o0).

Here Wis P2-irreducible if it is irreducible and does not contain any 2-sided
surface homeomorphic to the projective plane P2.
We will show that any W that satisfies the hypotheses of the Theorem can
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have only finitely many ends (cf. Lemma 3). In particular, if W is contractible,
then W has only one end and we have the following

COROLLARY. Let W be a contractible irreducible open 3-manifold. Then
W is homeomorphic to R3 if and only if the end of W is semistable.

This corollary is contained in the recent result of Brin and Thickstun [1, (A)]
which says that the same is true even if “the end of W is semistable’’ is weakened
to “W is end 1-movable’’. Furthermore, in the case that W is orientable, our
theorem also follows from the combination of [1, Th. I.1] and Lemma 3.

We note that in the Theorem the assumption that z;(W) is finitely generated
cannot be removed. For instance, let Hy— H, « H, < --- be an increasing sequence
of handlebodies such that H, has genus n and H,, ; is obtained from H, by thicken-
ing and then by attaching an orientable 1-handle. Put W,=\U, H,. Then W,
is a connected orientable irreducible open 3-manifold. Furthermore = ,(W,) is
infinitely generated, and W, has one end which is semistable but not stable.

We also note that the semistability at an end can be expressed in the several
ways as follows.

ProPOsSITION ([4] and [11]). For W, e and o given in the beginning of this
section the following three assertions are equivalent:

(a) < is semistable.
(b) lim! .« is trivial.
() Any two baseraysf, g: [0, co)— W for the end ¢ are properly homotopic.

In the results given by Siebenmann [13] and Husch and Price [6], the stability
at ¢ together with some conditions on the fundamental group =,(¢)=1lim & at
eisassumed. Note that an end ¢ of Wis defined to be stable if the inverse sequence
& is pro-isomorphic to a constant sequence. Moreover, in higher dimensional
cases the knowledge of =,(¢) is indispensable to find boundary, even for a con-
tractible W (see [2]). In contrast with these results the Theorem asserts that we
have only to verify that ¢ is semistable in the 3-dimensional case.

The author is very grateful to Professor Matthew Brin for pointing out an
error in the original version of the proof and for various kind comments. The
error stated that 0V, in Lemma 9 is connected, and is repaired by considering
the component d,V, of 6V, stated in Lemma 4. The author also thanks Professor
Takao Matumoto for his encouragement throughout this work.

2. Proof of Theorem

Let W be as in the Theorem and let ¢ be a semistable end of W. Taking a
base {U,} of neighborhoods of ¢ and a base ray r, we have the inverse sequence &/
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described in the beginning of §1. We may assume that
IntU, > U,,, and dU, is connected for all n.
It is easy to show the following

LEMMA 1. If for eack n there is a k>n so that U, is not irreducible, then
W= R3 (“~’’ means “is homeomorphic to”’).

By this lemma, we may assume that U, is irreducible for all n. Since W
is P2-irreducible, this means that

U, is P2-irreducible for each n.

By the semistability condition on ¢, passing to a subsequence if necessary, we may
also assume that

2 Ime,,=Ime, ., forall k> n.

To prove the Theorem we first discuss some consequences of the assumption
that =r,(W) is finitely generated. By the result of Scott [12], there is an irreducible
core N of Wwith N < Int W, that is, a compact connected irreducible 3-submanifold
N of W such that the inclusion N < W induces an isomorphism 7,(N)—-n,(W)
(cf. [8], [9]); and we fix such an N hereafter. In our case both of Wand N are
aspherical, and N is a deformation retract of W. For a given end &, let

Y denote the component of W—1Int N with ¢ as an end.

We may assume Int Yo U, for the base {U,} of neighborhoods of &.

LemMaA 3. (i) The inclusions 0Y<Y and U, Y induce isomorphisms

(@) H.(Y)-—=, H(Y) and
(b) H*@Y) E— HX(Y) = lim H*(U,).

(i) 0Y is connected and ¢ is the unique end of Y.
(Throughout this section we consider the (co)homology with coefficient in Z,.)

ProoOF. Consider the cohomologies H*(X) of the cochain complex S*(X)
with compact support and HX*(X)=H(S*(X)/S*(X)). Then, we have
H*(W'xH,_ (W', 0oW)2H;_,(Int W, N)=0 for W’'=Int W—Int N. Hence
H*(W')xH*(W'). Consider Y'=YnW’. Then Y’ isacomponentof W', and so
H*(Y')~H*(Y'). In particular HYY')~ Z,, and this means that Y’ has exactly
one end ¢ by [3, Th. 1]. Hence Y=Y’ since Y is non-compact, and ¢ is the
unique end of Y. Moreover, H¥(Y)=HX(Y)= lim H*(U,). The rest of the lemma
is shown by the facts that H, (0W')~H, (W’), H¥*(0W')~H*(W') and 0Y'=0Y.]
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Let FclInt Y be a connected closed surface. If Y—F has two components
A and B such that 0Y<= A and ¢ is an end of B, then we say that F separates 0Y
fromein Y.

LEMMA 4. Let V<lIntY be a connected 3-submanifold of Y, and suppose
that V is a neighborhood of ¢. Then:

(i) H(V) is finitely generated.
(i) There is a unique component F of dV such that F separates 0Y from
egin Y.

In the rest of this paper, F in (ii) will be denoted by J,V.

ProoF. (i) is seen by the Mayer-Vietoris sequence for (Y; V, Cl1(Y—V)) and
by Lemma 3 (i) (a).

(i) Let X denote the component of ClI(Y—V) such that 0YcdX. Put
F=XnV. Itsuffices to show that F is connected. Suppose F is not connected.
Then there are a circle J in Int Yand a component S of F such that J traverses S
at one point. On the other hand J is homotopic to a circle in N since N is a core
of W. By considering the intersection number of J and S, we have a contradiction.
Thus F is connected. [J

LEMMA 5. For Vin Lemma 4, the following four assertions are equivalent:

(@) Yis orientable. (b) 0Y is orientable.
(c) Visorientable. (d) 0,V is orientable.

Proor. Clearly (a) implies (b), (c) and (d). We now assume that Y is
non-orientable and prove that all of Y, V and 0,V are non-orientable. Let
p: W—W be the orientable double covering. Then, it is sufficient to show that
all of p~1(dY), p~ (V) and p~1(d,V) are connected, since dY and J,V are 2-sided
surfaces in W.

Note that W is irreducible (cf. [5]) and that N=p~(N) for the irreducible
core N of Wis connected and is an irreducible core of W.

p~!(Y) is connected by the assumption, and is a component of W—Int N.
Thus p~!(0Y)=0p~'(Y) is also connected by Lemma.3 (ii). Moreover, p~!(Y)
has exactly one end, and so does p~!(¥) which is connected.

To show that p~1(d,V) is connected, let Z be the component of Cl(Y—V)
with 0Yc0Z. Then p~!(Z) is connected since so is p~1(0Y). Moreover 0Z >0,V
by the definition of ,V in Lemma 4. Assume that p~1(d,V) has two components
Sand S’. Then there is a circle in p~!(Y) which traverses S at one point since both
of p~Y(Z) and p~!(V) are connected. On the other hand the circle is homotopic
to a circle in N since Nis a core of W. This is a contradiction, and hence p~1(8,V)
is connected. [J
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Now let us fix an n for a moment. From U,,,<Int U, we can construct a
3-submanifold U’<Int U, so that each component of dU’ is incompressible in
U,, by applying a finite number of simple moves due to McMillan [10, §2] to U,
in U,. Here we note that each simple move is done by adding a 2- or 3-handle
or removing a 1- or 0-handle. Moreover, we define

V,, = the unique non-compact component of U’.
Note that V, is P2-irreducible since so is U,,.

LEMMA 6. If n'>n is sufficiently large, then r[n’, o)<IntV, for a given
base ray r, and

Im [7,(V,, b) - 7,(U,, b)] = Im [7,(U, 4, b) > m,(U,, b)]

for b=r(n") and the homomorphisms induced by the inclusions, where the first
one is a monomorphism.

ProofF. The last assertion is valid since 0V, is incompressible in U,. By
definition, we have a sequence U,,;=X,, X;,..., X;=V, of connected non-
compact 3-submanifolds of U,, where X;. , is obtained from X; by a simple move
given above and then by taking the non-compact component if necessary. We
may assume that r[n’, 0)cX; for all i. Put G,=Im [n,(X;, b)->=,(U,, b)].
If X;,,=X;, then G;,,<=G; If X;,;=X;U(an h-handle) (h=2or 3), then
7 (X;, b)» 7 (X;+1, b) is an epimorphism by the van Kampen theorem; hence
G;,,=G;. Thus we have the lemma. ]

LEMMA 7. Each loop f: S'—>V, extends to a proper map f: S'x [0, c0)—
V, with f| St x {0} =f.

ProoF. Choose a base point ce S!. We may assume that f(S!)cIntV,
and f(c)=b=r(n") for n’ in Lemma 6. Take k>max {n’, n+2} so that U,_, <
IntV,. Then Im[rn,(V,, b)»=,(U,, b)l<Im[¢: =n,(U,, a)-n(U,, b)] by the
semistability condition (2) and Lemma 6, where ¢ is induced by the path r,=
r|[n', k]: [n', k]-Int U,. Therefore there is a homotopy f: S'x[n’, k]-U,
such that f|S'x{n'}=f, fl{c}x[n’, kl=r, and f=F|S'x {k}: S x {k}>U,.
Moreover, since dV, is incompressible in U,, we can modify f by the standard
cut and paste argument so that f(S'x[n’, k])cV, without changing on
Six{n', k}u{c}x[n’, k]. Now, by (2) again, fi extends to f: S'x [k, k+1]—
U,_, such that f(S!x {k+1})c Uy, , and so on. Thus f, extends to a proper
map f: S! x [k, ©0)—U,_, with f| S* x {k} =f; and the lemma is proved. [J

We quote the following theorem, which is used in the proof of Lemma 9
below.
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THEOREM 8 (Waldhausen [14, Lemma 5] and Heil [5, Prop. 5]). Let M be a
connected P%-irreducible 3-manifold, and let F, and F, be two incompressible
components of OM (not necessarily OM=FyU F). If any loop in F, is freely
homotopic in M to a loop in F,, then M is homeomorphic to Fy x [0, 1].

LEMMA 9. (i) The inclusion 0,V,<V, (for d,V, given by Lemma 4(ii))
induces a monomorphism H(0,V,)—H (V,).

(ii) If S is a connected 2-sided incompressible closed surface in IntV,
which separates 0Y from ¢ in Y, then S is parallel to d,V, in V,.

Proor. (i) Take any k>n+2 with Int V,oU, and put Z=V,—Int U, cV,.
Then, in the same way as the construction of U’ from U,,,<Int U,, we obtain
a 3-submanifold Z’ <V, so that each component of 0Z’— 9V, is incompressible in
V, by applying simple moves, done by adding a 2- or 3-handle or removing a 1- or
0-handle, to Z in V,. Now, let V' be the unique non-compact component of
ClI(V,—Z') and My, M,,..., M, be all components of M=CI(V,—V’), where
0oV,=0M,. Then, M, is a compact connected P2-irreducible 3-submanifold of
W with M y>0,V, U d,V".

Any loop f: S1-0,V, extends to a proper map f: S! x [0, c0)—V, by Lemma
7. Here we take f so that it is in general position relative to dV’. Then each
component of f~1(9V’) is a circle which is inessential or parallel to S x {0} in
S'x [0, ©). Thus we may assume that for some s>0, f(S!x {s})cd,V’ and
each component of f~1(3,V’)n S! x(0, s) is an inessential circle in S!x [0, s].
Moreover, since .V’ is incompressible in V,, we can modify f|S* x [0, s] by
the standard cut and paste argument so that f~1(9,V’)nS'x (0, s)=g, i.e.,
Ff(S'x [0, s))=M,. Therefore fis homotopic in M, to a loop f|S! x {s} in ,V".
Thus Theorem 8 implies that My~ d,V, x [0, 1].

In the construction of Z’, for any added 2-handle H and for any h-handle
H" (h=1 or 0) removed before, we may assume that H n H°=g, the attaching
boundary of H is disjoint from H! and H is in general position relative to H!.
Now consider the union L, of M and all removed h-handles H” (h=1 or 0). Then
by the above assumption, if H°¢ M, then H° N M =g¢; and if H'¢ M, then H! is
cut into smaller 1-handles by 2-handles added after. Therefore L, is a compact
connected 3-submanifold of ¥V, such that

0oV, < 0V,cdL,, Z < L,and L, ~ M y (1-handles),

where all new 1-handles are attached to M N V'=0V'. These together with My~
0oV, x [0, 1] imply that

(10) 0oV, = L, induces a monomorphism a,: H,(0,V,) — H,(L,).

From the sequence {L,} given above, we choose a subsequence {L,;} with
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Lyjy<Lyj+1y Then V,=\;L,; since V,—IntU,=ZcL, Consider the
commutative diagram

Hl(aOVn) — Hl(Vn)

] eIz

Hl(Lk(j)) — lim Hl(Lk(j))

induced by the inclusions, where a=lim a,;). Then « is a monomorphism by
(10), and (i) is proved.

(i) For a given S in (ii) we carry out the construction of Z’ in the proof
of (i) by taking k with U, N S=¢ in addition. Then we can assume that Sc
Int Z' in addition, since ScIntZ and S is incompressible in V,. Moreover we
see that ScInt M, by the definition of J,V, and M, and the assumption that
S separates 0Y from ¢ in Y. Since My=x0,V, x [0, 1], S is parallel to d,V, in M,
and soin V,.0 ‘

Now we proceed to the next step of the proof. For {V,} constructed above,
choose a sequence n(0)<n(1)<--- such that

(11) IntV,;, N IntUpy41 2 Upgiv1y 2 Vagieny for all i.

LEMMA 12.  The inclusion V,; <Y induces an isomorphism H,(V,.)—
H,(Y) for all i.

PrOOF. For a base ray r, we may assume that r[2i—1, c0)c U, and
r[2i, ©)<=V,;. Then, by taking a;=r(2i—1) and b;=r(2i) as base points of
U, and V,, respectively, we have the commutative diagram

ﬂ:l(Un(O)’ ao) Lo nl(Un(na a;) S nl(Un(2)’ az) — -
(13) a0 / a 3,

71 (Vacoys bo) Lo 7 (Vaays b1) S
where a;, B;, ¢; and A; are induced by the base ray r. Here we have
(14) A; is an epimorphism for all i,

by a simple diagram chasing method using (2), Lemma 6 and (11). Further
consider the commutative diagram

“1(Vn(0)) Ho 7‘1(Vn(1)) S 7T1(Vn(2)) —

® N

H(Vo0)) e H (Va1y) I H (Vyz)) < -+

where each #; is induced by V.=V, and each vertical Hurewicz homo-
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morphism is an epimorphism. Then (14) shows that #; is also an epimorphism
for all i. Thus H(V,;)—H'(V,i+1)) is a monomorphism for all i. Therefore,
the upper homomorphism in the commutative diagram

Hl(Vn(i)) — lim Hl(V;u(i))

HY(Y)

is also a monomorphism. Since the right oblique homomorphism is an iso-
morphism by Lemma 3 (i) (b), so is the left one. Hence we have the lemma
by Lemma 4 (i). 0

Now we are ready to prove the Theorem. By Lemmas 3 (i) (a), 9 (i) and 12,
we have

dim H(0Y) > dim H,(0,V,) for all i.

This means that there are only finitely many possibilities of the value of
dim H;(0¢V,) for all i. Thus we have a subsequence m(0)<m(l)<--- of
n(0)<n(l)<--- such that

By Lemma 5, this implies that
(16) 00Vm0y ® 00Vmi) for all i.

We claim now that dyV,,;+4) is incompressible in V,,;. If not, by applying
the cut and paste argument to 0oV,;+1) in V), we get a connected 2-sided
incompressible closed surface S in Int V,;, so that V,,;—S has two components
A>0V,; and B with ¢ as an end, and that y(S)> (9 Vi+1))- Hence S separates
0Y from ¢ in Y since so is dyV,,;)» Thus, by Lemma 9 (ii), S is parallel to 0oV,
in V,u, and x(0oVnu)=x(S). These contradicts with (16). Thus 9oV, i+ 1) is
incompressible in V.

Therefore, by the definition of 9yV,;+1) and Lemma 9 (i), 0oVui+1y 18
parallel to 9oV, in Vo). Thus Cl(V,i) = Vingi+ 1)) ® 00 Vimay X [0, 1] This and
(11) together with the fact that U, 1, is connected show that oV, =0V, for
all i. Thus V)~ 0V,p0) X [0, 00) as desired.

The proof of the Theorem is now completed.
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