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§1. Introduction

Let k be a positive integer. For the standard sphere S?"*! in complex
(n + 1)-space C"*1, let T,: §2"*! — §2"*1 be the fixed point free transformation
of period k defined by

’I;c(zo’ Zy,°00, Zn) = (Mk)Zo’ j‘(k)zla Ty ’l(k)zn),

where A(k) = e*™*, Y7 _,lz;|> =1, z;€eC (0 <j<n). Then T, generates the
cyclic group Z, of order k. The orbit space S2"*!/Z, is the standard lens space
mod k, and is denoted by L"(k).

Let n be the canonical complex line bundle over L*(2"), and define the
canonical elements in the reduced K-ring K(L"(2")) of L"(2") by

os)=n* —1 (0<s<r), o =a(0).
The purpose of this paper is to determine the order of o(s)' e K(L"(2").

THEOREM 1.1. Let s and i be integers such that 0 <s<r and 1 <i<
[(n—1)/251+ 1. Then the element o(s) in K(L"2") is of order
2r-s+t1+ln=1/2%1=i  (Here [x] is the integer part of a real number x.)

For s =0, the result is obtained by T. Kawaguchi and M. Sugawara [2,
Theorem 1.1(i)].

Let k be a positive integer. Then a fixed point free transformation T5:
L*(k) - L"(k) of period 2 is induced by T,,: S?"*! — §2"*1 since (Ty)? = T;.

As an application of Theorem 1.1, we prove

THEOREM 1.2. Let q and t be odd integers. If there is a Z,-equivariant
map from (L"(2"q), Ty) to (L™(2%t), Ty), then [(n — 1)/2"] < [(m — 1)/2°].

In case s =0 and t = 1, this result follows also from the mod 2 part of a
theorem due to H. J. Munkholm and M. Nakaoka [9, Theorem 4] and K.
Shibata [10, Theorem 7.4] (cf. J. W. Vick [11, Corollary (3.3)]), since
[(mn—1)/2"]<m—1if and only if n <m-2".
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§2. Some relations between o'c K(L"(2"))

First we recall the basic facts about the structure of the K-ring of the lens
space according to [2].

Let k be any integer with k > 1. The canonical complex line bundle
over L"k)= S?"*1/Z, is induced by the natural projection of L"(k) on the
complex projective n-space CP" = §2"*!/S! from the canonical complex line
bundle u over CP". Put ¢ =y — 1eK(L"(k)). Since (u— 1)"*' =0, we have

.1)([2, (28)1) "1 = 0.

Now, let k = 2". The first Chern classes classify the complex line bundles,
and so o(r) =n* —1=(1+0)* —1=0([2,(27)]). Hence we obtain that, in
K(L*27),

(2.2) 27 1(3 )af =0.

Combining (2.2) with (2.1) repeatedly, we obtain the following relations.
LEMMA 2.3. For the element ¢ = n — 1€ R(L"(2")),

(i) 2" i=0 i<n-1),
i ign—1-i g or-l+ign=i _ <i<n-2),
() 2r+t 1 2 1+ 0 (0 2)
2r—lo.n — 2ro.n—1 R 2r—1+i0.n—i e 2r+n—2o. (O < i <n-— 1),
iii ignm 2T QrottignTloi o <i<n-—
() 2r+: 2 2 1+ 1 0 (1 3)’
2r0.n—2 — 2r+lo.n—3 —_ e — (_ 1)i2r+io.n—2—i — ...
=(_ 1)n+12r+n—3o. (OSlSn—-:‘;),
2r—lo.n—1 =2ro.n—2 ifr22,
"= — 20" 2 ifr=1,
iv 2r+io.n—3—i+2r—1+io.n—2—i=0 231‘5n—-4
(iv) ( )
2r+lo.n—4 —_— 2r+20.n—5 [ ( _ 1)i—12r+ia.n—3-i —
— (_ 1)n+12r+n—4o. (1 <i<n-— 4),

zro,n—a — i2r+n—-20. + (_ 1)n2r+n-4o_ — (_ 1)"+13‘2'+"_40' lf r> 2,

20" 3= —2%" "4 =(—1)2" 30 ifr=1.

This lemma is a generalization of Lemmas 4.1 and 4.3 in [4] for r = 2,
Lemma (3.5) in [5] for r = 3, and Lemma Al in [3] for r = 4.

Proor. Though (i) is proved in [2, (3.3)], we give a proof for
completeness. The equality 2"*i6"~{ = 0 holds for any negative integer i by
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(2.1). Assume that 2"*ig" /=0 holds for any integer j with j<i<n
— 1. Multiply the equality (2.2) by 2ic""*"%, Then we have

AW s
Jg=1( ] )210.n—1—1+1 = 0
J

Setting j = q-2', where g is odd and 0 <t <r, we obtain
2"\ ., . 1/2r—1 . L
( .>2:o.n—1—1+1=_<. )2r—t+la.n—1-—l+1=0 forj> 1
J q\j —1

by the inductive assumption, and hence 2"*i¢" ! = 0 as desired.
To prove (ii), multiply (2.2) by 26" 2~{ where 0 <i<n—2. Then we

have
r (2 \ni ne2-isj
Jg=l<j>20' 2-iti= (.
Setting j = q-2', where g is odd and 0 <t <r, we obtain, by (i),
AU e 1/2r—1 . .
(2.>210,n—2—1+1=_(. )2r—t+:an—2—l+1=0 forj>2,
J q\j —1
= £ 2rltign-i for j = 2.
Thus we obtain (ii).

To prove (iii), multiply (2.2) by 26" 3~% where 0 <i<n — 3. Then we
have, by (i), (ii) and (2.1,

(22>2i0.n—1-i= _2r—1+io.n—1—i for 7'22,
= Qign 17} for r=1,
<i>2‘a"+1_i= 4 Qrtign-1-i forr>2,0<i<n-—23,
2" . L
<,)2'a"'3”'+’=0 for j=4,i=0,
J

forj>3,j#4,0<i<n-—3,orforj>3 r=1.
Hence we obtain the desired equalities.
To prove (iv), multiply (2.2) by 2ic""*~! where 0 <i<n—4. Then we
have, by (i) ~ (iii),
2"\ i m-2-i r—1+i_n—2—i
5 2" f= -2 o" : for r > 3,

= £ 2"g — 21 *ign=2-1 for r =2,
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= ign=27¢ for r=1,

2"\ ,; —1-i +1+i_n—-2-i
3 2" =2 tg" ! for r > 2,
2"\ tin—2-i .
4 2lg" Tt = — 2" Fig" 'oforr>3,2<i<n-—4,

=2rtign=3 for r>3,i=1,

= 2ig""! for r =2,
2\ i n-a-ivj i i
i 2'’ T=0 for j>3 and r =1, or for j > 5.

Hence we obtain the desired equalities. q.ed.

On the other hand, the following is known.
LEMMA 2.4 ([2, (29)]). The element " R(L"(k)) is of order k.
Combining Lemma 2.3 (i), (ii) with Lemma 2.4, one has

THEOREM 2.5 (T. Kawaguchi and M. Sugawara [2, Theorem 1.1 (i)]). For
1 <i<n, the element o'c R(L"(2")) is of order 27+"~,

§3. The order of a(s)e K(L"(2"))

In the previous papers ([7, §31, [6, §2], [1, §2 ~ §3]) some relations in
R(L"(2")) have been studied. In this section we prove the relations in K(L"(2"))
which are necessary to determine the order of the canonical element o(s) =
(n* — 1)'e K(L"(2")). Though some of the relations in the lemmas below may
have been already given in the previous papers (loc. cit.), we prove them for
completeness.

It follows from the definition that

GA6, 22)]) os)=os—172+2a(s—1) O<s<r).

Since (1 + a(s))* "—1=%* —1=0, we have

(3.2 iy <2rj— s) a(sy = 0.

Let s be an integer with 0 <s <r, and define integers I, and k, by the
following:
n—1=1,-2°+k, 0 <k, < 29.

Then, clearly, I, = [(n — 1)/2°], and [,_, = 2I; or 2, + 1.
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LeMMA 3.3.  For any positive integer i, 2" S*1+!7ig(s)) =0, where | =

L= [ — 127,

Proor. If s =0, the result follows from Lemma 2.3 (i). Assume that the
result holds for s — 1, i.e.,, assume that

2r—s+2+l'—io-(s_ 1)’:0 (l>0, O<SSr)7

where I' = I,_, = [(n — 1)/2°"']. By (3.1) and by the inductive assumption, we
have

rostitlzig(g)l = st itlzig(s — 1)2 4 20(s — 1))}
= Z}=O(;>2"””"”fa(s —1)¥i=0
for i>l+1+¢ where e=0if ' =2, or e=1if ' =21+ 1.
Multiply (3.2) by 22*'"ig(s))~2 (i=1+ 1 +¢&). Then we have
2rost2HTigs) Tl = (.
Thus the desired result is obtained by a downward induction on i. q.ed.
LEMMA 34. Let l=1,=[(n— 1)25], where 0 <s<r. Then for ofs)
= n¥ — 1e R(L"(2")), the following relations hold.
(i) 2rstig(s) T 2n s T i ig(s) YT =0 O<i<l-1),
25T 1g(s) t = 2" 8 (s) = - = 2" S ig(s) T = e
= "5 1*lg(s) (-1<i<l-1),
(ii) 2" 2g(s)' T2 = 0,
(iii) 2rstig(s) TiTi 4 2rTsT i tig(g) =0 I<i<gl-2),
27sg(s) Tl = — 27t g(s) T2 = = (= 1) I2r ST M ig(s) T
== (= 1252 es) (1<i<I—1),

2r s 1g(s) = 2" "Sa(s)' ? ifr—s>2,

o(s)) = — 2a(s)' ! ifr—s=1,
(iv) rstig(s)l T2TE 4 QrosTitig(s) T 1Ti= 0 R<i<i-13),
rstig(s) =3 = — 2 H2g(e)f T = = (— 1) S L Hig(s) ~ 1
= (= )2e(s) Q<i<I—2),
2" 3g(s) "2 = (— 1)'3-2" 7573 g(s) ifr—s>2,

20(s) "2 = —2%(s) 3 =(— 12" %(s) if r—s=1

Proor. Since o(r) =0, we may assume that r > s.
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(i) Multiply (3.2) by 2io(s)' ', where 0 <i<Il— 1. Then we have
;?:1S<2j >2io_(s)l—1—i+j —0.

By Lemma 3.3, we obtain
2res i I—1—i+j .
j 2'a(s) 7=0 for j > 2,

=:t2r—s—1+io.(s)l+1-i fOI‘j= 2.

Thus we obtain (i).
(ii)) By (3.1), we have

2r—s—20_(s)l+2 - 2r—s—2(o.(s_ 1)2 + 20-(5 — ]))l+2

— ;-;(2)<I+2>2r—s—2+ja(s_ 1)2!+4—j.

If ' =1,_, =2l by Lemma 3.3,

2rsT2Hg(s — 1) = 2P 2 g (s — 1) T4 = 0.
IfI'=1I_,=2+1, by (i)

M2 g(s — 1)2H AT = 2rms T2 Mg(s — 1) 3T = £ 2775 g(s — 1),
and so, by Lemma 3.3,

2 .
2r—s——20.(s)l+2 = j;%)<l-;_ >2r—s+lo.(s _ l)

— 2l+2+r—s+l’o.(s _ 1) =0.

(iii) Multiply (3.2) by 2'a(s))"2~%, where 0 <i <I—2. Then we have, by
Lemma 3.3, (i) and (i),

2N\ L. . . .
( 5 )2'a(s)"' = — st ltig(g) T for r —s>2,
= 2ig(s)' ! forr—s=1,
25\ . . . .
< 4 )2'6(s)’+2_' = 21 stig(s) ! forr—s>2,0<i<l-—2,
(Zj )Zia(s)l_z_”j =0 for j=4,i=0,

for j>3,j#4,0<i<n—3,orforj>3,r—s=1.

Hence we obtain the desired equalities.
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(iv) Multiply (3.2) by 2'a(s)) 3", where 0 <i<[— 3.

Then we have, by Lemma 3.3, (i) and (iii),

(22 >2io.(s)l—1—i —_ 2r—s—1+io.(s)l—1—i for r — s > 3,
= 2 1g(s) — 21 tig(s) "1 for r—s=2,
=2ig(s)!~17¢ for r —s =1,
<23 >2ia(s)’_i = 2 stitlggl1i for r —s >3,
= £2'*1g(s) forr—s=2,
2N\ . . ; .
< 4 )2'o(s)’+1_' = —2stig(e)T17E forr—s>3,2<i<l-—3,
= 2" stig(s) 2 forr—s>3,i=1,
= 2ig(s)!t 11 for r —s =2,

2N\ . .
< i >2'o(s)’_3_'“=0 for j>3 and r —s=1, or for j > 5.

Hence we obtain the desired equalities. q.e.d.
Now, we are ready to prove our main theorem.

Proor oF THEOREM 1.1. If s = O, the result is identical with Theorem 2.5.
Assume that the result holds for s—1 (1<s<r). Put I=I[=
[m—1)/2]and I'=1,_, =[(n—1)/2°"1]. Then I' =2¢ or I' =2l + 1.

SUBLEMMA 3.5. If I'=2l, 2" 5*1g(s) ™' = £2"*g(s — 1) # 0.
Proor. By (3.1) and Lemma 3.4 (iv), we have

st lg(s) Tt = 2" Y g(s — 1)2 4 20(s — 1))
- 25;5(’ . 1)2"““% — 2

, 1— " ,
=27l — 1) 72 4+ Zﬁﬂ( j l>( — T (s — 1),

Since Zj;}(’ ; 1)( —1¥ =01 —-1)}"1—1= — 1, we obtain, by Lemma 3.4 (iv),

2r—s+ lo.(s)l—l — ( _ l)l‘zr—s+l’o.(s _ 1)

By induction, 2" **"g(s — 1) is of order 2.
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SUBLEMMA 3.6. If I' =21+ 1, 2" 5*1g(s) " lo(s — 1) = £2" 5" t'g(s — 1)
# 0, in particular, 2"~ a(s)! "1 # 0.

ProOOF. As in the proof of the previous sublemma, we have

—1

J
=22 g(s—1)#0.

2r—s+ la,(s)l— la(s _ 1)

Il
™M
o~

'K
on
T

>2r—s+l+jo.(s _ 1)!’—2—j

Combining Lemma 3.4 (i) with Sublemmas 3.5 and 3.6, we have
stTigf £ 0 1<i<I+ 1)

Therefore the result follows from Lemma 3.3. g.e.d.

§4. Proof of Theorem 1.2

Assume that there is a Z,-equivariant map f from (L"(2"q), T,) to (L™(2%),
T,). Then f defines a continuous map f from L"2"*!q) to L™(2°*'¢) such that
the following diagram is commutative:

L"(27q) —f—> L™(2%)

Ln(zr + lq) f R Lm(2s +1 t)

where the vertical maps are the projections of the double coverings.
Let n/k denote the canonical complex line bundle # over L™(k) and let

¥ R(IL"(2°+) @ R(L"(r) — R(L™(2°* 1))
be the isomorphism defined by
Wi (/271 = 1) = /271ty — 1,
Wi)((n/1) — 1) = (n/2°" )" — 1
(cf. [8, Theorem 2.2]), where
iy RILm@s ) —R(Lm2** ) @ RL"),
i R(L"(6) —R(L"(2°* 1)@ R(L™())
are the inclusions into the first or the second direct summand. Let n: L"(2"*1)
— L"(2"*1q) be the projection of the g-fold covering.

Consider the composite homomorphism 7* f*yi,: K(L™(2°*'))
— R(L"2'*')). Then we have
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TP ()2 — 1) = TR/ 2 = 1)
= (/2 @ = 1) = (/2 — 1

(cf. [10, Lemma 7.1]).

For o(s) = (n/2°*1)* — 1e R(L™(2°*1)), we have 2!*[m~D/Z%g(5) = 0.
Hence, for o(r)=(/2"*Y)? —1eRLY2'*"Y), we have 21*1m~D/Z5(p)
= 0. But, by Theorem 1.1, we obtain [(n — 1)/2"} < [ (m — 1)/2°]. q.ed.
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