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The second author of the present paper proved in [2] that the Hausdorff
measure of a random fractal set is a non-random constant using a result of
generalized random ergodic theorems. In this paper we remark that this
constantness of the Hausdorff measure is proved directly (i.e., not using any
result of generalized random ergodic theorems).

Let X be a compact subset of R? with non-empty interior X. Consider a
map S: X — X such that p(Sx, Sy) =rp(x, y)(0 <r =r(S) < 1) for any x, ye X,
where p(-,) denotes the Euclidean metric. We call such a map S a contraction
similarity of X with the contraction ratio r. For 0 < § < 1, let %;(X) be the set
of all contraction similarities of X such that r(S) > §. We associate &;(X) with
the pointwise convergence topology and denote by & the Borel field of %;(X).

For a fixed integer N > 2 we define & = (¥;(X)")? which plays a role of
our fundamental space, where D = U,,,ZOC,,,, C,={1,2,---, N}, m>1, and
Co = {¥}. Given a probability measure u on (%(X)V, &¥), we define the
product probability measure u? on (¥, # = (&V)P).

Now we introduce a fractal set. For ¢ =(04,:-, 6,), T = (t4,*, T,)€D, We
define

oln= (0., 6,), n<m,
and
O*T = (0'1""5 Oms T15°°"s Tr)'
Each se ¥ can be denoted by s = (S,)seps
_Sa = (Sa*l(s)’ Sa*2(s)9"'9 So‘*N(s))E‘%(X)N
Sg = (51(5), Sa(s),+++, Sn(s)) € F(X)".
Then we define a set K(s) for se %,
K(S) = nmzl Ua’eC,,. Sdll(s)oSUIZ(S)O"'OSalm(S)(X)

which is called a fractal set. 1t is easily seen that K(s) is a non-empty compact
set. We take se & randomly according to uP. Thus we get a random fractal
set K(s).

For a set K< R? and 0< 1< oo, the Hausdorff measure and the
Hausdorff dimension are defined as follows. Let
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HHK)=inf{d 2, |ViI* K< (U2, V, V is a closed set, 0 < |V} < 5}
where |V] is the diameter of a set V, and let
HHK) = lim,_, o H(K).

Then s#* becomes an outer measure and so it defines a measure on R?, which is
called the A-dimensional Hausdorff measure and is denoted by the same letter
#* It is easy to see that #XS(K)) = r(S)*#*K) for a contraction similarity
S. It is known that there is a number 0 < dimy(K) < d, called the Hausdorff
dimension of K, such that #*K)= oo if 1 <dimy(K) and #* K)=0 if 4
> dimy(K).

The following theorem was proved by Graf ([1]).

THEOREM 1. Suppose that, for p-a.e. (Sy, Sy, Sy)€ % (XN, S(X)
NS{X )= holds for i,je{l1,2,---, N} with i #j. Let o >0 be the number
such that

J‘Z{L 1 7(8)*du(S,S5,-, Sy) = 1.
Then

E(A#*(K(5))) = f H*(K(s)) duP(s) < oo
and s

dimy(K(s)) = o  for uP-a.e. se.
Furthermore the following statements are equivalent:
® XL @)= for p-a.e. (81,55, Sy)e F(X)",
?) HK(s) >0  for uP-ae. seZ,
B H({s: #*(K(s)) > 0}) > 0.

Tsujii ([2]) proved following Theorem 2 using a generalized random
ergodic theorem.

THEOREM 2. Under the same assumption as in Theorem 1, there exists
0 < < oo such that

H(Ki$)=p  for pP-a.e. se.

We now prove this theorem without using random ergodic theorems. Let
@i & - F(1 <i< N) be defined by S,(¢:(s)) = Si,.(s) for all e D. Then g, is
a measure-preserving transformation of (&, uP) onto itself, i.e.,

J f(@i(s))duP(s) = ff(s)du"(s), for all fe L'(uP).
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It is easy to see that

K(s) = U1 848) (m>0 Usecm Sixan2(8)°+° Sixapim+1(5) (X))
= U1 S(9)K(9is))-
Therefore we have
HHK(s)) < YL HHSL)K(949))) = 2L 1 r(S{) A (K (045)))
and
E(A#*K () < Y51 E(r(S{s)* # 4K (9(5))))
= Y1 E(r(S«9))) E(#*(K(s))) = E(#*(K(s))) < o0,

because r(S(s)) is #3-measurable and #*(K (¢,(s))) is 7 -measurable and hence
they are independent, where %, is the Borel field generated by
{S,(5): o€ ¥, Ci}. Thus we have

“ HHK () = Y r(S) A K(pfs)),  pP-ae se&.
Let us define an operator U on LY, uP) by

Uf(s) = il 1 r(S«9))f(@ds)).

Then (4) implies that s#%K(s)) is U-invariant, that is U#%K(s)) = #*(K(s)),
uP-ae. se.
Now we will prove that if

) YNrSds) =1,  pP-ae se,

then any U-invariant function f is a constant function. Indeed putting r(s)
= r(Sy(s))* we have

Uf(s) = Y21 rds)f(@ds)),
U2f(s) = Z. i=1 1T {(@ds)f(@;0(9)),
Utf(s) = u ..... in=1 ri,(s)riz(‘Pil(s))"'ri,.((Pin_ 1 "'ﬁoil(s))f((l’i,.""Pi,(s))-

Here r,(s), ri(@:,(9)),-s 1i(@i,_, - @;,(s)) are 285~ '-measurable and f(¢;,
-~ ;,(s)) is B -measurable where #3' and #;° are independent. Thus we
have

E(fIB5™") = 20..ia=1 T6,0)70(04,(8) 70, (@4, -+ 904,(8)) E(f)
= E(f), uP-a.e.
The left hand side converges to E(f|#Y) = E(f|%#)=f uP-a.e. as n— oo.
Therefore f = E(f) = constant.

If (5) does not hold, then the condition (1) in Theorem 1 fails and so
uP(H#*(K(s)) > 0)=0. Namely #*K(s)) =0 uP-a.e. If (5) holds, #*K(s))
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= B pP-a.e. for some constant B, because H#*(K(s)) is U-invariant. This

completes the proof.
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