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Introduction

A Lie algebra does not necessarily have the lattice of ascendant subalgebras
or the lattice of subideals. So it is an interesting problem to present sufficient
conditions for a Lie algebra to have these lattices, and furthermore, to have
them as complete lattices. Recent works on this problem include Aldosray
[1,§1], the author [5,6,7,9], and Kawamoto and Nomura [13]. The
purpose of this paper is to present further results concerning the family of
ascendant subalgebras of a hyperfinite Lie algebra. We shall present some
equivalent conditions to be ascendant for a subalgebra of a hyperfinite or
hyperfinite-and-abelian Lie algebra, and conclude that every hyperfinite-and-
abelian Lie algebra over a field of characteristic zero has the complete lattice of
ascendant subalgebras.

In Section 2 we shall first prove that if H is a subalgebra of a hyperfinite
Lie algebra L over a field of characteristic zero, then the condition HascL is
equivalent to each of the following: (a) Hasc{(H, x) for every xeL;(b)
Hser<{H, x) for every xe L(Proposition 1). We shall secondly prove that for a
subalgebra H of a hyperfinite Lie algebra L, HascL (resp. HwascL) if and only
if Hser L (resp. Hwser L)(Theorem 1), and conclude that in every hyperfinite Lie
algebra, the intersection of any family of ascendant (resp. weakly ascendant)
subalgebras is always ascendant (resp. weakly ascendant)(Corollary 1).

In Section 3 we shall first prove that if H is a subalgebra of a hyperfinite-
and-abelian Lie algebra L, then the condition HascL is equivalent to each of
the following: (a) Hasc{H, x) for every xe L; (b) HwascL; (c) Hwasc{H, x) for
every xeL; (d) HserL; (¢) Hser<{H, x) for every xeL; (f) HwserL; (g)
Hwser{H, x) for every xe L (Proposition 2). Secondly we shall prove that in
every hyperfinite-and-abelian Lie algebra over a field of characteristic zero,
both the join and the intersection of any family of ascendant subalgebras are
always ascendant (Theorem 2).

1. Preliminaries

Throughout this paper we are always concerned with Lie algebras which
are not necessarily finite-dimensional over an arbitrary field f unless otherwise
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specified. Notation and terminology are mainly based on [3]. We explain
some terms which we use here.

Let Lbe a Lie algebra over a field . H < L (resp. H<1 L, HsiL) denotes
that H is a subalgebra (resp. an ideal, a subideal) of L. Angular brackets { »
denote the subalgebra generated by their contents. Let H be a subalgebra of L
and p be an ordinal. H is a p-step ascendant subalgebra (resp. a p-step weakly
ascendant subalgebra) of L, denoted by H<a” L (resp. H <? L), if there exists a
family {H,: « < p} of subalgebras (resp. subspaces) of L such that

(@ Hy=H and H,=1L,

(b) H,<H,,, (resp. [H,,,, Hl < H,) for any ordinal a < p,

() Hy=U,<;H, for any limit ordinal A < p.

Then the family {H,: a < p} is said to be an ascending series (resp. a weakly
ascending series) from H to L. H is an ascendant subalgebra (resp. a weakly
ascendant subalgebra) of L, denoted by HascL (resp. HwascL), if H<a” L (resp.
H <*L) for some ordinal p. H is a serial subalgebra (resp. a weakly serial
subalgebra) of L, denoted by HserL (resp. HwserL), if there exist a totally
ordered set X and a family {A4,, V,: 60X} of subalgebras (resp. subspaces) of L
such that

(@ HcV,c4, for all e,

b) 4, cV, if t<o,

© L\H = Ues(4,\V,),

d) V,< A4, (resp. [4,, HI = V,) for all ceZ.

Then the family {4,, V,: 6e X’} is said to be a series (resp. a weak series) from
H to L.

A class X is a collection of Lie algebras together with their isomorphic
copies and 0-dimensional Lie algebras. Lie algebras in a class X is called X-
algebras. A (resp. €, A, §F, Ft, N, RN, J) is the class of Lie algebras which are
abelian (resp. Engel, soluble, finite-dimensional, Fitting, nilpotent, residually
nilpotent, hypercentral). Let X be a class of Lie algebras. H is said to be an
X-subalgebra (resp. an X-ideal) of L if H < L(resp. H<a L) and He X. LX (resp.
L(<a)X) is the class of Lie algebras in which every finitely generated subalgebra
is contained in some X-subalgebra (resp. X-ideal). In particular, Lie algebras in
the class L (resp. L(<)®) are called locally (resp. ideally) finite Lie
algebras. The class E(<a)X of Lie algebras is defined as follows:

Le k(<)X if there exist an ordinal p and a family {L,: a < p} of ideals of L
such that

(@ Lo={0}and L,=1L,

(b) L,<L,:, and L,,,/L,eX for any ordinal a < p,

(© L;=U,<iL, for any limit ordinal A < p.

In this case we say that L has an ascending X-series {L,: « < p} of ideals. In
particular, Lie algebras in the class £(<1)§ (resp. (<), E(<)(F N Y)) are called
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hyperfinite (resp. hyperabelian, hyperfinite-and-abelian) Lie algebras. Finally
let 4 be either the relation asc or wasc. Then we need the classes £°(4) and
L2_.(4) defined in [7] as follows:

Lef>(4) if (H,: Ae A)AL whenever H,AL (1€ A);

Le 8 (4) if N;cAH;4L whenever H,AL (A€ A).

2. Hyperfinite Lie algebras

In this section we shall present some equivalent conditions for a subalgebra
to be ascendant in a hyperfinite Lie algebra. In particular, we shall prove that
in a hyperfinite Lie algebra, every serial subalgebra is ascendant, and so the
intersection of any family of ascendant subalgebras is ascendant.

We need the following two lemmas about the class E(<)§ of hyperfinite
Lie algebras.

LemMa 1 ([12, Corollary 3.3] and [16, Lemma 4.1]). OQOver any field {,
L(Q)F <E«Q)F <LF

LemMa 2 ([11, Proposition 6]). Over any field t, Enk(<)F = 3.

REMARK 1. In Lemma 1 both inclusions hold for any field f. In fact, let
X be an abelian Lie algebra over f with basis {xo, Xx;,---} and ¢ be the
derivation of X defined by x,06 =0 and x;,,0 =x; (i=0). Form the split
extension L= X + (o). Then it is well known (cf [3, p.119]) that
Le3 <E(<)(FnA). However, since (c-) = L¢ F, we have L¢L(<)F. There-
fore L(<)¥ < E(<x)F. In order to show the second inclusion, we consider the
McLain Lie algebra M = Z(Z) over t (cf.[3, p.111]), where Z is the set of
integers with natural ordering. Then it is well known (cf. [3, p.119]) that
MeFt <IN <LFNEA) and M¢3. Therefore by Lemma 2 we have
M¢g(<)F. Thus E(<)F < L.

REMARK 2. We can regard the class € as the class of Lie algebras in which
every 1-dimensional subalgebra is weakly ascendant. So we define a new class
€*, generalizing the class €, as follows: for a Lie algebra L,

LeCG" if {x) wser L for every xelL.

Then it is verified that € < €*. For example, let X be an abelian Lie algebra
over a field T with basis {x,, x,,---} and 7 be the derivation of X defined by x;t
=X;41(i=0). Form the split extension L= X + {t). Then since LeRR, by
[8, Corollary 2.7(2) and Theorem 2.9(1)] we have Le €*. But we clearly have
L¢€. We should note that Lemma 2 holds even if we replace the class € by
the class €*. In fact, it is not hard to see that €*nLF =LN. Thus by
making use of Lemmas 1 and 2 we have €" n&(<)F = 3.
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Let H be a subalgebra of an ideally finite Lie algebra L over a field f of
characteristic zero. In [2, Theorem 5.3.7] Aldosray has proved that HascL if
and only if Hasc{(H, x) for every xe L. We can generalize this result in the
following

PROPOSITION 1. Let L be a hyperfinite Lie algebra over a field ¥ of
characteristic zero. Then the following conditions are equivalent:

(1) H asc L.

(2) H asc (H, x) for every xeL.

(3) H ser {H, x> for every xeL.

ProoF. It is clear that (1) = (2)=>(3). Assume that Hser{H, x) for every
xeL. Since by Lemma 1 Lis locally finite, owing to [14, Theorem 4] we have
HserL. Let K denote the intersection of the ideals I of H such that
H/IeL9. Then by [14, Theorem 5 and Corollary 6] we have K< L and
H/K < p(L/K), where p(L/K) is the Hirsch-Plotkin radical of L/K. By using
Lemma 2 we have p(L/K)eLMnE(<)F < 3. Hence H/Kascp(L/K)< L/K
and therefore HascL.

Before showing the main theorem of this section we need a certain result
about vector spaces.

LEMMA 3. Let H be a subalgebra of a Lie algebra L such that the quotient
space L/H is finite-dimensional as a vector space. Then:

(1) H ser L if and only if H si L.

(2) H wser L if and only if H wsi L.

Now we have the main theorem of this section.

THEOREM 1. Let L be a hyperfinite Lie algebra over a field ¥ and H be a
subalgebra of L. Then:

(1) H asc L if and only if H ser L.

(2) H wasc L if and only if H wser L.

ProoF. Assume that HserL (resp. HwserL). Since L is hyperfinite, L has
an ascending §-series {L,: a < p} of ideals. Let a < p and let 6 denote the
natural homomorphism L— L/L, Since L is locally finite, owing to [3,
Proposition 13.2.4] (resp. [4, Proposition 2.5]) we have O(H)serf(L) (resp.
0(H) wser O(L)). It follows that 6(H) ser O(H + L,.,) (resp. 8(H) wser 0(H
+ L,.,). Since 6(L,,,)€ T, the quotient space O(H + L,.,)/0(H) is finite-
dimensional as a vector space. Hence by Lemma 3 §(H) si 6(H + L, ) (resp.
0(H) wsi 0(H + L, ,)) and therefore H + L, si H + L, (resp. H + L, wsi H
+ L,.,)- Thus we have HascL (resp. HwascL).
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As in [9] we denote by D(ser,asc) (resp. D(wser, wasc)) the class of Lie
algebras in which every serial (resp. weakly serial) subalgebra is ascendant (resp.
weakly ascendant). Then by using [9, Theorem 2.2], we can easily see that
D(ser, asc) < L, (asc) and D(wser, wasc) < £, (wasc). The following corollary is
immediately deduced from this result and Theorem 1.

COROLLARY 1. Qver any field %, 8(<)F < 2, (asc)n L (wasc).

ReMARk 3. It is well known (cf.[3, Lemma 3.1.1]) that over a field f of
characteristic p > 0, there exists a finite-dimensional, soluble Lie algebra in
which the join of a certain pair of 1-dimensional subideals is not
ascendant. This implies that over a field T of characteristic p > 0, a hyperfinite
Lie algebra does not necessarily have the lattice of ascendant subalgebras or the
lattice of weakly ascendant subalgebras. On the other hand, in [4, Example
5.1] we have constructed a finite-dimensional Lie algebra over a field ¥ of
characteristic zero, in which the join of a certain pair of 1-dimensional weak
subideals is not weakly ascendant. This implies that over a field f of
characteristic zero, a hyperfinite Lie algebra does not necessarily have the lattice
of weakly ascendant subalgebras. However, it is not known whether a
hyperfinite Lie algebra over a field f of characteristic zero always has the lattice
of ascendant subalgebras.

3. Hyperfinite-and-abelian Lie algebras

In this section we shall first present several equivalent conditions for a
subalgebra of a hyperfinite-and-abelian Lie algebra to be ascendant, and shall
secondly prove that over a field ¥ of characteristic zero, every hyperfinite-and-
abelian Lie algebra has the complete lattice of ascendant subalgebras.

Concerning the class E(<)(FnA) of hyperfinite-and-abelian Lie algebras,
we need

LemMMmA 4 ([12, Corollary 3.3] and [16, Lemma 4.2]). Over any field i,
L(<)(FneW) < B(<)FnA) < L(FnEeA).

ReMARK 4. Consider the examples in Remark 1, we can easily see that in
Lemma 4 both inclusions hold for any field .

Let H be a éubalgebra of a Lie algebra Lover a field f. It has been proved
in [16, Theorems 3.1 and 3.2] that if LeL(<)(FNEW) then the following
conditions (1)—+4) are equivalent:

(1) H asc L.

(2) H asc {H, x) for every xeL.

(3) H wasc L.
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(4) H wasc {H,x) for every xeL.
On the other hand, in [14] Stewart has indicated that if LeL(FnEN) then
HserL if and only if Hser{H, x> for every xeL. From this result and [4,
Theorem 2.7] it is immediately deduced that if Le L(§F NnEN) then the following
conditions (5)8) are equivalent:

(5 H ser L.

(6) H ser {<H, x) for every xeL.

(7) H wser L.

(8) H wser (H, x) for every xeL.
Moreover, by [4, Theorem 3.1], if LeL(<)§ then the conditions (3) and (7) are
equivalent. Thus we conclude that if LeL(<)(FNEA), then all the conditions
from (1) to (8) are equivalent. Furthermore, by using Theorem 1 we can
generalize this result in the following

PROPOSITION 2. Let L be a hyperfinite-and-abelian Lie algebra over a field t
and H be a subalgebra of L. Then the preceding conditions from (1) to (8) are
equivalent.

Proor. It suffices to show that (8) implies (1). By Lemma 4 we have
LerL(FneA). Therefore the conditions from (5) to (8) are equivalent as
before. Furthermore, by Theorem 1(1) the conditions (1) and (5) are
equivalent. It follows that (8) implies (1).

Let 4 be any of the relations <, asc, wasc, ser, wser. For a Lie algebra L,
as in [5, 7] we use & ;(4) to denote the family of subalgebras H of L such that
HAL. In particular, &,(<) is the lattice of subalgebras. Let L be a
hyperfinite-and-abelian Lie algebra over a field  of characteristic zero. Then
by Proposition 2 we have

& 1(asc) = & (wasc) = & (ser) = & (wser).

Moreover, as a direct consequence of [7, Theorem 3.10(2)] and [10, Corollary
3.7], we can see that (H, K)e ¥ (asc) whenever H, K € #,(asc). This means
that &, (asc) is a sublattice of &;(<). In the rest of this paper we shall prove
that &, (asc) is furthermore a complete lattice. The proof depends on the
technique of ‘formal power series algebras’ (cf. [3, §4.1]). We briefly explain
this technique.

Let Lbe a Lie algebra over a field f of characteristic zero. Let f, = £t
be the field of formal power series in the indeterminate ¢, and L' be the set of all
formal power series

x=y %t n=n(x)eZ x,eL.

Let y =) yt"eL' and o = ) o,t"€¥,, and define x + y, [x, y] and ax according
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to the rules:

x+y=23 (x+y);

[x9 y:l = ert'a WhCI'C Z, = Zi+j=r[xi’ y_}]a

ax =) w,t’, where w, =), ._ ax;.
These rules make L' into a Lie algebra over f,. Let A = Land let A" denote
the set of elements x =) x,t"€ L' with x,e A. Let {A4;:iel} be the family of
finite-dimensional subspaces of L, and define L* = (J,,;4'. Then it is shown
that L* is a subalgebra of L'. Let A" denote the set of elements x
=Y x,t"e " with x,€A.

Let d be a derivation of L, and define a mapping exp(t d) of L' as follows:
for each x =Y x,t"eL',

XEXP(d) — Z u,’, where u, = Zi+j=rxidj/j!‘

Then it is shown that exp(td) is a Lie automorphism of L'.

Let x=)  xt €L with x, #0. Then x, is called the first coefficient of
x. Let M < L' and let M* denote the set of elements x € Lsuch that x = 0 or x
is the first coefficient of some element of M. In particular, if M < L* then M
is denoted by M. Then by using [3, Lemmas 4.1.1 and 4.1.2], we can easily
show the following

LEMMA 5. Let ¢ be an ordinal. Then:

(1) If H°K <L, then H*<°K" < L".
2) If M<°N<L", then MV <°N" < L.
(3) IfH<°K<L, then H* <°K" < L".
4 If M<°N<L" then M" <°N" < L.

Aldosray [1, Lemma 1.17 has proved that for subalgebras H, K of L, if K is
maximal with respect to KsiLand K < H, then K<t H. Concerning ascendant
subalgebras of locally finite, hyperabelian Lie algebras, we can prove the
analogous result in the following lemma, which is a key lemma to prove the
main theorem of this section

LEMMA 6. Let L be a Lie algebra over a field ¥ of characteristic zero and H,
K be subalgebras of L. Assume that LeLFnB(<)U. If K is maximal with
respect to KascL and K < H, then K< H.

Proor. Suppose that K is not an ideal of H. Since KascH, there is an
ascending series {K,: a < p} from K to H. Then we can find the first ordinal u
such that K is not an ideal of K,. Clearly u is not zero or a limit ordinal, and
so K< K,_,. There exist acK and xeK, such that [a, x]¢ K. Put e
=exp(tad,x). Since LeL, ad,x is a locally finite derivation of Lin the sense
of [3, p.85]. It follows from [3, Lemma 4.2.2] that H"*=H" and L"°
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= L*. Since K(ad;x)" = K,_(n 2 0), we have K" < K" < K[ _,. Therefore
K**<L"nK]_,=K,_,. Since K*"<K,_;, we have [K*, K"“]= K". By
Lemma 5(1) K”ascL” and hence K *€ascL". Using [7, Theorem 2.5] we have
K* + K*°wascL*. It follows from Lemma 5(4) that (K~ + K"°)¥wascL. Put
J=(K" + K"¢". By [15, Theorem 1] we have JascL. Since K < J < H, by
the maximality of K we have K = J. Since a°* —aeK" + K"¢, we have

[a, x]e{a* —a}' ={a*—a}" = J =K.
This is a contradiction. Therefore K must be an ideal of H.

LEMMA 7. Let L be a Lie algebra over a field ¥ of characteristic zero, and
assume that LeLFNE(<)W. Then Le L>(asc) if and only if ¥ ,(asc) is closed
under the formation of unions of totally ordered chains.

ProoF. The implication in one direction is clear. Assume that &, (asc) is
closed under the formation of unions of totally ordered chains. Let
{H,: AeA} be a subset of ¥ (asc) and put J=<H,;:ied). By our
assumption and Zorn’s lemma, L has a subalgebra K maximal with respect to
KascLand K <J. Then by Lemma 6 K must be an ideal of J. By making
use of [7, Theorem 2.5] and [15, Theorem 1], for every Ae A we have K
+ HascL. Then the maximality of K implies that K + H, = K. It follows
that J = KascL. Thus we obtain Le 2%(asc).

Now we can prove the main theorem of this section.
THEOREM 2. Over a field T of characteristic zero,
B(<)(FnA) < L*(asc)n L, (asc).

Proor. By Corollary 1 we have E(<)(FnU) < L (asc). Let L be a
hyperfinite-and-abelian Lie algebra over f and {H,: A€ A4} be a totally ordered
subset of &,(asc). Put H=(J,.,H,. Let F be a finite-dimensional subal-
gebra of L. Then H,nFsiF for all AeA. It is well known that F has the
complete lattice of subideals. Hence HnF = (H,nF: Ae A)siF. Since L is
locally finite, owing to [3, Proposition 13.2.4] we have HserL. It follows from
Theorem 1(1) that HascL. Thus by Lemma 7 we have Le £%(asc).

REMARK 5. The Hartley example (cf. [3. Lemma 3.1.1]) shows that if the
ground field f is of characteristic p > 0, then the statement of Theorem 2
becomes a failure. On the other hand, we should note that if we replace the
class B(<)(FnA) by the class LF nE(<)A in the statement of Theorem 2, then it
also becomes a failure. In fact, let L denote the McLain Lie algebra #,(N)
over a field f(cf.[3, p.111]), where N is the set of positive integers with natural
ordering. Then L has a basis {a;;: i, je N, i < j} with multiplications [a;;, @]
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= 0pay — Oyayj. (Here 6., is the Kronecker delta.) It is well known that
Le@t, whence LeLFni(<)UA. Put A=<a,;:j=2) and H=<a;:j>i
>2). Then L=A+ H and AnH={0}. It is not hard to show that
I,(H)n A = {0}, where I (H) is the idealiser of H in L. By the modular law we
have I, (H)=I1,(H)n(A + H)= H. This implies that H is not an ascendant
subalgebra of L. However, since Le §t, <h)siL for every he H. Therefore we
have L¢ 2%(asc).

From Proposition 2 and Theorem 2, we can immediately deduce the
following

COROLLARY 2. Let L be a hyperfinite-and-abelian Lie algebra over a field t
of characteristic zero. Then the following families coincide with each other and
are complete sublattices of the lattice & (<):

& 1(asc), ¥ (wasc), & (ser), & (wser).
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