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Introduction

This paper is concerned with difference approximations for initial value
problems for scalar conservation laws of the form

{ut_'—f(u)x:()’ xeR, t >0,

0.1)
u(x, 0) = uy(x), x€R,

where u = u(x, t) is an unknown function, the flux function f: R—R is a
function of C'-class and the initial function u, is a bounded measurable
function of bounded variation. Various types of difference approximations
have been investigated by many authors. We refer the readers to, for instance,
[2,4,5,6,7, 10, 14, 15, 16, 20, 21, 23, 24, 28, 29].

In this paper we study difference approximations in viscous form, namely,

A
uptt = u;p — i{f(u:'+ 1) _f(“7—1)}
(0.2)

A
+-{al Wl —u)—a_ (uf —ul_)}, ni€eZ n>0,
2 l+7 L)

C . . at .
where initial values u? are given data and 1 = e is a fixed constant, 4x the
x

mesh size in space-direction and 4t in time-direction. Each of Aa" , is called
‘ 1

+1

2
a numerical viscosity coefficient [8, 24,29]. For the initial values u?, we
assume that

0.3) m<ud <M, ieZ,

for some constants m and M both independent of Ax, and

0.4) sup Y. uly; —ul| < + oo.
Ax jeZ

On the mesh ratio 4, we impose so called CFL condition
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0.5) A max |f'(s)| < 1.

m<s<M

It should be mentioned that the difference approximation (0.2) can be rewritten
in a conservative form;

W= —2{fr~f"), mieZ nx0,
2

)

where each numerical flux f n1 is defined by
)

1
{f) + flui )} — Ea?+;(u?+1 — u7).
2

B | =

—
fi+%_

The initial value problem (0.1) can not always have a smooth solution
for all time, even if the initial function is smooth. Therefore, weak solutions
should be formulated in such a way that they can admit discontinuities.
Usually, weak solutions to (0.1) are considered in the sense of distributions.
The initial value problem (0.1) may possess infinitely many weak solutions
and so, an additional condition, called entropy condition, is imposed to select
physically relevant solutions. We here employ the entropy condition
formulated by Lax [13]. The entropy condition is a condition which requires
a weak solution u = u(x, t) to satisfy the inequality

(0.6) U(u), + F(u), <0 (in distribution sense)

for any pair (U, F) of functions such that U is convex and F' = U’f’. Such
a pair (U, F) is called an entropy pair.

The admissibility of difference approximations is a notion for the difference
approximations whose difference solutions converge to physically relevant
solutions. The convergence is derived from the compactness of the difference
solutions and the compactness problem is reduced to the stability problem as
shown in Oleinik [21]. (See also Crandall and Majda [2], Glimm [6] and
Smoller [27].) Therefore, we say that the difference approximation (0.2) is
admissible if it is stable and consistent with entropy condition.

Our main purpose is here to characterize admissible difference approxima-
tions in terms of numerical viscosity coefficients. For this purpose, we
investigate the stability and the consistency with entropy condition. The
stability part is already treated by several authors. Here, we state a stability
result obtained by LeRoux [16]: The difference approximation (0.2) is
L™-stable and TV (total variation)-stable if each of the coefficients af, L satisfies

| o—

0.7 a"Ru?, uly ) < al,  <-,

1
*32

N

where a™R(ul, u?, ) is defined by
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S (i 1) — S (W)

n n

Uivy — U;

aMR(u?, u?+ 1) =

) ‘
f S+ ey — u?)ﬂ)dﬁ‘ =
0

and a™R(u?, u?, ) is the numerical viscosity coefficient of Murmann-Roe scheme
[18, 26]. However, the main and difficult part is to investigate the consistency
with entropy condition.

In what follows, we mainly focus our consideration on the consistency with
entropy condition. There are a number of results in this direction. Crandall
and Majda [2] proved that solutions to monotone difference approximations
converge to physically relevant solutions. Well-known schemes such as
Lax-Friedrichs scheme, Engquist-Osher scheme and Godunov scheme are
monotone difference approximations. Tadmor [29] discussed a relationship
between the consistency with entropy condition and numerical viscosity
coefficients. He proved that the difference approximation (0.2) is consistent
with entropy condition, provided that each of the coefficients ar, s satisfies the
condition 2

1
<,

0.8 i, ujy,) <a
0.8) a”(uf, uisy) a;+% 2

where a®(u?, u?,,) is defined by

@) + fuie ) — 2f(s)

s—uf)(s—u?, )<0 u;'+1 _ u?

a®(uf, ufy ) = (
and Aa®(u?, u?,,) is the numerical viscosity coefficient of Godunov scheme
[7]. His result is a fully discrete version of the previous work of Osher [22]
on semidiscrete approximations.

We deal with the consistency with entropy condition in the case of
arbitrary flux functions and in the particular case of strictly convex flux
functions. The consistency with entropy condition is introduced in the
following way. We say that the difference approximation (0.2) is consistent
with entropy condition if for an entropy pair (U, F) there exist real numbers
A;’+ 4 such that they are bounded by a universal constant depending on U,
and such that the numerical entropy inequality holds;

p
U™ — Uui) + E{F(u?ﬂ) — F(u;-,)}
0.9)

A
- E{AL%(“?“ —ul) — A:’_%(u? —uj_y)} <0, nieZ, n>0.

If we define a numerical entropy flux Flf’+ 1 by
2
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(0.10) P

i+

1
{F(u) + F(ul, )} — EA?+%(“?+1 —u),

N =

N

then we can rewrite the numerical entropy inequality (0.9) as follows;
(0.11) U@+ — U@+ A{F" , —F' ,}<0.  nieZ n>0.
) '72

It is easily seen that if bounded solutions to difference approximation (0.2)
contain a subsequence converging in L}, (R x [0, «)) and the difference
approximation is consistent with entropy condition, then the limit function
satisfies the entropy condition, ie., it becomes a physically relevant solution
(see Theorem 4.1). For this reason, we say that the difference approximation
(0.2) is strongly admissible if the stability condition (0.7) is satisfied and the
numerical entropy inequality (0.9) is satisfied for every entropy pair.

For general flux functions, we obtain the following result which extends
Tadmor’s result [29] and is best possible for the admissibility of difference

approximations in viscous form.
THEOREM 4.3. If the condition

0.12) 0, ) S,y <

o -

holds for all n and i, then the difference approximation (0.2) is strongly admissible.

In order to treat the consistency with entropy condition for small
coeflicients ay, i, we restrict ourselves to strictly convex flux functions. When
2

the flux function f is strictly convex, the entropy inequality (0.6) for only one
entropy pair (U, F) with U strictly convex ensures the physical relevance of
solutions (see Theorem 1.1). Taking this fact into account, we say that the
difference approximation (0.2) is admissible if the stability condition (0.7) is
satisfied and the numerical entropy inequality (0.9) is satisfied for some entropy
pair (U, F) with U strictly convex. The admissibility of difference approxima-
tions guarantees the convergence of difference solutions to physically relevant
solutions (see Theorem 5.1).

The next main result shows that difference approximations in viscous form

with small coefficients a:'+ 1 can be admissible, provided that the flux function
2

f is strictly convex. This fact is remarkable from the theoretical and
computational point of view.

THEOREM 5.2. Suppose that the flux function f is strictly convex. Let
€€(0, 1). If the condition
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(0.13) max {aMR(u?a Uit1) z. sgn Uiy, — “7)} <al,, < 1
A *t2 72

holds for all n and i, then the difference approximation (0.2) is admissible.

Note that Murmann-Roe scheme preserves stationary inverse (physically
irrelevant) shocks and hence is not admissible. Condition (0.13) asserts that

1

aMR(u?, u?, ;) should be replaced by % if u' < uf,, and aMRu?, ut, ) < % Such

replacement may be necessary around nearly stationary inverse shocks.
Theorem 5.2 implies that Murmann-Roe scheme becomes admissible if its defect
of preserving stationary inverse shocks is removed by adding a little amount of
numerical viscosity. In particular, it follows that Harten scheme [8, 9] is
admissible.

It should be emphasized that in the proof of Theorem 5.2 a particular
entropy pair (U, F) is constructed according to the flux function f; the constants
m, M, 2 and ¢ Hence our approach is essentially different from usual
approach in which the numerical entropy condition is investigated for an
entropy pair fixed in advance (see e.g. Majda and Osher [17], Osher and
Tadmor [24]).

Finally, we illustrate our method for obtaining the main results mentioned
above. In our discussion, a set of modified flux functions plays an important
role. The use of modified flux functions enables us to clarify the role of each
coefficient a7 3 geometrically and to recover some information which has been

lost in the process of discretization. In other words, by using appropriate
modified flux functions, we can draw out useful information-concerning the
consistency with entropy condition. It should be remarked that modified flux
functions were used in Osher and Tadmor’s work [24].

This paper is organized as follows:
Section 1. Solutions of conservation laws.
Section
Section
Section
Section
Section

Difference approximations in viscous form.

Relationships between numerical viscosity coefficients and modified flux functions.
Strong admissibility of difference approximations.

Admissibility of difference approximations with small viscosity coefficients.

The construction of a particular entropy function.

AN

1. Solutions of conservation laws

In this section we review some properties of solutions to the initial value
problem for scalar conservation laws of the form
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1) {u,+f(u)x=0, xeR, t>0,
' u(x, 0) = up(x),  xeR,

where u = u(x, t) is an unknown function, f: R — R is a function of C!-class
and the initial function u, is a bounded measurable function. The function
f is called the flux function.

It is well known that the initial value problem (1.1) can not always have
smooth solutions for all time, even if the initial function u, is smooth. In
order to allow discontinuities in solutions, the notion of weak solutions is
usually employed.

DEerINITION 1.1. A bounded measurable function u(x, t) (xeR, t >0) is
called a weak solution to the initial value problem (1.1), if it satisfies the equality

fwfw {d(x, hu(x, 1) + ¢y(x, 1) f(x, 1)} dxdt
(12) 0 vre ‘
+ f o(x, Oup(x)dx =0

for any function ¢ € C*(R x [0, o0)) vanishing for |x| + ¢ large enough.

The initial value problem (1.1) may possess infinitely many weak solutions
[16]. Accordingly, so called entropy condition is imposed on weak solutions
to select physically relevant solutions to the initial value problem (1.1)
[11, 13, 21, 30].

By BV(Q2) we mean the space of bounded measurable functions defined
on £ < R" whose generalized derivatives are finite measures. See Vol’pert
[30, 31]. In what follows, we restrict ourselves to initial functions belonging
to BV(R) and employ the notion of admissible solutions (cf. [3]).

Let (U, F) be a pair of real-valued functions defined on R. The pair
(U, F) is called an entropy pair if

() U is a convex function and
2 F=Uy.
The functions U and F are called an entropy function and an entropy flux

function, respectively.

DEerFINITION 1.2, Let uoe BV(R). A weak solution u = u(x, t) is said to
be an admissible solution if it satisfies the following conditions:

(i) ueBV(R x [0, T]) for all T> 0.
(i) For any entropy pair (U, F) and any non-negative function ¢ e CE(R x
(0, o)),
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(1.3) Jw jw {d.(x, DU (u(x, 1)) + ¢, (x, )F(u(x, t))} dxdt > 0.
0 —©

Condition (ii) is called the entropy condition. Inequality (1.3) is called
the entropy inequality and is equivalent to the inequality

(1.4) U(u), + F(u), <0

in the sense of Radon measure. The existence and uniqueness of admissible
solutions are guaranteed by well-known results [11, 21, 30]. Note that by
(1.2) and condition (i), u(-, t) > uy(-) in L}, as t >0 +.

REMARK 1.1. Let u be a weak solution such that ue BV(R x [0, T]) for
any T>0. Let I'(u) be the set of jump points of u in the sense of Vol’pert
[30, 317, (xq, to)€ '(u) and let v = (v, v,) be a defining vector at (x,, Z,) such
that v, > 0. Moreover, let u, and u_ be the approximate limits of u with
respect to half-spaces {(x, t); (x — X, t —to) - v>0} and {(x, t); (x — xq, t — t)
v < 0}, respectively. The entropy inequality (1.3) is equivalent to the inequality

o {U,) = Uuo)} — (Flu,) — Fu_)} > 0

for almost every (x, o) € I'(u) with respect to 1-dimensional Hausdorff measure,

where 0 = — ] is the shock speed at (x,, t,). For details, see [30, 31].

Vx

For each keR, set
(1.5) {U(s;k)=(s——k)+
F(s;k)=x"(s—k{f(s)—f(k)}, seR
Here s™ and y*(s) are respectively defined by

S+_{s for s>0
1o for s <O,

1 for s>0
+(s) = =
) {0 for s <0.

It is easy to see that (U(s; k), F(s; k)) is an entropy pair for all keR.
Since any convex function U is generated by linear functions and functions
of the form (s — k)*, we have the following result.

ProrosIT®ON 1.1 (¢f. [11]). Let uoe BV(R) and u be a weak solution to
the initial value problem (1.1). If the entropy inequality (1.3) is satisfied for
the family {(U(s; k), F(s; k)); ke R}, then u is an admissible solution.



22 Hideaki Aiso

It should be noted that the uniqueness of weak solutions is not in general
guaranteed by the entropy inequality (1.3) or (1.4) for a single entropy pair,
as the following example shows.

ExaMmpLE 1.1. Let f(s) = (s — 1)*(s + 1) for se R. Define

—§ if x>0
5

Up(x) = 6
— if x<O
5

and
- if x>0
u(x, t) =

if x<0, t=>0.

|

Then the function u = u(x, t) gives a weak solution to the initial value problem
(1.1) and the entropy inequality (1.4) is satisfied for an entropy pair

(UL6), F1(6) = <s4, 165° {;s _ %})

But the weak solution u is not an admissible solution, because inequality (1.4)
is not satisfied for another entropy pair

(U,(5), Fy(s)) = <s2, 853{§s2 - %})

In fact, noting that the shock speed o = 0, we have the following inequalities;

(-0 912 - 3L
Ao o)) (-

However, in case that the flux function f is strictly convex, the uniqueness of
weak solutions is guaranteed by the entropy condition for a single entropy
pair with its entropy function strictly convex. More precisely, we have the
following theorem.

THEOREM 1.1. Suppose that the flux function f is strictly convex. Let
uo€ BV(R) and u be a weak solution to the initial value problem (1.1) such that
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ueBV(R x [0, T]) for any T> 0. If the entropy inequality (1.3) is satisfied
for some entropy pair (U, F) with U strictly convex, then u is an admissible
solution.

Proor. We use the notations in Remark 1.1. Let (x4, to)eI'(u), 6 be
the shock speed at (x,, to), and let u, and u_ be the approximate limits of
u at (xg, ty). Suppose that

(L.7) o{U(u,) = Uu-)} — {F(u,) — Fu_)} 2 0

for some entropy pair (U, F) with U strictly convex. In view of the strict
convexity of f, it suffices to show that u, <u_. To this end, define a linear
function g by

g(s) =M.(s_u_)+f(u_)’ SGR.
s —u_
Note that g'(s) EM = ¢ by Rankin-Hugoniot’s relation. Since U’
U, —u_

is increasing and f; g are locally Lipschitz continuous, we obtain

o{U(u,) — Uu-)} — {F(u,) — Fu-)}

=fMaU’(s)ds——fu+f’(s)U'(s)ds

u-

ﬁ” (g — f'6)}U'(s)ds

- JM {g(s) — f(5)} dU'(s),

u-

where the last integral is taken in the sense of Stieltjes. This together with
(1.7) yields

JM (g(s) — £(5)} dU"(s) < O.

Since g(s) > f(s) for all s between u, and u_, we conclude that u, <u_. This
completes the proof.

2. Difference approximations in viscous form

In this section we formulate difference approximations for the initial value
problem (1.1) and give some remarks on the difference approximations.
Let Ax and A4t be mesh sizes in space and time, respectively, and let the
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At o o
mesh ratio 4 = = be fixed. We are concerned with difference approximations
X

in viscous form

A
”?H =uj — E{f(ui'ﬂ) _f(u?—l)}
(2.1)

+£{a:'+%(u§'+l —u;‘)—a:'_%(u;’—u?_l)}, nieZ n>0,

where the initial values u? are given data and each u! is understood to be
defined at a grid point (idx, ndt). Aa} , is called a numerical viscosity
. tTy

coefficient. Let m and M be constants such that m < M. In the arguments
developed below, we assume that

22) m<ul <M, ieZ,

and

(2.3) sup Y. [udy; —ud| < + oo.
Ax ieZ

On the mesh ratio 4, we impose so called CFL condition

2.4) A max |f'(s)| < 1.

m<s<M

We can rewrite the difference approximation (2.1) in a conservative form;
(2.5) ugﬂfu;*z{f'_i%—f‘;_%}, n,ieZ n>0,

where each numerical flux f g is defined by
3

(D) + f ) %

(2.6) m

a?+%(“;‘+ y — up).

N =

[N

If each numerical flux f_l "y Is determined by a function h, of 2l-variables,
2
called a numerical flux function, i.e., if
f,';% = he(Ui-141,...,u40),
then the coefficient a:'+ 1 is also determined by a function a, of 2l-variables;
2
a', = agl,...,uls )

=f(“7) + f(uiy) — 2hf(“?—l+1,-.-,“?+1)

n
i+

n n
Uivy — U;
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We do not assume that the numerical fluxes f_, "1 in (2.6) are determined by
a numerical flux function. z

We recall the following results on L®-stability and TV (total variation)-
stability. For the proofs, see e.g. [8, 9, 16].

LEMMA 2.1. If each of the coefficients a] , satisfies the condition
2

t 1
2.7 j '+ @ — uh)h)do| < al <,
0 *2 4
then
(2.8) inful <infu! <infu!*! <supu!*! < supu! <supu?
ieZ ieZ ieZ ieZ icZ ieZ
for all n>0.

LEMMA 2.2. If each of the coefficients ar, satisfies condition (2.7) in
T2

Lemma 2.1, then the difference approximation (2.1) is TVD (total variation
diminishing), i.e., the inequality

(2.9 Z|u;¢1l_“?+l|52|“?+1_u?|$Zl“?+1_“?
ieZ ieZ ieZ
holds for all n > 0.

In the rest of this section, we give some examples of difference
approximations in viscous form.

1) Lax-Friedrichs scheme.
Lax-Friedrichs scheme is defined by

N
ultt =

A
{uiy, +ul_y} — E{f(u:‘+l) — fui-)}.

N =

The coefficients a” , = a"*(u}, u}, ;) corresponding to Lax-Friedrichs scheme
i+l
2

does not depend on u} and ul,,;

S
I

ol -

This difference scheme first appeared in Lax’s paper [12]. With the aid
of Lax-Friedrichs scheme, Oleinik [21] proved the existence and uniqueness
of solutions to scalar conservation laws. It should be mentioned that
Lax-Friedrichs scheme is essentially defined on a staggered mesh. In other
words, there is no relation between u} and u} if n +i# m +j (mod 2).
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2) Engquist-Osher scheme.
Engquist-Osher [5] scheme is the difference approximation (2.5) with
the numericl fluxes

n

{ﬂm+fwﬂn—;r”M@M&

un
i

(2.10 f_l”+

N =

N

Hence each of the coefficients a7, ; = a®(u}, u],,) is given by
2
1
(2.11) afo(uf, uly,) = f Lf'(uf + Uiy — ui)0)| d6.
0

3) Godunov scheme.
Let w=w(x, t; u;, ug) be the exact solution to the Riemann problem:

Wy +f(w)x =0,
2.12
(2.12) Wi, 0)={uL for x <0
Ug for x > 0.

Then, Godunov scheme [7] is defined by

1 %Ax
u?+1 =A_);l:‘[ w(x, At; ui_,, uf)dx

2.13) 0

0
+ J w(x, 4t; u?, u}'H)dx].

1
2Ax

It is known that Godunov scheme can be rewritten in a conservative
form. The numerical flux f" , is given by
1+7

. o
ursrggr,}?“f () if uf <ufy,

(2.14) fhy=
2 max f(s) if ul,, <ul,

n
Uty SSSuj

and hence each of the coefficients 4 , = aS(u?, u?,,) is written as
2
a®(uf, ufsy)
@) + (s y) — 21()
(2.15) D G AL R R :

Lf )l if wl=uly,.

It should be noted that

if uf #uf,,

aG(u?, u?-#- 1) = an(u?a u?+1),
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provided that f is convex and u} <u},, (resp. f is concave and u},; < u}).

4) Murmann-Roe (or generalized Courant-Isaacson-Rees) scheme.
. MR .
The coeflicients al y =a" "(u, uiy,) corresponding to Murmann-Roe
scheme are given by

(2.16) aMR(“?, Uiy =

f f’(u;’ + (u;l+1 - u:’)H)dG .
0

Murmann-Roe scheme was proposed by Murmann [18] in the scalar case and
was extended by Roe [25, 26] to hyperbolic systems of conservation laws. See
also Courant, Isaacson and Rees [1]. It should be noted that the above
coefficient aMR(u?, u?,,) is the least one satisfying condition (2.7) and
Murmann-Roe scheme admits stationary inverse (physically irrelevant) shocks.

S) Harten scheme.
The coefficients al s corresponding to Harten scheme are given by
2

2.17) a | =

i+

Q(lrf'(u? + Uiy — u?)0)d0>,

o -

(Sl

where Q is a function defined on [— 1, 1] such that Q(0) # 0 and |«| < Q(x) < 1
for ae[0, 1]. It is clear that Harten scheme satisfies condition (2.7) and hence
is TVD (See Harten [8, 9]). For £€(0, 1), Harten gave two examples of such
function Q;

(2.18) (o) = max {|al, &}, ae[—1,1],
and

| for e<|a| <1
(2.19) Q) = o2

7+§ for |a| <e.
2¢ 2

Since Q(0) # 0, Harten scheme does not admit stationary inverse shocks.
However, it has remained to show whether solutions to Harten scheme
converge to physically relevant solutions.

6) Lax-Wendroff scheme.
The coefficients a! , = a""(u}, u],,) corresponding to Lax-Wendroff
2

scheme [14] are defined by

aLW(u?, Uiy =Af' <_ui +2ui+l>

1
f S + iy, — u)0)do).
0
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The coefficients a™” (u?, u?, ) do not satisfy condition (2.7) in general. By this
fact, Lax-Wendroff scheme may produce overshoots and undershoots near
shocks, although it is second order accurate.

REMARK 2.1. As is easily seen, the following inequality holds:
(2.20) a" < aMR < g% < 0®° < gMF =

This simple fact is useful for the analysis of difference approximations in
viscous form.

3. Relationships between numerical viscosity coefficients and modified flux
functions

As mentioned in the previous section, coefficients a , give us important
2

information on the stability of difference approximations. In order to get
more information from the coefficients a7, we here introduce a general class
2

of modified flux functions and investigate relationships between numerical
viscosity coefficients and modified flux functions. Modified flux functions give
a geometrical interpretation of numerical viscosity produced by difference
approximations. In particular, a certain set of modified flux functions plays
an important role in later arguments and provides us with a unified approach
to difference approximations.

It is convenient to use the following notations. Let u; and uyp be real
numbers, and let g be a locally Lipschitz continuous function defined on
R. We define af%(u,, ug; g) by

1

g'(uy + (ug — ur)0)| do

(3.1) a®(uy, ug; g) = J

0
and aG(“L, ug; g) by
aG(uL5 Ug; 9)

g(ug) + g(ug) — 2g(s)

ma if
(3.2) { (5= ur)s - ur) 0 — Uy # ug
19/ (uy)| iy =y,

Now, we give the definition of modified flux functions. Throughout the
rest of this paper, we denote by {u} the solution to the difference
approximation (2.1).

DEerINITION 3.1. A locally Lipschitz continuous function g defined on R
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is called a modified flux function associated with f(u}), f(ui+,) and @], if it
satisfies the. following conditions: 2

(1) g() =f() and g(uis,) = f(uis,).
(ii) g(s) = f(s) if s lies outside the interval between u} and uf,,.
(i) @], ulyy; 9)=aul, ulyy5 9) = al, .

We sometimes use an abbreviated terminology, a modified flux function
associated with a;'+1, if there is no ambiguity. Modified flux functions

associated with aj,; do not exist in general. In fact, we have the following
2

proposition, which characterizes the existence of modified flux functions (see

also [24]). However, it should be noted that a modified flux function

associated with ar, is not uniquely determined.

PrOPOSITION 3.1. Let u} # u},,. There exists a modified flux function g
associated with f(ul), f(u?,,) and a e if and only if

(3.3) MR(u,, W, )<a e

where aMR(u?, u', ) is the coefficient defined by (2.16).

Proor. If there exists a modified flux function g associated with f(u),
f(@!,,) and a" ,, then we obtain
i+
2

1= a%ul, Ul g)

N

1
= J lg'(ui + (uiy — up)6)|dO
0

\%

1
j g (i + (Ui, — u?)ﬁ)dﬁ‘

0

guis ) — g(u))

Uiy — Uj
) = )
1+1 - u

= (u uz+1)

MR(u

Conversely, suppose that a Lulyy) < a',‘+ ! and u! < uf,,. Then we obtain

—

+1 =—{fd)+ fuis)} - ,+£ Uiy —uj)

N
N
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1 n 1 MR n
‘z‘{f(“)+f(“z+1)}_5a ], ufyy) Uiy, — u)

= JUG) + ) = 31l ) — S
= min {f(“:'), f(“?ﬂ)}'

Hence we can find a number sy,e(u!, u?,,) and a continuous function g such
that

(1) glso) =17,y
(2) g(uf) = f(ui) and g(uis,) = f(uis,),
(3) g(s) is nonincreasing on [u!, s,] and nondecreasing on [s,, u}, ], and
(4) g(s) =f(s) for s¢(u, uisy).
Then, the function g is a modified flux function associated with f(u}), f(ui+,)

and ar, i In fact, we have
2

an(u?’ U1 9)

1
f lg'(uf + (uiy — up)0)| 0
0

un
i+1

1
= ﬁj\ lg'(s)| ds

Uitr — Ui Jun

- [j{ g(S)}dS+J g’(SMS]

— g() + g(uis1) — 2g(so)

Uipy — U
S8+ F ) =277,
B Uipy — U
= a?+%'
Since g(so) = ”ggx'}" g(s) this means
@O, i) = 0, ) =

Similarly, we can prove the existence of modified flux functions associated
with @] , in the case that uf > u?,,. Thus the proof is completed.

2
The next proposition is useful in later arguments.

PROPOSITION 3.2. Let u} # ul,,. There exists a modified flux function g
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associated with fu?), f(uly,) and a1 satisfying the condition
2

1
(34) lg'(s)l < 1 Jor (s —uf)(s —uiy1) <0,
if and only if
n n n 1
(3.5) aMR(ui’ uipq) < aH% < 1

Proof. Let u; and uyp be real numbers such that u; # ug, and set
1 A
Uy = E{uL + ug} — E{f(“x) — fuy)}.
Note that u,, lies between u; and uz. We define two functions gM~(s; u, ug)
and g"*(s; ug, ug) by

gMR(s; uy, ug)
Slur) = )
(3.6) Ug — Uy,
f@s) otherwise,

(s—u)+flu) for (s—uy)(s—ug) <0

gLF(S§ U, ug)

——%(s—u,)+f(u,) for (s —u)(s—upy) <0
3.7 .
= Z(S — ug) + f(ug) for (s —up)(s —ug) <0

f(s) otherwise.

Now, suppose that (3.5) is satisfied. We easily see that gM®(s; u?, u,,) and
g“F(s; u?, u",,) are modified flux functions associated with a™®(u?, u?,,) and

a'f = %, respectively.

For each a€[0, 1], we define a function g*(s; u}, u?,,) by

g (s; uf, ulsy) = ag™ " (s; uf, ulyy) + (1 — )g™R(s; uf, ufy ), seR
Then it is clear that every g* satisfies

1
1(g*) (s; uf, ufs )l < 1 for (s —uf)(s —uf,,) <0

and
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G . EO .
a (u?a u;l+1 ’ ga) =a (u;‘> u?+1 s ga).
Also, it is evident that the value a®(uf, uf,,; g% = a®oW", u?, ,; g%) varies
continuously from a™R (u?, u?, ) to af = - as « varies from 0 to 1. Therefore,

it follows that

A

a®(uf, w3 ¢°) = AP, Wl ) =
2

for some ae[0, 1], and hence the ‘if’ part is proved. To prove the ‘only if’
part, let g be a modified flux function associated with af , satisfying (3.4). It
is clear that 2

o=

i+l

1
ar  =aoWl, ul s g) = J lg' (i + (i + (i1 — u))6)]dO <
2 0

Since the first inequality in (3.5) is already proved in Proposition 3.1, this
completes the proof.

REMARK 3.1. It is interesting to observe that condition (3.5) is the same
as the sufficient condition (2.7) for L®-stability and TV-stability of difference
approximation (2.1).

Next we introduce special modified flux functions which play an important
role in our arguments. To this end, we assume condition (3.5);

MR, n n n
a’t(uf, uip ) < df ) <
2

o -

The special modified flux function g1 is defined in the following way
(see [24]): If u! <u?,,, we define 2

max{_%(s—“?)‘*'f(“?)’ —" %(5*u?+1)+f(“?+1)}

i+’
(3.8)

= if ul <s<uly,

f(s) otherwise.

If uf >u},,, we define
NG
: 1 n n fn 1 n n

mm{z(s — Uivy) + f (Ui ), fi+%, - ;(5 — uj) +f(ui)}
(3.9) .
= if uly, <s<uf

f(s) otherwise.
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Here f " 1 is the numerlcal flux defined by (2.6).
T2
It is clear that the function g o1 is a modified flux functlon associated
i 2
with f(u), f(ui+,) and a} ,, provided that uj # u},;. Note that g; 41 =fif
i*2
uj =uj,,. As is easily seen, the function g7 , is minimal in the sense that
i+t
(3.10) sgn (Ui 1 — u7) {g'i'+%(8) —g(s)} <0, seR,

for any modified flux function g satisfying (3.4) in Proposition 3.2.
We have an interesting result on the relation between the minimal modified
flux function g7, , and the original flux function f.
i*2

ProrosITION 3.3.  Let uf # u},, and let g' .1 be the minimal modified flux
i*2

Sfunction associated with f(u}), f(u},,) and al, . The inequality

2
(3.11) sgn (uiy — up) {g:‘+%(5) —f(s)} <0
holds for all se R if and only if
(3.12) a®(uf, ufy ) <.

ity

ProoF. For similarity, we only consider the case that u} < uf,;. Noting
that o, u!, ,e[m,M], we see from the CFL condition (2.4) that
1 n n
- 1(8 —u) + () < f(s)

and
%(S — i) + i) < S(5)

for u! <s<ul,;. Therefore, by the definition of g; Nt we easily see that
inequality (3.11) holds if and only if

(3.13) f"ls min f()

up<s<uj,

On the other hand, the relation

1
flhi= {f(”?)‘*‘f(“?ﬂ)}_Ea:‘,r%(u?n_”?)

*2
shows that inequality (3.13) holds if and only if
a®(uf, uiy,) < a’ ;.

*3

This completes the proof.
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4. Strong admissibility of difference approximations

In this section we discuss the admissibility of difference approximations
in the case of arbitrary flux functions. The notion of admissibility is
introduced so that it guarantees the convergence of difference solutions to
admissible solutions to the initial value problem (1.1). The main purpose in
this section is to characterize strongly admissible difference approximations in
terms of numerical viscosity coefficient (Theorem 4.3).

We begin with the definition of strong admissibility.

DEerINITION 4.1. The difference approximation (2.1) is said to be strongly
admissible if the following conditions are satisfied:

(A1) a™R@r, ur, ) < a:‘+% S% for all n and i.

(A2) For any entropy pair (U, F), there exist real numbers A7 1 such that

they are uniformly bounded by a universal constant depending on U, and
such that the numerical entropy inequality

A
Ui*") — U@ + E{F(u:"+1) — Fu}_,)}
@.1)

A
— {4 —u) — AT —u)} <0
2 2 2

holds for all n and i.

Condition (A1) is nothing but the stability condition (2.7). Condition
(A2) is called the numerical entropy condition. We can rewrite the numerical
entropy inequality (4.1) in the following form;

4.2) U@*') — U + A{F" , — F"_} <0,
ity i-3

where each numerical entropy flux F7 , is defined by

- 1
(4.3) F} {F) + Fuis 1)} — 54 1 (Uisy — up).

Let 4 = (4x, 4t) and define a function u,(x, t) (xeR, t > 0) by

idx < x<(i+ 1)4x

44 =u
@4 Ualxs 1) = u or {nAt_<_t<(n+1)At.

We have the following convergence theorem which justify the use of
terminology ‘admissible’.
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THEOREM 4.1. Let uy,e BV(R) and suppose that
uy(+, 0) —> ug(+) in L}, .(R) as 4x —> 0.

If the difference approximation (2.1) is strongly admissible, then u, converges
in LY. (R x [0, ©)) as 4 (0, 0) to the unique admissible solution to the initial
value problem (1.1).

PrROOF. From our assumptions, it follows that approximate solutions u,
are both L®-bounded and TV-bounded. Hence it is shown by a standard
argument (see [2, 6, 19, 21]) that {u,} contains a subsequence converging in

L. (R x [0, ©)). Since the coefficients a?,, are uniformly bounded, it is seen
2

that the limit function of the subsequence is a weak solution to the initial value
problem (1.1) (¢f. [14]). It is also seen from condition (A2) that the limit
function satisfies the entropy condition. Therefore, the limit function is an
admissible solution to the initial value problem (1.1). Since the admissible
solution is unique, the convergence of {u,} is proved.

REMARK 4.1. In view of Proposition 1.1, it is sufficient to assume the
numerical entropy inequality for the family {(U(-;k), F(-;k)); keR} of
entropy pairs defined by (1.5) for the conclusion in Theorem 4.1. In any case,
condition (A2) seems somewhat strong. In fact, it might be expected that
condition (A1) is derived from (A2) (see Theorem 4.2 and Remark 4.2 for this
point). This is the reason for the terminology, ‘strongly admissible’.

Now, we discuss the necessity and sufficiency of a certain condition for
the strong admissibility of difference approximations. We first prepare a
proposition.

ProposITION 4.1.  Let (U, F) be an entropy pair and let u(-) be a function
defined by
u?(0)=u;'—0,1{f_i';%—f_i"_ b, 6e[0, 1].

If the numerical entropy inequality (4.2);

1
2

Uit ) — U@ + A{F" , —F' 1} <0
i 7 i

1
2
holds, then the inequality

Uul(@) — Uup) + 64 {F;+% - F;'__%} <0
holds for all [0, 1].
Proor. For each 0€[0, 1], define
Gi(0) = U}(6) — Uu?) + 04 {F_.-"+% - Fi"_%}.
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We easily check that G,;(-) is convex on [0, 1] and hence
G;(0) < max {G;(0), G,(1)}, for 6€[0, 1].
Since G;(0) =0 and G;(1) <0 (note that u}(l) = u},,), this means that
G0 <0, for 6€[O0, 1].
This completes the proof.

By using Proposition 4.1, we obtain a necessity condition for the strong
admissibility of difference approximations.

THEOREM 4.2. Suppose that the initial value {u} is given by

o {uL for i<0

i ug  for i=1,

where u; and ug are arbitrary distinct real numbers. If the difference
approximation (2.1) is strongly admissible, then the coefficient ai satisfies the
inequality 2

aG(uo, ) =a (uLs ug) < (i <
2
Proor. Let (U, F) be an entropy pair. For each ieZ and #€[0, 1],

define

u(6) = uf —9/1{fl+1 -f }
Gi(0) = Uu,(8)) — U(u°) + 0,1{F° —F? .}
2

and set
G(0) = Go(0) + G,(0).

Noting that

7o _{f(u,_) if i<-—1
3 \fug) if i1
and
o {F(uL) if i<-—1
F, 1= .
it3 F(ug) if i>1,
we see that

G(0) = Go(6) + G, (6)
= U(up(6)) + Uuy(6)) — {U(ur) + Ulug)} + 64 {F(ug) — F(u,)}
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and hence

G'(6) = = AU o) {f{ =/ 2y} = AU @ @) {f§ —

+ A{F(ug) — F(u))}

for [0, 1]. Therefore, we have

G'(0)
—lU(uL){fl — flup)} — AU (ug) { f(up) — £}
+ A{F(ug) — F(uy)}
= lf_%O {U'(ug) — U'(u,)}

— M f(up)U'(ug) — f(u)U'(uy)} + irkf’(S)U'(S) ds

ur,

’}

N

=1 f - (70~ O}V

On the other hand, we see from Proposition 4.1 that
G)=Go(0) + G, (6) <0
for [0, 1]. Since G(0) =0, this inequality implies that

G'0) = ij {f_%o = f(9}dU’(s) <0.
By arbitrariness of U, this yields

_fs min f(s) if u, <ug
2

ur <S<uRr

o

> max f(s) if u, > ug

% URSSSUL
or equivalently

a®(uy, ug) < ai.
2

By Definition 4.1, it is clear that af < This completes the proof.
2

>J_| _

REMARK 4.2. Let a(-, -) be a real-valued function defined on R x R
and consider a difference approximation in viscous form with a7, ; replaced

by a(u}, u}. ). If the difference approximation is strongly admissible for every
initial value consisting of two real numbers, then it follows from Theorem 4.2
that



38 Hideaki Aiso

1
aS@ul, uf, ) < a(uf, uly,) < 1
for all n and i.
We are now in a position to state the first main result in this paper.

THEOREM 4.3. If the condition

<

ol -

4.5) aol, ul)) < d”,

N

holds for all n and i, then the difference approximation (2.1) is strongly admissible.
Before proceeding the proof of this theorem, we give a remark.

REMARK 4.3. Theorem 4.2 and Theorem 4.3 are summarized as
follows: Condition (4.5) is almost necessary and sufficient for the strong
admissibility of difference approximation (2.1). We mention some related
results. Osher [22] proved that semidiscrete approximations having more
numerical viscosity than that of Godunov’s is consistent with entropy condition.
The result of Osher was extended by Tadmor [29] to the case of difference
approximations (see also Osher and Tadmor [24]). Our results give
extensions of their results and seem to be best possible for the strong
admissibility of difference approximations in viscous form.

The remaining part of this section is devoted to the proof of Theorem
4.3. What is key to the proof is to find numerical entropy fluxes Ff‘+1 with
*2

which the numerical entropy inequality (4.2) is satisfied. In the following, we

assume condition (4.5). It should be noted that u'e[m, M] for all n and i.

Now, let g:'+ , be the minimal modified flux function defined by (3.8) or (3.9).
2

Let keR and (U(-; k), F(-; k)) be the entropy pair defined by (1.5). Moreover,
set

_ 1
F,T'+%(k) = E{F(u?; k) + F(uisy; k)}
(4.6)

1 [
- EL (s — KI(gy, 1) ()] ds

and i
1
@47 A7, 3 (k) = f 1+ sy —uD)0 = R)I(gT, )@+ W, — uf)6)| do.

1
0 2

It is evident that
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+1(k)——{Fu.,k)+F(u,+1,k)} —A" (k)(u?+1—u?)
and
1

OSA:‘%(k)si, keR.

Note that F;'+ 1(k) and A:‘+ 1(k) are locally Lipschitz continuous with respect to
keR. 2 2
By preparing two lemmas, we first prove the numerical entropy inequality
for the entropy pair (U(-; k), F(-; k));
(4.8) Uit k) — Ur; k) + A{F" (k) — F'_,(k)} <0.
2 ‘72

In order to deal with the left-hand side of (4.8), we use auxiliary functions
R,(k;z, ul, uly,, g9;, 1) and R_(k; z, uf, uf,,, g:'+ 1) which are respectively
defined by 2 2

. no,n n
R+(ka Zy Uiy Uiy g, gi+l)
2

= {1z =B — 1 @ — k) f 1G], O+ (a7, ) () ds

4.9) 1

+{(x" =k — 1"y k)}f {i*l(g';%)’(S)l}dS

{0 — 0 - @ = R} g7, 00— S0}
and

R—(k» z, u?a u?+1s g:l_*_L)
2 un
= (e — k) — 2y — R} f T, 01 - @, 9} ds

(4.10) ¢

u;‘ 1
+{Te—h— T — k)}f {1 - I(g:',,%)’(S)I}ds

k
SR VA Al B A k)}{g+1(k) f®)},

for ke R, where zeR is a parameter. The following result is elementary but
useful in our arguments.

LemMa 4.1. We have the equality

Tl 1y n. = _
@iy CWR U+ AEL 0 - L0}

I

N>

{R+(k; u?+1’ u?—la u’i., g?_%) + R—(k; “?+1’ u’i', “:'l+1’ g:'_,,%)}
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ProOF. By the definition of g7 e it is clear that

a;‘+%(u2'+1 —u) = Uiy, — uE‘)J I(gf+%)’(u2' + Uiy — up)6)|do
0o

= f g, Ol ds.
ul 2

Therefore, we have
U = w* -kt
=" -kt —k)

A
=" Uy — k)["? — k- E{f(u;'+1) — flui-y)}

i L v Y
+5L |(g,.+g(s)|ds—5f 1 5)(s)|ds}

un
i-

=t k)J —{a(g,_l ($)] + (g"_) ()} ds

4 ==

2 2

; A
=) f {1 -yl - —|(g:+l>'(s)|}ds
2 2 2
+(,.n+1 “iv ll n '
X WiT —k) —{l +1) ®) — (g}, )'(s)} ds
k 2

A +1

+ox Tt = k) {g_y (k) — f(k)}
2

A
__Ex"'(u'”'1 k){g+1(k) f(k)}

Here we have used the fact that g7 , (ui_,) = f(u;-,) and g +l(u,ﬂ) = f(ui,,).
On the other hand, we have 2

F:-rl(k)
2
= %{F(u?; k) + F(uisy; b)}

1

g { f s Rt 18— f L — k)I(g:'+l)'(S)|ds}
x 2 k 2

Xt — k) J {17, )1+ 19} ds
k
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1 uit
- 5x+(u§'+1 - k)f {I(g], ) (5)| = f'(s)} ds.
k 2

Hence we obtain

Ui k) — A{FT, 1(k) - F 1(k)}
= " (uf- 1—k)f —{l(g (s)|+f(s)}ds
+ " — k)L {1 - El(g:_%)'(sﬂ - 5|(g?+%)'(s)|}ds
Wl
+ ey — k)J —{I(g:’+%)’(s)| —f'(s)}ds

‘X‘L(u,l—k)j —{I(g,_;)(S)I+(g (S)}ds

un

+ ot - k)j'

k

{1 - El(g;'_%)’(S)l - Eltgg%)’(s)l}ds
o d
+ 0 Wy — K) j S0, O — (47, ()} ds
/1 +
+ 2070 = R gy (0~ S ()
2

A
- §X+(”?+1 - k){g:'+l(k) — fk)}.
2

Consequently, we obtain

U@t k) — U@t k) + /'L{F_" 1(k —F" (k)}

={X Wi — k) — " (u]- 1_k)}J\ —{|(g,_L)(S)l+(g 1 )(s)} ds

+ @ = k) — T () — k)}f i {1 - —I(g;'_l)'(S)I - §|(9f+%)'(8)l}ds

Ot — K — }f S, O = (a7, (9} ds

+
N> N>

1@t — k) — -y — k) {g:'_%(k) — fk)}

{7 @™t = k) = 1 Wiy — k) {g;'+%(k) - fk)}
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%{Rm«; Wt g g ) + Rkt e, 67, )
This completes the proof.

LEMMA 4.2. Let ze[m, M]. If condition (4.5) is satisfied, then
4.12) Ri(k; z, uf, ujyq, g:'+%) <0
for all keR.

Proor. We only treat R, (k;z u}, u},,, g:'+ %), because R_(k; z, u},
Uy, g;'+ %) can be treated in a similar manner. If k¢[m, M], then

=k =yt k) ="k - W — k=0
and hence
Ry(ks 2, uf, sy, 67, ) = 0.

Next, let ke[m, M]. By the CFL condition (2.4) and the definition (3.8) (or
(3.9)) of g7, p it is clear that
%— |(g:'+%)’(s)| >0 forse[m, M].

Therefore, noting that u?, , €[m, M], we obtain

e (1
(X7 —k) =y iy — k)}j {1—1 - I(g;'+%)'(8)l}ds <0.

k

We also see that
-k — 1 W — 0} f g, ) O]+ (7, Y9 ds <0,
k

Consequently, it follows from (4.9) that
Ry 2 uls v g7, 0)
<t -k —xT W -k} {g;'+%(k) = f(l)}.
It remains to show that
(=K —x W —h} {g'i'+%(k) - f} <0.
If (k—uf)(k —uly;) >0, then
gl,3(0 = 1),
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which yields

e—k—x Wk} {gf%(k) —f(k)}=0.
If (k—u})(k —ul, ;) <0, We easily see that
X —k)—x @ —k)=0 or sgn(ui,, —n).
Since sgn(u},; — u?){g:'+ %(k) — f(k)} <0 by Proposition 3.3, this yields
=k =y W - b} {gf+%(k) —f} <0
This completes the proof.

The following proposition is a direct consequence of Lemma 4.1 and
Lemma 4.2.

PROPOSITION 4.2. Let keR. If condition (4.5) is satisfied, then the
numerical entropy inequality

U@t k) — Ul k) + A{F7 (k)= F"_;(k)} <0
2 2
holds for all n and i.

PrOOF of THEOREM 4.3. In order to obtain the conclusion in Theorem
4.3, it suffices to prove that condition (A2) is satisfied. To this end, let (U, F)
be an arbitrary entropy pair. Without loss of generality, we assume that
U(m) = F(m) =0 and U’(s) is continuous at s =m. We first note that

U@=wm+rvmﬁ

=[(k—s)U'(k)IE=S, + f (s — k)dU'(k)
(4.13) "

=(s—mU'(m) + JM(S — k)*du’'(k)

=(s—mU'(m)+ JM U(s; k)dU’(k)

and

F®=Hm+rF®&

m

=fﬁ®0®&
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(4.14) =[{f(k) = fO}U' (k) TZh + J {f(s) = f)}dU’ (k)
M
={f(s) = f(m)}U’(m) +J s = k) {f(s) = f(k)}dU' (k)

M
={/() = fm}U'(m) + f F(s; k)dU’(k)

m

for se[m, M], where the integral is taken in the sense of Stieltjes.

Now, set
— 1 , . 1[5 Wy
(4.15) Fﬁ% = E{F(u;) + F(uiy )} — EJ U (S)I(g,.%) (s)l ds
and
1
(4.16) A;',,% = J U'(uf + Uiy — u?)(?)l(g;’+%)’(u? + Ui+ — u)0)do.
0

Noting that u}, u?,, €[m, M], we can easily check that

13

M
A, = j A7 ()UK + a,, U'(m)

m

where each of A'_'+1(k) is the number defined by (4.7). It is clear that
*2

_ 1 1
(4.17) F:'+%=§{F(u?)+F(u?+x)} _EA:'_‘__%(u?-PI — uj)
and
v n 2 ’
(4.18) |47 (| <= sup [U'()l.
2 lmSSSM
Therefore, we have
n M 1 n n 1 n n n ’
FH% = 5{F(ui; k) + F(uf 5 k)} — EAH%(k)(u"“ —uf) [dU’(k)

1
+ E[f(u?) +f(iy) - a:'+%(u?+1 —u) — f(m)] U’ (m)

M
= J F;;%(k)dU’(k) + {f‘;;% — f(m)} U’ (m).

m

Combining above relations, we obtain
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Uy — U@ + A{F:‘+% - F;_%}
= J: [U@rt; k) — U@?; k) + ,1{F:'+%(k) — F—;‘_%(k)}]dU’(k)
+ L+ A — 31U )
= E[U(ug“; ky — Ul; k) + /I{F:‘+%(k) - F;'_%(k)}]dU’(k).

Since the integrand is nonpositive by Proposition 4.2, this shows that
Uty — U@u?) + A{Ff'+1 —F" ,}<0
ity i-5

for all n and i. This completes the proof of Theorem 4.3.

5. Admissibility of difference approximations with small viscesity coeffi-
cients

In this section and the next section, we discuss the admissibility of
difference approximations in case of strictly convex flux functions.

From the theoretical and computational point of view, it is important to
study the admissibility of difference approximations with small numerical
viscosity coefficients. As was shown in the previous section, if no additional

restriction is imposed on the flux function f and some of coefficients ar,, are
2
less than those of Godunov scheme, then the strong admissibility of the

difference approximation may be violated. Accordingly, we restrict ourselves
to strictly convex flux functions in order to allow small a, . When the flux
it
function f is strictly convex, Theorem 1.1 enables us to discuss the admissibility
of difference approximations by a weaker condition than (A2) in Definition 4.1.
We begin with the definition of the admissibility of difference approxima-
tions.

DEerINITION 5.1. Let f be strictly convex. The difference approximation
(2.1) is said to be admissible if the following conditions are satisfied:
1
(A1) aMR@r, ur, ) < a’, SE for all n and i.
it
(A2Y For some entropy pair (U, F) with U strictly convex, there exist real
numbers A? , such that they are uniformly bounded by a universal
)
constant depending on U, and such that the numerical entropy inequality
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A
U™ — U@ + E{F(“?+1) — Ful-,)}
(5.1) A
—{A7 @y —ul) — AT (] —uf-)} <0
2 3 )
holds for all n and i.

We immediately obtain the following convergence theorem. In the
statement we denote by u,(x, t) the approximate solution defined by (4.4).

THEOREM 5.1. Let f be strictly convex. Let u,e BV(R) and suppose that
us(-, 00— uy(-) in L}, (R) as Ax — 0.

If the difference approximation (2.1) is admissible, then u, converges in
L}, (R x [0, ©)) as 4—(0,0) to the unique admissible solution to the initial

loc

value problem (1.1).

The proof is similar to that of Theorem 4.1. What is different is that
the uniqueness of a limit function is derived from Theorem 1.1.

The next main result gives a sufficiency condition for the admissibility of
difference approximations with small numerical viscosity coefficients.

THEOREM 5.2. Suppose that the flux function f is strictly convex. Let
e€(0, 1). If the condition

1
(52) max {a“‘*(u?, ), %sgn - u:')} <

holds for all n and i, then the difference approximation (2.1) is admissible.

Note that Murmann-Roe scheme preserves stationary inverse (physically
irrelevant) shocks and hence is not admissible. Condition (5.2) asserts that

aMR(u?, u?, ;) should be replaced by % if u! <u?,, and aMRW?, ul,,) < % Such

replacement may be necessary around nearly stationary inverse shocks. From
Theorem 5.2, we see that Murmann-Roe scheme becomes admissible if its efect
of preserving stationary inverse shocks is removed by adding a small amount
of numerical viscosity. In particular, we see that Harten scheme [8, 9] is
admissible.

COROLLARY 5.1.  Suppose that the flux function f is strictly convex. Then
Harten scheme with coefficients al,y defined by (2.17) and (2.18) (or (2.19)) is
admissible. 2
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REMARK 5.1. As is easily seen, it follows from the strict convexity of f
that a™R(u?, u?,,) = a®@?, u?,,) in either case of the following;

(@) uf=uj,y,
(b) so<uf <ufyy,
(©) uf <ujyy < 5o,
where s, is a real number such that f'(sy) = 0.

In order to prove Theorem 5.2, it is necessary to construct a particular
entropy pair (U, F) and numerical entropy fluxes F;'+1 with which the

numerical entropy inequality (5.1) is satisfied. The approach is essentially
different from a usual approach, in which the numerical entropy condition is
investigated for an entropy pair fixed in advance (see e.g. [17, 24]). Since
the argument is complicated, we construct a particular entropy pair in the
next section.

In the remaining part of this section, we give key estimates of
Ry(k; z, u?, uf,, g;'+%) in the case that u} <s,<u},,, where R, (k;z, ul,
'y, g:‘+ %) are the auxiliary functions defined by (4.9) and (4.10), and s, is a
real number such that f'(s;) = 0. As is seen from Remark 5.1, the other case
is reduced to the case treated in Section 4.

Now, let f be strictly convex and s, be a real number such that
f'(s9) =0. In the following, we assume that

(5.3) mul <so<ul,; <M
and
(5:4) aMRul, uf, ;) < aL% <a(u}, uf, ).

It is convenient to employ the following notation. We write
59 {f? =d A Sl
Oy = Uy — A{f(Uis)) _f;'l%}

Note that u! < o} < #7,, < u},, by (5.4) and the minimal modified flux function

g7,y is written as
]
1
- E(S —up) + [ () for sefu, o
(5.6) g:'+%(s) = -.1% for se[o}, 074 ,]

1 N
1(5 = Uipy) + f(WUisy) for se[dfyy, uivy].
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Next, let w? and w},, be real numbers such that

{f =f(W4y) = f;+1

(5.7)
ul < wh < Wiy, <u,+1.

Note that the existence of w? and W7, is ensured by (5.3) and (5.4). By the
strict convexity, there is no real number satisfying (5.7), except for w} and

A

wi,,. It is clear that
(5.8) PO S W< Wiy SO S ufyg.

LemMA 5.1. We have the inequality

1
max{l( — k), —(k‘U.H } f +1 — f(k)
(5.9) | . \
for 17:‘ + W:‘ S k S U?+1 + W?‘F 1
2 2

. . .. . o+ W O, + W
ProoF. For notational simplicity, we write I =< - L, Al 1),

2 2
Set

PO = 5@~ k)~ {7y~ S0)
2

and
q(k)——(k U/ {f fk)}

for keI. Here T denotes the closure of I. By the CFL condition (2.4), we

easily see that p(-) is nonincreasing on I. Since f(W?) = f" ,, we also see that
g i+1

1
p(k) < S+ wi - 2k)

&+ W
2

-3

for <k <w}, and hence

v+ W
13 1 _<—0'
”< 2 )

Therefore, it is shown that p(k) <0 for kel. Similarly, we see that g(-) is

nondecreasing on I and
q<é?+1 J;v‘v?ﬂ) <0,
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This shows that q(k) <0 for kel. Thus the proof is completed.
The following result plays an essential role in the proof of Theorem 5.2.
ProrosiTiON 5.1. Let ze[m, M]. Suppose that
m<uj<so<uj, <M
and
aMRwr, ul, ) < a;‘+% <a®!, uly ).
Then we have

. n
Ry(k; z, uf, uisy, gi+l)
2

n n
0 for k < b+ i
= v +wi Oy + Wiy
5.10 < " or <k<s X
(5.10 hy  Jor 22 .
0 for k>ﬁ?+1+W?+1
- 2
) ol + W D+ W .
Proor. We write I = ( 5 *1 3 *+1 ) As in the proof of

11*‘(“;27 ui’ui+17 g 1) —<D
! 2

for k¢I. To prove the remaining inequalities, let kel. Since x ¥l —k) =0,
W —k)=1and g’ ,(k)=f,, it follows from (4.9) that
ity its

Ri(k; z, uf, ujy,, gL;)
2

w1 _
<te-h- l}f {; - |(g:+%)'(s)|}ds + 1T = R, — fk)
k 2

_ e (1
SmaX{fi"%—f(k), —‘[ {I—HQL%)'(SN}}-

On the other hand, it follows from (5.6) and Lemma 5.1 that

u:‘+ 1 1 1 0?+ 1 1 . _
- { - |(gv+g'<s>|}ds . J ds =~ (k=01 ) <[y — f(K).
k A *2 AJe A i3
Therefore, we obtain

Ri(ks z, uf, uisy, g?+%) < _i':_%_f(k)-
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Similarly, we see that

i

_ ur (1
R_(k; 2, uf, u.nl,g:+%)smax{fi1%—f(k), f {z—ug;%)'(s)l}ds}

k

.
= max{ ST E(vi - k)}

This completes the proof.

6. The construction of a particular entropy function

In this section we give the proof of Theorem 5.2. Under the assumption
in Theorem 5.2, we first construct a nonnegative function P satisfying

M
J P(k)Ry (k; z, uf, uiq, g;'+%)dk <0
and then prove the entropy inequality (5.1) for an entropy pair (U, F) such
that U”=P. It should be emphasized that the entropy pair (U, F) is
constructed according to the strictly convex flux function f, the constants
m, M, A and ¢€(0, 1).

Without loss of generality, we assume that

fO) =f"(0)=0.
By the strict convexity of f, this implies that
f(s)=0

for all seR.

We introduce some notations which are used in this section. Let h ()
and h_(-) be respectively the inverse functions of f restricted to [0, co) and
restricted to (— oo, 0]. By the definition, it is clear that

fhi@)=fh_-(x)) =1, 1>0
and

{h+(f(8)) =s, s20
ho(f(s)=s, s<O.

Set
(6.1) h(t) = h,(r) — h_(7)
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for 1> 0. Note that the following hold:

(1) h.(-) is monotone increasing and strictly concave on [0, o).
(2) h_(-) is monotone decreasing and strictly convex on [0, o).
(3) h(-) is monotone increasing and strictly conave on [0, c0).

Next let ¢€(0, 1). We define positive numbers u, and u_ by

, € 1
6.2) Uy =Ssup {TE[O, 0); ‘f (h+<'c + ﬁh(t)»' < 1}
and
(6.3) U_ = sup{re[o, 0); ‘f’(h-(t + 2—2h(1)>>! < ;}

We also write

K. = hy(uy + 35h(py)) — by (uy) _ ¢
i h(u) 2

and

Cho(po 4 () —ho(u) e

K_= .
h(p-) 2

We have a lemma.
LEMMA 6.1. Set
(6.4) K=min{K,, K_}.
Then K > 0 and the following inequalities hold:
h+<r+ih(z)>—§h(r)—h+(r)21<h(r) for 0<t<p,,

(6.5) 2

- {h_<r + %h(z)) + gh(t) - h_(r)} > Kh(t) for 0<t<p_.

PROOF. Since h;<u+ +%h(u+)>=1 by (62), it follows from the
concavity of h, that

&
h+<ﬂ+ +‘2"‘ih(ﬂ+)>_h+(u+) . e h/ < N & h( )) _E
h(s) 2\ BT =
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This means that K, > 0. Similarly, it is shown that K_ > 0. Thus it is
proved that K > 0.
Next, we prove (6.5). By the strict concavity of h,, we obtain

h+<r + ih(r)) —h, (D)
22 g
h’+ (r + 4h(r)0> a6
h(z) Y

h h 0)do
21 s + 22 (14)0)

&
~ h+(ﬂ+ + ﬂh(ﬂ+)> —hy(uy)

h(p.)

€
= K+ + 5
for 0 <t <pu,. By the strict convexity of h_, we similarly obtain

) h_<r + %hm) —h_() ) h_<y_ n %h(ﬂ) —h_(u)
h(7) h(p-)

:K_+E
2

for 0 <t <u_. Thus we obtain (6.5). This completes the proof.

Now, we are in a position to define the nonnegative function P. For
SER, set

: 1
(6.6) P(s) = {h(f(s)}",
1
where y = gKZ and K is the constant in Lemma 6.1.

Before proceeding the proof of Theorem 5.2, we prepare several lemmas.
For notational simplicity, we write

J, () = J PK){t—f(k)}dk for 0<t<p,
I4+(t)

(6.7) Jo(1) = f Pl {c—f(k))dk  for t>0
To(v)

J_(r)=j Pk){t— fk)}dk for 0<t<p_,
I_(1)



Admissibility of difference approximations 53

where the intervals of integration are defined by

I,(0)= Thm), %{h,,(r) +h, <r + 2—2h(t)> - %h(r))ﬂ

(6.8) Io(r) = [h_(x), h.(7)]

I_(0) = %{h_(t) + h-(‘c + %h(t)) ¥ %h(t))}, h_(r)].

LEMMA 6.2. The inequality

rfh+(r)P(k)dk — (k@) T <0

h- (1)

holds for © > 0.

Proor. For each 7 >0, set

h + (1) 14l
H(r)=j P(k)ydk —y{h(z)} 7.

h-(1)
Since H(0) = 0, it suffices to show that H(:) is nonincreasing on [0, c0). In
fact it follows that

H'(@) = by (P(hs () — b (@ P(h (@) — (1 + ) {h(D)}* K ()
= (he (@) — h_ @)@} — (1 + PH@) (@)}
= K@) (h@) — (1 + DH @) (@}

= — () {h(v)}

<0

MO

for t > 0. This completes the proof.

LEMMA 6.3. The following inequalities hold:
6.9) J,(@)+Jo(1) <0 for 0<t<p,.
(6.10) J_()+Jy(r) <0 for 0<t<u_.

Proor. We prove inequality (6.9). Inequality (6.10) can be proved
similarly. Let 0 <t < pu,. In view of Lemma 6.2, it suffices to show that

1+4

J.(x) < —yr{h(x)} 7

and
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h+ (1)
Jo(1) < rf P(k)dk.

h-(7)

Regarding

T T

o @t O

as a linear function of ke R, we see that its graph intersects the graph of f(k)
at k=0 and k=h,(1). By the convexity of f, we have

=" (k—h,()} +17, kel (),
h (1)

and hence

t—fl)<—— {k—h,(@)} < - {k—h,()} <0, kel,().
h(z)

T
h.(7)
It is clear that
P(k) > Ph, (@) = (h@)}?,  kel, ().

Therefore, taking Lemma 6.1 into account, we obtain

1) < P(fu(r))f {t— £} dk

I4+(7)

11
— {h()} e Mﬂ{k— h ()} dk

IA

1 1_y € € 2
- gr{h(r)} {h+<r + ﬂh(r)) - Eh(t) - h+(1)}

1_
Y

' {(Kh(x)}2

IA

- e {ho)

1
- ‘yt{h(f)}l+".
Since f(k) = 0 for keR, it is clear that

h+ (1)

Jo(t) < rf P(k) dk.

h- (1)

This completes the proof.
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LEMMA 6.4. Suppose that m<u! <0< ul,, <M and
€
(6.11) max {GMR(M?, Ui+1) zsgn(“?ﬂ - u?)} < a:ﬂ,% < a®(ufyy, uf).

We have the following:
(i) If f(u}) < f(uis,), then

- r i L an
0<fi"+%3/vl+ and I+(f;:,%)c[wi+la 5{”i+1+Wi+1}:|-
(i) If f(uisy) < f), then

_ - 1 _
0<f,,"+%s;1_ and I_(fi';%)c I:E{ﬁ:'+ wil, w;’].

ProOF. For similarity, we only prove (i). Suppose that f(u?) < f(u?,,).
Then it follows from (5.7), (6.1) and (6.11) that

Fe) = L6 + St )

=fi1% + _a:+%(u?+l —uj)

2
= €
Zfii%‘*'ﬁ(“?ﬂ — uj)

= €
> (W, — W
f,+% 2;1( +1 )

Fn i n _ fn
=iy o () = ho(F7 )

i

fn € fn
=fi+% + ﬂh(fw%)

Here we used the fact that [ h> Smin f(s) = 0 by the second inequality in
tty upsssul,

(6.11). Therefore, we see that
n n Fn € Fn
Ui =h (fuiyy) = h+<fi+% + ﬂh(f,+%)) >0

and hence
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o -

0 <f'<h+<f_i"+% + %h(f';;%))) <[y <

Thus it is proved that

We next show that
Fn An 1 An An
I+(fi+%) S| Wit E(Ui+1 + Wi |-
Since h,(f(ul.,)) = 4, it follows from the strict convexity of h, that

n Fn i Fn — n _ [n _8_ Fn
Uity h+<fi+%+21h(fi+%)> hy (f (uisy)) h+<fi+%+21h(fi+%)>

> l[f(“ﬁ ) — {f:’;% + %h(f_ﬂr%)}],

which yields
fn £ fn € fn n n fn — n

h+<fi+% + ﬂh(fﬁ%)) - Eh(f”%) <ufyy— A{f(lsy) "fH%} =Vit+1.

Since Wi, = h,(f" ), it follows that
'*2

1 fn Fn € h fn sh Fn 1 An An

2 h+(fi+%)+ h, fi+%+ﬁ (fi+%) 5 (fi+%) 55{0i+1 + Wiy}
and hence it is proved that

fn An 1 An An
I+(fi+%)c Wit1, E{U.‘H + W) |-

This completes the proof.
LEMMA 6.5. Let ze[m, M]. If condition (5.2);

£ 1

MR

max {a (ui, Uit 1), ESgn(“?+1 - ui’)} < a:'+l < 7
2

holds for all n and i, then

M
(6.12) J P(k)Ry(k; z, uf, uiyy, g7, 1)dk <0
T2

m

for all n and i.
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Proor. We assume that u! <0 <u?,, and

R
max {a’” (uf, uly), - sgn (s, — u?)} <d}  <a(uf, ufsy).
2

A

Notice that by Remark 5.1, the other case is reduced to Lemma 4.2. We
remark that ufe[m, M] for all n and i by Lemma 2.1. Now suppose that
fW) < f(uly,). Then it is clear that

1 oo L, .
m< E(ET + W) S wi < Wiy < E("?+1 + Wi <M
(see (5.5) and (5.7)), and it follows from Lemma 6.3 that 0 < f .t < u, and
1
I.(f +1) |: Wiy, (ui+1 + w,.H):I. Accordingly, we see from Proposmon 5.1
and Lemma 6.3 that

M
j PK)Ry(k; z, uf, ufsy, g} 1)dk<J0(f +J+(f+1)<0

Here we have used the fact w! = h_(f—_”+1), Wt = h+(f_,"+1) and f"+1 < f(k)
ity ity ity
for k¢ [wh, wly,]. Similarly, if f(uf) > f(ul,,), we see that

M
J PUOR s (ks 2 s Wi, 0], ) dk S T_(F ) +Jo(f7, ) <

m

This completes the proof.
We can now prove Theorem 5.2.

ProorF of THEOREM 5.2. It is trivial that condition (A1) is satisfied.
This ensures that m < u! < M for all n and i. To prove (A2), let (U, F) be
an entropy pair such that

U"(s) = P(s)
(6.13) {F(s U's)f'(s SeR,
and
(6.14) U(m)=U'(m)= F(m) =

It is obvious that U is strictly convex. Noting U(m) = U'(m) = F(m) = 0, we
easily see that
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s
Uis)=| U'(k)dk
M
= P(k)(s — k)* dk
M
= P(k)U(s; kydk
and
F(s) = ' U'(k) f'(k)dk
M

=| Pk (s—k{fis)—f(k)}dk

vm

rM
= P(k)F(s; k)dk

for se[m, M] (see (4.13) and (4.14)).
Now set

un

1 i+
{Fu}) + F(uls,)} — 5_[

un
i

F'n

it

‘ U'(9l(g}, ' (5)l s

N =

N

and

1
A= f U'(ui + (uiv 1 —u))O)I(g], ) (uf + (uisy — u7)0)|d6.

i 1
0 2
Then it is seen that

Fr . =

i+

1
{F(u}) + F(uly 1)} — EA:+;(“?+1 —uj)
2

N | =

=

and
|A" |<1 max |U’(s)]|
i+3' T i msssM ’

It remains to show the numerical entropy inequality (5.1). By an elementary
calculation, we have
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1 (%'
ALy — i) =7 | ) U'l(g, ) )lds
1 ”“?+1 y ” n 2
= {f U (k)dk}l(g,.#) (s)ds
24u’] m 2
L[ (™, Y
=3 x" (s — k)P(k)dk I(gH%) ()lds
1 (M LA
=3 P(k){j X" — k)l(g;'+%)'(8)ld5}dk,
and hence
F?+%
1M 1 (M
= EJ P(k)F(u?; k)dk +EJ P(k)F(u?,; k)dk
1 (M LA
—Ej P(k)f x5 — k)l(g;'+%)'(5)ldsdk

un
i

1M Ul
= EJ P(k){F(uE‘; k) + F(uis 5 k) — J (s — k)l(g:'+%)'(5)|d3}dk

m

M
= f P(k)F?_ (k) dk.
2

Therefore, we see from Lemma 4.1 that
U@*) = Uu) + A{F"  — F"_}}
i+2 i+2

M
= J PR)LU@!*Y; k) — Uul'; k) + A{Flf‘+l(k) - Flf'_l(k)}]dk
2 2

1 M
=§J P(k){R+(k’ “?+1’ u?—l’ u?’ g:l__%)

m
+ R_(k; uf ™', uf, uf,y, gf’+1)}dk.
i+
By Lemma 6.5, this means that

U@*') —U@) + A{F = F' 1} <0
2 2
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for all n and i. This completes the proof of Theorem 5.2.
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