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1. Introduction

We shall be concerned with the oscillatory behavior of solutions of the
parabolic equation with oscillating coefficients
() )
u(x, t) — (@®)dulx, t) + Y bi(t)du(x, t — )
i=1

+ c(x, t, u(x, t), u(x, t,(t)),...,u(x, t,(t))) = f(x, t), (x,t)eR =G x (0, 00),

where G is a bounded domain of R" with piecewise smooth boundary 0G and
4 is the Laplacian in R". We assume throughout this paper that:

(H,) a(t)eC([0, 0); [0, o0)), b;(t)eC([0, o0); RY(i=1,2,...,k, f(x, t)e
C(@Q; RY) and c(x, t, & ny,...,n,)€C(Q x R* x R™; RY);

(H2) C(X, ta é, 7]1,---,’1m)20 fOI' (xa t)EQ, 5205 'IlZO (l= la 2,...,m), and
c(x, t, & Myses) <0 for (x,0)eQ, <0, 7, <0 (i=1,2,...,m);

(H;) o; (i=1,2,...,k) are nonnegative constants, 7,(t)e C([0, c0); R!) and
tlim tt)=00 (i=1,2,...,m).

We consider two kinds of boundary conditions:

By u=y on 0G x (0, ),
(B,) ou =y on 0G x (0, ),
ov

where ,  are continuous functions on dG x [0, co) and v denotes the unit
exterior normal vector to 0G.

There has been much current interest in studying the oscillation of
solutions of parabolic equations with deviating arguments. We refer the reader
to [1, 3, 5] for linear parabolic equations, and to [1, 2, 4, 6-8] for nonlinear
parabolic equations. Parabolic equations of neutral type were considered in
the papers [2, 4, 5, 8]. All of them, however, assume that the coefficients b;(t)
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are nonnegative in [0, c0).

The purpose of this paper is to present conditions which imply that every
solution u of some boundary value problems is oscillatory in @ in the sense
that u has a zero in G x [t, o) for any t > 0. We note that b,(t) (i =1, 2,...,k)
are not required to have a constant sign, that is, b;(t) are allowed to be
oscillatory. In Section 2 we reduce the multi-dimensional oscillation problem
to a one-dimensional problem for delay differential inequalities. Sufficient
conditions are given in Section 3 that a delay differential inequality has no
eventually positive solution. In Section 4 we derive oscillation criteria for the
boundary value problems for (1) by combining the results obtained in Sections
2 and 3.

2. Reduction to a one-dimensional problem

The object of this section is to reduce the boundary value problems (1),
(B) (i =1, 2) to functional differential inequalities with delays.
It is known that the first eigenvalue A; of the eigenvalue problem

Aw+Aw =0 in G,
w=0 on 0G

is positive and the corresponding eigenfunction @(x) is positive in G. Associ-
ated with every function ue 2(Q) = C*(Q2)nC(2), we define

ui) = f u(x, t) d(x)dx, t>0,
G

U@) = J u(x, t)ydx, t>0.
G

The following notation will be used:

Ft) = | f(x, )@(x)dx, t=0,
G

"

F@)=| f(x,)dx, >0,

JG
[ 0
Pit)=| v(xt)—xdS, =0,
JoG ov
P@e)=| §(x, 0)dS, t>0.
J oG

THEOREM 1. Assume that (H,)-(H;) hold. Every solution ue 2(2) of the
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problem (1), (B,) is oscillatory in Q if the delay differential inequalities

@ YO+ 4, 3 b exp (Al f ' a(s)ds)y(r —a) < 00),
() YO +2, 3 b0 exp (zl J ' a(s)ds)y(t — o)< — Q)

are oscillatory at t = oo in the sense that neither (2) nor (3) has a solution
which is eventually positive, where

0(t) = exp (ll f a(s)ds> <F(t) —a(t)P(t) — i bi(t)¥(t — a,.)>.
0 i=1

PROOF. Suppose to the contrary that there is a solution u of the problem
(1), (B,) which is nonoscillatory in €. First we assume that u>0 in
G x [ty, ©) for some t,>0. There exists a number T >t, such that
u(x, 1;(t)) > 0in G x [T, ©) (i =1, 2,...,m). The hypothesis (H,) implies that

c(x, t, u(x, t), u(x, t4()),...,u(x, 7,(¢t))) =0 in G x [T, o0)
and hence

4 .
u(x, t) — [a(t)du(x, t) + Y bi(t)du(x,t —a)] < f(x,t) in G x [T, ).
i=1

Multiplying (4) by @(x) and integrating over G yield

5) ij uddx — a(t)j Au(x, t)@dx — i bi(t)J du(x, t — o) Pdx
dt G G i=1 G

< f f(x, t)Ddx, t>T
G

From Green’s formula it follows that

f <%¢~u§2)d$+‘( udddx
o6 \ OV Ov G

— l//a—(pdS— A | u®dx
0
3G v G

—¥@t)— A, U@), t>T

(6) J Au(x, t)ddx
G

Analogously we obtain

7 f du(x,t — o)@dx = — Pt —0,) — LUt — 7)), t>T.
G
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Combining (5)—(7), we have

k
®) U'(t) + 4 a@U(t) + ), Ab)U(t — o)

i=1

k
F(t) — a(t) () Zb(t)?’t—a,) t>T,

which is equivalent to

O YO+4 Y e (Al j

t—oi

t

a(S)dS>y(t —0)<Q@), t=T,

where
y(t) = exp( f a(s) ds> U(t).
0

Hence, y(t) is an eventually positive solution of (9), which contradicts the
hypothesis. If u <0 in G x [ty, ), v = — u satisfies the problem

v,(x, t) — [a(®)dv(x, t) + i bt)dv(x,t — )] < —f(x,t) in G x [T, o),

v=—yY on 0G x (0, c0).

Proceeding as in the case where u > 0, we are led to a contradiction. The
proof is complete.

THEOREM 2. Assume that (H,), (H;) hold. Assume, moreover, that the
Sfollowing hypothesis holds:

(H3) there is a number je {1, 2,...,m} such that c(x, t, &, ny,...,n,) = p(t)n; for
(x,t)eR, £>0,n, 20 (i #)), and c(x, t, & Nys....Mm) < p(O)n; for (x, t)€
Q, <0, 7, <0 (i #)).

Let 1,(t) =t — 1;, where t; is a nonnegative constant. Every solution ue 2(L)
of the problem (1), (B,) is oscillatory in Q if the delay differential inequalities

(10) Y@+ p@)y(t — 1) < 0(¢t),
(11) Y()+ p@)yt — 1)< — 0t)

are oscillatory at t = oo, where

0@)=F(t)+a)P(t) + fj b(t) Pt — 7).

i=1

PrOOF. Suppose that there is a solution u of the problem (1), (B,) which
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has no zero in G X [t,, o0) for some t, > 0. First we assume tht u >0 in
G x [ty, o0). Then we see that u(x, 7;(t)) > 0 in G x [T, o) (i #j) for some
T>t,. It follows from the hypothesis (H3) that

c(x, t, u(x, t), u(x, t,(t),...,u(x, 1,(t))) = p(u(x, t — ;) in G x [T, )
and therefore
(12) )
u(x, t) — [a(®)du(x, t) + Y bi(t)du(x, t — o)] + p(u(x, t — 1) < f(x, 1)
i=1

in G x [T, o). Integrating (12) over G and using Green’s formula, we obtain

(13) ij udx — |:a(t)J~ a—u(x, t)dsS + 3 bi(t)f %(x, t— ai)dS]
dt G oG av i=1 oG av
+p(t)J u(x,t—tj)dxsjf(x, t)dx, t>T.
G G

Taking account of (B,), we find that (13) reduces to

U@)+p)0(t — 1) < Ft) + at) P(t) + i b(t) P(t — o))

i=1

o), t>T,

and hence U(t) is an eventually positive solution of (13). This contradicts
the hypothesis. In the case where u <0 in G x [t,, o0), the same arguments
as in the case where u > 0 lead us to a contradiction. The proof is complete.

3. Delay differential inequalities

We deal with the delay differential inequality
k
(14) YO+ Y )yt —o)<qt), t=to,
i=1

where ¢, is a positive number. It is assumed that o; (i=1,2,...,k) are
nonnegative constants, q(t)eC([t,, ©); RY), p:(t)eC([ty, ©); RY) (i=1,2,...,k)
and

pi(t)=0 on ( L,
n=1

where I, ; = (t, — 20, t,) and the sequence {t,};-, is chosen so that {I, ;};°
are disjoint intervals for each i =1, 2,..,k.
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THEOREM 3. Assume that there is a subsequence {t, }7 | < {t,}:°, with
the properties that:

lim n, = c©
k— o0 k ’

J"k pi(s)ds > 1,

nie =0

G(t,) <0,

where o; = min {o;} >0 and
1<i<k

G(t)= ft q(s)ds + f p,-(s)(fwj q(r)dr>ds.

Then, (14) has no eventually positive solution.

Proor. Suppose that y(t) is a solution of (14) which is positive on [t,, o0)
for some t; >t,. Then y(t —¢;) >0 on [t,, o) for some ¢, >t,. We note
that lim,_ (¢, — 20;) = oo, and hence there is an integer NeN such that
t,—20;>t, for any n> N. Letting {, =t,— 20;, we find that (,,t,)c
t,— 20, t,) (i=1,2,...,k). Therefore, p;(t) >0 in (£,, t,) and y(t — 0;) > 0 in
(&,,t,) for any n > N. Hence, it follows from (14) that

Y()<q(@) in (&, t,).
By continuity we obtain
() <q@) on [{,,t,]

For any te[t, — o}, t,] we see that [t —g;, t, — ;] = [£,, t,], and therefore

th—0j th—aj
f yl(S)dS < j q(S)dS, te[tn —0j t"],
t

—0j f_ﬂ'j

or
(15) Yt — ) 2 ylt, — 7) - f T a0ds,  tel, - ap ).
It is easily seen that J

(16) Y+ pie)yt — o) < y'(6) + i pit)y(t — o))

i=1

< q(t)9 tE[t” —0j, tn]'
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Combining (15) with (16) yields

th—aj

y'(t) + p;j)y(t, — o) < q(t) + p,-(t)J q(s)ds,  te[t,— o}, t,].

t—aj
Integrating the above inequality on [t, — 0}, t,], we obtain

tn

y(tn)_.V(tn_o-j)-*-y(tn_o-j)J

th—aj

p9)ds < f " [q(s) 1,09 j 4 dr] ds,

th—0aj s—aj

which is equivalent to

(17) y(t,) + y(t, — 0;)([ pi(s)ds — 1> <G{t,), nx=N.

th—aj
Since lim,_,, n, = oo, there exists a k,eN such that n,> N for any
k> ko. Letting t, =1, (k> k) in (17), we conclude that the left hand side
of (17) is positive and the right hand side of (17) is nonpositive. This
contradiction establishes the theorem.

4. Oscillation of parabolic equations

We are now ready to state oscillation theorems for the boundary value
problems (1), (By) (i =1, 2).

THEOREM 4. Assume that (H,)-(H,) hold, and that the following hypothesis
(H,) holds:

Hy) b;t)=0 on U 1,,;, where 1, ; are defined in Section 3.
n=1

Every solution ue 2(Q2) of the problem (1), (B,) is oscillatory in Q if there is
a subsequence {t, }i, < {t,};=, with the properties that:

fim =
tny s

A j b;(s) exp <ll J a(r)dr> ds > 1,
tn —0j s§s—aj

Hl(tnk) = 0’

where ¢; = min {o;} >0 and
1<i<k

Hl(t)sf 0(s)ds + f 21b,(s) exp (,1 f a(r)dr><J'—a’Q(r)dr>ds.

J J s—aj
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Proor. Theorem 3 implies that the delay differential inequalities (2) and
(3) have no eventually positive solutions. Hence, the conclusion follows from

Theorem 1.
By combining Theorem 2 with Theorem 3, we can obtain the analogue

of Theorem 4.

THEOREM 5. Assume that (H,), (H3), (H;) hold. Let t;(t) =t — t;, where
; is a positive constant. Assume, moreover, that:

(Hs) pt)=0 on E} L, where 1,=(t,—21;,t,) and {1,};2, are disjoint
intervals. "

Every solution ue 2(Q) of the problem (1), (B,) is oscillatory in Q if there is

a subsequence {t, }o, < {t,}>- | such that:

lim n, = oo,
k—

f"k p(s)ds > 1,
t

K ")

H2 (tnk) = 0’

HZ(I)EJ' Q(s)ds+f p(s)(Jt_th(r)dr>ds.

REMARK 1. Let g,(s) (i€{0, 1,...,m}\ {j}) be continuous, odd functions
in R! which are nonnegative for s > 0, and let

where

(18) c(x, t, u(x, t), u(x, ©,(t)),...,u(x, t,,(t)))

= co(x, 1)gou(x, 1)) + pOulx, t —t) + 3 cilx, )gilulx, (1)),

where ¢;(x, 1)eC(Q), c¢;i(x,t) >0 in Q (ie{0, 1,...,m}\{j}). Then, c(x,t, ¢,
H1»...,M,,) defined by (18) satisfies the hypothesis (Hj).

REMARK 2. The hypothesis (H,) is satisfied if b;(t) = cosit, g, = %(i =
i
1,2,...,k) and t,=2nn(n=1,2,...). In the case where b,(t)= —sinit,
i = ;(;’: 1,2,...,k) and t,=2nz(n=1,2,.), the hypothesis (H,) is also
i

satisfied.



Oscillation of parabolic equations 131

REMARK 3. Our theorems hold true even if a(t) is not necessarily
nonnegative.

ExaMPLE 1. We consider the problem

(19)  wu,(x, t) — [uxx(x, t) + (— sin t)uxx<x, t— g) + (— sin 2t)uxx<x, t— %)]

n
+2ulx,t ——
(=)

=4sin2x-sin 2t - (1 + sin ¢ + cos 21), (x, 1)e(0, ) x (0, o0),

(20 u(0, t) = u(m, t) =0, t>0.

Here n=1,G=0,7n), k=2, m=1, a(t)=1, b,(t) = —sint, b,(t) = — sin 2,
T T T

0'1:5, 0‘2=Z, ‘rl(t)=t—Z and

f(x,t)=4sin2x-sin 2t - (1 + sin t + cos 2t).

Since

bi(t)=—sint >0 on I,

by(t)= —sin2t >0 on U I,,,
n=1

where I, ;, = (2nn —=n, 2nm) and I, ,= <2n7z — g, 2n7r>, we find that the
hypothesis (H,) is satisfied. It is easily seen that A, = 1, &(x) =sin x,.P(t) =0
in (0, o0) and ¢; =0, = min {7, 6,} =§ > 0. An easy computation shows
that ‘

F() = J"f(x, t) sin xdx = 0, te(0, o0).

Hence, we see that Q(t) = 0 in (0, o), and therefore H,(t) = 0 in (0, o0). For
t,=2nnt (n=1,2,...), we obtain

tn T 1 4
J (—sinZS)est=5e121.
th— %

Hence, Theorem 4 implies that every solution ue2((0, n) x (0, c0)) of the
problem (19), (20) is oscillatory in (0, ) x (0, c0). One such solution is
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u = sin 2x - sin 2¢.
ExXAMPLE 2. We consider the problem
@1
u,(x, t) — [uxx(x, t) +sint- uxx<x, t— g):l +u(x,t—m —sint- u(x, t— g)

= cos x - cos t, (x, t)e(0, m) x (0, 00),

(22) —u, (0, t) = u.(n, t) =0, t>0.

Here n=1, G=0,7), k=1, m=2, a(t)=1, b,(t)=sint, T,(t)=t—m,
n 4

()=t — 2’ T, =1, = >’ p(t)= —sint and f(x, t) = cos x-cost. Since

pt)=—sint=>0 on (J I,

n=1

where I, = (2nn — 7, 2n7), the hypothesis (H) is satisfied. We easily see that

th
f (—sins)ds =1 for t, = 2nn.
P

n—72

Since #(t) =0 in (0, ), we observe that

n

Q(t)=F(t)=J cos x - cos tdx = 0, te(0, o),

0

and hence H,(t)=0 in (0, ). Therefore, it follows from Theorem 5 that
every solution ue 2((0, n) x (0, c0)) of the problem (21), (22) is oscillatory in
(0, ) x (0, 00). For example, u = cos x -sin ¢ is such a solution.
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