HiROSHIMA MATH. J.
25 (1995), 493-512

Analytic functionals and entire functionals
on the complex light cone

Mitsuo MorMOTO® and Keiko Fuiita**

(Received October 27, 1993)
(Revised April 19, 1994)

Introduction

Let M = {zeC"*!;22 =0} be the complex light cone, where z% = z2 +
22 4+ 22, for z=(zy, 25,...,2,+1), n€eN, and let S" be the n-dimensional
real sphere. We are concerned with holomorphic functions, analytic func-
tionals, entire functions, and entire functionals on M. M\ {0} can be identified
with the cotangent bundle to $" minus its zero section. We call M = {ze M;

Izl = l/ﬁ } the spherical sphere and identify it with the cotangential sphere
bundle to S". Holomorphic functions on the complex light cone were
discussed by several authors ([2], [10] and [11]) and are related to
hyperfunctions on the sphere ([4]).

Let O(C"*') and O(M) be the spaces of entire functions on C"*! and M,
respectively. We denote by Exp(C"*!) and Exp (M) the spaces of entire
functions of exponential type on C"*! and M, respectively, and by ¢’'(M) and
Exp’ (M) the dual spaces of O(M) and Exp (M), respectively. Put Exp A(C™ Y
= 0,(C"*"YH)nExp (C"*?'), where O,(C"*?) is the space of complex harmonic
functions on C"*1,

We call the function &, T({) = (T,, exp (iAz-{))> the Fourier-Borel trans-
form of T.

First, we give an integral representation of holomorphic functions on M
and by using the integral kernel we define the Cauchy transform of analytic
functionals on M. The integral representation gives the inverse mapping of

the restriction mapping 0,(C"*') > ©(M), and the Cauchy transformation

gives isomorphisms such as ¢'(M) —> 0,({0}) (Theorem 9).
Second, we prove such topological isomorphisms as

F,: 0'(M) =5 Exp,(C"*1) and &,: Exp' (M) =5 0,(C"*?)

by using the growth behavior of homogeneous expansions (Theorems 18, 19
and 20). These results were announced in [7], and the first author gave
them a different proof in [8] by means of exact sequences and Martineau’s
theorem. The fact that the Fourier-Borel transformation is a topological
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isomorphism on Exp’ (M) generalizes a Kowata-Okamoto theorem (Theorem
2 in [3]).

1. Preliminaries

Lie ball and complex light cone
Let || x| be the Euclidean norm on R**!. We denote the open and the
closed balls of radius r with center at 0 in R**! by

B(r)={xeR""!; x| <r}, O<r<oo
and by
B[r]={xeR"™*'; x| <r}, O0<r<oo,

respectively. Note that B(oo) = R"*! and B[0] = {0}. The cross norm L(z)
on C"*! corresponding to ||x| is the Lie norm given by

1
L) = Lx +iy) =[x + Iyl? + 2/ 1x 12 112 = (x- y)* T2,
where x-y=x;y; + X2y, + -+ X4 1Vn+1- Its dual norm L*(z) is given by
L*(z) = sup {|z- {|; L({) < 1}
1
=1//2[xI? + 1y12 + VxI% = 1yI7)? + 4(x - y)*12

(see [1]).

The open and the closed Lie balls of radius r with center at 0 are defined
by

B(r)={zeC"*'; Lz)<r}, O<r<ow

and by
B[r] = {zeC"*'; Liz) < 1}, 0<r< o,

respectively. It is clear that B(r) = B(r)nR"*! and B[r] = B[r]nR"*1.

Since L(z) is a norm, E(r) is an open convex and balanced subset of
C"*'. In particular, B(r) is a domain of holomorphy in C"*!.

We define the spherical sphere M by M = {ze M ; L(z) = 1}, where M is
the complex light cone. If z = x + iye M, then z2 = x? — y? + 2ix -y = 0, and
hence, x> = y? and x-y =0. We have L(x +iy) = 2| x|, L*(x + iy) = || x| =
L(x + iy)/2, and | x + iy| = ﬁ"x[[. Therefore, we can write

M={x+iy;|x|=Ilyl=1/2,x-y=0}
= {zeM; L*(2) = 1/2} = {ze M ||z|| = 1//2}.
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Further, put
M(r) = {zeM; L(z) <r} = MnB(r), 0<r< oo,
M[r]={zeM;Lz) <r}=MnB[r], 0<r< .

Note that we can also write M = {(1/2,i/2,0,---,0)g; geSO(n + 1)} and it is
isomorphic with the Stiefel manifold O(n + 1)/O(n — 1). So, there is the
unique O(n + 1)-invariant measure du on M with [,dpu(z) = 1.

Complex harmonic polynomials

We denote by #*(C"*') the space of k-homogeneous polynomials with
complex coefficients of n + 1 variables and by #*(M) the restriction to M of
PK(C"*1). We call #*(M) the space of k-homogeneous polynomials on M
and 2(M) =Y., #*(M) the space of polynomials on M. Put

P4 (C"* ) = {Fe P4(C"*1); 4,F =0},

where 4, = 0%/0z% + 02/0z% + --- + 0%/0z%,, is the complex Laplacian. It is
the space of k-homogeneous complex harmonic polynomials. Put

N(k, n) = dim 2% (C"*Y).

We know N(k, n)=2k+n—1)(k +n—2)!/(k!(n—1)!)= O(k""Y), (k, n) # (0, 1)
and N(0, 1) = 1. (See [5] or [9].)

LemMa 1 ([10, Lemma 1.3]).
(i) (Reproducing property) For any f,e#*(M), we have

fiw) = 2N (k, n)j @@ whdu@), weM.
M

(ii) (Orthogonality) If f,e P*(M), f,e P"(M), k # I, then we have

4[ @) fi(2)du(z) = 0.
M
LEMMA 2. The restriction mapping B: F—F|g is a linear topological
isomorphism of #%(C"*') onto P*(M):
B: ZL(C™Y) = PHM).
Moreover, we have
I flcan < | Fillew < Nk, n) [l fillcnys 1)

where | fllca = sup {|/(2)|; € B[11} and | fllcan = sup {|f@); ze M[1]}.
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PROOF. Let f,e?*(M). We define F, by

F.(w) = 2*N(k, n)] fi(2) (- w)kdu(z), weCrtt, 2
M

Then F,e?%(C"*') and by Lemma 1, F,|z=f,. Thus B is surjective.
Further, (2) implies

| Fellew < 2*N(k, n) | fillcan sup {Iz- wik; zeM, WEB[I]}
= N(k, n) | fi ”C(M)'
Thus B is injective. g.e.d.

2. Holomorphic functions on M

We denote by O(B(r)) (resp., O(M(r))) the space of holomorphic functions
on B(r) (resp., M(r)) equipped with the topology of uniform convergence on
compact sets. A fundamental system of seminorms is given by

IFll,.=sup{|F@)|; Lz)<p}, O<p<r

We call O(C**') (resp., O(M)) the space of entire functions on C"*! (resp.,
M). (O(E(r)) and O(M (r)) are FS spaces (Fréchet-Schwartz spaces).

For 0 <r < oo, we define the space O(B[r]) (resp., O(M[r])) of germs of
holomorphic functions on B[r] (resp., M[r]) by

O(B[r]) = ind lim {O(B(r')); ' > r}
(resp., O(M[r]) = ind lim {O(M(r)); ¥ > r}).

O(B[r]) and O(M[r]) are DFS spaces (dual Fréchet-Schwartz spaces).
By restriction mappings, we have the following inclusion relations:

OM) < OM[r]) = O(M(r)) = O(M[0]), O0<r< co. (3)

LEMMA 3. The following sequences are exact:

0 — SFz(B(r) - 0(B(r) -£> oM () — 0, 0<r<oo, 4)

0 — F5(B[r]) = 0(B[r]) > 0(F1[r]) —0, 0<r< oo, ©)

where
Jua(B(1) = {fe0BM); f(2) =0, ze M)},
F#(B[r]) = ind lim {Fg(B(r)); ¥ > r},
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1 is the canonical injection and B is the restriction mapping. Further,
Ju(B(r) = 220(B(r)) and S(BIr]) = 22 O(BIr)). (6)

ProOF. Since ﬁ(r) is a domain of holomorphy, the exact sequence (4) is
a consequence of the Oka-Cartan Theorem B. The exactness of (5) follows
from that of (4) by taking inductive limits. q.e.d.

Suppose feOM(r)), 0<r<oo. For ¢ with 0<e<1 we define the
k-homogeneous component fkeg”‘(ﬂ) of f by

1 ~
fil@) = — § —{k(izl) dt, ze M(r). %
ltj=1-¢

2mi

The right-hand side of (7) is independent of ¢ with 0 <e< 1. In [6], we
defined the k-homogeneous component F,e 2*(C"*1) of Fe O(B(r)) for ze C"*!
by (7).

Put

0,(B(r)) = {FeO(B(r)); 4,F(z) = 0}, 0<r< oo,
04(B[r]) = ind lim {0, (B(r)); ¥ >r}, 0<r<o0.

We call an element of 0, (B(r)) (resp., O4(B[r])) a complex harmonic function
on E(r) (resp., B[r)).

Since 0,(B(r)) is a closed subspace of the FS space O(B(r)), it is an FS
space. Since 0,(B[r]) is a closed subspace of the DFS space O(B[r]), it is
a DFS space.

Using the inequality (1) in Lemma 2, we can deduce the following theorem
from Lemma 4.1 in [6].

THEOREM 4. Let 0<r<oo. Suppose Fe0,({0}). Then the k-homogeneous
component F(z) is complex harmonic and we have the following relations:

(i) Fe0,(C"*Y) <= lim sup [ Felleaol* = 0,
(il Fe0,Blr]) =i sup [I Fyllcant <
G FeO,(B(r) <= lim sup [ Fyllcon]* <~
(i) Fe0,({0}) == limsup [IFylcan* < o

Further, the expansion F(z) =Y " —o Fi(2) converges in the topology of respective
spaces.
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Similarly, our spaces of holomorphic functions on M can be characterized
by the growth behavior of their homogeneous expansions:

THEOREM 5 ([7, Theorem 3.3]). Let 0 <r < oo, feO(M[0]) and f,e
P*(M) the k-homogeneous component of f. Then we have the following
relations:

(i) feO(l)  —limsup [l fillcan]* = 0
(i) SeOUITr]) = lim sup [ filleol* < %
(i) fe0U0) =i sup (I fllcwnlt <
(iv FEOWI[0]) = lim sup [ fylcwol* < 0.

Further, f(z) is expanded by homogeneous components as follows:
f@ =) £,
k=0

where the convergence is in the topology of respective spaces.

PrOOF. We prove only (iii). Let fe@(M(r)) and 0 < p <r. Then the
k-homogeneous component f, of f is given by (7) in a neighborhood of
M([1]. Therefore, for any p with 0<p<r, |fillcan<1/p*sup{lf(2);
ze M[p]}, and hence,

1
- @
r

L
lif{l_’%‘)lp Ll fellcan]® <
Conversely, suppose a sequence { fkeﬂ"‘(]\?); k=0,1,2,-} satisfies (8). For

any r' with 0 < <r there is C > 0 such that || f;llcar, < C(1/r)*. Then we
have

DIFCIED WEITTWED 2 B

which converges uniformly for ze M(r"), where " <r'. Since r” and # can

be arbitrarily close to r, f(z) = Z fi(2) is holomorphic on M(). q.e.d.
Since the restriction mapping is continuous, the following theorem is clear

from Theorems 4, 5, Lemma 2 and the closed graph theorem:

THEOREM 6 ([11, Theorem 24]). Let 0<r < oo. The restriction
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mapping establishes the following linear topological isomorphisms:

(i) B: 04(C™*Y) = 0(M),

(i) B: 04(B[r]) = 0(M[r]),
(iii) B: 04(B(r) —— O(M(r)),
(iv) B: 04({0}) = O(M[0]).

Now we consider the integral representation of holomorphic functions on
M. Let r>0 and feO(M(r)). We denote by f, the k-homogeneous
component of f. Fix 0 < p <r. Then,

fpz) = Z Silpz) = z p"fk(z)
k=0 k=0
converges uniformly in a neighborhood of M[1]. Now suppose we M. Then,

j f(p2)(Z- widu(z) = Z P 1@z w)du(z)
M

M=
0 k
=Z f,(Z)(Z w)du(z) = o N(k )fk( w),
where the last equality is implied by Lemma 1. Put
2 1+t
Ky(t) = N(k, n)t* = .
o(?) kgo (k, n) a—o
Let 0 <p’'<p and L(w) < p’. Then for ze M, we have
2|z-w|/p <2L*(z)LW)/p < p'/p < 1.
Therefore, for we M[p'], we have
fw) =3 filw)
k=0
) 2 k _
=J f(p2) 3. Nk, n)(~) (- widu(z)
M k=0 p
= | saKo( 27w )aucz
= N Pz 0 ;Z w H(2Z). (9)

This is an integral representation of holomorphic function fe O(M(r)) which
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is valid on M(p).
Note that

F(w) = f f(pz)K(,(E z- W) du(z), WGE(P), (10)
M p

is a holomorphic function on B(p) and satisfies 4F(w)=0. Because the
right-hand side of (10) is independent of p with L(w) < p <r, F(w) defined by
(10) belongs to 0O, (E(r)) and satisfies F|g, = f by (9).

Let K,: O(M(r)) » 0,(B(r)) be the integral operator defined by (10). The
operator K, is the inverse of the restriction mapping f. Thus by Lemma 3
we have the following:

COROLLARY 7. The exact sequences (4) and (S5) are split. More precisely,
we have
0(B(r) = 220(B(r) ® 0,(B(r)), 0<r< oo,
OB[r]) = 220B[r]) @ 04(B[r]), 0<r<co.

3. Analytic functionals on M

For 0 < r < oo, O'(M(r)) denotes the dual space of OM(). If r= oo,
we denote it by @'(M). Similarly, for 0 < r < oo, @'(M[r]) denotes the dual
space of O(M[r]). An element of ¢'(M(r)) or ¢'(M[r]) is generally called
an analytic functional on M.

Theorem 5 implies that #(M) is dense in each of the spaces in (3). There
fore, by taking dual spaces, (3) gives rise to the following relations:

O'(M)=> O'(M[r]) > 0 () > O([0]), 0<r<oo.
LEMMA 8. The following sequnces are exact and split:

0 — O' (M) L5 0 (Br) X FB() — 0, 0<r< o,
0— 0 M[r]) LS 0Bl 5 HBI) —0, 0<r<om,

ProoF. This is the dual statement of Lemma 3 and Corollary 7. q.e.d.

By the mapping p* we will regard @'(M(r)) and O'(M[r]) as subspaces
of @' (B(r)) and ©'(B[r]), respectively.

Let Te®(M[r]) and feO(M[r]). Then there is r >r such that
feO(M(r)). For p with r < p <r', we have

<9 o0 k
(Tf>= 3 (Tafi@> =3 <T 2N n) lef’ ) f f(pW)(z-V‘V)"du(W)>
k=0 M

k=0
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-y f(pw)s,,(T; E)clu(w),
k=0JM p

where S, (T; w) = 2*N(k, n)<{T,, (z-w)>. It is clear that S,(T; w)eZ*(M).
We call S,(T; w) the k-homogeneous component of T. The harmonic extension
S.(T; w) of S,(T; w) is given by the same formula:

Su(T; w) = 2*N(k, )T, z-w)*>, ~weC"*%. (11)
We define the Cauchy transform of T by
T (5) = (T, Ko(22- w)).

If L(z) <1/ <1/r, then we have 2|z-w| < 2L*(z)L(w) < L(w)/r'. Thus
wi— Ko(2z - w)e O(M(r')). Therefore, T(z) is defined for L(z)<1/r and
holomorphic and complex harmonic in a neighborhood of B[1/r']. Since
¥ >r is arbitrary, T (z) belongs to 0,(B(1/r).

THEOREM 9. Let 0 <r < co. The Cauchy transformation and the restric-
tion mapping establish the following linear topological isomorphisms:

(i) O'(M[0]) =5 0,(C™*Y) = O(M),

(ii) O'(M(r)) — 0,(B[1/r]) => O(M[1/r]),
(iii) O'(M[r]) = 0,(B(1/r) —=>0(M(1/r)),
(iv) o) S50,({0}) = 0(M[0)).

Proor. We prove only (iii). By Theorem 6 (iii), ¢, (B(1/r)) = oM(1 /).
Let Te (0’(1\71 [r]). We shall prove that the Cauchy transformation € : O'M[r])
-0, (B(1/r)) is a linear topological isomorphism. For any fe oM [r]) there
is » with r <7 such that feO(M(r)). Therefore, for r < p < we have

2 _
<Tw’ f(W)> = f f(pz)<Tw9 KO(;Z : W>>dl4(2)
M
This can be rewritten as follows:

(T,f>= f f(pz)f(f)dy(z).
M p .

Thus € is injective.
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Conversely, let peO(M(1/r)). For any feO(M[r]) there is ¥ > r such
that fe O(M(r')). Take p with r < p <r' and form

T, f>= ff(pZ)qo( >du(2)

This does not depend on p with r < p <r' and T,e@'(M[r]). Further,
T @) = AT Ko(2z - w))

=j Ko(2z- PW)¢<p)du(W)

= ¢(2).
Thus % is surjective.

Since € is continuous and linear, its inverse mapping is also continuous

by the closed graph theorem.
Since T = ¢, we have ¢, = (Tq,),‘ = 8;(T,; w). Therefore, from Theorems

5 and 9, we obtain the following theorem:

THEOREM 10 ([7, Theorem 3.4]). Let 0 <r < oo, Te®'(M) and S(w) =
Sy(T; w) the k-homogeneous component of T. Then we have the following
relations:

(i) Te ' (F[0]) <= lim sup L1150 lcan]* = 0,
(i Te0'(1() > lim sup (1S, lcanl® <7,
(i Te ' (R[r]) <= lim sup L1509 lcan]® <.
(iv) Te0'(f) < lim sup [ SWlcanlt < .

Further, we have

(T, f>= ki $,) £ (W) dpu(w),

=0 JM

where f is a test function in respective spaces.

4. Entire functions of exponential type on A1

Let N(z) be a norm on C"** and 4 > 0. For an entire function f, we put
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I/ Ixcam = sup {|f(2)| exp (— AN(2)); zeC"* '},
X(A4, N)={fe0(C"); | flxum < ©}.

Then X (A4, N) is a Banach space with respect to the norm || f|lx4,5). Define
Exp(C"*!; (4, N)) =projlim {X(B, N); B> A}, 0<A4< 0,
Exp (C"*!; [4, N]) = ind lim {X (B, N); B < 4}, 0< A< oo.

It is clear that Exp (C"**; (4, N)) is an FS space and that Exp (C"*!; [4, N])
is a DFS space.

Note that Exp(C"*!;(0)) = Exp (C**!; (0, N)) is the space of entire
functions of minimal exponential type and that Exp(C"*!)= Exp(C"*?;
[c0, N]) is the space of entire functions of exponential type. Define

Exp, (C"*1; (4, N)) = 04(C**)nExp (C"**; (4, N)),
Exps (C""1; [4, N]) = O4(C"*)nExp (C"**; [4, N]).
Similarly, for fe OM), we put
1S 1z = sup {|/(2)] exp (— AN(2)); ze M},
Z(A4, N) = {feOM); | f | zeam < 0}
Then Z(A, N) is a Banach space with respect to the norm || f||;.4,5. Define
Exp (M; (A, N)) = projlim {Z(B, N); B> A}, 0<A< o,
Exp (M; [A4, N]) = ind lim {Z(B, N); B < 4}, 0<A4< o0

It is clear that Exp (M; (4, N)) is an FS space and that Exp (M; [4, N]) is a
DFS space. Exp (M; (0)) = Exp (M; (0, N)) and Exp (M) = Exp (M; [0, N1)
are independent of the norm N(z). In the sequel, the norm N(z) will be the
Lie norm L(z) or the dual Lie norm L*(z). Because 2L*(z) = L(z) on M, we
have

- - (A
Exp (M; (4, L*)) = Exp (M; (—2—, L>>
We are mainly concerned with the following spaces:
Exp (M; (0)) = Exp (M ; [A4, L*]) < Exp (M; (4, L*)) < Exp (M)
c O(M) < O(M[r]) < O(M(r)) = O(M[0]), (12)

where 0 < A < o0 and 0 <r < o0.
Using the inequality (1) in Lemma 2 we can deduce the following theorem
from Lemma 4.2 in [6].
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THEOREM 11. Let A>0. Suppose F(z)eO,(C"*') and F(z)e #%(C"*?)
is the k-homogeneous component of F. Then we have the following relations:

1
(i) FeExp, (C""15(0) ‘=’1i5{1_‘%1p (kM Fillcan]* = O,
H n+1. 3 3 A
(ii) FeExp, (C""7; [4, L*]) <= lim sup [k! || Fy[lcan]* < >
n 1 . 1 A
(iii) FeExp, (C""7; (4, L¥) ‘=’111,?_,SUP [k Fiellcand* < ER
1
(iv) FeExp,(C"*1) <=>lir{1_)sup [k | Fyllcand* < oo.

Further, the expansion
F@z)= ) Fi(z), zeC""!,
k=0

converges in the topology of respective spaces.

Similarly, our spaces of entire functions of exponential type on M can
be characterized by the growth behavior of their homogeneous components:

THEOREM 12 ([7, Theorem 3.3]). Let 0 < A < oo. Suppose feO(M) and
frePX(M) is the k-homogeneous component of f. Then we have the following
relations :

~ . 1
(1) feExp (M; (0)) <=11r{1_'sg1p [k fe ”C(M)]k =0,
.. ~ . 1 A
(i1) feExp (M; [A, L*]) <= lim sup [k! || fillcan]* < >
~ . 1 A4
(iii) feExp (M; (4, L*) <= lim sup [k! || fillcan]* < 2>
~ ) 1
(iv) feExp (M) <= lim sup [k! || ficllcan]* < oo

Further, the expansion
f@=Y fila), zeM,
k=0

converges in the topology of respective spaces.

ProOF. We prove only (iii). Let feExp(M; (A, L*)) and B> A. The
k-homogeneous component f, of f is defined by (7) and hence satisfies
I fillcan < ”f”zw,w//’k exp (Bp/2) for any p > 0. Here, we used 2L*(z) = L(z)
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for ze M. Putting p = 2k/B, we get

Il fi “C(M) < ”f”za;,v) (B/zk)k exp (k).
Therefore, by the Stirling formula lim sup,.,, [k!|l fillcanl*’* < B/2. Since
B > A is arbitrary,

. |
111,{1_'5;113 [k fellcand® < ER (13)

Conversely, suppose a sequence { fieP*(M); k=0, 1, 2,---} satisfies
(13). Then, for any B> A there is C >0 such that | f;llcarn < C(B/2)*/k!.
Therefore, we have

o o0 B k 1
If@I< ) IA@I<C Y (5) L(z)"F
k=0 k=0 |

< Cexp <§ L(z)) = Cexp (BL*(2))

for ze M. Because B > A is arbitrary, f(z) = Y o o/fi(2) belongs to Exp (M;
(4, L%)). q.e.d.

Since the restriction mapping is continuous, the following theorem is clear
from Theorems 11, 12, Lemma 2 and the closed graph theorem:

THEOREM 13 ([7, Theorem 3.2]). Let 0 <r < oo. The restriction mapping
establishes the following linear topological isomorphisms:

(i) B: Exp, (C"**; (0)) = Exp (M; (0)),

(ii) B: Exp, (C™*1; [4, L*]) = Exp (M; [4, L*]),
(iif) B: Exp, (C™*1; (4, L¥)) = Exp (M ; (4, L¥)),
(iv) B: Exp, (C"*') = Exp (M).

We have the following corollary, which generalizes Lemma 3.

COROLLARY 14. The following sequences are exact:
0 — Sy (C"1; (4, L¥) — Exp (C™*1; (4, L*)) £ Exp (81 ; (4, L) — 0
for 0 < A < o0 and
0 —> Fo(C™*1; [4, L¥]) —>Exp (C"*1; [4, L*]) L5 Exp (11 [4, L*]) —0

for 0 < A < o0, where
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Jexp (C"775 (4, L¥) = F(C™ )NExp (C"* 15 (4, L¥)),
Jexp (C"*15 [4, L*]) = F(C"*)nExp (C"* 15 [4, L*]).

5. Entire functionals on M

Let 0 < A < 0. Exp' (M; (A4, L*) and Exp’ (M; [A4, L*]) denote the dual
spaces of Exp (M; (A, L*) and Exp (M; [A, L*]), respectively. An element of
Exp’ (M; (4, L¥)) or Exp' (M; [A, L*]) is called an entire functional on M.

Since (M) is dense in each of the spaces in (12), by duality, the relations
in (12) imply

Exp'(M; (0) > Exp’ (M; [A4, L*]) > Exp’ (M; (4, L*)) > Exp’ (M)
> O'(M) > 0'(M[r]) o 0'(M(r)) o ' (M[0]), (14)

where 0 < A < o0 and 0 <r < 0.

LEMMA 15. The following sequences are exact:
0 — Exp’ (M5 (4, L) 25 Exp’ (C™*1; (4, L¥) -1 £, (C™* 15 (4, L) — 0
for 0 < A < o0 and
0 — Exp' (; [4, L*]) L5 Exp' (C"*1; [4, L¥]) 5 £, (€™ [4, L¥]) —0
for 0 < A < o0.

Proor. This is the dual statement of Corollary 14. q.e.d.

Thanks to this lemma, we can regard Exp’ (M; (4, L*)) and Exp’ (M;
[A, L*]) as subspaces of Exp (C"*!;(4, L*)) and Exp (C"*!;[4, L*]),
respectively.

The following theorem extends Theorem 10 in case of entire functionals.
Because we have no Cauchy transformation of entire functionals, we cannot
prove it by Theorem 12 as we did for Theorem 10.

THEOREM 16 ([7, Theorem 3.4]). Let 0 < A < oo. Let S,(w)= S,(T; w)
be the k-homogeneous component of TeExp (M;(0)). Then we have the
following relations:

1
~ k
(i) TeExp’ (M) — lirP_.sup l: % ] =0,
F oo
(ii) TeExp (M; (A, L¥)) < litn sup [ | S"(”lvc)"lc“"] <
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1
~ S % )
(i) TeExp' (1 ; [4, L*]) <> lim sup [L%] <2,
s i
(iv) TeExp (M; (0) <— lim sup ["_'%92] < .

Further, we have
Tfy=3 | S fmdum, (15)
k=0JM

where f is a test function in respective spaces.

ProoF. We prove only (ii). Suppose TeExp' (M;[A4, L*]). Then by
the continuity of T, for any B with 0 < B < 4 there is Cyz > 0 such that

KT, f3| < Cysup {|f(2)] exp (— BL*(2)); ze M}
for any feZ(B, L*). Therefore, for we M,
[Sc(W)| = |Si(T; w)|
< Cp2*N(k, n)sup {|z- w|* exp (— BL*(z)); ze M}
< Cp2*N(k, n) sup {L*(2)* exp (— BL*(2)); ze M}
< Cy2*N(k, n)(k/B)<e~*.
By the Stirling formula, we get lim sup,_ . [I|S;llcan/k!1** <2/B. Since
B < A is arbitrary, we have lim sup,_, ., [ || Sillcan/k!1'* < 2/A.

Conversely, suppose a sequence {S,e #*(M); k=0, 1, 2,---} satisfies the
condition lim sup,, ,, [ | Sillcary/k!]*/* < 2/A. Then, for any Bwith 0 < B < A4
there is Cz >0 such that |S,(w)] < Cgk!(2/B)} for k=0,1,2,---. Let
feExp(M; [A, L*]). Then there is B' with 0 < B’ < A such that

1/ Il zas1 = sup {|f@)] exp (— B'L*(2)); ze M} < co.
Since the k-homogeneous component of f is defined by (7), we have

1 f(tw)
—§Itl=o e+t at

2ni

| fuwW)| =

1
< o exp(B'p/2) || f l ze', L

for we M, and hence

"fk(w)“C(M) < (B'/(zk))kek ”f"Z(B’,L')'

For B’ < B, the Stirling formula implies
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a0

> f Si(W) fe(w)du(w)
M

k=0

< fo Cyk!(1/k)e*(B'/BY* | f | 28, )
k=

SCNfllzw s

for feZ(B', L*). Therefore,

<nn=§jSMwmwm=§fswmwwm
k=0 JM k=0 JM

converges and defines a linear functional T on Exp (M; [4, L*]). It is clear
that S, (w) = S, (T; w). g.e.d.

6. Fourier-Borel transformation

For {eC"*! fixed, we consider the exponential function f(z) = exp (iAz - {).
The Taylor expansion f(z) = exp (iAz-{) =Y., (iA)(z- {)*/k! coincides with
the expansion by homogeneous polynomials:
(id*

7(z 0F, zeM. (16)

filz) =

For Te (' (M), the function
F,T(0) =<T,, exp (idz- {))

is defined for {eC"*! and is called the Fourier-Borel transform of T. If
TeExp’ (M; (0)), then #,T({) is defined only for { in a neighborhood of 0
in C"*1,

LEMMA 17. If TeExp (M; (0)), then we have
> (iA) 1

Lk FNE) S(T; {) (17)

ZTO) =

where S,(T; {) is the k-homogeneous polynomial defined by (11). In particular,
(iA)* 1

e msk(T; 0. (18)

S(FAT; ) =

The function F(z) = &,T(z) satisfies the differential equation AF(z) = 0.
Proor. By (15) and Lemma 1,

[ - _ (iﬂ.)k .
FT(Q) = kZO Si(T5 W) = 1= (w - O du(w)
=0JM :
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© (iA)f 1

N A
o k! 2*N(k, n) (T30

for {eC"*! and (18) is clear. Because (17) is a uniformly convergent series
of complex harmonic functions, the limit function is also complex harmonic.
g.e.d.
We now prove theorems on the Fourier-Borel transformation analogous

to Martineau’s theorem (for example see [6]):

THEOREM 18 ([7, Theorem 44]). Let A #0 and 0<r<oo. The
Fourier-Borel transformation %, establishes the following linear topological
isomorphisms .

(i) F,: 0'(M[0]) = Exp, (C™**; (0)),

(ii) F: O'(M(r)) = Exp, (C"**; [|4]r, L*]),
(iii) F: 0'(M[r]) =5 Expy (C™*1; (14Ir, L¥),
(iv) F,: 0'(M) => Exp, (C"*}).

Proor. We prove only (iii). Let Te O (M[r]). By Lemma 17, F(z) =
F,T(z) is holomorphic in a neighborhood of 0 in C"*! and satisfies
AF(z) =0. By (18) and Theorem 10 (iii), we have

oA
2

. L |Alr
lim sup [ Si(T; Ollcanl* < —--

liflfl_.soélp [k ISk (AT, {) ”cw)] )

By Theorem 11 (iii), &, T belongs to Exp, (C"*'; (|A|r, L¥)).

Conversely, let FeExp, (C**!; (J]A|r, L*)). Expand F into homogeneous
polynomials: F(z) = Y.°., Fi(z). Since F is complex harmonic, F, belongs to
2% (C"*1). Theorem 11 (iii), implies

. 1A
i sup [41 | Feleolt < 5 (19)
Define
2 k
Si(0) = (J) k!N (k, n)F({). (20)

Then (19) implies lim sup; ., [I|S;({)llcan]'’* < r. Since r >0, by Theorem

10 (iii), the formal series T({) = ). S,({) defines an analytic functional and
k=0

belongs to O'(M[r]). By the construction of T and Lemma 17, we have

F,T=F. Since &, is continuous, &, ! is also continuous by the closed graph
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theorem. q.e.d.
The following theorem generalizes Kowata-Okamoto’s theorem:

THEOREM 19 ([7, Theorem 4.4]). Let A#0 and 0< A< oo. The
Fourier-Borel transformation %, establishes the following linear topological
isomorphisms :

(i) F,: Exp’ (M) =5 0,(C™*Y),

(ii) F,: Exp/ (M; (4, L*)) = 0,(B[A4/141]),
(iii) F,: Exp’ (M [A, L¥]) =5 0,(B(4/1A])),
(iv) F,: Exp' (M (0)) = 0,({0}).

Proor. We prove only (iii). Let TeExp' (M; [A4, L*]). If L({) < A/|Al,
then there is B < A such that L({) < B/|1| < A/|A| and we have

| exp (iAL - 2)| < exp (|4| L({)L*(2)) < exp (BL*(2)).

Therefore, exp (iAl - z)e Exp (M ; [4, L*]) and we can define the Fourier-Borel
transformation :

FTQ = (T, epil-2),  LO< 5
By Lemma 17, Theorems 16 (iii) and 4 (iii), F(z) = #,T(z) belongs to
O4(B(4/14))). _

Conversely, let Fe®4(B(A/|A])). Expand F into homogeneous poly-
nomials: F(z) =Y., Fi(2). Since F is complex harmonic, F,e #%(C"*'). By
Theorem 4 (iii),

. A
i 539 [ Fellen] < 12 @

Define S,({) by (20). Then (21) implies
]il}l_‘sql).lp LIS "C(M)/k!]llk <2/A.

Because 4 > 0, by Theorem 16, the formal series T({) = Y, ; Si({) defines an
entire functional and belongs to Exp’ (M; [4, L*]). By the construction of T
and Lemma 17, we have # T=F. Since &, is continuous, %! is also
continuous by the closed graph theorem. q.e.d.

Thanks to Theorem 13, Theorems 18 and 19 may be stated as follows:
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THEOREM 20 ([7, Theorem 4.5]). Let A#0, 0<r < oo and 0 < A < o0.

The conical Fourier-Borel transformation 2, = B o &, establishes the following
linear topological isomorphisms:

[1]
[21]
[3]
[4]
[5]
[6]

[71]
[8]
[91]
[10]
113

(i) 2,: 0'(M[0]) = Exp (M; (0)),
(ii) 2,: 0'(M(r)) = Exp (M; [|A]r, L*]),
(iii) 2,: 0'(M[r]) = Exp (M; (|A|r, L*)),
(iv) 2,: O'(M) —=> Exp (M),
(v) 2,: Exp’ (M) => 0(M),
(vi) 2,: Bxp/ (M; (4, L*) = O(M[A4/]4]]),
(vii) 2;: Exp' (M [4, L*¥]) = 0(M(4/|A])),
(viii) 2,: Exp’ (M; (0)) == O(M[0]).
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