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ABSTRACT. This paper presents a new class of ordinary differential equations on
manifolds containing second order ordinary differential equations as a special sub-
class. The main result of the paper is the genericity of hyperbolicity of equilibrium
points in this class. A subclass containing the classical mechanical systems is also
discussed there.

1. Introduction

One of the important special classes of vector fields which can be defined
in a coordinate-free manner are second order ordinary differential equations
(ODEs) on manifolds (see e.g. [1, 3, 11]). We introduce a new special class
of ODEs on manifolds containing second order ODEs as its special sub-
class. Locally they are represented by systems of the form

(1.1) x=P(x)y, y=4g(x,y),

where ge C"(U,R"), Pe C'(U,M,), U = R" is an open set and M, is the set
of all n x n matrices. The mapping ®@p: TR - TR", Pp(x, y) = (x, P(x)y) is a
fiber preserving bundle endomorphism of TR", linear on each fiber. Therefore
we call such special vector fields E-vector fields. If &, = idrz. then P(x) is
the unit matrix and the system (1.1) is a second order ODE on R".

A special subclass of the class of E-vector fields are mechanical systems
of the form

(1.2) X = P(x)y,
.10
y=-3 E(yTP(x)y) —grad V(x) + h(x, y),

where P e C'(U, S,), S, is the set of all n x n symmetric matrices, V € C"(U, R),
he C'(U,R"), yT is the transpose of y. This system can be written as the
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sum of the Hamiltonian vector field with the hamiltonian H(x, y) = yTP(x)y +
V(x) and the E-vector field x =0, y = h(x,y). The notion of the E-vector
field, which will be precisely defined in the next section, enables us to define
similarly as above also mechanical systems on manifolds. A definition of a
mechanical system on manifolds is given for instance in [1, 2, 7, 18, 21],
where it is defined as a class of second order ODEs.

In this paper the main results deal with generic properties of singular
points of E-vector fields and mechanical systems defined as E-vector fields.

2. E-vector fields

Throughout the paper M will be an n-dimensional C*-manifold without
boundary and with C*-Riemannian metric <., .). We use the notation X*(M)
for the space of all C*-vector fields on M. Let TM be the tangent bundle
of M. The papers [16] and [17] inspired us to define E-vector fields on
manifolds. Let us recall the following definitions given in these papers (see
also e.g. [1, Chapter 3, Section 3.4]).

DEerFINITION 2.1. A bundle endomorphism A of the tangent bundle TM
is a C*mapping A: TM — TM whose restriction on each fiber T.M is the
linear endomorphism A(x) of T,M. The set of all C*-bundle endomorphism
of TM we denote by I'*(End (TM)).

DEFINITION 2.2. A bundle endomorphism A € I'*(End (TM)) is called of
constant corank if, for any x € M, the rank of A(x) is independent of x. In
this case, if the constant rank equals n — r, we call A a bundle endomorphism
of corank r. We write corank A =r. The set of all 4 e I'(End (TM)) of
corank r we denote by I'*(End (TM)).

In Section 6 we shall give a criterion (Lemma 6.1) for the local con-
stantness of rank A(x) for A e I'*(End (TM)). Now let us define E-vector
fields on M.

DerFINITION 2.3. Let A e I'(End (TM)) and n: TM — M be the natural
projection. A vector field F € X*(TM) is called an E-vector field on M if

@.1) DnoF=4,

where Dn: T?M — TM is the derivative of # and T?M = T(TM) is the double
tangent of M. The set of all such vector fields with 4 fixed we denote by
Eﬁ(TM) and we deﬁne Ek(TM) = UAErk(End(TM)) Eﬁ(TM).

The set Ej;  is exactly the set of all second order ODEs on M of the
class C*, where idy,, is the identity map on TM. One can easily check that
any F € EX(TM) is locally represented by a system of ODEs of the form (1.1).
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Now we globalize the definition of mechanical systems mentioned in the
introduction. By [9, Example 6.10] for any manifold Y there exists a regular
2-form v on the cotangent bundle T*Y of Y which define a symplectic struc-
ture on Y. The 2-form induces a map n*: TY —» T*Y, v, o n(v,)w,, v, € T.Y,
where n(v,)w, == v(v,, w,), w, € T, Y. By [1, Proposition 13.7] the mapping 75
is a vector bundle isomorphism (in particular, a difftomorphism of TM). This
implies that there exists a regular 2-form w on the cotangent bundle T*(TM)
of the tangent bundle TM which define a symplectic structure on the double
tangent T2M. The form w defines the isomorphism

b: CH(T2M) — CH(T*(TM)), b(X) = iyw,

where iyw is the inner product of X and w (see [1, Definition 14.13]),
CH(T*(TM)) is the set of all C*-sections of T*(TM) and C¥(T?M)) is the set
of all C*-sections of T?M. If H € C**'(TM, R) then dH € CX(T*(TM)). Since
the map b is an isomorphism, there exists a vector field X¥ on TM such
that b(Xy) = iy, = dH and this means that X is a Hamiltonian vector field
with the Hamiltonian function H.

Consider the function H e C**'(TM, R), H(v,) = < B(x)v, — v,, v, >,
v, € T,M, xe M, where Be I'"*'(End (TM)) is such that the mapping B(x):
T.M - T.M is self-adjoint with respect to the scalar product {-, ->, on T.M
for any xe M. The set of all such Be I'**'(End (TM)) we denote by
I}*Y(End (TM)). By the above construction there is a Hamiltonian vector
field F, with the Hamiltonian function H. Now we define another C*-vector
field F, on TM as a second order ODE on M with the property that each
of its integral curve t — y(t) satisfies the condition

22 Vv = —grad W) + G().,

d . . .. . .
where )'z=d—};, V,7 is the covariant derivative of j, grad W is the gradient

vector field on TM defined by dW(v,) = {grad W(x), v.), for all v, e TM,
where We C**'(M, R) and G e I'*(End (TM)). We call the vector field F =
F, + F, a generalized mechanical system or shortly a mechanical system on
M and we identify it with & = (B, W, G) e I}"*(End (TM)) x C**}(M, R) x
T'*(End (TM)). This vector field on TM is locally represented by a system
of the form (1.2). If B is an isomorphism on each fiber then we have a
classical mechanical system and the function K: TM — R, K(v,) = 3(B(x)v,, v,>
represents the kinetic energy, the function W: M — R is the potential energy
and E: TM - R, E(v,) = K(v,) + W(n(v,)), v, € TM, is the total energy of the
systm <. The function L = K — Wo r is called the Langrangian of the me-
chanical system. The mapping G € X*(TM) represents the external force of
&. We use these notions also in the case when B is not an isomorphism
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on each fiber. The space of all the above defined mechanical systems we
denote by #* = .#*(TM). In Section 5 we shall study some basic generic
properties of mechanical systems in the space .#*(TM).

ReMArRK. The wide-spread notion of a mechanical system on a manifold
M (see e.g. [1, 3, 7, 18, 21]) is defined as a second order ODE on M defined
by two functions K: TM — R, K(v,) = (v, v,>, v, € TM, W: M - R and some
external force. The main result concerning mechanical systems which we
shall prove in Section 5 says that singular points of generalized mechanical
systems on TM lying in the zero section (TM), of TM consists generically
of isolated points and the corresponding Hessian at these points is an iso-
morphism. This result is an extension of results by S. Shashahani [20] con-
cerning generic properties of mechanical systems. We remark that G. Fusco
and M. Oliva [6] recently obtained some results concerning dissipative me-
chanical systems with constraints. We remark that in our definition of gen-
eralized mechanical systems the vector bundle endomorphism defining the
function K which in classical mechanical systems represents the kinetic
energy, need not to be an isomorphism on each fiber. Of course, in the
case of classical mechanical systems with non-degenerate Lagrangians this is
not possible. We give an example of an E-vector field on R?>™ which in a
special case has the form of a generalized mechanical system. It is true that
the above abstract approach is not necessary in this case, however Theorem 4.2
can be applied to this case.

Let us give examples of equations which have the form of E-vector fields.

ExampLE 1. Consider the following class of models coming from reaction
kinetics. Let us consider a chemical reaction of reactants a,, a,, ..., a, con-
sisting of m reactions expressed graphically as

n n
Z“ikak'—'Zﬁikak i=12..,m,
k=1 k=1

where oy, By are non-negative integers. If u, is the concentration of a; then
the dynamics of the reaction can be described by the system of differential
equations

(*) ak=_=zl'yikwi (k=1,29-'-,n)’

where 7y, = By — oy and w; is the velocity of the i-th reaction. In many
applications the velocity w; is supported to be of the form w; = k; ][4 ug,
where k; is a constant. If there are some constraints on the variables
Uy, U, ..., 4, given by smooth functions which define a smooth manifolds,
we have to deal with a vector field on a manifold. The structure of a chemical
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reaction determines the structure of the corresponding vector field. We give
an example of such a structure where the dynamics of the corresponding
reactions is described by an E-vector field.

Let ay,a,,...,a,, A, A,,..., A, be reactions for which the system of
reactions has the form

@ Z %Gy + Z Ay Ay Z Biax + Z BikAk i=12,...,n
¥=1 K=1 =1 k=1

=

(I

’lT[v]=

St + Z Z kak+ZanAk (i=12..,n.

Let of = (o), o = (@), 2 = (Bu), B = ( 15) = (" ) (51k) 2 = (M)
D=0u) [11=€¢—A, [1,=2—-% [, =¢— 4, 22—@ €, e, v, be
concentrations of a, and A4,, respectively, u = (u,, u,, ..., u,), v = (Vy, V3, ..., V,),
w; is the velocity of the i-th reaction of the system (I) and W, is the velocity
of the j-th reaction of the system (II). Then the dynamics of the system of
reactions (I) and (II) is described by the system

u=rIyw+I,W,
v=TI,w+ 15W,

where w = (wy, wy, ..., w,)T, W= (W, W,, ..., W,)T. If I, = 0—the zero ma-
trix and w = w(y, v) = (¢,(v)v, ..., ¢,(u)v,)", where ¢, (u), ..., ¢,(u) are smooth
functions, then the above system has the form

** i=Bwv, V=g,

where B(u) = I7,(¢;W)v,, ..., ¢,(w)v,)T and g(u, v) = I,,w + I,,W. In applica-
tions the functions ¢,(u) may have zero points. They are often supposed to
have the form ¢,u) = k;u}* ... u~.

More generally, we can define differential equations on graphs as follows.
Let I" be an oriented graph with two sets of vertices 4 = {a,, a,,...,a,} and
B={b,,b,,...,b,} and edges (a;, b;), (b;, a,) connecting the vertex a, with b,
with the orientation from g, to b; and b; with a, with the orientation from
b; to ay, respectively. Let a,; be the number of edges of the type (a, b;) and
B the number of edges of the type (b;, a,). Let a function u,(t) correspond
to the vertex g, and a function wy(u) correspond to the vertex b;,, where
u=(uy,uy,...,u,). The functions w,(u) are given and the functions u, are
unknown. The system (*), where y; = B — %, is called a system of differen-
tial equations on the graph I. The structure of the graph I" determines the
structure of the system (*) and as a special case we have a system of the
form (**). If for instance, dmu=dimv=1, I, =15, =1, =1, wu,v)=
Sy, W(u,v) = —du)v — 3¢'(u)v> — ¥'(u) + h(u, v), where , h are smooth
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functions then the system (**) has the form
d—aH(uv) ﬁ——aH(uv)+h(uv)
- aU e > - 6u ) ) ’

where H(u, v) = 3¢(u)v> + Y(u). The reactants producing the term h play the
role of an “external force” during the reaction. Such systems in higher dimen-
sions are studied in Section S.

ExaMPLE 2. Consider an integrodifferential equation of the form

(2.3) X = A(x)[{exp (Bt)}e + J’t {exp B(t — s)}g(x(s))ds] ,
0

where A e CR", M,), ge C*(R,R"), k = 1, Be M,, ce R". This equation can
be written as the system

(2.4) x =AM, v = Bv + g(x)

with the condition v(0) = c. The system (2.4) is an E-vector field on R". If
A(x) = diag {x,, x5, ..., X,}, where x = (x;, X5,...,X,} and Gy(x,t) is the i-th
coordinate of the vector {exp (Bt)}c + [§{exp B(t — s)}g(x(s))ds, then (2.3)

represents a model of population dynamics, where the relative velocity % of
grows of the i-th species is G;(x, t). Integrodifferential population models are
recently intensively studied. One can study also more general equations than
equation (2.3), e.g. equations of the form (2.3), however with integrals contain-
ing finite or infinite delays. Population models for such equations are studied
e.g. in [4]. Such equations with delays can also be defined in an analogous
way as E-vector fields (also on manifolds) and they can be studied from our
generic point of view. However we do not pursue this problem.

Even though the right hand side of the second equation of (2.4) is linear
in v, using the same procedure as in the proof of Theorem 4.2 one can prove
that there is a residual subset &%, of the space &%(TR") of systems of the
form (2.4) such that if Fe &f,, then the set K(F) of all singular points
of F consists of isolated points which are all hyperbolic. If (x, v) € Kq(F),
then ¢ € R" in (2.3) must be equal 0 and therefore K,(F) = K(F)N(TR") =,
((TR™")o = {(x, v) € TR™ v = 0}).

ReMARK. The second order ODE on a manifold M can also be defined
as a vector field on TM such that any solution f: I - TM(I < R is an interval)
satisfies the condition D(n o B) = f, where n: TM — M is the natural projection
(see e.g. [2, 3, 11]). Similarly one can define an E-vector field as a vector
field F on TM such that any solution f:I— TM satisfies the condition
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25) D(mop)=Acp,

where A € I'*(End (TM)). This means that if § = (y, 8) is a local representa-
tion of p and # is a local representation of m then o f =1y, D(fof)=
(y,7) ()3 = %) and if /‘f(x, y) = (x, P(x)y) is a local representation of A then
the condition (2.5) yields 7 = P(y)8, § = g(y, d).

DrerFINITION 2.4. If A € T¥(End,(TM)), then a vector field F € EX(TM) is
called an E-vector field of corankr. The set of all such vector fields we
denote by E% (TM) and EXTM):= {EX (TM): A e I'*(End,(TM))}.

THEOREM 2.5. If F € E o(TM), k 2 1, the there exists a C*-diffeomorphism
h: TM - TM such that F, € EX"'(TM) defined via

F,(y):=Dh(h™*(y)F(h"*(y)), yeTM,
is a second order ODE on M.

PrOOF. Given any x € M define the mapping h,: TM - T.M, h(y) =
A(x)y, and the mapping h: TM - TM, h(v,) = h(v,), v, € T.M. Since the
bundle endomorphism A4 is of corank 0, the linear mapping A(x): T.M - T.M
is invertible for any x € M. Define the mapping h™': TM —» TM, h™'(v,) =
(A(x)) Yv,), v, e T.M, where (A(x))™* is the inverse of A(x). The inverse
mapping theorem implies that h~! is of the class C* and obviously it is the
inverse of h. Let F, be defined as in the theorem. The vector field F, is
locally represented by a system of the form (1.1), with P(x) = I—the unit
matrix. Since the C*-difffomorphism h is defined globally, the C*!-vector
field F, is a second order ODE on M.

3. Generic bundle endomorphisms

We shall study in the next section generic properties of E-vector fields.
Therefore we need to describe basic generic properties of bundle endomor-
phisms. Basic generic properties of matrix functions defined on the n-dimen-
sional disk are presented in the paper [12]. In this section we give a glob-
alization of these results in a form useful for our prupose.

One can consider an A e I'*(End (TM)) as a C-section of the fiber
bundle L(TM):= (p, End (TM), L(R")), where p: End (TM)— M, p(B) = x for
Be End (T,M). The coordinates on the fiber bundle L(TM) are defined as
follows:

Let (U,a) be a chart on M and (T, a, U) be the natural chart on TM
induced by (U, «) (see e.g. [3]). Then define the natural chart on L(TM) as
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a triple (L,, o, U), where L,(x) = (a(x), B,(x)) for B € End (T, M), b,(x) = A,(y),
y =a(x), T,o Bo T,/ (y,v) = (y, A,(y)v). Thus for A € I'*(End (TM)) we have
the mapping

3.1 Aga(U)y-M,,
defined via
(3.2) D,(y) = T, o A(x) o T, (¥, v) = (3, 4,(y)v) .

DEerINITION 3.1.  Let S, be the set of all n x n symmetric matrices. Define
the sets

R,={BeM, rank B=r},

Ri={BeS, rank B=r}.
Let us recall the following well-known results.
PROPOSITION 3.2.

(1) The set R, is a smooth submanifold of M, of codimension (n — r)?
(2) The set R is a smooth submanifold of S, of codimension
Yn—r+ -7

(see e.g. [8, Proposition 3.2]).

DeFINITION 3.3. A bundle endomorphism A4 e I'*(End (TM)) has the
property T (or the transversality property) if for any x € M there is a chart
(U,®) on M such that x e U and

(3.3) A, MR, , r=0,1,...,n

(ie. A, transversally intersects R,), where A,: a(U) — L(R") is defined by (3.1)
and we identify L(R") with M,. Analogously we define the property T for
A € I} (End (TM)) by the condition

(3.4) AMNRS, r=0,1,...,n.
If (V, B) is another chart on M as in Definition 3.3, where x € V, then
Tpo A(x)o Ty ' (y,0) = Tyo T, 0 A(X) o T, ((Ty o T) 7 (3, 0))

and therefore there is a regular linear map C,; € L(R") such that ®4(y) =
(v, Ap(y)) (see (3.2)), where Agz(y) = C,p0 Au(y) o Cy !. This implies that A,MR,
iff A,,thk. Thus Definition 3.3 is independent of coordinates.

Let M be a compact Riemannian manifold. The set I'*(End (TM)) has
the natural linear structure. We can define the norm ||A||, of Ae
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I'*(End (TM)) as
(3.5 Al = sup (140> IDACI 15 - -5 ID*AX)]6) »

where ||-||; is the norm in L(T,M)—the space of continuous i-linear mappings
of T.M into itself and A is considered to be a C*-section of End (TM). One
can check that B* = (I'*(End (TM)), |-[l,) is a Banach space. Analogously
Bt = (I¥(End (TM)), || - |l) is a Banach space.

Define the mappings

pa: B x a(U) > LR"),  (4,) = A, (),
where (U, a) is a chart on M, A, is defined by (3.1) and
Pa,a: (U) > LR, py 4(y) = Pu(4, Y)

where A e B* is fixed.

Let V< a(U) be an open set with ¥ < a(U) and k= n. Then by the
Abraham’s transversality theorems (see [3, Theorems 18.2, 19.1]) the set of
all A e B* for which p, ;M7 R, for r =0, 1, ..., n is open and dense in B*. An
analogous assertion is valid in the case of the Banach space Bf. We have
the following theorem.

THEOREM 3.4. Let M be a compact smooth Riemannian manifold of dimen-
sion n, B*= (I'*(End (TM)), || ll,), B%= (IF(End (TM)), ||-|l.) be the Banach
spaces with the norm defined by (3.5) and k = n. Then there is an open dense
subset By of B* (of Bf) such that if A€ By, then A has the property T in
the sense of Definition 3.2.

DerINITION 3.5. If A € By then we say that A4 is generic.
As a consequence of [3, Corollary 17.2] we have

PROPOSITION 3.6. If Ae By = B(< BY), (U,a) is a chart on M and A,
is the mapping defined by (3.1), then the set X,(A,) = A;'(R,)(Z5(A4,) = A;1(RY))
is either empty or it is a C*-submanifold of a(U) of codimension (n —r)?, i.e.
dmZX =n—n—-r?in—r+1)@n—r),ie. dmZ=n—in—r+ )(n—r).

COROLLARY 3.7. If A& I'*(End (TM))(A e I¥(End (TM))), then G,(A) =
{x € M: rank A(x) =r} is a C*-submanifold of M of codimension (n — r)?, i..
dim G,(A)=n—(n—r)?>dim, G(A)=n—3in—r)(n—r+ 1)

4. Generic E-vector fields

Let F be an E-vector field from E%(TM), where M is a compact Rieman-
nian manifold, {U,, o;}7*, be an atlas on M and
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% = 49y,
4.1 F;:
@1 '{y'=fi(x,y), xex(U), yeR"

be the local representation of F with respect to the chart (T, «;, U) on
TM. Let us define

IFl:= N4l +  sup  (IfiCe W, ..., D& fille)

(x,y) e a;(U)xR"

where ||| Al, is defined by (3.5), Df, ,, f; is the j-th derivative of f; at (x, y) and let
(4.2) IFl,=  max : I1E:lly -

ie{1,2,...,

Define the set
4.3) EYTM) = {F € EXTM): ||F||; < o} .

The set £“(TM) has a natural linear structure and one can check that (6%(TM),
II-1l,) is a Banach space. The set of all Fe &(TM), where A is fixed, we
denote by &%(TM).

Generic properties of second order ODEs on a manifold M have been
studied by S. Shahshahani [19] and generic properties of 1-parameter families
of second order ODEs are described in [13, 14, 15]. Proposition 3.6 and
its corollary show that generic bundle endomorphisms which are components
of generic E-vector fields are not simple in general. Namely, the set of all
x € M for which the linear map A(x): T M —» T.M is not an isomorphism, is
locally an algebraic variety whose (n — k)-th stratum has the dimension n — k2.
We shall show that in spite of this fact we are able to prove some results
concerning generic properties of singular points of E-vector fields.

Recall that v, € T,M is the singular point of F € &%(TM) if F(v,) = 0(v,)—
the zero of T, (TM). We denote by K(F) the set of all singular points of F.

DEFINITION 4.1. Let F e &&(TM). Define the sets
S/(F)= {v,e TM:v, e K(F), rank A(x) =j}, j=0,1,...,n
and let S(F) =)}, S°(F).

If A=idyy then S/(F)=9 for j=1, 2, ..., n and K(F) < (TM), =
{v,e TM:v, =0,—the zero in T,M}—the zero section of TM. By S.
Shahshahani [19] (see also [15]) the set K(F) consists generically of isolated
points which are all hyperbolic.

Let us write K(F) as K(F) = Ko(F)U K, (F), where K,(F) = K(F)N(TM),
and K,(F) = K(F) — Ky(F).

THEOREM 4.2. Let M be a compact manifold. Then there exists a residual
subset & of &“(TM) such that if F € &F then
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(1) F € EX(TM), where A € I'*(End (TM)) is a generic bundle endomorphism
in the sense of Definition 3.5.

(2) The set K(F) of all singular points of F consists of isolated points
which are all hyperbolic and K,(F) is finite.

Before starting to prove this theorem we give an example which demon-
strates the main idea of the proof and also a difference between generic
properties of second order ODEs and E-vector fields.

ExaMpLE. Consider the plane E-vector field
U= ¢,
0= f(u,v),

where u, ve R, ¢ and f are smooth functions. If ¢(u) # 0 for all u then
by Theorem 2.5 this system is conjugated to a second order ODE. If, for
instance, @¢(u) > 0 for all u then the system has the same trajectories as the
second order ODE

u=vo,

=[] f(u,v).

By the results of S. Shahshahani [19] the hyperbolicity of singular points is
a generic property in the space of all smooth second-order ODEs. In this
case all singular points lie on the submanifold v = 0. If ¢(u) has some zeros
then the system possesses singular points also outside the submanifold v = 0.
Let, for instance, ¢(u) = u?, f(u,v)=au+bv, a#0, b #0. Then K = (0,0)
is the only singular point which is non-hyperbolic. If we perturbe ¢ into
#.(u) = u?> — ¢, ¢ > 0, then the corresponding systems has three singular points

K=(,0), K, = (—\ﬁ, v,), K, = (\/E, —v,), where v, = gﬁ One can easily

check that all these singular points are hyperbolic. If b =0 then it is neces-
sary to perturb also f into the generic case with b # 0. In the following
proof we shall find generic perturbations of the linear vector bundle endo-
morphism as well as of the vector field defining a given non-generic generalized
vector field in such a way that the resulting generalized vector field has all
singular points hyperbolic.

ProorF OF THEOREM 4.2. The assertion (1) is a direct consequence of
Theorem 34. Let TM = | 2, T;, where T; are compact sets and T;4; © T;

for all i. Let Fe &4TM), v, € K(F)NT,; and (T,, o, U) be a chart on TM
such that v, em/(U). Then the local representation of F with respect to



138 Milan MEDVED

this chart has the form

u = B,
v=g(u,v),

(4.4) G: {

where B e Ci(a(U), M,), g € C¥(2(U) x R", R"), T,(v,,) = (u,v), Cf is the set of
all bounded C*-mappings with bounded derivatives up to order k. Let us
define the mapping

@, p:a(U) x R">Y:=R"x M, x R" x M, x M, ,

d d
D, g(u,v) = <v, B(u), g(u, v), ag(u, v), %g(u, v))

and let W,={(y,4,2,C,D)e Y:rank A=r, Ay=0,z=0}. If rank A=r then
there exist regular matrices P, Q € M, such that PAQ = diag {1, ..., 1,0, ..., 0}.
Therefore Ay =0 iff w; =0, ..., w,=0, where w=(w,,...,w,)" =Q7'y. From
this and Proposition 3.2 (1) it follows that W, is a smooth submanifold of
Y and codim W,=n+r + (n—r)>. Let N < a(U) x R" be an open set with
compact closure N c a(U) x R® and (p,q)€ N. Abraham’s transversality
theorems ([3, Theorem 182, 19.1]) imply that the sets ZFXN)=FF=
{(9, B)e X := CHa(U) x R" R") x CK((U), M,): ®, sz W,}, r=0, 1, ..., n
are open dense in X. If (g, B)e £* then Z] z(N):= (@, 5) '(W,))NN is a
C*1.submanifold of (x(U) x R")NN of codimension n + r + (n — r)%.. This
implies that Z) z(N)=@ for r<n—1 and dim Z}3;(N)=dim Z]z=0.
If (p,q) € Z; p(N) then det B(p) #0 (therefore v =0) and generically also

0 0
C:= ag(p, qQ, D:= %g(p, q) are regular matrices. One can easily show

0 B
that the matrix (C l()p)) is regular and therefore 1 =0 is not an eigen-
value of DF(v, ). Let W(c)={(y, A,z C,D)e Y: A, C, D are regular matrices,
0 . . .
y=0,z=0, < c D) has a purely imaginary eigenvalue}. This set is a semi-

algebraic variety of codimension = 2n + 1. Therefore if (g, B)e F*(N, c):=
{(9. BeX =&, 3Ny W(c)} then (D, ;) (W(c))=0. Therefore if (p,q)e
Z; g(N) then g = 0 and the point (p, 0) is the hyperbolic singular point of (4.4).

If (p, q)eZ;,‘,,‘(N) then rank B(p) =n — 1. There exist regular matrices
P, Q € M, such that PB(p)Q = diag {1,1,...,1,0}. Let PB(u)Q = (b;(u)). Let
us introduce new coordinates via the regular mapping ¥:x = Pu, y;, =
by W)(Q7'0), + - + b, W)(Q '), LS i< n—1, y,=(Q'v), near (p, q), where
(Q'v); is the i-th coordinate of (Q7'v). In these coordinates the system (4.4)
has the form
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~

Xy

=Y

(4.5) H: < x‘n_l = yn—l
xn =a1(x)y1 +'H+an(x)yna
Ly =4xy),

WhCI'C aj(p) = 0’ 1 _S.J § n, (p; g) = (pl, ceos Dnsqyseees qn)
0, ..., g»—1 =0, g, # 0 (generically).

-

Thus we have
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Obviously, ¢, =

0 0 1 0 0 0)
0 0 00 1 0
DH y = )
PO e, e oo o
ox, ! ox, "
L C D

J

- 0§ - 3 - -
where € = %(p, q), D= %(p, g. 1f C=(cy) and D = (d;) then det DH(p, q)
= 0 iff det D(p, q) = 0, where

51(x)yy 5,(X) Y 0
(46) D(X, y) = cll(x, y) cln(x, y) dln(x’ y)
cnl(x’ _V) c,,,,(x, y) dnn(xs y)
0 0gi(x, 0gi(x, .. ~
sj(x) = —‘;’;(ji), u( ,y) = ggzj y)’ d'n(x, y) = %, 1<, Jsn g= (gla g2

...»gn). Let us define the mapping ¥, 5: V x R" - R*" x M, by

wg,B(x’ y) = (y’ (XB(X), grad cx,,(x), g(x9 y)a D(X, _V)) s

where V =y (x(U)) = R", ap = (a;, %5, ...,,) and D(x, y) is defined by (4.6).
Let D, = {(y19"',yn’ v, W, z, Q)GR4" X Myty:y1=0, y,=0, ..., Y-y =0,
w,=0, z=0, det Q =0}, where w, is the n-th coordinate of w. This set
is an algebraic variety whose strata have codimension = 2n + 1. The set
Wo={(g. B eEX: Y, m;o D,} is open dense in X, where X is defined as above
and V, c V is an open neighbourhood of (p, q), ¥V, = V. If (g, B)e W, then
(,.5)"'(D;)NV, =9. This means that generically det DH(p, g) # O.

Now we show that DH(p, q) has generically no pure imaginary eigen-
values. Since g, =0, ..., g,_; =0 the characteristic polynomial of DH(p, q)
has the form (4 — s,q,)P(4), where P() is the determinant of the matrix
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A2 — Apdig —cqy e —Cip1 — Ady,y —dy,
—Cy1 — Ay, —Capoq — Adp,_y —ds,
A =y ipy = Cootno1 —lntn
—Cn1 — j'dnl s “Cpn—1 — )‘dnn—l A= dnn

where s; = s;(p), c; = cy(p,q), d;=dy(p,q). This polynomial is of degree
2n—1 and it has a purely imaginary eigenvalue ia iff it factors as
(4% + a?)P,,_5(4), where P,,_, is a polynomial of degree 2n — 3 with real
coefficients which are polynomial functions of c;, d; and p,. Therefore the
coefficients of P(A) must satisfy some equalities which define an algebraic
variety I in M,, of codimension = 1. Therefore the set D, = {(¥y,.--» V> Us
w,z,Q)eR" x My, y, =0, ..., ¥y,.,=0,w,=0,z=0, Qe I} is an algebraic
variety of codimension > 2n. The set W(c) = {(g, B) ey, 5 fh,vo D,} is open
dense in X and if (9,B)e X then (Y, ) '(D;)NV, =9. This means that
DH(p, q) has generically no purely imaginary eigenvalue. Since any T; is a
compact set, we can cover it by a finite number of charts {(T}, U}, «})}74
and using the above local results one can find open dense subsets &f(j),
j=1,2, ..., m of &(TM) such that if Fe &f(j) then K(F)NT;(Uj) con-
sists of isolated points which are all hyperbolic. Obviously, the set & :=

2, ™9 &k(j) is residual in £%(TM) and it has the properties as in the
theorem.

5. Generalized mechanical systems

In this section we study generalized mechanical systems (shortly mechani-
cal systems) defined in Section 2 which are locally represented by systems of
the form (1.2) with f(x, y) = Q(x)y, where Q(x, y) is a C*-matrix function. The
set of all such systems we denote by .#* = .#*(TM) and a mechanical system
& e M* is identified with a triple (B, W, G) € I¥*(End (TM)) x C***(M, R) x
I'*(End (TM)). We shall need the topology of a Banach space on the space
of all mechanical systems and therefore we restrict ourselves to a subset
B*(TM) of #*(TM) defined as #*(TM) = B*¥ x C¥(M, R) x B, where B*=
("'*(End (TM), || ||;), B% = (I'¥(End (TM)), |‘|;) are Banach spaces defined in
Section 3 and C{(M, R) is the space of all bounded C*-functions on M with
bounded derivatives up to order k. The form of mechanical systems enables
us to define the natural structure of a vector space on #*(TM), ie. A¥ +
uS = (AB + uB', A\W + uW', AG + uG’) for A, peR, ¥ =B, W,G), & =
(B, W, G')e #(TM). The space #*(TM) is a Banach space.

We shall study generic properties of mechanical systems near singular
points lying in the zero section (TM),. We define K, (¥):= K(£)N(TM),,
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where K(&) is the set of all singular points of the mechanical system
& € B(TM).

Let us recall the definition of the Hessian G(x) of a vector field G on
a manifold N. This is the linear map o T,G: TN - TN (see [3, Section
5]), where T.G: TN - T, (TN) = T, (TN), ® T, (T.N), O, is the zero in T, N,
7. T, (TN) - T,N is the projection onto the second summand followed by
the canonical identification of T, (T,N) with T_N. The Hessian locally repre-
sents the linearization of the vector field at this singular point.

THEOREM 5.1. Let M be a compact manifold. Then there is an open
dense subset %% of #*(TM) such that if & € B, then the set Ky(¥) is finite
and if v, € Ko(&), then the Hessian S(v,): T, (TM)— T, (TM) is an isomor-
phism.

Proor. Let TM = |2, T;, where all T; are compact sets and T;,; > T;
for all i. Let Fe B4TM), v, e K(¥)NT, and (T, a, U) be a chart on TM
such that v, e n;}(U). Then the local representation of F with respect to
this chart has the form

(5.1) =AWy,
b= L i(u,TA(u)v) — grad V(u) + Q(u)v,
20u

where (4, V, Q) € 25 := Cj(«(U), S,) x C§(@(U), R) x Cy(a(U), M,,), T,(v,)=(uo, 0).
Let us define the mapping

Pav.o U)=»Z:=R"x§, xR"x§,xM,,
Pav.o, v) = (v, A(u), grad V(u), D(grad V)(u), Q(u))
and let
Xo={(»C,2,D,E)eZ:y=0,2=0,C, D, E e M, are regular},
Y'={(,C,z,D,Eye Z: y=0,z=0,C e RS, D, E are regular},
Y2={(y,C,z,D,E\e Z: y=0,z=0,D e R, C, D are regular},
Y3 ={(,C,z,D,E)e Z:y=0,z=0,E€R,,C,D are regular},

where R}, R, are the sets from Definition 3.1.

Obviously, the set X, is a smooth submanifold of Z of codimension 2n.
From Proposition 3.2 it follows that the sets Y/, j=1, 2, 3 are smooth
submanifolds of Z, codim Y/ =2n+ 3(n —r + 1)(n —r), j= 1, 2 and codim ¥,
=2n+ (n —r)%. From the Abraham’s transversality theorems it follows that
the sets C§={(4,V,Q)e Z: Pa,v,0 Mg Xo}, Cjkr ={(4,V,Q€Z:pyv,e mﬁo Y7},
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j=1,2,3r=0,1,..., n—1, are open dense in Z, where U, c a(U) is an
open neighbourhood of (u,, 0) with Uy = a(U). Therefore C¥ = ()"23(()3=; C¥)
NCg is open dense in Z and if (B, V, Q) e Ct then (pg o) ' (¥/) =0 for j=
1,2 3r=0,1,.., n—1, (pgy,e) (X, consists of isolated points. This
means that the system (5.1) has generically at most a finite number of singular
points lying in U, N {(4, v): v = 0}. Using the procedure sketched at the end
of the proof of Theorem 4.2 one can first extend this generic property to the
whole T; and then to the TM. Since the regularity of the Hessian 9"(1),‘) is
independent of coordinates the proof is complete.

We do not pursue the problem of generic properties of singular points
of generalized mechanical systems lying outside the zero section and we do
not deal with the case in which linearizations of generalized mechanical sys-
tems at singular points have purely imaginary eigenvalues, either. Instead of
this we give a sufficient condition for the nonexistence of purely imaginary
iegenvalues of the linearizations.

Let us note that v, e Ko(¥) for & = (B, V,Q)e #*(TM) iff xe C(V)—
the set of all singular points of the function V. Then the Hessian H, V: T.M x
T.M — R (a bilinear map) of the function V at x is defined.

THEOREM 5.2. Let & = (B, W, G)e B%, #* being as in Theorem 5.1,
w, € Ko(&) and let the following conditions be satisfied:

(1) H V(u,, B(x)v,) = H . V(B(x)u,, v,) for all u,.e T .M,

(2) H,V(uy, B(x)u,) >0 for all u,, v,e T.M,

3) <G(x)uy, u,y <0 for all u.e TM.
Then the Hessian ¥(w,) has n eigenvalues with negative real parts and n
eigenvalues with positive real parts.

ProoF. We proceed similarly as G. Fusco and M. Oliva in the proof
of [6, Lemma 4.2]. Let (5.1) be the local representation of (B, W, G), where
T,(v,) = (ug, 0). Let Ay = A(uy), B, be the Hessian of the function V at u,
and C, = Q(uo). The matrices A,, B, are symmetric and assumption (1)
implies that Ay,B, = ByA,. Therefore the matrix B,A4, is also symmetric.
Assumption (3) implies that the symmetric part of C, is negative.

. 0 Ay . . . L
The matrix L = <B CO) is the matrix of the linearization of (5.1) at
0 0
(4o, 0) and

—AI AO
det _
¢ ( B, —Al+ c0> 0

det 0 —A?B5' + AB;'C, + Ag _o
B, * )

iff
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Thus we have the following characteristic equation for L:

(5.2) det (421 — ACy — ByAy) =0.

Therefore A is an eigenvalue of L iff there exists we R", w # 0 such that
(5.3) Aw — ACyw — ByAgw = 0.

If w* is the conjugate transpose of w then w*ByA,w is positive definite and
symmetric and Re w*C,w < 0 since the symmetric part of C, is negative.
Therefore (5.3) implies that there exist o, f, ye R, a, y > 0 such that

(5.4) AP+ (@+if)A—y=0.

This implies that (5.4) has not root on the imaginary axis. The same is true
for ¢C, instead of C,, 0 < ¢ < 1. Therefore it suffices to consider C, = 0 and
for this case the assertion of theorem is obvious.

COROLLARY. If & = (B, W, G) € #% and for any w, € K, (¥) the conditions
(1), (2), (3) of Theorem 5.2 are satisfied, then all critical points lying in Ky(&)
are hyperbolic.

ExampLE 1. Consider the integrodifferential equation

(5.5) X = A(X)[{exp (@9}c — Jt {exp Q(t — )} grad V(X(S))ds:l ;

where A e C¥R", S,), Qe M,, ce R", Ve C*(R",R), k= 1. This equation can
be written as the system

X =A(Xx)v,
(5.6)
o= —grad V(x) + Qv

with the condition v(0) = ¢. This is obviously a generalized mechanical system
on R" ie. an E-vector field on R" of a special form. Using the same proce-
dure as in the proof of Theorem 5.1 one can prove that there is a residual
subset BY, of the set BE(TR") of all systems of the form (5.6) such that if
B e Bt,, then the set K, consists of isolated points which are all hyperbolic.

ExaMPLE 2. Let R*® — {0} be the space of positions with coordinates x.
Then tangent space T(R® — {0}) = (R® — {0}) x R® is the space of positions
and velocities with coordinates (x, v). A classical mechanical system is defined
by a smooth Hamiltonian function H: T(R® — {0}) > R. The Hamiltonian
function describing the motion of two bodies in R® in the gravity field is
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H(x,v) =1|lv)|?> - where one of the bodies is fixed at the origin, u € R

i
)’
and ||x| is the norm of x. The corresponding Hamiltonian vector field Xy is

X
5.7 X=v, D= —
(5.7) =

(see e.g. [2]). Consider the following perturbation of (5.7):
(5.8) X=v, b= * v s
‘ ’ A
This system possesses the same topological structure of trajectories on M =
(R® — {0}) x R? as the system
X=lxIPv, o=—px+flx,0),

which can be obtained from (5.8) by rescaling the time. This is an E-vector
field on M. If we extend this system to the manifold M = R?® x R® we obtain
an E-vector field of the form (1.1), where P(x)= diag {||x|3, [Ix]3, ..., Ix|3),
which however is not in the form of a generalized mechanical system (1.2).

ExaMmpLE 3. Consider the Kepler problem in one dimension given by
the system

where (x, y) € R* x R—the phase space. This is a Hamiltonian system with
. . 1 . .

the Hamiltonian function H(x,y) = 3y? — ot After introducing so called

McGehee transformation u = x, v =./xy of the half-plane x >0 with time

rescaling defined by j—i= x¥? (see e.g. [5, 10]), we obtain the system

1
v = .=_2_1
u=uv, D 20

which is no longer Hamiltonian. However, if we extend this system to R?
we obtain an E-vector field on R" with singular points K, = (0, —\/5), K, =
o, \/5). The singularities K,, K, correspond to the collision of the particle
with the attracting center x = 0.

The E-vector fields described in the above examples 2, 3 do not represent
generalized mechanical systems, however their perturbations can be studied
by using the method presented in Section 4.
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6. E-vector fields of corank r

We shall study the local structure of linear parts of E-vector fields of
corank r (see Definition 2.4). First let us formulate a modification of [16,
Lemma 3.1].

LEMMA 6.1. Let Ae CHU,M,), k=1, Uc R" be an open set, x,€ R"
and A(x,) be of corankr. Then there exists a neighbourhood V of x, such
that A(x) is of corankr for xeV if and only if

6.1 E(x) = B(x)D(x)"1C(x)
holds, where
0 0
(62) PA(x0)Q = (0 ,) ,
P, Q e M, are regular matrices,
_(E(x) B(x)
©3) PaxIe = <C(x) D(x)> ’

E(x), B(x), C(x) are close to the zero matrix and D(x) is close to the unit
matrix I,_,.

Proor. It is well-known that matrices P, Q satisfying (6.2) do exist. Let
the matrices E(x), B(x), C(x), D(x) be defined by (6.3). If V is a sufficiently
small neighbourhood of x, then D(x) is regular for all x € ¥ and the assertion
of lemma follows from [16, Lemma 3.1].

REMARK. A more general result concerning the existence of a C*-vector
bundle endomorphism of constant corank is proved in [1]. As a consequence
of [1, Proposition 3.4, 18] we obtain that A4 € I'*(End (TM)) is locally of
constant corank iff Ker 4 = ( ), Ker A(x) and Range 4 = | J,.) Range A(x)
are subbundles of the tangent bundle TM.

THEOREM 5.2. If F € EX (TM) (see Definition 2.4) then for any v,€ TM
there is a chart (T,, U,a) on TM such that v, € 3t (U), T,(v,) = (0,0) and the
local representation of F with respect to this chart has the form

ﬁl = P(u)v2 )
(6.4) U, =0, ,
0 =g(u,v),

where u, € R", u,, v,€ R"™", u=(uy,u,), v=_(y,0,), Pu) is an (n—r) xr
matrix function, P(0) =0, P, g e C.
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Proor. The vector field F has a local representation of the form

x=Ax)y,
(6.5)
y=f(xy),

where A is a C*-matrix function and f e C*. Let x, € R". Since rank A(x,) =
n —r, by Lemma 6.1 there exist regular n x n matrices P, Q satisfying equality
(6.1). By the definition of E4 ,(TM) we have rank A(x) = n —r for all x. By
Lemma 6.1 we have the equalities (6.1), (6.3). If x = P~'u, y = Quv then the
system (6.5) becomes of the same form with PA(x)Q instead of A(x). There-
fore we may suppose without loss of generality that A(x) has the form

Ax) = <B(x)D(X)"1C(x) B(x)) ’

(69) Cy DX

where B(0), C(0) are zero matrices and D(0) = I,_,. After introducing the
coordinates x = u, y = @(u)v, where

L 0
o= <—D(u)'1C(u) D(u)“) ’
v=(vy,0,;), v €ER", v, € R"", the system (6.5) with A(x) as in (6.6) becomes
of the form (6.4), where P(u) = B(u)D(u)~*. Obviously, P € C¥, ge C*, P(0) =0,
g(u, v) = f(u, P(u)v).

COROLLARY 6.3. Let F € E% (TR"),—the set of all vector fields in the
set EX (TR") for which the matrix function A(x) has the form

6.7) A(x) = (gig D(()x)) for all xeR",

where rank D(x) =n —r for all xe R". Then E(x) =0 for all x € R" and the
system (6.5) has the form

x1=0a
X3 =Yz,
)72=f(xa,V),

which is equivalent to an r-parameter family of vector fields on R*"™" of the form
u=z,
W =f1(ﬂ1, ey ,ur’ u, w, Z),

2=f2(ﬂ1,...,ﬂ', u,w,z),
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where u = X5, W=Y,, X = (g, ..., Uy X3), ¥y = (W, 2), Uy, ..., W, are parameters,

f=U1 1)

Define the set &(TM) = {F € &(TM): F € 6%(TM), A e I'*(End,(TM))},
where &5(M) is the set of all F e &(TM) with common endomorphism A.

THEOREM 6.4. Let M be a compact manifold. Then there is an open
dense subset H* of &%(TM) such that if F e H* then
(1) Ko(F) = {v, € K(F): v,e(TM),} is either empty or it is a finite set,
where K(F) is the set of all singular points of F.
2) If zoe Ko(F) then the linearization L(z,) of F at z, has the zero
eigenvalue of multiplicity r and no purely imaginary eigenvalue.

Proor. The proof of assertion (1) is the same as the proof of Theorem

42. If F e £4(TM) and z, € K,(F) then by Theorem 6.2 there are such coordi-
nates on TM in which the vector field F has the local representation of the
form (6.4), where (x, y) = (0, 0) are coordinates of z,. We have shown in the
0

proof of Theorem 4.2 that the matrices C = %g(o, 0), D= 5;9
cally regular. The matrix L of the linearization of (6.4) at (0, 0) has the form

0 B
L= ,
(cn)
where B =diag{0,...,0,1,...,1} e M, with r zeros on the diagonal. One

can easily show that P(J) = det (— Al,, + L) = 0 iff Q(4) = det R(A) = 0, where

RM)&W)

(0, 0) are generi-

Rw:@ﬂ)&w

R,(A) =diag {—4,..., —4,0,...,0} e M, with n—r zeros on the diagonal,
R,(A)={0,...,0,1,...,1} e M, with n—r units on the diagonal, R;(1) =
[c1s--esCrsCryy + Adpyqs ..., ¢y + Ad,], Where c;, d; are the i-th columns of the
matrices C and D, respectively, and R (1) = —AI, + D. Obviously, det R(1) =
(—1yA".det Q(A), where Q) =[co41 + Adpry,...,Cp+ Ad,, di(4), ..., d, ()],
di(2) = d; + p;(4), d; is the i-th column of the matrix D and p;4)=
©,...,0,—4,0,...,0T, —1 is the r-th element of pj(A). It is obvious that
there is an open dense subset N, of M, x M, such that if (C,D)e N,
then the matrix Q(0) is regular. This implies that A =0 is generically the
eigenvalue of L of multiplicity r. The other eigenvalues of L are zeros of
the polynomial g(4) = det Q(A). Using the transversality argument (see e.g.
[3]) one can show that if (C, D) e N,, then g has no purely imaginary root
and the proof is complete.
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REMARK. We have studied generic properties of E-vector fields and gener-
alized mechanical systems near singular points only. The problems concerning
closed orbits, bifurcations and some other global generic properties of these
objects, including their equivariant version, remain open.

The author is grateful to the referee for helpful suggestions and remarks
¢oncerning this paper.
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