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ABSTRACT. Different from the case for a prime p > 3, the / -̂element βt e π1 6 ί_6(S°)

is not defined for each positive integer t at the prime 3. Consider the 8-skeleton X

of the Brown-Peterson spectrum BP. Then we will show here that the j8-element

βteπ16t-6(X) is defined for any positive integer t even at the prime 3, and that they

are all essential. These /^-elements are obtained from t?2-maps on type 2 spectra. We

use here V(l) Λ X as a type 2 spectrum instead of the Toda-Smith spectrum V(l)

that is used in the case p > 3.

1. Introduction

For each prime number p, a p-local finite spectrum X is said to have
type n if K(ri)+(X) Φ 0 and K(n - 1)*(X) = 0 for the Morava K-theories
K(i)*(-) with coefficient ring X(i)*(S°) = Z/plvi9 uf1]. A self-map φ: ΣkX - X
of a p-local finite spectrum X for some k > 0 is called t;n-map if Kirή^φ) Φ 0
and K(m)+(φ) = 0 for m Φ n. M. Hopkins and J. Smith [1] show the existence
of a v m a P f°Γ every spectrum of type n, say, <p:ΣkX -+X. Note that a
tvmap determines an integer / > 0 such that K(n)#(<p) = vι

n, and we cannot
tell anything about / from Hopkins-Smith's theorem. For n = 1 and p > 2,
Adams gives a v^map α:272p~2K(0)-> K(0) with / = 1, where K(0) denotes
the modp Moore spectrum. Let V(l) denote the cofiber of α. Then it is
a spectrum of type 2. For n = 2 and p > 3, L. Smith [9] show the existence
of the t;2-maρ β:Σ2p2-2V(l)-+ V{\) with / = 1. These maps α and β are
used to define homotopy elements known as α- and jS-families in the stable
homotopy groups of spheres.

Now we restrict our attention to the prime 3. Then Toda shows the
non-existence of t;2-map on V(l) with / = 1. So defining the j8-family is a
different story from the case p > 3, while jβ-family is given even at the prime 3.
For example, β4 does not exist at the prime 3. Recently, S. Pemmaraju [5]
shows the existence of a t;2-map on V(l) with 1 = 9. In this paper, we shall
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show the existence of a ι;2-map with I = 1 on a spectrum VX of type 2. Here,

the spectrum VX is the smash product of F(l) and X = S° Uβl e
4 Uβl e

8.

THEOREM 1.1. There exists a v2-map β: Σ2p2~2VX-> VX with 1= 1.

A similar result is shown by S. Oka and H. Toda [4], in which they

use S°Uβι e11 instead of X here.

Let BPχ{—) denotes the Brown-Peterson homology theory with coefficient

ring Zip)[vl9v2,- ] with \υt\ = 2p* — 2, for each prime number p. Then the

cofiber V(2) of β at p > 3, which is known as the Toda-Smith spectrum as well

as F(l), is characterized by BP+(V(2)) = BPJI3 for the ideal I3 = (p, vί9 v2).

COROLLARY 1.2. There exists a spectrum V(2) of type 3 such that

BP^V{2)) = BPJI3 ® Σ*BPJ13 Θ Σ8BPJI3

for the ideal I3 = (3, vl9 v2).

Note that Oka and Toda show the existence of a spectrum whose BP+-

homology is BPJI3φΣ11BPJI3 at the prime 3 in [4].

In the same way as the j8-elements of π^S 0 ) at the prime p > 3, we

can define jS-elements of π+(X) at the prime 3 as follows: Let i: S° -* V{\\

ix: S° -• X and π: V(l) -* S 6 be the inclusions to the bottom cells and the

projection to the top cell, respectively. Then the /^-elements are defined to be

βt = (π Λ X)β\i A X)ix.

As for the j?-elements of the spheres at the prime 3, βt e π+(S°) is known to

exist for t < 3 and t = 5, 6 (cf [4]). Recently, S. Pemmaraju [5] shows

the existence βt for t > 0 with ί = 0, 1, 2, 3, 5, 6 (9). Otherwise, βt does

not exist by [8]. Furthermore, /?r = ixβt up to the Adams-Novikov filtra-

tion if βt exists, since βt and βt are detected by v2 £ E2tί6(S°) and ^ ( i ^ ) =

v2eE2

Λ6(X), respectively. In [4], S. Oka and H. Toda show the existence

and non-triviality of jS-elements in the homotopy groups π#(S°U/Ji e11). Our

result is:

THEOREM 1.3. For t > 0, βt φ 0 e nJ<X\ where X = S° Uβl e
4 Uαi e8.

By the relation /?, = ίxβt and Pemmaraju's result, this theorem implies

the following

COROLLARY 1.4. βtφ0e π+(SΌ) for t > 0 with t ψ 4, 7, 8 (9).

The existence theorems Theorem 1.1 and Corollary 1.2 are proved in §2

by using Toda's computation [11]. The non-triviality theorems Theorem 1.3

and Corollary 1.4 are proved by computing the chromatic spectral sequence

converging to the Adams-Novikov £ 2 ~ t e r m f°Γ π * W i n §3.
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2. The homotopy groups of VX

In the following, the prime number is fixed to be 3. Let V = V(l) and
Γ(l) denote the Toda-Smith spectrum and the Ravenel spectrum, respectively,
characterized by the RP^-homologies

BPΦ(V(1)) = BPJQ, υx) and BPm(T(l)) = B P J ί J .

Here (BP+, BP+(BP)) is the Hopf algebroid with

(BPm, BP*(BP)) = (Zi3)iυl9 v2,-'l BPJtu f2, ••]),

where the degrees of these generators are |i?|| = 2-3' — 2 = |i f |. Consider the
8-skeleton X of Γ(l). Then,

as a BP^(BP)-s\xbcomod\x\Q.
Actually, the Toda-Smith spectra V(0) and V(l) are defined by the cofiber

sequences:

s o _J_^ so _J__> F ( o ) _JL* 27S° and

(2.1) -
Σ4V(0) -%• V(0) — U K(l) — U Γ5K(0)

for the Adams map α e [K(0), K(0)]4. Moreover, X has the cell structure

for the generator αx G π3(S°), which is defined as aί = πcd by the Adams map α.
Since BP^ίJf) is a free ^-module, the BP#-homology of VX = V(l) A X

is obtained by

BP^VX) = BPJ(39 Vί){l tl91\) c IHUίJ/P, t J.

Thus the £ 2 " t e r m °f the Adams-Novikov spectral sequence for π+(VX) is
which is isomorphic to

^ , BPJ(3, v,))

by a change of rings theorem using the comodule structure BP+(VX)

i

Note that the Ext-group Extf'*(y4, M) is given as a homology of the
reduced cobar complex (cf. [3, Note 1.15]) for a Hopf algebroid (A, Γ) and
a /"-comodule M. For ί — s < 20, we have an isomorphism

2, t3> ί 2 )μ(ι;2), A(Ό2))

= Ext%lt2)(Z/39Z/3)®Λ(v2).



344 Katsumi SHIMOMURA

In fact, Λ(v2) is tensor out because v2 is primitive. Besides, the internal

degrees of v2, t\ and t2 are 16, 12 and 16, respectively, and those of vt and

ί; for ί > 2 are greater than 52. Therefore, if we restrict the total degree

t — s < 20, then any product or any tensor product of such elements as

»2> (Φ2> 'L »i and ti for i > 2

leave our range, since these have total degrees at least 23. Thus the re-

duced cobar complex for computing Es

2

ft(VX) equals to that for Ext^^^ ί 2 )

(Λ(v2\ Λ(v2)) if ί — 5 < 20, and the first equality follows.

Consider the Cartan-Eilenberg spectral sequence

(2.2) Es

2>< = Λ(v2) ® Zβ[hίU h20] => E

where ftn and h20 are the cohomology classes represented by t\ and t2,

respectively. Then we see the following

LEMMA 2.3. The homotopy groups πk(VX) with k < 20 are all trivial but

for fc = 0, 11, 15, and 16.

In fact, for t - s < 20, the £2-term E2

J in (2.2) is trivial unless ί - s = 0,

11, 15, 16, since t — s for 1, hll9 h20 and v2 are 0, 11, 15 and 16, respectively.

COROLLARY 2.4. [KΛΓ, F X ] 4 = 0.

PROOF. VX consists of cells of dimensions

0, 1, 4, 5, 6, 8, 9, 10, 13, 14.

The homotopy group [_VX, VX~\± is computed from the homotopy groups

πk(VX) for k = 4, 5, 8, 9, 10, 12, 13, 14, 17 and 18, which are all trivial by

the above lemma. q.e.d.

Recall that the spectrum V = V(ί) is the cofiber of the Adams map

α: Σ*V{ϋ) -• F(0), where V(0) denotes the mod p Moore spectrum. Since V(l)

is a F(0)-module spectrum (c/. [11]), we have the splitting

(2.5) V(0) AV=VV ΣV

which gives us the maps

φ : ΣV^> V(0) AV and μ: K(0) ΛV-+V.

Here μ gives the module structure.

LEMMA 2.6. 77ιe composition

λy{μ): Γ 5 F -^-> Γ4F(0) Λ V - ^ ?

is trivial.
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PROOF. Recall from [11] the operation λx: [F(0), K(0)]k -• [X, JΓ|k+1

for a K(0)-module spectrum X defined by λx(x) = μx(x A X)φx. Since

λκ(α)e [K, K] 5 and [F, F ] 5 = { ^ [ j S ^ ] ^ } by [11, Th. 6.11], we put λv(oc) =

xδ^βi^δπ^ for some x e Z/3. Here δx = ixnu δ = in and [/frj is the genera-

tor of [F(0), F ( l ) ] 1 6 defined by Toda [11]. Note that Toda uses the notation

[jSίi], since it corresponds to βiγ if βe[V(\\ F ( l ) ] 1 6 exists. In fact, β does

not exist at the prime 3, while it does at any prime > 3 (cf. [10]).

To show that x = 0, we further recall from [11] the operation θ such that

1) [11, Th. 6.1, Lemma 6.5]

θ(λv(x)) = -0L"λv(δx) + {-\)kλv(xδ)a"

for xe[F(0),F(0)] k .

2) [11, Lemma 6.6] iF(α<5) = jS'<50 and λv(δoc) = -j8^0.

3) [11, (3.9)] β'x = xβ' for any x e [F, K]*.

4) [11, (4.2)] α"<50 = 0 = <50α".

5) [11, Th. 2.2] θ is derivative.

6) [11, Cor. 2.7, Th. 4.1, (3.7)] θ(δ) = - 1 , θfo) = 0, θ(πx) = 0.

7) [11, Th. 6.4]

Here <50 = ih^π and the elements α" e [K(l), K(l)]2 and β' e [F(l),

are non-trivial elements defined in [11, p. 219 and p. 240]. Besides, note

that the second equation of 2) is not stated in [11, Lemma 6.6], but can be

shown in the same fashion as the first one. Now we compute

θ(λv((x)) = «!fβ'δ0 + βfδooc" by 1) and 2)

= 0 by 3) and 4).

and

θfalβhlSπx) = δ1θ&βi1]δ)πί by 5) and 6)

= δΛaTlβhlδδ - ίβhDπ, by 5, 6) and 7)

= — ̂ i[j?ii]π1 since δδ = 0.

Here by [11, Th. 6.11], we see that δ1\_βi1]π1 is the generator of [K, K] 6 .

Thus we obtain x = 0 from the equation 0 = θ(λv(oc)) = Θ(xδ1\_βi1']δπ1) =

-xδ^βi^n^ q.e.d.

Now apply - Λ l t o the above splitting (2.5), and obtain

φx: ΣVX -• V(0) A VX and μx : V(0) A VX -• VX.

Then Lemma 2.6 is applied to prove the following

THEOREM 2.7. There exists a map v: V A VX -• VX that is an extension

of the identity VX -> VX.
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PROOF. Consider the exact sequence

[ F Λ VX, F * ] o - ! u [F(0) Λ VX, F X ] 0 - ^ [F(0) Λ VX,

associated to the second cofiber sequence in (2.1). By the definition of the

multiplication μ: F(0) AV-+V, it is an extension of the identity V ->V

and we obtain the map μx: F(0) AVX-+VX such that μxi = id: VX -• FZ,

for the inclusion i: S° c F(0). By (2.5) and Corollary 2.4, we have the

isomorphisms

[F(0) Λ FX, F X ] 4 = IVX, F A r ] 4 0 [ F X , FJST]5 S [VX, VX~\5.

Then by Lemma 2.6,

<Px<**(μx) = μ^(α Λ FX)<px = V(«) Λ Z = 0 e [VX9 VX]5.

Therefore we obtain a map v:V A VX-* FX such that v(ix A VX) = μ:

F(0) Λ FZ -> FZ. q.e.d.

As a corollary of this theorem, we have a similar theorem to Oka-Toda's

[4]:

COROLLARY 2.8. There exists a map

β:Σ16VX-+VX

such that j? induces the multiplication by v2 on each factor of BP+(VX), and

hence the BP^-module BPJ{3, vί9 v2)® Z/3{1, a, a2} with \a\ = 4 is realizable

as the BP-homology of the mapping cone of /?.

PROOF. Computing the £ 2 " t e r m of the Adams-Novikov spectral sequence

for π*(F), we obtain the permanent cycle ι;2 e J E ^ ' 1 6 ^ ) * which is represented

by a homotopy element [/ftjie π1 6(F). In other words,

BP A lβhy = Ό2eBP+{V).

Here BP denotes the Brown-Peterson spectrum, which represents the BP+-

homology theory. The self-map β is now defined to be the composition

Σί6VX = Σ16S° A VX [/" l ] lΛ™ VAVX > VX.

Next consider the map BP*(β): BP+{VX) -• BP+{VX). Let T:V A BP->

BP A V be the switching map, and m.BP A BP^BP and ι:S°-+BP9 the

structure maps of the ring spectrum BP. Then for v2

(m A V)(BP A T)(v2 A BP) = (m Λ V)(BP A T)(BP A ι)(v2)

= v2 = BP A \_βh]i.
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This shows the commutativity of the center square in the following commuta-

tive diagram:

BPΛTΛVX , BPABPA VA VX ^^U BP A VX

MΛVΛVX ,
BPΛV

< B P A V Λ V X

for any element x e BP^{VX). The upper and the lower sequences represent

v2x and BP+(β)(x)9 respectively, and so BP^(β) = v2 as desired. q.e.d.

3. The non-triviality of the /^-elements

Using the element β of Corollary 2.8, we will define the j?-elements of

The jS-elements βt for t > 0 is defined to be the composition

χ J ^ χ

Here i : S° -• VX is the inclusion to the bottom cell. The change of rings

theorem implies

,, N ®BPφ BP+{X)) £ Ext&^^BP*, N)

for a comodule N9 since BP ί̂JSQ = BP+{19 t u t\) = BP^ΠΣBP^(BP), where

Σ = BP*[tl, ί2, •••]• We denote this shortly by

Exts W.

We also use the abbreviation

Now recall from [3] the chromatic spectral sequence. First consider the

short exact sequences

0->JVj->Mg-*JVro1-*0 and 0-+N£ - M O 1 - N O

2 - 0

Here N° = BP,,, and M o = f?,""1^. Then the short exact sequences give rise

to the long exact sequences

- E x t 1 ^ 1 Λ Ext2ΛΓ0° - and

o1 - Ext°N0

2 - E x t 1 ^ 1 ->•••.

Recall [6] and [3] the structure of modules iί*Mo and H*MQ, and we have
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H*M% = 0

H^'M}, = 0

(s > 0),

(s > 1),

(t¥Ό) and

έ =Q/Z{p)®

Furthermore, by definition, Ext°No = { χ^^ol^κW = *7LM}>
 a n d

In fact, ηR(vs

2) = t;2mod(3, vx) by Landweber's formula. Thus,

05/3*! e ExtX 2.

To get our modules we consider the exact sequences

0 -> M -• M (g) ̂ ( ί j -> Γ 4 M ~* 0 and

0 -• M ® AitJ -+M® Zlt^liή) -+ Σ8M -• 0

for M = Mg or = Ml Note that H*M® Z[t{]l{t\) = Ext*M. Applying
H* —, we see that

LEMMA 3.1.

= 0 and vs

2/3vί φ Im ExΛV0

2}.

COROLLARY 3.2. /n the E2-term Ext^UPJ of the Adams-Noυikov spectral
sequence for π+

Ext 2 N 0 °

Ext2ΛΓ0°,

Consider the diagram

Ext°iV2

•I
Ext°N2°

in which f(x) = xβυx. Here iV0° = BP^ N? = BPJ(3) and N2° = BPJ{\ vt),
whose Ext groups are the Adams-Novikov £ 2 " t e r m s f°Γ computing n^(X\
π*(V(0) Λ X) and π*(VX). Then, i J e Ext°ΛΓ2° converges to βs e π*(VX) by
Corollary 2.8, and so does dd'(vs

2) to βseπ+(X) by the Geometric Boundary
Theorem [2]. Hence the commutativity of the diagram shows that βs e n^{X)
is detected by δδ'^βv^ e Ext*iV .̂ New Corollary 3.2 shows the non-
triviality of the element in the £2-term. Besides, nothing kills it in the
Adams-Novikov spectral sequence, and we obtain Theorem 1.3 stated in the
introduction.
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