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Radial symmetry of positive solutions
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ABSTRACT. Symmetry and monotonicity properties of positive solutions of the
problems Au + f(|x|,u) =0 in D and u =0 on 8D are considered, where D is the unit
disc in R%2. We give to D the Poincaré metric and then employ the moving plane
method to obtain new theorems on symmetry. We also consider singular solutions.

1. Introduction

This paper is concerned with symmetry and monotonicity properties of
positive solutions of the problems

w o e e
and

Au+f(|x|,u) =0  in D\{0},
(1.2) u=0 on 0D,

fim, ) =
where D = {x e R?: |x| < 1}.

There is much current interest in the symmetry properties of solutions
of the problems (1.1) and (1.2). Assume that f(r,u) is decreasing in r. Then
according to Gidas-Ni-Nirenberg’s theorem [5], any nonnegative solution
ue C?(D) of (1.1) is rotationally symmetric. Their proof is based upon
Alexandrov’s moving plane method. Among other results, in [6], Lazer and
McKenna have proved the following: assume that

0
a—{‘(r, u) < A for (r,u) € ([0,1] x R),

1991 Mathematics Subject Classification. 35J25, 35B05.

Key words and phrases. radial symmetry, semilinear elliptic equation, moving plane method,
Poincaré metric.



532 Yiki Narro et al.

where A, denotes the second eigenvalue of the Laplacian with Dirichlet
boundary conditions. Then all solutions u € C2(D) N C!(D) of (1.1) are radially
symmetric. See, also [1,4]. On the other hand, in [10], Veron considered the
rotationally symmetric properties of singular solutions of the equation

zZ
Au +m u+h(u) =0 in D\{0},

where Z is a real number and h is a continuous function. For further studies
of symmetric properties of solutions of (1.1) and (1.2), we refer to [2, 3, 8, 9].

In this paper we give to D the Poincaré metric and then employ the
moving plane method to obtain new theorems on symmetry properties of
positive solutions of (1.1) and (1.2). In Section 2 we state the main results.
In Section 3 we present some preliminary lemmas and in Sections 4 and 5 we
give the proofs of the theorems.

In a forthcomming paper, we shall study the higher dimensional version.

2. Statement of the results

2.1. First we consider the symmetric properties of positive solutions of
the problem
{Au+f(|x|,u)=0 in D,

2.1
1) u=0 on 0D,

where D = {x e R?: |x| <1} and f e C!([0,1] x [0, 0)). We obtain the fol-
lowing theorem which extends the result of [5, Theorem 1'].

THEOREM 1. Assume that (1 —r2)2f(r,u) is nonincreasing in re (0,1)
for each fixed ue (0,00). Let ue C*(D)NC(D) be a positive solution of
(2.1). Then u must be radially symmetric about the origin and u'(r) <O for
O<r=|x| <1

As a corollary of Theorem 1, we have the following.

COROLLARY 1. Let ue C*(D)NC(D) be a positive solution of (2.1), and let
U = max{u(x) : xe D}. Assume that f satisfies the following:

() (L= r2)alrw) <8 for (r,u) € ([0, 1] x [0, uco]);

(ii) There exist constants ry € (0,1] and Co > 0 such that

fr(r,u) < Cor  for (r,u) € ([0,70] X [0, tc])-
Then u must be radially symmetric about the origin.

ProoF. Let v(x) =3(1— Ix|?) and w(x) = u(x) + Co(x) for some con-
stant C > 0. Then w is positive in D and satisfies
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where D ={xe R?:|x| <1} and f e C!((0,1] x [0,0)). We obtain the fol-
lowing.

THEOREM 2. Assume that (1 —r2)2f(r,u) is nonincreasing in r e (0,1) for
each fixed ue (0,00). Let ue C?>(D\{0})NC(D\{0}) be a positive solution of
(2.2). Then u must be radially symmetric about the origin and u'(r) <0 for
O<r=Jx| <1

This theorem is applicable to the problem investigated by [10]. We
obtain the following.

COROLLARY 2. Let ue C*(D\{0})NC(D\{0}) be a positive solution of
VA .
Au + I—x—lu +h(u) =0  in D\{0},
u=20 on 0D,

lim u(x) = oo,
|x]—0

where Z is a nonnegative real number and h is a nonnegative continuous
function. Then u must be radially symmetric about the origin.

ReEMARK. In [10, Theorem 2.1], solutions are not assumed to be positive,
but additional hypotheses are needed to obtain the symmetric properties of
solutions.

Furthermore, we have the following corollary by the same argument as in
Subsection 2.1.

CoRrOLLARY 3. Let ue C*(D\{0})NC(D\{0}) be a positive solution of
(2.2). Assume that f satisfies the following assumptions:

A (1 =r®)fulr,u) <8 for (r,u) e ((0,1] x [0, 0));
(ii) There exist constants rg € (0,1] and Cy > O such that

fr(r,u) < Cor  for (r,u) € ((0,ro] x [0, 0)).

Then u must be radially symmetric about the origin.

3. Preliminaries

We give to D the Poincaré metric ds3 = (1 —r2)"?|dx|>. Then, the space
D is called the Poincaré disc. First we need to introduce a few nota-
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Aw+g(|x,w)=0 inD and w=0 on 0D,

where
g(r,w) =f(r,w— Co(r)) + C.
We see that
(=)l w) = (1 - rz){% ((1 —rf- 8- %) (- r2>ﬁ}.

Then, for sufficiently large C > 0, we have %{(1 —r?)2g(r,w)} < 0. Therefore,

Theorem 1 can be applied to conclude that w is radially symmetric, which
implies that u is radially symmetric. This completes the proof of Corol-
lary 1. O

One might ask whether positive solutions u of the problem (2.1) are
necessarily radially symmetric—even if f does not satisfy the conditions in
Theorem 1 or Corollary 1. This is not the case in general. For example, we
show the following. Let

w(r,0) = Ji(Ar)cos@  for (r,0) € ([0, 1] x [0, 2x]),

where J; is the Bessel function of first kind and A is the first zero of Ji(r) for
r>0. (We see that 1 =3.83....) Then we observe that

Aw+’w=0 in D and w=0 on 0D.

For small & > 0, the function u(x) = 1 — |x|* + ew(x) is positive in D and stisfies

Adu+Au+A2(r>—1)+4=0 inD and u=0 on dD;
but u is not radially symmetric. Define f(r,u) = A%u + A%(r> — 1) +4. Then
we see that

%{(1 —r)2f(ru) =r(1—r?){-4(A%u+4) +62°(1 -1} >0
near (r,u) = (0,0), and that

A=) fu(r,u)=(1-r")i*>8

near r = 0.

2.2. Next we investigate the symmetric properties of positive singular
solutions of the problem

du+f(|x|,u) =0  in D {0},
(2.2) u=0 on 0D,

lim u(x) = oo,
|x]—0
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tions. For each A1e€(0,1), let T; be a geodesic which intersects x;-axis
orthogonally at (4,0), ie.,

1+ 42\ 1-%\?
T,1={(x1,xz)eD:(x1— ¥ >+x§=( 7 .

Define X'; = D by

1+122 1_[122
ZA"—‘{(X1,)€2)ED:(XI—- 7 )-l—x%)( 7 .

For xe X;, let x* be the reflection of x with respect to Tj, ie.,

1_)‘22
A J—
x—m+(21>ﬂxem

,0) and J(x) = x/|x|>. From Lemma A.l in Appendix,

1+ 42
24
we have |x| < |x?*| for x e X;.
The Laplace-Beltrami operator 4, of the Poincaré disc D is defined with
4, =(1-r%)24, where 4= 831 +6§2. Let u be a solution of the problem
(2.1). Then u satisfies

where ¢; = (

(3.1) Adgu+(1— x| (x|,u) =0  in D.
We prepare the following lemma.

LEmMA 3.1.  Assume that (1 —r2)%f(r,u) is nonincreasing in re (0,1) for
each fixed ue (0,0). Let Ae (0,1) and v(x) = u(x) — u(x*) for x € Z;. Then,
v satisfies

(3.2) dv+c(x)p<0

in X, where

1
(3.3) c(x) = jo ﬁ,((lx], u(x‘) + t(u(x) — u(x’l))) dt.
Proor. We observe that

Agu(x*) + (1= [x*D 2 (x*,u(x*) =0  for xe Z;.
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Then it follows from (3.1) that, for x e X,
0 = dg(u(x) — u(x*)) + (1 = [x|*)*f (||, u(x)) = (1 = [x**)2F(x*], u(x?))
> A (u(x) — u(x*) + (1 - lez)z(f(IXI,u(x)) —f(lxl,u(x‘))>

= 40() + (1 = |x?)2e(x)(),

where ¢(x) is the function in (3.3). Therefore, v satisfies (3.2) in X;. [

4. Proof of Theorem 1
We define

ou

Em <0 on T,l},

4= {,le (0,1) : u(x) —u(x*) >0 in X, and

where v is the unit outer normal of dX;. We define u,, and f, as follows:
U = max{u(x) : x € D} and
4.1
fo =max{fy(r,u) :0<r<1,0<u<uy}.

We can choose rg € (0,1) so that there exists a function wy satisfying

wo(x) >0 onrp<|x| <1 and
(4.2)

Awp + fowo <0 in 1o < |x| < 1.

Since u =0 on 0D, there exists ry € (rg,1) such that

(4.3) max{u(x) : r; < |x| <1} < min{u(x) : |x| < ro}.

LemMMA 4.1. We have [r1,1) = A.

Proor. For each A >ry, let v(x) = u(x) —u(x*). Define By = {xeD:
|x| <ro}. From (4.3), we have v >0 in By. By Lemma 3.1, we obtain

Av+c(x)p<0  in X;\By,
v>0 on 0B,
v=20 on 0.

From (3.3) and (4.1), we find that ¢(x) < f, in ;. Then the positive function
wo stated above satisfies

Awo + c(x)wp < 0 in X;\Bo.
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Hence the maximal principle ([7, p. 73, Theorem 10]) implies that » > 0 in
2:\By. Then we conclude that v >0 in X; because v > 0 in By.
Since v satisfies (3.2) with v >0 in Z;\By and v =0 on Tj, the Hopf

boundary lemma applies here and we have o <0 on T;. We find that

v
ou 10v
5‘7=§'a—v‘<0 on Tj.

Therefore, we obtain A€ A4, which implies that [r;,1) = 4. [

LEMMA 4.2. Let AyeA. Then there exists &>0 such that
(/1() — & 10] c A

Without loss of generality, we may assume A9 <r;. Let B; =
{xeD:|x| <r}. For convienience, we define

E(ll,).z) = U T; (= ZA;\Z_).;) for 0<Adi <A< 1.

11<l<12
In order to prove Lemma 4.2, we prepare the following.

LemMA 4.3. Let Joe A. Then there exist ¢ > 0 and o > 0 such that, for
each Ae (A — &1, 40),

(4.4) u(x) — u(x*) >0, xe E(A—0,A)NBy.
Proor. Letr,e(r,1) and B, ={xe D : |x| <r;}. Since ? <0 on Ty,
we can find 6; > 0 such that v

(4.5) %< 0 in E(lo—él,ﬂ.o-F(sl)ﬂB_z‘

There exists J; € (0,1) such that

(4.6) x* e E(Jg,40 +61)NB;  for x € E(4 — 62, 4) N By.
Define & and ¢ as &g =6 =10,. Let e (4o —&1,4). We show that
(4.7) x* e E(1,J0+61)NB;  for xe E(A—a,)NBj.

Let xe E(A—0,2)NB,. Since E(A—0,4) = E(dy — 82, 4) and (4.6) holds, we
have

x* e E(4g, A0 + 61) N Bs.
We notice here that x € X; and x,x* e B;. Then, by Lemma A.2, we have

x* e B,. Since x* € X;,.s,, by applying Lemma A.3 with u = Ao + 8;, we get
x* € X;+5,. Thus, we conculude that (4.7) holds.
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Let A€ (4o —&,4) and x€ E(A—a,A)NB;. From (4.7), we notice that
x,x* € E(Jo — 81,40+ 6;)NB;. By Lemma A.4, there exists an arc y ex-
tending from x to x* such that y is contained in E(d9 — 1,49 + 6;) N B, and
intersects T, orthogonally if yN T, # (. Since %‘5
u(x) > u(x*) by employing the line integration. Therefore, we conclude that

(4.4) holds. [0

<0 on yNT,, we have

ProoF oF LEMMA 4.2. Define F = X;_,, where ¢ is a constant appearing
in Lemma 4.3. It follows from the assumption A9 € 4 that

u(x) —u(x*)>0 on FNB.

Since FNB; is compact, we can find & € (0,6) such that, if |1— Ao| < &2,
then

(4.8) u(x) —u(x*) >0  on FNB;.

Let ¢ = min{e;, &} and Ae (Ap — ¢ 4o), where g is a constant appearing in
Lemma 4.3. From (4.4) and (4.8), we have

(4.9) u(x) —u(x*) >0 in Z;NB.
Now for each A e (4 — &, 4o], let v(x) = u(x) —u(x*). Then, v satisfies
dv+c(x)p <0 in X;\By,
v>0 on X;N0B;,
v=0 on 02;.

Since B; o By, the maximum principle ([7, p. 73 Theorem 10]) implies that
v>0 in X;\By, ie, u(x) —u(x*) >0 in Z;\B;. Then, by (4.9), we conclude
that u(x) — u(x*) > 0 in X;. Since v satisfies (3.2) with v > 0in Z; and v =10

on T;, we have _63
dv

4.1. Therefore, A€ A. This implies that (lp — ¢, 4] = 4. O

< 0 on T, by the same argument as in the proof of Lemma

For x=(x1,x;) €D, we define x°=(—x1,x;). Let Dy = {(x1,x2) €
D:x; > 0}.

LEMMA 4.4. We have either
u(x) = u(x*) for some Ay >0 and
(4.10) u

ZV<0 on T, for A€ (A,1)
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or
u(x) > u(x") for xeD, and
(4.11) ou
E<0 on T; for A€(0,1).
Proor. Let
(4.12) A =inf{A>0:(4,1)  4}.

We distinguish the following two cases: (i) 43 > 0; (ii) 4; = 0.
(i) The case where Ay > 0. From the continuity of u, we have
v(x) = u(x) —u(x*) >0 in X,,.
It follows from Lemma 3.1 that
Av+c(x)p<0  in Xy,
v=0 on 02y, and v>0 in 2.

Hence, we have that either

(4.13) v=0 in X, ie, u(x)=u(x") in X,
or
(4.14) v>0 in X, ie, u(x)>u(x™) in Zy.

0
If (4.13) occurs, we have 5% <0 on T, since Ae A for A€ (41,1). Thus we

obtain (4.10). On the other hand, if (4.14) occurs: then we have 5%

in a similar fashion as the proof of Lemma 4.1. Thus, 4 € 4. By Lemma 4.2,
there exists £ > 0 such that (4; — ¢, A1) = 4. This contradicts (4.12). Therefore,
(4.14) cannot happen.

<0on T,

(i) The case where Ay =0. From the continuity of u, we have

0
T <oon T),. Thus,

u(x) > u(x% in D,. Since 1€ 4 for A€ (0,1), we have %

(4.11) holds.
Therefore, we have either (4.10) or (4.11). O

Proor of THEOREM 1. If (4.11) occurs in Lemma 4.4, we can repeat the
previous Lemmas 4.1-4.4 for the negative x;-direction to conclude that either
u is symmetric in the x; direction about some hyperplane in the Poincaré
disc or

(4.15) u(x) <u(x’)  for xeD,.
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If (4.15) occurs, from (4.11) we have u(x) = u(x®) for x e D,. Therefore, u
must be symmetric in the x;-direction about some hyperplane, and be strictly
decreasing away from the hyperplane in the Pincaré disc. Since the equation
in (2.1) is invariant under rotation, we may take any direction as the xi-
direction and conclude that u is radially symmetric about some point xp € D in
the Poincaré disc. Since the equation is invariant under rotation, the point xo
must be the origin. Therefore, u must be radially symmetric about the origin
and 4, <0 for r=|x|>0. O

5. Proof of Theorem 2
Let

A= {A €(0,1) : u(x) —u(x*) > 0in X;\{0} and %g <0 on Tl}.
We define u,, and f, as follows:

Ugp = max{u(x) :% <|x| < 1} and
(5.1)

N =

Srsl,OSuguoo}.

fo = max{fu(r, u):

We can choose rg € (%, 1) so that there exists a function wy satisfying (4.2).
There exists ry € (rg, 1) such that (4.3) holds.
By the same argument as in the proof of Lemma 4.1, we obtain the

following.
LemMMA 5.1. We have [r1,1) < A.

LEMMA 52. Let JAyed. Then there exists e¢>0 such that
(Ao — & Ap] = 4.

Proor. Let By ={xeD:|x| <r}. By the same argument as in the
proof of Lemma 4.3, we obtain the following: there exist & >0 and ¢ >0
such that (4.4) holds for each A€ (4 — &, 4o).

We can choose r; € (0,490 — ¢) so small that

(5.2) min{u(x) : |x| < r3} > max{u(x) : x e D\Z),_}.
Let By ={xeD:|x| <r3}. We define F' =X, _,\Bs. It follows from the
assumption Ao € 4 that
u(x) —u(x®)>0  on F'NB.
Since F’N By is compact, we can find ¢ € (0,0) such that, if |4 — 4| < &, then

(5.3) u(x) —u(x*) >0  on F'NB.
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By virtue of (5.2), we find that u(x) —u(x*) >0 in B3;\{0}. Therefore, we
have, if |4 — Ao| < &2,
(5.4) u(x) —u(x*)>0 in T;_,\{0}NB;.
Let ¢ = min{e;, &} and A € (g — ¢,4¢]. From (4.4) and (5.4), we conclude that
(5.5) u(x) —u(x*) >0 in Z;\{0} N By.

Then, by the same argument as in the proof of Lemma 4.2, for any

A € (Jo — & Ag), we have u(x) — u(x*) > 0 in Z;\{0} and ou

3 <0on T;. There-
fore, (o — ¢ 40 = 4. O v

LEMMA 5.3. We have
%
ov

Proor. Define A; as (4.12). We show that A; =0. Assume to the
contrary that A; > 0. We observe that v(x) = u(x) — u(x*) satisfies

dv+c(x)p<0  in X;\{0},

(5.6) u(x) =u(x) for xeD, and <0 on T, for A1€(0,1).

v=0 on 0X;, v>0 in X;\{0}, and

lim v(x) = o0.
|x|—0 ()

Hence, the maximal principle implies that

(5.7) v>0 in Z;\{0}, e, u(x)>u(x*) in X;\{0}.

ou
Y
4.1. Then, i e 4. By Lemma 5.2, there exists ¢ > 0 such that (1; —¢,4y) <
A. This contradicts the definition of A4;. Thus, we conclude that 4; = 0.
From the continuity of u, we have u(x) > u(x®) in D,. Since A€ 4 for

A€ (0,1), we have %<0 on T;. O

Proor oF THEOREM 2. We can repeat the previous Lemmas 5.1-5.3 for
the negative xi-direction to conclude that

Then we have — < 0 on T, by the same argument as in the proof of Lemma

u(x) < u(x°) for xe D,.
Hence, from (5.6), © must be symmetric in xi-direction about the line x; =0,

and % <0on T, for A€ (0,1). We may take any direction as the x;-direction

and conclude that u is symmetric in every direction. Therefore, u must be
radially symmetric about the origin and u, <0 for r=|x| > 0. O
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Appendix

Let D={xeR?:|x| <1}. We give to D the Poincaré metric ds3 =
(1—1r2)7%|dx|?, where r = |x|. Then the space D is called the Poincaré disc.

For each 1€ (0,1), let T; be a geodesic which intersects xi-axis ortho-
gonally at (4,0), ie,

1+4%)? 1-2%\?
T, = {(xl,X2)GD: (xl_z—/l) +X%= (_21—— .

We define X', as

1+ 2%\? 1-2%\?
2= {(xl,xz)ED: (xl_ 7 ) +x3 > <—22 :

For xe X;, let x* be a reflection of x with respect to T, ie.,

1_12 2
;I‘— —_—
x —e4+< 57 )J(x e,

0) and J(x) = x/|x|>. Here we notice the following: we

1+ 42

22
identify R? with C in such a way that (x1,x;) € R? is x; +ix, € C. Then, for
ze X;(ze C), z* is represented as

2 (1+249)z2-24
22— (1423
Let H={ze C:Imz>0}. We give to H the Poincaré metric ds} =
ldx|*/x%. Define IT: D — H as

where e; =

,l—xl—iX2

= ———————————— f == D.
ll+x1 T or x = (x1,x3) €

11(x)
Then, IT is one-to-one and onto mapping.
For a subset E of D, we define IT(E) as
II(E)={zeH:z=1II(x),x € E}.
Then, we observe that

1-21

1-4
m} and H(Z;_) = {ZGH. IZI >———}

H(T1)={zeH:|z|= 157

For x € X, let z=II(x) and z* = IT(x%). Then,

i (L=Ay1
T \1+4) z
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Hence, z and z* are on an Euclidean line containing the origin and satisfy

|2 = (2=2)°
14+4)°

LemMa A.l. For xe€X;, we have |x| < |x*|.

Proor. For x = (x1,x2) € X, let ro = (x3 +x2)1/2 and x° = (—xj, x2).
Define z,z*, and z° as

z = II(x), zt = IT(x%), and 20 = I1(x%),

respectively. Then, z, z*, and z° are on an Euclidean line containing the origin
and satisfy

1-4 ; )2 o
A1 R (D), e EE=L
Hence, we have
(A.1) lz%| < |2° and 124 < |2

Let Bo={yeD:|y|<ro}. Then, x,x°€dBy and z,z°€dIl(By). Since
II(By) is an Euclidean circular disc, 77(Bg) includes a line segment zz°. Then,
from (A.1), z* ¢ II(By). This implies that x* ¢ (Bp), ie., |x* >r=|x]. O

Hereafter, we use the notation B as
B={yeD:|y|<r} for some r e (0,1).

LEMMA A2, Let 0<A<Ai<1. Assume that xeX,(cX,;) and
x,x* e B. Then x* e B.

ProoF. Define z, z*, and z% as
(A.2) z = II(x), z* = II(x%), and  z% = [I(x%),

respectively. Then, z, z*, and z% are on an Euclidean line containing the
origin and satisfy |z*| < |z| and

1 - A\2 1— Ap\2
A — — A
(A3) it = (F2)> () = bl

Hence we obtain |z| > |z*| > |z%|, which implies that z# is between z and
z%, By the assumption, we find that z,z% e IT(B). Since II(B) is an
Euclidean circular disc, we have z* € I1(B), ie., x*€ B. [0

LEMMA A3. Let 0<A<Ag<]1, and let xeX;(<=2X,). Assume that
x* e X, for some pe (d,1). Then x* e X,.
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Proor. Define z, z%, and z% as (A.2), respectively. Then, from (A.3), we
have |z%| > |z%|. By virtue of z% e I1(Z,), we have |z%| > i—;ﬁ Then,

|24 >—+—£ This implies that z* € I1(X),), ie., x*e€ Z,. O
LEMMA A4. Let 0< yuy <A< puy <1. Define

E=E(u,m)= U T
M<u<p,

Let xe X;. Assume that x,x* € ENB. Then, there exists an arc y extending
from x to x* such that y is contained in EN B and intersects T, orthogonaly if
yNT, #0.

Proor. Define z and z* as z=1II(x) and z* = II(x*), respectively.
Then, z and z* are on an Euclidean line containing the origin. Let I" be an
Euclidean line segment zz* in H. We find that I' and II(T,) intersect
orthogonally if I'NII(T,) # 0.

By virtue of II(E) = {weH L= 2 < |w| < 1—“1}, we have I
1+H 1+

II(E). Since IT1(B) is an Euclidean circular disc and z, z* € IT(B), we see that
I' c I1(B). Therefore, we have I = II(E) N I1(B).

Let y={yeD:w=1II(y),weI'}. Then y is an arc extending from x to
x* such that y < ENB. Since IT is conformal, y intersects T, orthogonally if

yNT, #0. O
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