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Boundary continuity of Dirichlet finite harmonic measures
on compact bordered Riemannian manifolds
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ABSTRACT. Generalizing the notion of p-harmonic measures in the sense of Heins
we consider &/-harmonic measures of exponent p on the interior M of a compact
bordered Riemannian manifold M = MUOM with smooth border M of class C*
for 1 <p<oo. It is shown that «/-harmonic measures of exponent p with finite
p-Dirichlet integrals on M can always be extended to continuous functions on M
which are constantly zero or one on each connected component of M if and only
if 2<p < oco. In the appendix we consider an entirely arbitrary relatively compact
subregion M of any Riemannian manifold of class C® and it is shown that /-
harmonic measures of finite exponent p > dim M with finite p-Dirichlet integrals on
M can always be extended to continuous functions on M = M UOM which are con-
stantly zero or one on each connected component of the relative boundary dM of M.

0. Introduction

Take a compact bordered Riemannian manifold M = M UdM of dimen-
sion d = 2 of class C® with smooth border M of class C* (cf. §1.5 below)
and fix a real number 1 < p < oo. Consider the quasilinear elliptic partial
differential equation

0.1) —div o, (Pu) = 0

on the interior M of M, where </ (h)-h ~ |h|?, the precise assumptions on
o/ are listed in §2.1 below. A typical example of the equation (0.1) is the so
called p-Laplace equation

0.2) —A,u = —div([FulP~2Fu) =0

and thus of course the usual Laplace equation —4,u = —Au = 0 is included
in our consideration.
A continuous weak solution of (0.1) on M is referred to as an «/-harmonic
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function on M (cf. §2.1 below). An /-harmonic measure w on M is by
definition an «/-harmonic function w on M such that the greatest .&/-harmonic
minorant of w and 1 —w on M is zero (cf. §3.1 below). The function w is
said to be p-Dirichlet finite if the so called p-Dirichlet integral

f \Pw|PdV
M

of w is finite, where dV is the Riemannian volume element on M. The
purpose of this paper is to study the boundary behavior of p-Dirichlet finite
o/-harmonic measures on M at the boundary dM of M.

Given an arbitrary function ¢ on the boundary dM of M such that ¢
is identically zero or one on each connected component of oM. It is easy
to see that the Dirichlet solution w of (0.1) on M with boundary values ¢
on 0M is a p-Dirichlet finite o/-harmonic measure on M. Our main concern
is what happens to the converse of the above statement: can every p-Dirichlet
finite «/-harmonic measure w on M be obtained as a Dirichlet solution w
of (0.1) on M with a certain boundary function ¢ on dM as described above?
The main purpose of this paper is to show that the above question is settled
in the affirmative for 2 < p < oo but in the negative for 1 < p <2. Namely,
we will prove the following result.

THE MAIN THEOREM. The following statement is true if and only if the
exponent p lies in 2 < p < oo: every p-Dirichlet finite </-harmonic measure w
on M with exponent p is continuously extendable to M = MUJM and the
extended function w takes the constant value zero or one on each connected
component of oM.

Thus, concerning Dirichlet finite harmonic measures, the situations differ
drastically between the cases of 1 < p <2 and 2 < p < . Suppose there are
¢ connected components (0M); of OM (j=1,...,/). When the exponent p
lies in 2 < p < oo, we will thus show that any p-Dirichlet finite .«/-harmonic
measure w with exponent p on M is extendable to a continuous function on
M, which we denote by the same notation w, and the restriction w|(0M); of
the extended w on M to (0M); is either identically O or 1 (j=1,...,¢). Hence
there are altogether 2¢ different p-Dirichlet finite .«/-harmonic measures with
exponent p on M. In particular, if 0M is connected, i.e. £ =1, then there
are only two different p-Dirichlet fintie /-harmonic measures with exponent
p on M which are the constant 0 and the constant 1 so that there exist no
nonconstant p-Dirichlet finite .«/-harmonic measures on M with exponent p.
As an application we see that there are no nonconstant p-Dirichlet finite
&/-harmonic measures with exponent p on any relatively compact subregion
M of Euclidean space R? with connected C® relative boundary dM such as
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ellipsoids or solid torii, and in particular, the open unit ball B? (see [14] and
also [4]). This result for B? is a well known classical result in the theory
of functions when p=d =2 and & is the classical Laplace operator.

When the exponent p lies in 1 < p <2, we will first show, as is trivial
in the case of 2 < p < oo by the above assertion, that the essential range of
the trace (a generalized “boundary values”) on dM of any p-Dirichlet finite
/-harmonic measure w on M with exponent p is contained in the two
elements set {0,1}. However, as the characteristic feature of the case of
1 <p<2, we will show the existence of a p-Dirichlet finite ./-harmonic
measure w on M with exponent p such that the actual boundary values of
w are one on B and zero on (AM)\B for any relatively compact smooth
parametric ball B in the border manifold 0M given in advance. Hence, if
we take such a B in a component (0M); of M so that (BM)j\l_i' # (5, then
we see that w is discontinuous on (0M); so that w cannot be continuously
extendable to M. Thus we also see that there are infinitely many different
p-Dirichlet finite o/-harmonic measures on M with exponent p in 1 <p < 2.

We assume in this paper that the border M of M is smooth of class
C*®. Actually, we can easily show by giving some simple counterexample e.g.
in the case d >2 and p =2 that the theorem is invalid unless a certain
regularity condition is imposed upon dM. However, by examining the whole
discussion in this paper it can be easily recognized that the regularity of the
border M of M may be weakened to being smooth of class C2. Nevertheless,
for the sake of simplicity, we still assume that dM is smooth of class C®
throughout this paper. On the other hand we must remark that the theorem
reduces to a triviality without assuming any regularity condition on éM when
the exponent p lies in d =dim M < p < oo. Namely we take an arbitrary
relatively compact subregion M of any Riemannian manifold of class C*.
Hence in particular the relative boundary M of M may or may not consist
of infinitely many connected components. Under this very general setting we
will prove in Appendix at the end of the paper that «/-harmonic measures
of finite exponent p > dim M with finite p-Dirichlet integrals on M can always
be extended to continuous functions on M = M UJM which are constantly
zero or one on each connected component of M (Theorem A).

The paper consists of 7 sections and an appendix. Each sections are
divided into several subsections. In §1 titled Sobolev spaces on Riemannian
manifolds some properties of point norms of differential forms are considered
and also traces for Sobolev functions are explained. The boundary behavior
of p-Dirichlet finite o/-harmonic functions with given traces on the boundary
are discussed in §2 with the title Dirichlet problem for sf/-harmonic functions.
A characterization of «/-harmonic measures is given in §3 under the title
o/ -harmonic measures. The title of §4 is A property of 2-Dirichlet finite 2-
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harmonic measures. Here the orthogonality of differentials of any 2-Dirichlet
finite 2-harmonic measures on M to the conjugate differentials of (d — 2)-forms
on neighborhoods of M in L, inner products is given. In §5 titled A net
of auxiliary forms some technical lemma which is of fundamental importance
in this paper is established. When 1 < p <2, we show in §6 with the title
A boundary characteristic function that the characteristic function on dM of
any smooth small parametric ball in dM is the trace of a Sobolev function
on M. In the last §7 titled Proof of the main theorem, we divide the assertion
of the main theorem into two parts: Theorem 7.1 is the assertion of the main
theorem for 2 < p < o0 and Theorem 7.2 is that for 1 <p <2. These are
proved separately in this last section. At the end of the paper there is
Appendix titled The case of p>d on a general M in which Theorem A
mentioned above is proved.

1. Sobolev spaces on Riemannian manifolds

1.1. Throughout this paper we fix a Riemannian manifold N of class
C* of dimension d = 2, connected and orientable. For each £ e N we denote
by B(&, R) (0 < R < ) a relatively compact parametric ball at ¢ with a local
parameter x = (x,..., x%) valid on a neighborhood of the closure B(¢, R) of
B(¢&, R) such that x(£) = 0 and B(&, R) = {|x| < R}. Once B(, R) is fixed, we
denote by B(&,r) (0 <r < R) the concentric ball {|x| <r}. We often use the
same letter x to denote the generic point of N and also its local parameter.

Let (g;;) be the metric tensor on N, (g”) =(g;;)™" and g = det(g;;). We
denote by dV the volume element on N so that

av(x) = J/g(x)dx! A - A dx?

in terms of a local parameter x = (x!,..., x%). We also have dV = x1 where
x is the Hodge star operator. In each parametric ball B(&, R) with a local
parameter x = (x',..., x%), the Riemannian measure dV(x) and the Euclidean
(Lebesgue) measure given by dx = dx'...dx? are mutually absolutely continu-
ous and the Radon-Nikodym densities dV(x)/dx and dx/dV(x) are essentially
bounded. Hence a.e. dV and ae. dx are identical and we can loosely use
a.e. without referring to dV or dx.

For each fixed x € N, the tangent space to N at x will be denoted by
T.N, and the tangent bundle, that is, the union of all tangent spaces to N,
will be denoted by TN. We denote by h-k the inner product of two tangent
vectors h and k in T_N and by |h| the length of h e T,N so that, if (h,,..., h,)
and (k,, ..., k;) are covariant components of h and k, then

h-k=ghk; and |k = /h-h=(g%hh)".
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Here and hereafter, we use the Einstein convention: whenever an index i
appears both in the upper and lower positions, it is understood that summa-
tion for i=1, ..., d is carried out.

Let G be an open subset of N. With a covariant tensor a;,_; appearing
in an s-form

a= Y a_ dx" A Adx'

iy < <ig
on G we associate the contravariant tensor a’*-* given by
ig.is _ itk ik
atvte =gttt ghtay
on G. We consider the inner product a-f of two s-forms a and

B= Y by dx" A Adxs
i< <ig

on G and the norm (point norm) |a| defined by

“'ﬂ=. Z ail'"i’bil...i,

iy < <ig
and

|a|=\/ﬂ=(_

<

. . 1/2
Z all"'ISaix...is>
so that a-f and |a| are functions on G. Hence we have
aA*f=a pdV=a fx*1.
1.2. Let G be an open subset of N. In this paper we use the notation
L,(G) (1 £p £ ) in three ways. The first is the standard use: L,(G) is the

Banach space of measurable functions f on G with finite norms | f; L,(G)|| <
oo given by

1/p
If; Ly(G)Il = <L IfI"dV> (I=p<o)

and || f; L,(G)| is the essential supermum of |f| on G. The second use: for
a vector field X on G we write X € L,(G) if |X|€ L,(G) in the first sense
and we set

1X; L(G)] == 11 X]; L(G).

As the third use we write o € L,(G) for a differential form « on G if |a| € L,(G)
in the first sense and we set

llas Ly(G)Il := [llal; Ly(G)I-
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In any of these three senses the dual space
L(G)*=L,(G) (/p+1/g=11=p< o).

For example, if L,(G) is considered as the Banach space of p™ integrable
measurable differential s-forms on G, then, for any f*e L,(G)*, there is a
unique s-form B e L (G) such that

p*(@) = J‘ a-pdV  (xe L,(G)).
G

The following elementary relation will be frequently made use of: let «
be a d-form belonging to L,(G); then we have

J o gj |a|dV.
G G

In fact, let « =c; _4dx* A -+ A dx% Since

(1.1)

cld = glin “gdidc.

_ i digsl..d _ -1
g =g . %015 =09 Ci s

where 5i11111‘,?d is the generalized Kronecker delta, that is, it is 1 (—1, resp.) if
(iy...iy) is an even (odd, resp.) permutation of (1...d) and O if some two of

iy, ..., iy are identical, we see that |a| = (c* 9%, )Y =|c;_4lg~"2. Therefore

we deduce
j J cl...dg_llde
G G

1.3. We are still assuming that G is an open subset of N. The following
relation is useful in our later calculations.

éf Icl..‘alg_l’de=j la|dV.
G G

LemMa 1.1 (Wedge inequality). If o is an s-form and B is a t-form on
G, then the following inequality is valid on G:

1/2
12 anpi=( 1) ag

Proor. If s+t>d, then a A f =0 and < j—t) =0 so that (1.2) is trivially
s

valid. We can thus assume s + ¢t < d. If either s=0 or t =0, then |a A | =

|af] = |«||B] and (s f_ t> = 1. Again (1.2) is trivially valid in this case. Hence

we may assume that s>0, t >0 and s+t<d to prove (1.2). Take an
arbitrary point £ € G. We only have to show that (1.2) is valid at £&. Choose
a local parameter x = (x!, ..., x%) at £ such that the corresponding components
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of the metric tensor g;;(x) satisfies g;;(0) = §;; (x(£) = 0). Let

a= Y @ ;dx" A Adx

ip <+ <ig
and

B= Y b dx) A dx

J1eenie
Ji<-<je

in this coordinate. Then we have

o= ¥ @) and [BP= ¥ (..

iy < <ig J1<+<Je

at £, Observe that

aAf= Y ey, dXF A A dxRen

ky<-<kgye
with ¢, ,, being given by
— rSky..key
Chyiligee = Z5i,...i_,'},f..j,ai,...i,bjl.‘.j,

where the sum ) is taken with respect to i; <-- <i; and j; <-*- <j, such
that

{il,...,is}U{jl,...,j,} = {kl""’ ks+t}
and & is the generalized Kronecker delta. By the Schwarz inequality
Chyonien)? S Qe i M1l ) < Q) (@i, ) (By,.5)7) < || BI?
at ¢ and thus

d

lenBlP= Y (xS X lalPIBP= ( >l<’6|2|ifl2

ky < <kgip ky <+ <Kyt s+t

at £. Since ¢ € G is arbitrary, we have obtained (1.2) on G. |
1.4. Let G be an open subset of N. The Sobolev space W,'(G) (1 <p < o)

is the family of functions f'e L,(G) whose distributional gradient Vfe L,(G),
where Ff is determined by the relation

J vf-vav = —J fdiv ¥dv
G G

for every C® vector field ¥ on G with compact support in G. The Sobolev
space W,'(G) forms a Banach space equipped with the norm

I1fs Wo (G = ILf; LGN + IVf; LG
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The Sobolev null space W,.o(G) is the closure of C3°(G) in W,'(G) with respect
to the above norm. The spaces W, (G) and W, o(G) are vector lattices with
respect to the lattice operations U and N defined by

(fUR(E) = max(f(§), (&) and  (fNA)(E) = min(f(£), h(E)),

for every £ e G, for every pair of functions f and h on G.

1.5. A hypersurface S in N is said to be smooth if, for every £ € S, there
exists a parametric ball B(, 1) with a local parameter x in N and a function
&(x) of class C* of x such that SNB(£ 1) = {|x| < 1, ®(x) =0} and Fd #0
on SNB(& 1). We say that S is of class C* if the above & is of class C*®.
In this case we can choose a parametric ball B(&, 1) with the local parameter
x = (x!,..., x% such that

SNBE 1) = {Ix] < 1, x* = 0},

ie. x(SNB(& 1)) is a part of the hyperplane x? =0 in the unit ball of the
Euclidean space R of dimension d.
Hereafter we fix a relatively compact subregion M of our fixed Riemannian

manifold N such that N\M = N\M and the relative boundary oM of M
consists of a finite number of mutually disjoint smooth closed hypersurfaces
of class C®. We may call M = M UJOM to be a compact bordered Riemannian
manifold of class C® with C* border 0M. Actually any abstract compact
bordered Riemannian manifold M = M U0M of class C® with C® border M
can always be represented as a relatively compact subregion of a certain

Riemannian manifold N of class C® such that N\M = N\M and the relative
boundary M consists of a finite number of mutually disjoint smooth closed
hypersurfaces of class C*.

The Riemannian metric on N induces a Riemannian surface element dS
on oM. If we choose a parametric ball B({, 1) at any point £ in M with
(@M)NB(&, 1) = {|x| < 1, x, = 0}, then dS and dx'...dx*"" are mutually abso-
lutely continuous on (M)NB(& 1). Unless otherwise is clearly stated, we
understand that

L,(0M)=L,(0M,dS) (1 <p < o)

is the usual function space with respect to dS.

1.6. Take a compact bordered Riemannian manifold M = MUJOM of
class C* with C* border 0M realized as a relatively compact subregion of
N as described in 1.5. Consider the trace y on dM (cf. e.g. [9]). For each
1 <p < oo, the trace y is the unique bounded linear operator from W, (M)
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to L,(0M) such that
(1.3) wW=rloM  (fe W (M)N C(M)).

If we denote by n, the inner normal to dM at ¢ e 0M, then we have

(1.4) NE) = lm f(x)

xeng,x—>¢&

for a.e. £ in OM (cf. e.g. [10]). As a consequence of (1.4) we can conclude that

Y(UR =@ )UGh)  and  y(fNh) = (f)N(yh)

for all f and h in W} (M). In other words, y preserves the lattice operations.
Another consequence of (1.4) is that y preserves the multiplication: if, f, h
and fh belong to W,'(M), then

y(fh) = (3f ) (yh).

Concerning the kernel Ker y = y7%(0) of y and the image Im y = y(W,}'(M))
of y considered on W,'(M) we have the following fundamental results. First,
Ker y characterizes the Sobolev null space (cf. (e.g. [10]):

(L.5) Wpio(M) = Ker y = {fe W,}(M): of = 0}.
Second, we set
4,(0M) = Im y = y(W,}(M)).

It is seen that the space 4,(0M) forms a Banach space under the norm

l@; 4,(0M)| = llo; L,(OM)|| + <” l(6) — eI

(M) x (any (dis(&, m))PHe?

where dis(&, n) is the Riemannian distance in N between two points ¢ and
n and dS is the Riemannian surface element on M. The theorem of Gagliardo
([1]) assures the existence of a constant C = 1 such that

i/p
s (f)dS(n)) ,

(1.6) Clg; 4,6M)| < inf || f; W (M) < Cllg; 4,(0M)]|

yf=¢

for every ¢ in A4,(0M).

2. Dirichlet problems for .o/-harmonic functions

2.1. We say that o/ is a strictly monotone elliptic operator M, a rela-
tively compact subregion of N with smooth C* boundary M as described
in 1.5, with exponent 1 <p < oo if &/ is a mapping of the tangent bundle
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TM to TM satisfying the following assumptions for some constants 0 < a <
B < oo:

the mapping &, = & |TM: T.M - T_M is continuous for
(2.1) almost every x € M, and the mapping x+— &, (X) is
measurable for all measurable vector field X on M,

for almost every x € M and for all he T M,

22 A (h)-h 2 alhl?,
2.3 |, (h)| < BIhIP~,
24 (x(hy) — i(hy)) (hy — hy) >0

whenever h; # h,, and
2.5) A (Ah) = |A[P~ 215 (h)

for all 1€ R\{0}, where R is the real number field.

The class of all operators &/ on M satisfying (2.1)—(2.5) with the exponent
1 <p<=d will be denoted by «/,(M). Using an ./ € o&/,(M) we consider a
quasilinear elliptic partial differential equation

2.6) —div o (Vu)=0

on M. A function u on an open subset G of M is a weak solution of (2.6)
if uelocW,'(G) and

2.7 j A (Vu)-VodV =0
G

for every ¢ € C3(G). If ue W, (G), then it is easy to see by the Holder
inequality and «/,(Fu)e L,(G) (1/p + 1/g =1) as a consequence of (2.3) that
u is a weak solution of (2.6) if and only if (2.7) is valid for every ¢ € W, ,(G).
As is well known, weak solutions of (2.6) (possibly modified on sets of zero
measure dV) are actually continuous and in fact Holder continuous (cf. e.g.
(181, [19]).

We say that a function u on an open subset G of M is &/-harmonic on
G if ue C(G)NlocW,' (G) and u is a weak solution of (2.6) on G. We will
denote by H(G) the class of all «/-harmonic functions on G. The simplest
and the most typical operator & in &/,(M) is the p-Laplacian

sl (h) = |hP~*h

so that the corresponding elliptic partial differential equation is the p-Laplace
equation
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—d,u=—div(|FulP?Fu) =0

whose continuous weak solutions on G are in particular referred to as being p-
harmonic on G. We denote by H,(G) the class of all p-harmonic functions on
G. Observe that 2-harmonic functions are usual classical harmonic functions.
Fundamental properties of .o/-harmonic functions on Riemannian mani-
folds are concisely compiled in e.g. [5] (cf. also [2]) and, in particular, the
way how these properties originally obtained on open subsets in Euclidean
space can be carried over Riemannian manifolds is explained. Among these
properties we especially state the Harnack inequality: If K is a compact subset
in a region D in M, then there is a constant ¢ = ¢(d, p, «, B, D, K) = 1 such that

supu < cinfu
K K
for every nonnegative &/-harmonic function u in D.

2.2. The existence of Sobolev Dirichlet solutions due to Mazya is of
fundamental importance in our study. Let G be an open subset of M. Note
that G is relatively compact in N and G and 0G are considered in N. For
any fe W,'(G) and any € #,(G) there exists a unique u € H,(G)N W, (G)
such that u — fe WPI,O(G) (cf. [6]). Since the function u € H,(G)N W, (G) with
u— fe W,o(G) is determined uniquely by fe W,'(G), we denote u by n5f,
which will be referred to as the /-harmonic part of fe W, (G). We have
thus obtained the direct sum decomposition (the Maz’ya decomposition) of
W, (G):

(2.8) W, (G) = (H,(G) N W, (G) ® W,,(G).

In the special case of the p-Laplace operator o/, (h) =|h|’"2h we denote by
nSf the p-harmonic part of fe W, (G) in place of n¢f.

A boundary point £ e 0G is said to be (Sobolev) of-regular if
29) im 78f09 = 10
for every fe C(@)'ﬂ W, (G). In this paper we only use the following sufficient
condition: if there is a parametric ball B(&, 1) about £ € dG such that B(&, 1)N
0G is a smooth hypersurface of class C*®, then ¢ is o/-regular.

Let G be an open subset of M and {G,}X, be an exhaustion of G, that
is, G, is a finite union of mutually disjoint relatively compact subregions in
G such that M\G, = M\G, and 0G, consists of a finite number of mutually
disjoint smooth closed hypersurfaces of class C* (k= 1,2,...) and G = (), G,.
For any fe W,(G), set

u=n%f
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on G so that ue H,(G)NW,(G) and also set

e n%f  on G,
TS on G\G,.

Since ¢ € W,!((G;) belongs to W,!o(G) by putting ¢ =0 on G\G; (cf. e.g. [15]),
we see that f— u, € W,!4(G) and u, € W,'(G). We have the following consis-
tency relations (cf. [6]): Vu, — Vu (k - 00) weakly in L,(G); (V) — . (Vu)
(k— o) weakly in L,(G) (1/p + 1/q = 1). We also have the following consis-
tency relation (cf. [15]): u; > u (k- o) strongly in L,(G).

The most important property of the operator % of W,'(G) to H,(G)N
W,H(G) is its monotoneity in two fashions (cf. [15]): if f; and f, belong to
WM G) and f, 2 f, ae. on G, then n5f, 2n%f, on G; if fe W} (G) and
he H,(G) such that f<h (f=h, resp.) ae. on G, then n¢f<h (zSf=h,
resp.) on G.

2.3. Besides the Dirichlet problem of Sobolev data, we consider the
problem of finding an /-harmonic function with a given trace. Given an
arbitrary ¢ in 4,(0M). Take any f in W,'(M) such that yf = ¢. Let u =nX¥f.
Since u — fe W,'o(M), y(u — f) =0 by (1.5) and therefore yu = 3/ = ¢. Thus
we have found a ue H,(G)N W, (G) with yu=¢ on dM for any given ¢ €
A,(0M). Next we claim that such a u is unique. For the purpose take any
ve H, (M)N W, (M) such that yv = ¢. Observe that w = u — v € W} o(M) since
w=yu—yp=¢ —¢@=0 on M (cf. (1.5)). Then we have the Maz'ya de-
composition of u in two ways: u=u+ 0 (ue H,(M)NW, (M), 0 W, ((M))
and u =v + w(v € H (M)N W, (M), w e W, ,(M)). Since the decomposition is
unique, we must have u =v on M.

Since u e H,(M)NW}(M) with yu= ¢ is uniquely determined by ¢ €
A4,(0M), we denote u by t¥¢. Then ¥ gives rise to an operator

2 A,(0M) - H (M) N W, (M),

which is clearly bijective and in fact % = (y|H,(M)N W, (M))™'. Moreover
we have the following result (cf. [16]).

PROPOSITION 2.1. The operator t™ is monotone, ie. if ¢, = ¢, ae. on
OM for any ¢, and ¢, in A,(0M), then t™%¢, = t4¢, everywhere on M.

PrOOF. Choose an arbitrary h; in W, (M) with yh,=¢; (i=1,2). By
the lattice property of W, (M), (h, — h,)U0 belongs to W,'(M). Since y pre-
serves the lattice operations, we see that

P((hy — hy)U0) = (y(hy — h))UO = (¢, — 92)U0 = ¢, — ¢,
on oM. If we set f, = h, and f; = h, + (h, — h,)UO, then yf, = yh, = ¢, and
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i = vhy + 9((hy — hy)U0) = @, + (0, — 02) = 0.

Then ti¢, = niffi, tho, = nkf, and f; 2 f, on M imply that t¥e, 2 X0,
on M by the monotoneity of n™.

24. In addition to the defining boundary behavior y(t¥¢p) = ¢ of t™¢
we have the following more precise boundary behavior of t™¢ if an additional
condition is imposed upon ¢ (cf. [16]). We say that a ¢ € L (0M) has an
essential limit o€ R at & e oM if

lim [l — o; L (B(£, r)NOM)| =0,
rl0o

where B(¢, R) is a parametric ball about £ € M in N.

ProrosiTiON 2.2. If ¢ e L,(OM)NA,(0M) has an essential limit o at
&€ 0M, then t™¢ has the boundary value o at &, i.e.
(2.10) lim t™p(y) =

yeM,y—¢

PrOOF. Since t™(p —a) = t™¢p — o, we may suppose that ¢ has the
essential limit 0 at £ € dM and we only have to show (2.10) with o replaced
by 0. Let |p| < K ae. on dM for a positive constant K. Fix a parametric
ball B¢, 1) in N at ¢ with a local parameter x with x(¢) =0 and consider
a function p on N defined by p(x) =|x| in B(& 1) and p =1 on N\B(, 1).
Clearly p belongs to the class C(M)N W,}(M) and t%(p|0M) = n¥p, or more
roughly, t™p = nMp. Since any point in M is /-regular,

lim tp(x)= lim =a¥p(x)=p()=0.
xeM,x—¢& xeM,x—¢

For any ¢ > 0 there is a 0 < é < 1 such that |¢(y)| < ¢ for a.e. n in B(£, §)N M.
Since (K/8)p = K in (OM)\B(&, 6), we see that

K K
o p—e<p<—
GPoEeSesSpte
a.e. on M. By the monotoneity of ™, we have

K K
—3r’§p(y) —e<Mo(y < grﬁp(y) +e  (yeM.

On letting y in M tend to &, we see by t™p(y) >0 that

—¢& £ lim inf t™¢(y) < lim sup t4o(y) < e
yeM,y—¢& yeM,y—¢

Since ¢ > 0 is arbitrary, we finally conclude the required identity (2.10) with
o replaced by 0.



118 Mitsuru NAKAI

3. /-harmonic measures

3.1. Take an o/ € .o/,(M) (1 < p < o), where M is as described in 1.5.
We denote by

UAV=UAL4UV=UA Gy

the greatest .&/-harmonic minorant of two .&/-harmonic functions u and v on
M. Thus u A v is characterized as the .o/-harmonic function w on M with
the following two properties. First, w <u and w < v on M. Second, if h is
any &/-harmonic function on M such that h <u and h < v on M, then h < w.
Needless to say, the greatest .«7-harmonic minorant of u and v on M may
or may not exist and once we use the notation u A v, we understand that
the existence of the greatest .&/-harmonic minorant of u and v on M is
assured. We also use the notation u v v to indicate —((—u) A (—v)), the
least /-harmonic majorant of u and v on M.

We say that w is an «/-harmonic measure on M if w is &/-harmonic on
M and satisfies the condition

(3.1) wa(l—w)=0

on M. Observe that 1 —w is an «/-harmonic measure on M along with w
since we have (1 —-w)A(l—-(1—-w)=01—-wWAw=wA(l—w)=0 on M.
The constant functions 0 and 1 are clearly .«/-harmonic measures on M and
actually these are only constant harmonic measures on M and any non-
constant /-harmonic measure w on M satisfies 0 <w <1 on M. In fact,
from (3.1) it follows that 0 <w <1 on M and hence both of w and 1 —w
are nonnegative o/-harmonic functions on M. If w=c¢, a constant, on M,
then we see that

O=wAa(l—w)=cN( —0¢)

on M, which shows that ¢ =0 or ¢ = 1. By the Harnack inequality we seec
that w>0 and 1 —w>0 on M unless w is a constant on M.

The formulation (3.1) of harmonic measures was first introduced by Heins
[3] for 2-harmonic functions on Riemann surfaces (cf. also [4], [11], [12],

[13], [14], [15], [16], etc.).

3.2. Concerning the ranges w(M) = {w(x): x e M} of </-harmonic mea-
sures w on M we have the following result. If w is a nonconstant .o/-harmonic
measure on M with &/ € &/,(M) (1 <p < o), then the range w(M) of w is
the open interval (0, 1):

wM)=0,1)={AeR:0< i< 1}.
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In fact, since w(M) is a connected subset of (0, 1), we only have to show that
inf,, w =0 and sup,,w=1. Set a=sup,,wso that w<aon M and O0<a
<1 Clearly 1 —w=1—a on M. Since 0<1—-a<1and O<w<1 on
M, we have

w=(1—aw and l—az(1-—aw
on M. Hence we see that
O=waAa(l—-wzwa(l-agz{l—-awr{l—aw}=1—aw=0

on M and a fortiori (1 —a)w =0 on M, which implies that a =1 so that
sup,, w = 1. Considering 1 — w instead of w in the above argument we see
that sup,(1 —w)=1 or inf,, w=0.

3.3. To describe the boundary behavior of general .«/-harmonic measures
on JM is a difficult problem but we can do it easily when w is moreover
supposed to be of p-Dirichlet finite and the boundary behavior is considered
in the sense of trace.

PROPOSITION 3.1. A function w e H,(M)N W} (M) is an o/-harmonic mea-
sure on M if and only if the essential range of yw is contained in {0, 1}.

ProoF. Suppose first that we H,(M)N W, (M) is an </-harmonic mea-
sure on M. Since w(l — w)e W, (M), we can consider u = n¥(w(1 — w)) on
M. By the monotoneity of n™, we see that 0<u<w and 0Zu=<1l—w
on M since 0<w(l—w)<w and 0=<w(l—w)<1—w on M. Hence we
deduce that

0sus=wAa(l—-w=0
on M so that n¥(w(l — w)) = 0 on M. Since w(l — w) = w(l — w) —
4 (w(l — w)) belongs to W,!o(M)=y7*(0) (cf. (1.5)), we have
0=y(w(l —w))=0w1 —w)=0Ow( —yw)

dS-a.e., which proves that yw=0 or 1 —yw=0 on J0M dS-ae. so that
ywe {0, 1} dS-ae.

Conversely suppose that we H,(M)N W, (M) satisfies yw € {0, 1} dS-a.e.
Then p(w(1 — w)) = (yw)(1 — yw) = 0 dS-a.e. on M so that w(l — w) e W,,{O(M)
or t(w(1 —w))=0. For any he Hy (M) with h<w and h<1—w on M,
we deduce

h(1 —w) = w(l —w) and wh < w(l — w)

on M. Adding these two inequalities we obtain h < 2w(l — w) on M. Hence,



120 Mitsuru NAKAI

by the monotoneity of =¥, we see that
h<£2nMw(l —w) =0

on M. This proves that w A (1 —w) =0 on M and that w is an /-harmonic
measure on M. O

COROLLARY 3.1. The of/-harmonic part n¥f of any fe W} (M) is an of-
harmonic measure on M if and only if yfe{0,1} on OM dS-ae.

Proor. Since yf —y(n¥f)=7y(f —nMf)=0 on M dS-ae., yfe{0,1}
dS-a.e. is equivalent to y(n% f) e {0, 1} on M dS-a.e., which means, by Propo-
sition 3.1, that z™f is an ./-harmonic measure. O

4. A property of 2-Dirichlet finite 2-harmonic measures

4.1. In this section 4 we only consider 2-harmonic measures (i.e. classical
harmonic measures) on a relatively compact subregion M of N with smooth
relative boundary dM of class C® as described in 1.5. We say that a differen-
tial form « on an open subset G of N is smooth if a is of class C! on G.
The following will play a fundamental role in the proof of our main theorem
in this paper.

LEMMA 4.1. Any 2-Dirichlet finite 2-harmonic measure w on M has the
following orthogonality relation:

4.1) f dw A da=0

M
is valid for any smooth (d — 2)-form o defined on an open neighborhood U, of
M in N.

Proor. We may suppose that w is not constant so that the range
w(M) = (0, 1), the open unit interval on the real line (cf. (3.2)). For two
noncritical values 4 and yu of w with 0 <A< pu <1 we set

Wi, ) = (€€ M: 4 < w(e) < .

By the Sard theorem (cf. e.g. [8]) that the set of critical values of w is of
1-dimensional Lebesgue measure zero, there exists a decreasing sequence {4}
convergent to zero of noncritical values 4, of w and an increasing sequence
{m} convergent to 1 of noncritical values w, of w with 4; < u,. In view of

M = kU1 W('lka #k)s
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we see that

f dWAda=limf dw A do = (—1)"1 limj do A dw.
M koo J W (Ak i) kToo JW (A mo

Therefore, in order to establish (4.1), we only have to show that
4.2) f doeAdw=0 (W = W(, )
w

for arbitrarily fixed noncritical values A and p of w with 0 <A < pu < 1. Here
W is an open subset of M with smooth relative boundary 0, W relative to
M each of whose components may or may not be compact in M.

We introduce a function ¢ = ((w(1 — w))Nc)/c on M where ¢ = A(1 — p).
Since w(l —w)>c¢ on W, we see that ¢ =1 on WUJ,W. By Proposition
3.1, ywe {0, 1} dS-a.e. and hence y(w(l —w)) =0 or w(l — w)e W, (M) by
(1.5). Since W, o(M) is a vector lattice, ¢ € W,'(M). Thus there exists a
sequence {¢,} in CF(M) converging to ¢ in W;'(M).

We also fix an exhaustion {M,} of M with supp ¢, = M,, that is, M, is
a relatively compact subregion of M, M\M, = M\M,, oM, is smooth, M, =
Mgy My M (k=1,2,...), and M =(J2; M,. For simplicity we set
Y,=¢ — ¢, on M. Then

s LoD + llds Lo(M)]| = s Lo(M)] + 1795 La(M)]| = [ W' (M)]
=llo — o Wy (M)| >0 (kT o0).

We first evaluate the integral

f d(n//koc)/\dw=f dkaaAdw+f Yida A dw.

By the wedge inequality (1.2) we see that
ldy Ao A dw| = [dY A (@ A dw)| < |d]lda A dw| < d|di||o]|dw],

d
where d = < i 1). Hence by (1.1) and the Schwarz inequality we have

f ay, A o A dw
w

=d L} ldyi|lal|dw] dV < dja; Lo, (M| L, |dyy||dw|dV

< dlla; Lo (M)] l|dy; Lo(M)| [|dw; Lo (M)
S dllo; Lo(M)lIPw; L (M)l — @ W (M) >0 (kT o).
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Here we have used the fact that ||a; L ,(M)| < co which is a consequence of
the smoothness of & and hence of the function |x| on M. Similarly we have

f Yida A dw| = dJ Yl |dorl |[dwl|dV < d||do; L, (M) f Y| |dw]aV
w w w

< dl|da; Lo, (M) Il Lo (M) dw; Ly (M)
< d|lde; Ly(M)I[IPw; Ly(M)lllle — @ W' (M) >0 (kT o0)

since ||da; L, (M)| < oo as a consequence of the smoothness of « on M. Hence
we can conclude that

4.3) limf dW,) A dw = 0.
kto JW
We next compute [y d(px) A dw for each k = 1, 2, .... Since

d((pea) A dw) = d(ga) A dw, we have

J d(pa) A dw = j d((pe) A dw).
w w

The following use of the Stokes formula is justified by the fact that the
support of ¢, is contained in M,:

f d((@c) A dw) = J d((@2) A dw) = J (o) A dw
w WOM, AWM

= f (pr2) A dw + f () A dw.
(O W)NM, WNOM;,

Since w takes the constant value A or u on each component of d,, W, we see
that dw = 0 along J,,W and therefore the first term of the rightmost side of
the above identity vanishes. The second term of the rightmost side of the
above identity is clearly zero by the fact that (¢,a) A dw =0 on WNIM,
since the support of ¢, is contained in M,. Thus we have shown that

(4.4) J d(o) Adw=0 k=12,...).

Recall that ¢ =1 on W so that o« = ga on W. Thus, by using (4.4)
above, we proceed as follows:

f douxdw=f d(cpa)/\dw=f d((pa)Adw—J d(pa) A dw
w w w w

= L, d((¢ — @) A dw = JW dp) Adw—0 (kT oo).
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Here the last relation follows from (4.3). Hence we have shown the validity
of (4.2). O

4.2. The above lemma 4.1 can be used to describe the boundary behavior
of w in terms of the trace yw of w on oM. Namely, we have the following
result.

LeEMMA 4.2. Let w be any 2-Dirichlet finite 2-harmonic measure on M.
Then the surface integral

(4.5) f (yw)do = 0
oM

for any smooth (d — 2)-form o defined on an open neighborhood U, of M in N.

PrOOF. Since M is compact in N with N\M = N\M and 0M is smooth

of class C*, we can show that C*(M) = {f|M: fe C*(N)} is dense in W,}(M)
by exactly the same fashion as in the case of N = R? (cf. e.g. [7], [10], etc.).
Hence we can find a sequence {w,} in C®(M) such that

lim |w — wg; W (M) = 0.

k=
Recall that the function space L,(0M) is considered with respect to the
area element dS on OM induced by the Riemannian metric on N. Since
y: W(M) - L,(0M) is continuous, there exists a finite constant C >0 such
that

ly(w — w; L(OM)]| < Cllw — w; Wy (M)

In view of w, € C*(M) < C(M) we have yw, = w, on dM and therefore we
deduce

(4.6) lim ||yw — w,; L,(OM)| = 0.
k1o
Considering da as a (d — 1)-form on M we can write da = adS on M

with a smooth function a defined on dM. By the Schwarz inequality and
(4.6) we see that

f (yw — w,)do
oM

J (w — Wk)adS1 = f lyw — wil|aldS
oM oM

< lla; L,(@M)|[ lyw — wy; L,(0M)| -0 (kT o0),
i.e. we have shown that

4.7 lim j (yw — w)da = 0.
oM

k1o
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Next, using the Stokes formula and the property (4.1): [y dw A do =0,
we proceed as follows:

J w,‘da=J d(w,‘doz)=J dw, A do
oM M M
=f dw,‘/\doc——f dWAda=J (dw, — dw) A da.
M M M

Hence by the wedge inequality (Lemma 1.1) and the Schwarz inequality we

see that
J wda
oM

Since [|dw, — dw; Loy(M)|| = [IF (W — w); Lo(M)]| < [lw, — w; W5 (M)|l, we deduce

f wda
oM

where we have used ||da; L,(M)| < oo as a consequence of the smoothness
of « in a neighborhood of M in N. We have thus shown that

= U (dw, — dw) A da| £ J ldw, — dw||da|dV
M M

=< |ldo; Lo(M) l|dwy, — dw; Lo(M)]).

< lldo; Loy(M)|| wy, — w; Wi (M) -0 (k1 o0),

(4.8) lim j wido = 0.
oM

kToo

Finally, by using (4.8) and (4.7) in this order, we deduce (4.5) as follows:

k1o koo

f (yw)da = J (yw)da — lim f weda = lim f yw —w)da=0. O
oM oM oM oM

5. A net of auxiliary forms

5.1. Fix an arbitrary point £ € dM. Choose a parametric ball B, = B =
B(&, 1) about ¢ with a local parameter x = (x!,..., x%) such that x(£) =0,
B=B( )= {|x| <1},

BNM = {|x| < 1,x?> 0} and BNoM = {|x| < 1,x? = 0}.

We may identify the parametric ball B with the unit ball B* = {x e R% |x| < 1}
in the Euclidean space R? of dimension d and the boundary fragment

P,=P=BNM

with the unit ball {|x| < 1, x? = 0) in the hypersurface R*! = {x e R% x* = 0}
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in R%. Hence we can consider the Euclidean area element ((d — 1)-dimensional
Lebesgue measure)

da(x) = dx'dx?...dx*!

on P in addition to the proper Riemannian surface element dS on dM consid-
ered on P. These two measures on P are absolutely continuous to each
other and Radon-Nikodym densities dS/do and do/dS are locally essentially
bounded on P.

We take a (d — 1)-dimensional open interval Q, = Q about ¢ considered
in P given by

Q={lxI<1/4/d (i=1,..,d—1,x"=0}c P

For each point a = (a',...,a%,0)e Q and each real number § € (0, 1/40\/2)
we set

S(a, ) ={|x'—dl|<dé (i=1,...,d—1),x*=0}

which is an open interval contained in P. The following highly technical
lemma will play a crucial role in the proof of our main theorem.

LeMMA 5.1.  For any pair of points a and b in Q and any 6 in (0, 1/40\/3)
there exists a net {a,}, o of smooth (d — 2)-forms a, in N with compact supports
contained in a fixed compact subset in B such that

(5.1) fdo — fdo = lim f fda,
oM

S(b,d) S(a, d) l0
for any locally dS-integrable function f defined on OM.

Since the proof is long, it will be given in 5.2-5.7 divided into 6 steps.

52. Letb—a=n=(4'...,n%%0) and set
=00 ..., n" 18-1.:,0) i=1,...,d—-1),

where 6; (k=1,...,d — 1) is the Kronecker delta. We take d points a; € Q
i=0,1,...,d — 1) determined by

a0=a and ai=a,~_1+11,~ (i=1,...,d—1).

If we can show the existence of nets {a;}, o of smooth (d — 2)-forms o;, on
N with compact supports contained in a fixed compact subset in B such that

(52) f fio — f fio = lim J fio,
S(a;-1,0)+n; S(a;-4,9) elo JoMm
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(i=1,...,d—1), then o, = Y ¢!a;, will satisfy (5.1). The proof of the exis-
tence of {a;} satisfying (5.2) for an arbitrary i (1 <i<d) is reduced to that
for i=1 by interchanging the order of the components of the coordinate.
Thus we only have to prove (5.2) for i =1, i.e. we only have to prove the
eXistence of a net {a.}, o of (d —2)}-forms &, on N with compact supports
contained in a fixed compact subset in B such that

(5.3) j fdo — fdo = lim J fdo,
S(a,8)+n, 5(a,9) 10 Jom
for a and a + 5, belonging to Q, where 5, = (4%,0,...,0) e R%
To prove (5.3) we may assume that

(S(a, 6) + 1,)NS(a, 0) = &.

If not, we can find an a + 77, (7; = (7,0, ...,0) € R in Q such that S(a, 6) +
#, is disjoint from S(a, ) + n, and S(a, 0) in view of the choice of §. If we
can show the existence of {«,},,o and {e.},,o of smooth (d — 2)-forms a; and
a; on N with compact supports contained in a fixed compact subset in B
such that

J fdo — I fdo = lim f fdo,
S(a,8)+11)+(n1—71) S(a,8)+7 el0 JoM

and similarly

J fdo — J fdo = lim j fdaA,
S(a,8)+11)+(—1y) S(a,8)+i1; el0 JoM

then «, = o — o satisfies (5.3). Moreover we can assume that n' > 0. Other-
wise we only have to replace S(a, §) + n, by S(a, ), i.e. S(a, 6) = (S(a, ) + n,)
+(—1n,) and —n' > 0. Hence we may assume that a! + 6 <a' — 6 + 5! so
that n! > 24.

5.3. We will prove (5.3) under the assumption that n' > 26. For sim-
plicity we denote by ¢ the midpoint of the interval [a® + d,a' — 6 + n*]
and also the interval [a' —d,a' + 6 + '] so that ¢ =a' +#n'/2, and by
p: (p,, resp) the half of the length of the interval [a' + 6,a' — & + ']
([a* — b,a' + 6 + n'], resp.) so that p, =n'/2 — 5 and p, =1n'/2 + 4.

We now define d — 1 functions ¢,, ..., ¢;_; on R? with their supports
in B* as follows. Considering their restrictions on B¢ we may also view them
as being defined on B. The first ¢, of these d — 1 functions ¢,, ..., @5,
is defined simply by
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P (' — 0 + (x*)* < p}),
o)+ py = (" = + (D) (pf ST = + (x9)* = p3),
P2 (P} = (x" = o + (x*?).

It is a piecewise smooth continuous function on RY with [Fg,|<1 on RY
where V is the Euclidean gradient so that Vo, = (09, /0x%, ..., dp,/0x?). More
concretely we have

0 0
a—f%( x)dx +6_(p1( x)dx* (p? < (x! — )? + (x%)? < p2),

0 (' = + (x> <pf or >p3),

(54) do,(x) =

where the coefficients of dx' and dx? are given by
09, x!—¢ 09, X

W(x) = (' =07 + )2 and d(x) (' = + )2

d

The rest ¢,, ..., ¢;—, of ¢, are simpler:

a—356 (x*Za -9,
@ix) =< x* (' =6 <x'<d' +)9),
a4+ (@+6=xh

for 1 <i<d Clearly these are also piecewise smooth continuous functions
on R? with |V, <1 on R% More precisely we see that

dx'  (]x' —d'| <),

_ a(l),' i_
(5.5) drl.(x) = W(x)dx = {0 (x' — ail > 8)

for 1 <i<d.

54. Using d —1 functions ¢; (1 £i<d) defined in 53 we define a
(d — 2)-form « on the unit ball B, which is also viewed as being defined on
the parametric ball B, = B in the following fashion:

o= @1d(@d(@3d(- d(@g-2dPy-1) ")) = @1dp; A dpz A - A dy_y

<§01 ﬂ:g(p'>dx Adx3 A AdxdTL
Thus « is a measurable form on B? or on B. Since ¢, =0 on (x! —¢c)* +
(x9)? = p? and do; = (0¢;/0x")dx' =0 on |x'|>d (1 <i<d), we see that «
has a compact support in B? or in B, and therefore, by setting « =0 on
N\B, a« may be viewed as a (d — 2)-form on N. By computing da using (5.4)
and (5.5) we have
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do = d(@,d(@2d(@3d(- -~ d(Pg—2d@s—1) ")) = do; A dey Adez A - A doy_y

d=1 A,
=(n %)dx1 Adx? A Adx?Tt
i=1

a5
+ (-1)“(1‘[ a—)"c’;)de Adx3 Ao A dxd,

i=

where we have set ¢, = ¢,.
We will consider do along M and in reality only along P, = P because
de =0 on (AM)\P. Along P we have x? =0 and also dx?=0. Hence

i-1 9o,
(5.6) do = (H ——') dx! Adx? A Adx??

=1 Ox'

along P. By using (5.4) and (5.5) we see that, along dM,

1 [o—
X T gt Adx® A A dx®t on S(a, 8)U(S(a, 8) + ny),
doo = < Ix* —cl
0 elsewhere on OM.
Since |x! —c¢|=—(x! —c¢) on S(a,é) and |x! —c|=x'—c on S(a,d) + 14,

we finally conclude that

—dx* Adx®> A+ Adx?t on S(a, b),
do=<dx* Adx? A Adxi? on S(a, 6) + n,,
0 elsewhere on oM

along 0M. In terms of the measure do, da along P has an expression as a
signed measure on P as follows:

(5.7) da(x) = (xs(a,6)+q1(x) - XS(a,é)(x))da(x)

along P, where yj is the characteristic function of a subset E of P considered
on P.

5.5. As usual we take m,(x) = e ?m(¢”'x) (¢ > 0) on R? where

-1
m(x)=<J e-‘ll(l“lxlz)dx> e—l/(l—lxlz)
B4

for |x| < 1 and m(x) = 0 for |x| = 1, and we form the regularization (mollifier)

(pis(x) = ((pl * me)(x) = J

y @;(x — y)m,(y)dy

for every ¢ in 0 < ¢ < p; N (1/40\/2) (1 £ i < d). Clearly ¢,,(x) =
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01.(x!, ..., x% is a function of only x! and x¢ so that

aq’lad 1 a(ple

a
ox?! 6d

(5.8) do,, =
and ¢, (x) = @ (x}, ..., x%) is the function of only x’ for each i=2, ..., d —1
so that

a Pie

(5.9) do,, = —; dx? (1 <i<d).
0x

Since ¢; is piecewise smooth, we have

2
'V(Pie(x)lz =

Ld Voi(x — yym(y)dy| < Ld [V oi(x — y)I*m,(y) dy

and hence we see that |Fg,| <1 along with |[Fe,] <1 (1 £i<d). Observe
that V¢, converges to V¢, as ¢/ 0 a.e. on B; = B and even on P, = P except
for a set of do-measure zero (1 £i < d).

5.6. Using ¢, = ¢;*m, (1 <i<d) we define a (d — 2)-form «, on B? or
on B, = B by

o, = (Plsd(fpzsd((ﬂaed('“d(‘Pd—z,ad(Pd—Ls)‘”))) = Q1P A dQ3, A0 A d%—l,s

= <¢1£ I:[ qD“)dxz Adx® A cdx?TL

Since @;, =0 on (x! —¢)*> + (x%)® = (p, + ¢)* and do,, = (0¢;/0x")dx' =0 on
|x! —¢| > &+ ¢ (1 <i<d) by the similar properties of ¢; (1 <j <d) and the
definitions of ¢;, (1 <j < d), we see that «, has a compact support in B? or
in B, = B and therefore, by setting a, =0 and N\B, «, may be viewed as a
smooth (d — 2)-form on N. By computing da, by using (5.8) and (5.9) we have

do, = d(1,d(P2.d(03,4("** A(Pa-2,,dPa-1,0) ")) = dP1, A APy, A+ A dy_y,,

d-1 Jp.
= (H a('o'f)dxl Adx? A A dxd!
i=1 0x

d .
+ (—1)"“2<H %%.‘) dx® A dx® A c-e A dxf,
i=2 0X

where we have set ¢;, = ¢;,. Hence da, along P, = P has a compact support
in P and an expression as a signed measure on P as follows (cf. (5.6)):

(5.10) do(x) = <H Pia (x)) do(x) along P.

i=1
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5.7. As we have seen in 5.6, the function []/Z] (d¢,/0x") (0 <e<p N
(1/40\/_ )) considered on P; = P has a compact support in a fixed compact
subset of P, is bounded by 1 in its absolute values, and converges to the
function [[4] (d¢;/0x’) as &|0 do-almost everywhere on P. Hence by the
Lebesgue domlnated convergence theorem we conclude that

L £ <H e )da(x) ~ lim f f(x)(ﬂ 00 (x)) do(x)

for every f in locL,(0M). Hence, by (5.6), du along dM is expressed as a
signed measure on P as follows:

da(x) = <dl:1 %(x)) do(x) along P

f fio —f I ('ﬁ O (x)) do ()

and similarly, (5.10) implies that

j fa, —J f(x)(n a"’"(x)) do ()

Hence we have shown that

and therefore

fdo = lim f fdo..
M

M el0

On the other hand, (5.7) implies that

I fdo = f fdo — J fdo.
oM S(a,d8)+n, S(a,d)

We can thus conclude the validity of (5.3), and the proof of Lemma 5.1
started from 5.2 is herewith complete. O

6. A boundary characteristic function

6.1. As before we denote by B(¢, 2) a relatively compact parametric ball
in N at £ € N with a local parameter x = (x!, ..., x%) such that x(¢) =0 and
B(¢,2) = {|x| < 2}. We also denote by B(¢,r) the concentric parametric ball
{Ix| <7} (0 <r<2). The closed parametric ball B(¢, ) is simply denoted by
B(¢,r). Since OM consists of a finite number of mutually disjoint smooth
closed hypersurfaces of class C® with N\M = N\M, we can find a B(¢,2)
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for any £ e M such that
B 2)NM = {|x| < 2,x*> 0} and B 2)N oM = {|x| < 2, x* = 0}.

We will show that the characteristic function on dM of B(£, 1)N oM for each
¢edM is a Sobolev boundary values on dM of a function in W, (M) when
l<p<?.

LEMMA 6.1. There exists a bounded continuous function f in W, (M)
(1 < p <?2) for any & in OM such that f has the boundary values 1 on B(£, 1)N
oM and 0 on (OM)\B(¢, 1) so that the trace yf on OM of f takes either O or
1 ae. on OM.

The proof of this lemma (cf. e.g. [13], [14], [4]) will be given in 6.2
and 6.3 below.

6.2. We denote by y, the spherical surface fragment B(&, 1)NdM and by

7o the spherical cone {x?=1—|x'|(|x'| < 1)}, where x = (x!,...,x*!, x%) =
(x’, x%) so that x" = (x!,..., x*™). Consider the region V bounded by y, and
y1: 0V =J,U7y;. Define a function f on M by
x4(¢)
— T (e V)s
=4 "1-wol |
0 e M\V).

We see that fe C(M), 0= f<1 on M and f has the boundary values 1 on
y, and 0 on (OM)\y,. Since %,\y, is of surface measure zero considered on
0M, the trace yf of f on OM is either 1 or 0 a.e. on dM if we know that
feW!M).

The proof is over if we can show that fe W,'(M). Considering X =
B(&,2)N M as a Riemannian submanifold of M, we see that f vanishes in a
neighborhood of the relative boundary 0,,X of X relative to M and on M\X.
Hence it suffices to show that f e W,'(X) in order to maintain '€ W,'(M). We
view Y = {x e R% |x| < 2, x% > 0} as an Euclidean subspace of R%. Let (g;;(x))
be the components of the metric tensor in B(¢, 2) in the Riemannian manifold
N with respect to the local parameter x = (x!, ..., x%) in B(§, 2). Since B(¢,2)
is relatively compact in N, there exists a finite constant C = 1 such that

C™H(3y) = (9:;() = C(5y)
on B(¢, 2) so that
C(6Y) < (¢(x) < C(GY) and  C*2dx < dV < Cdx
on B(¢,2), where (g9(x)) = (g;;(x))™", g(x) = det(g;;(x)) and dV(x) = /g(x)dx.
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We can identify X with (Y, g;i(x)). Thus the above inequalities imply that a
function ¢ on X (and hence on Y) belongs to W,'(X) if and only if ¢ € W, (Y),
and

CTURTRD o W) < llg; W, (X)I| < CH242P | o W (V).

In view of this we only have to prove that fe W, (U) viewing f as the
function on U = (RY)* = {x e R% x? > 0} defined by

xd

1— >
fw=1 TR X
0 (xeU\2)

where Z = {x e R0 < x? <1 —|x'|(|x'| < 1)}. Clearly fe C(U)NL,(U) and
f is absolutely continuous on all lines in U parallel to coordinate axes. We
will see below in 6.3 that the ordinary gradient Ff of f is p'® integrable on U.
Hence by the Nikodym theorem (cf. e.g. [7]) we can conclude that fe Wp‘(U).

6.3. The ordinary gradient Vf of f considered on U is given as follows:

Ve f(x), =1/A = X)) (xeZ\{x'=0}),
0 (x e U\Z),

Vf(x) = {
where ¥, = (8/dx", ..., 8/0x*™1) so that
Ve f() = =x(1 = |x"))2(x/1x"), ..., x47/|x"])
for x e Z\{x' = 0}. Observe that
IVf5 Ly(U)| = IIVf; L(2)I.
Hence by
IPfIP = (IVe f1? + 10f/0x?2)P? < (1P f| + 18f/0x4|)P < 2°(1P f 1P + |0f/0x°[P)

we see that

IVf; L(2)| =27 L (17 fCI” + 10f (x)/0x|")dx.

The right hand side of the above inequality equals, by the Fubini theorem,

1—|x’|
2 f q ((42/(1 — |x')%2 + 1/ — |x’|)”)dx“'> dx’
Ix'|<1

0

= cj (1 —|x')*Pdx’,
|x'|<1
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where C = 2P(1/2°*'(p + 1) + 1/2). If we denote by dw,_, the area element
on |x’| =1, then we have

‘[ (1 —|x')"Pdx’ = J (Jl (1- r)l"’r"‘zdr> dw,_i(x')
Ix')<1 Ix'|=1 [}]

1
< o ({Ix'1=1}) L (1 = n)'"Pdr = o, ({Ix'| = 1})/2 — p) < oo,

where w,_;({|x’| = 1}) is the area of {|x’| = 1} under the convention
o, ({|x'| = 1}) =2 with dw, =dd, +dé_, (e =(1,0)) when d=2. Here the
assumption 1 < p < 2 is essentially made use of. Thus |[Ff; L,(U)|| < co and
we have established that fe W,'(U).

The proof of Lemma 6.1 is herewith complete. Od

7. Proof of the main theorem

7.1. We divide the assertion of the main theorem stated in the introduc-
tory part at the begining of this paper into two parts, Theorems 7.1 and 7.2
below, and we will prove them separately in this last section. The first part
is formulated as follows:

THEOREM 7.1. Suppose that 2 < p < oo and choose an arbitrary o/ in
A, (M). Any p-Dirichlet finite s/-harmonic measure w on M can be continu-
ously extended to M = MUOM and the extended continuous function w on M
is identically zero or one on each component of M.

Proor. Take an arbitrary p-Dirichlet finite .«/-harmonic measure w on
M with exponent pin 2 < p < c0. Since M is compact in N, the Riemannian
volume |M| of M is finite:

Mﬂ=de<w
M

By the Holder inequality we see that
M2 w; W (M)|| < [M[7Y7|w; W (M)l

Since w € W' (M), the above inequality assures that we W}(M). Consider the
Maz’ya decomposition (2.8), and actually the classical Weyl decomposition,
of w:

(7.1) w=u+f
where u e H,(M)NW;' (M) and fe W, o(M). By (1.5) we see that the trace
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(7.2) =0 dS-a.e. on 0M.

By Proposition 3.1, we have yw € {0, 1} dS-a.e. on dM. Therefore, since yu =
yw — 9f, we conclude that

(7.3) yu e {0, 1} dS-ae. on oM.

Again by Proposition 3.1 we deduce that u is 2-Dirichlet finite 2-harmonic
measure on M.

Let M = /-, (0M); be the decomposition of dM into connected compo-
nents (OM); (j=1,...,¢). We next show that for each component (0M); of
OM (j=1,...,¢) there exists a constant c¢; which is either 1 or 0 such that

(7.4) GWI@M);=¢;  dS-ae.

To see this choose an arbitrary point £ e 0M and any relatively compact
parametric ball B, = B = B(¢, 1) with a local parameter x = (x', ..., x%) such
that x(¢) =0, B= {|x| <1}, BNM = {|x| < 1, x* > 0} and

P.=P:=BNoM = {|x| < 1, x? = 0}.

We denote by do(x) the Euclidean area element dx!...dx%! on P. Recall
that do and dS are mutually absolutely continuous on P. Let

Q:=Q:={|x'|<1/4/d (i=1,...,d — 1),x?* =0}  P.
To prove (7.4) we only have to show that
(7.5) (yw)|Q =c¢ do-a.e.,

where ¢ is either 0 or 1. By (7.3) and the Lebesgue density theorem there
exists a measurable subset Q' of Q such that ¢(Q\Q’) =0, every point p in
Q' is a Lebesgue point for yu, and yu(p) € {0, 1} for any pe Q". To maintain
(7.5) we only have to show that

(7.6) yu(a) = yu(b)

for every pair of points a and b in Q'
Take an arbitrary 6 € (0, 1/40\/3) and set

S@ d)={xeB:|x'—d'|<d (i=1,...,d—1),x*=0} = Q,

where a=(a',...,a"’,0)e Q. By Lemma 5.1 there exists a net {a,},, of
smooth (d — 2)-forms «, in N with compact supports in B such that

(7.7 j (yuydo — f (yu)do = lim j (yw)do,.
S(b,d) S(a, d) el0 JoM
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Lemma 4.2 assures that

(7.8) j (yu)da, =0
oM

for any o, in the net {a.}, 0. By a(S(a, 6)) = a(S(b, 9)) for any é € (0, 1/40\/3),
(7.7) and (7.8), we conclude that

1 1
o(S(a, 0)) Jsw.0 o(S(b, ) .L(b,,s)
On letting 6 | 0, the Lebesgue density theorem implies (7.6). Thus the relation

(7.4) has been shown.
By (7.1), (7.2) and (7.4), we see that

(ywdo = (yw)do.

('}’W)|(6M)J =C; dS-ae.

J

In view of this, Proposition 2.2 assures that the boundary values of w on
(0M); is ¢; (j=1,...,7), w can be continued to M =MUGAM so as to be a
continuous function on M. 0

7.2. Fix an arbitrary point ¢ in M and any relatively compact
parametric ball B(, 2) with a local parameter x = (x!, ..., x%) such that x(¢) =
0, B(£,2) = {Ix| <2}, B(,2)NM = {|x| <2, x*> 0} and

B(&,2)NOM = {|x| <2, x% = 0}.

We denote by B = B(£, 1) = {|x| < 1}. The second of two parts into which
the main theorem is divided is formulated as follows (cf. [13], [14], [4]):

THEOREM 7.2. Suppose that 1 <p <2 and choose an arbitrary </ in
A, (M). There exists a p-Dirichlet finite </-harmonic measure w on M such
that the boundary values of w is one on BNOM and zero on (0M)\B. In
particular, the function w cannot be extended to M = MUJOM so as to be a
continuous function on M.

PrOOF. Since 1 <p <2, by Lemma 6.1, we can find an f in W, (M)
such that the boundary values of f is one on BNOM and zero on (0M)\B.
In view of the fact that (6B)NJM is a C® hypersurface in the boundary
manifold 0M, we see that

S((6B)N M) = 0.

Hence yf e {0, 1} dS-a.e. on dM. Let w=nYf be the .o/-harmonic part of
f given by the Maz’ya decomposition (2.8). By Corollary 3.1, we conclude
that w is a p-Dirichlet finite «/-harmonic measure on M. Since p(f—w) =0



136 Mitsuru NAKAI

dS-a.e. on M by (1.5), we see that yw =1 dS-a.e. on BNdM and yw =0
dS-ae. on (OM)\B. By virtue of the fact that BNOM and (OM)\B are open
subset of 0M, Proposition 2.2 assures that the boundary values of w on
BN OM are identically one and those on (OM)\B are identically zero.

Since (0B)NJM is a nonempty subset of M, we can find a point ¢ in
(@B)NOM so that ¢ belongs both to BNJM and (OM)\B. By the above
boundary behavior of w, we see that w cannot be continuous at £&. Thus w
cannot be continued to M = MUJM so as to be continuous on M. O

APPENDIX. The case of p > d on general M

We take as in 1.1, a Riemannian manifold N of class C® of dimension
d = 2, connected and orientable. We fix an arbitrary relatively compact sub-
region M of N. We do not require any sort of regularity condition whatso-
ever upon the relative boundary M = M\M of M. The number of connected
components of M may or may not be finite. In short, we only assume that
M is a nonempty connected open subset of N and M is compact in N so
that we may say that MUJM is a compact bordered Riemannian manifold
of class C* of dimension d =dim M = 2 with a general border M. We
can consider the class .o/,(M) of all operators &/ on M satisfying (2.1)—(2.5).
Using an &/ € &/,(M) (1 < p < o) we can also consider &/-harmonic measures
on M as in §3 and their p-Dirichlet integrals over M. We mention the
following final result.

THEOREM A. Suppose that d <p < oo and choose an arbitrary < in
o, (M). Any p-Dirichlet finite of-harmonic measure w on M can be continu-
ously extended to M = MUOM and the extended continuous function w on M
is identically zero or one on each connected component of M.

ProoF. By 3.1, w=0on M,w=1on M,or0<w<1 on M. In the
first two cases the theorem is trivially true and hence hereafter in this proof
we assume that 0 <w <1 on M. Then, by 3.2, we see that w(M) = (0, 1) =
{AeR:0< A< 1}. By the proof of Proposition 3.1 (see also [14]), we have
s:=w(l —w)e W, o(M). We maintain that s can be continuously extended
to M and vanishes on dM:

(A1) seC(M) and s|oM =0.

If N = RY this is nothing but the Sobolev imbedding theorem for p >d. In
the case of our present general N, we take the following indirect procedure
to prove (A.1). On setting t=s on M and t=0 on N\M we see that
t€ W, o(N) along with se W,'o(M). Let (§;) be a partition of unity on N
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subordinate to a locally finite covering of N by parametric balls. Suppose
that the support of ¥; is contained in a parametric ball B; in N. Viewing
B;= R? we see that y;te W,'((B). Since p>d, by the Sobolev imbedding
theorem (cf. e.g. [7]), there is a v;€ W,!4(B;)N C(B;) such that v, = y;t a.e. on
B;. Clearly we can view v; € W,!o(N)N C(N) by setting v; = 0 on N\B;. Then,
since v; =y;t =0 a.e. on N\M, v:=),v,€ W,}!(N)NC(N) and

t=Z|//,-t=Zvi=v

ae. on N. This means that s =t|M has a continuous extension to M, i.e.
se Wy (M)NC(M). Since the o/-Perron solution HM is identical with the
Sobolev solution with data s on M (cf. [2]) which is identically zero by
s € W, o(M), we conclude that HM =0 on M. Take any y € M and observe
that the p-capacity cap,{y} > 0 because p >d. Hence y is «/-Dirichlet regu-
lar so that

s(y)) = lim HM(x)=0

xeM,x—y

(cf. [2]). We have thus shown (A.1).

Since \/ = /wl—-—w)=w+(1—-w)/2=1/2, we see that 0 <s=<1/4
on M and s=1/4 if and only if w=1/2. We denote by

K = {xe M: s(x) = 1/4}.

By virtue of (A.1), K is a compact subset of M. We fix an arbitrary relatively
compact subregion X of M with the following properties: X > K; X is bounded
by a finite number of disjoint closed smooth hypersurfaces; M\X consists of
a finite number of relatively noncompact subregions of M. Take an arbitrary
boundary component y of M, ie. y is a connected component of M. In
view of the Kerékjarto-Stoilow representation of boundary components as
determining sequences (cf. e.g. [17]), there is a unique connected component
Y, of M\X with the following property: for any yey there is a small
parametric ball B(y,r) (r > 0) such that B(y,r)NM c Y, so that y }_’y We
maintain that either w < 1/2 on Y, or w>1/2 on Y,. In fact, if there are
two points x; and x, on Y, with w(x;) < 1/2 and w(x,) > 1/2, then, since Y,
is arcwise connected, there is a polygonal line L in Y, connecting x; and x,.
The intermediate value theorem yields the existence of a z € L with w(z) = 1/2
so that z e K, contradicting ¥,NK = (. Now suppose that w <1/2 on Y,
is the case. Then w(x)(1 — w(x)) = s(x) with w(x) < 1/2 implies that

wx)= 12— (/1 —4s(x))2 (xe¥,).

This with (A.1) assures that
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lim w(x)= lim w(x)=1/2—<\/1—4 lim s(x)>/2=0

xeM,x—y xeY,, x>y xeY,, x>y

for every yey. Similarly, if w> 1/2 on Y, is the case, then

w(x) =1/2 + (/1 — 4s(x))/2 (xeY),

and we have lim, ..., w(x) = 1 for every yey. This proves that w can be
extended to M so as to satisfy we C(M) and the extended w=0 or 1 on

each connected component y of dM. O
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