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Geometry of contrast functions and conformal geometry
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AssTRacT. We give a necessary and sufficient condition for a pseudo-Riemannian
manifold with a compatible affine connection to be projectively flat, dual-projectively
flat or conformally flat in terms of the Batlett tensor, which is derived from forth-order
derivatives of contrast function.

Introduction

In 1982, Nagaoka and Amari formulated information geometry, which has
been applied to various fields of information sciences, for example, information
theory, neural networks, system theory, and so on (cf. [2]). In information
geometry, contrast functions play an essential role. The Kullback-Leibler
divergence is an interesting example of contrast function, which is used in
statistical inference (see, [1]). A geometric divergence introduced by Kurose [8]
is also an example of contrast function. In this paper, we study the geometry
of geometric divergences in affine differential geometry.

In general, a contrast function p induces a dualistic geometrical structure
on M (cf. [4] and [8]). The second-order derivatives of a given contrast
function p of M induce a pseudo-Riemannian metric # on M. The third-order
derivatives induce two torsion-free affine connections V and V* such that these
are mutually dual with respect to 4. In this case, the tensors VA and V*h are
symmetric. Then the triplets (M,V,h) and (M,V*,h) are statistical manifolds.

The Bartlett tensor B of contrast function p, which was formulated by
Eguchi [4], is defined from forth-order derivatives of p. The anti-symmetric
part of B is the curvature tensor of the induced affine connection V. The
Bartlett tensor B and the dual Bartlett tensor B* correspond to the Bartlett
corrections in likelihood ratio tests in- statistics.

In this paper, we study the Bartlett tensors of contrast functions in the
geometric divergences case. As applications, we give necessary and sufficient
conditions for a statistical manifold to be projectively flat, dual-projectively flat
or conformally flat in terms of the Bartlett tensor.
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Both concepts of conformal flatness of Riemannian metrics and projective
flatness of affine connections were introduced by Weyl. They are characterized
by vanishing of the conformal curvature tensors or the projective curvature
ones, respectively. Ivanov [7] introduced the dual-projective flatness of affine
connections, which are also characterized by vanishing of the dual-projective
curvature tensors. In our recent paper [10], we introduced the conformal-
projective flatness of statistical manifolds, which is a natural generalization of
the projective flatness, the conformal flatness or the dual-projective flatness of
statistical manifolds.

In §4, we give a necessary and sufficient condition for an affine connection
to be projectively flat or dual-projectively flat in terms of the Bartlett tensor.
In §5, we determine the Bartlett tensors B in the cases of geometric divergences
as contrast functions on conformally-projectively flat statistical manifolds. We
also give a necessary and sufficient condition for a Riemannian metric to be
conformally flat.

The author wishes to express his sincere gratitude to Professor Hajime
Urakawa for his supportive encouragement.

1. Contrast functions and statistical manifolds

We assume that all the objects are smooth throughout this paper. In this
section, we recall several definitions and preliminary facts on contrast functions.
For more details, see [4].

Let M be an n-dimensional manifold. Let V be a torsion-free affine
connection and 4 a pseudo-Riemannian metric on M. We call (M,V,h) a
statistical manifold if Vh is symmetric. For a statistical manifold (M,V,h), we
can define another torsion-free affine connection V* by

Xh(Y,Z) = h(VyxY,Z) +h(Y,ViZ),

where X, Y and Z are arbitrary vector fields on M. It is straightforward to
show that (M,V* h) is also a statistical manifold. We say that V* is the dual
connection of V with respect to & and that (M,V*,h) is the dual statistical
manifold of (M,V,h).

Let p be a function on M x M. Identifying the tangent space
T(p,q)(M x M) with the direct sum of T,M @ T,M, we use the following
notation:

PIX1 - Xi| Vi Y)(p) = (X1,0)..- (X5, 0)(0, Y1) ... (0, V)l ),

where pe M and Xi,...,X;, Yi,...,Y;(i,j > 0) are arbitrary vector fields on
M. We call p a contrast function of M if
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1) p(p, p) =0 for an arbitrary point p € M,
2) plX]]=pllX] =0,
3) h(X,Y):= —p[X]|Y] is a pseudo-Riemannian metric on M.

Let p be a contrast function of M and 4 the pseudo-Riemannian metric
induced by p. We define two torsion-free affine connections V and V* on M as
follows:

WVxY,Z) = —p[XY|2Z],
h(Y,VyZ) = —p[Y|XZ],
where X, Y and Z are arbitrary vector fields on M. It is easy to show that
the triplets (M,V,h) and (M,V* h) are statistical manifolds. We say that
the statistical manifold (M,V,h) and (M,V* h) are induced by the contrast
function p.

We also define (1,3)-tensor fields B and B* on M by the following
equations:

h(B(X,Y)Z,V) = —p[XYZ — VxVyZ|V),
h(V,B*(X,Y)Z) = —p|V|XYZ —V3V}Z],

where X, Y,Z and V are arbitrary vector fields on M. We call B the Bartlett
tensor of contrast function p and B* the dual Bartlett tensor.

ProrosITION 1.1. Let p be a contrast function. Let V and V* be the
induced affine connections by p. Then, the anti-symmetric part of B and B* are
the curvature tensors R of V and R* of V*, respectively, that is, the following
equations holds:

R(X,Y)Z =B(Y,X)Z - B(X,Y)Z,
R*(X,Y)Z = B*(Y,X)Z — B*(X,Y)Z.

2. Curvature tensors

In this section, we recall that definitions and preliminary facts on curvature
tensors.

2.1. Projective curvature tensors

Let M be an n-dimensional manifold. We say that two affine connections
V and V on M are projectively equivalent if there exists a 1-form t on M such
that
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VY =VyY +17(Y)X +7(X)Y, (2.1)

where X and Y are arbitrary vector fields of M. We say that an affine
connection V is projectively flat if V is projectively equivalent to a flat affine
connection in a neighbourhood of an arbitrary point of M.

Let Ric be the Ricci tensor of V. Suppose that V is torsion-free and Ric
is symmetric. We define the projective curvature tensor Wp by

Wp(X,Y)Z :=R(X,Y)Z — nlj Ric(Y,Z2)X + ﬁ Ric(X,2)Y.
If affine connections V and V are projectively equivalent, then their projective
curvature tensors coincide. For n > 3, an affine connection V is projectively
flat if and only if its projective curvature tensor Wp vanishes (cf. [5]).

Let (M,V,h) and (M,V, h) be statistical manifolds. If a 1-form 7 is given
by t = dy, where V is a function, the relation (2.1) is known as (—1)-conformal
equivalence relation of statistical manifolds, provided h=eYh. We suppose
that n > 3. A statistical manifold (M,V,h) is (—1)-conformally flat if and
only if V is projectively flat with symmetric Ricci tensor. Kurose [9] showed
that, for a statistical manifold, if V is projectively flat then the Ricci tensor of V
is symmetric. Hence, a statistical manifold (M,V,h) is (—1)-conformally flat
if and only if V is projectively flat.

2.2. Dual-projective curvature tensors

Let (M,V,h) be an n-dimensional statistical manifold. We say that two
affine connections V and V on M are dual-projectively equivalent if there exists a
1-form « on M such that

VxY =VyY —h(X,Y)a*, (2.2)

where X and Y are arbitrary vector fields and a* is the tangent vector field
defined by A(a*,Y) := a(Y).

We say that an affine connection V is dual-projectively flat if V is dual-
projectively equivalent to a flat affine connection in a neighbourhood of an
arbitrary point of M.

We define the dual-projective curvature tensor Wyp by

Wip(X,Y)Z = R(X,Y)Z —h(Y,Z)M(X) + h(X,Z)M(Y),
where the tensor M is given as follows:

4

M(X) := —Ric* (X) + —

X. (2.3)
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In (2.3), we denote by y the trace of the Ricci tensor with respect to 4 and by
Ric*(X) the Ricci operator defined by A(Ric* (X),Y) := Ric(X,Y). If two
affine connections V and V are dual-projectively equivalent, then their dual-
projective curvature tensors coincide. For n >3, an affine connection V is
dual-projectively flat if and only if its dual-projective curvature tensor Wyp of V
vanishes (cf. [7]).

Let (M,V,h) and (M, ?,i;) be statistical manifolds. If the 1-form o is
given by o =d¢, where ¢ is a function, the relation (2.2) is known as
1-conformal equivalence relation of statistical manifolds, provided # = e%h.
We suppose that n > 3. A statistical manifold (M,V,h) is 1-conformally flat if
and only if V is dual-projectively flat with symmetric Ricci tensor. Kurose [9]
showed that, for a statistical manifold, if V is dual-projectively flat then the
Ricci tensor of V is symmetric. Hence, a statistical manifold (M,V h) is
l-conformally flat if and only if V is dual-projectively flat.

2.3. Conformal curvature tensors

Let (M,g) and (M,§) be n-dimensional Riemannian manifolds. We say
that two Riemannian metrics g and § are conformally equivalent if there exists a
function ¢ on M such that

§(X,Y)=e"g(X,Y).

We say that a Riemannian metric g is conformally flat if g is conformally
equivalent to a flat Riemannian metric in a neighbourhood of an arbitrary
point of M.

Let (M,g) be a Riemannian manifold and V the Levi-Civita connection of
g. We define the conformal curvature tensor W by

g(We(X,Y)Z,U): =g(R(X,Y)Z,U)
- ﬁ{g( Y,Z)Ric(X,U) — g(X,Z)Ric(Y,U)

+Ric(Y,Z)g(X, U) — Ric(X, Z)g(Y, U)}

try(Ric)
——Z_I9(Y,Z)9(X,U) —g(X Y
= D=2 {9(Y,2)g9(X,U) — g(X,2)g(Y, U)},
where R is the Riemannian curvature tensor of V and Ric the Ricci tensor of
V. If Riemannian metrics g and § on M are conformally equivalent, then their
conformal curvature tensors coincide.



180 Hiroshi MATSUZOE

For n > 4, a Riemannian metric g is conformally flat if and only if its
conformal curvature tensor W vanishes (cf. [6]).

2.4. Conformal-projective curvature tensors

Let (M,V,h) and (M ,V,h) be statistical manifolds. We say that
(M,V,h) and (M,V, h) are conformally-projectively equivalent (or generalized
conformally equivalent) if there exist two functions ¢ and Y on M such that

h(X,Y)=e"*Yh(X,Y),
hVxY,Z)=h(VyY,Z)—d¢(Z)h(X,Y)
+dy(Y)h(X,Z) + dy(X)h(Y,Z). (2.4)

We say that a statistical manifold (M,V,h) is conformally-projectively flat if
(M,V,h) is conformally-projectively equivalent to a flat statistical manifold in a
neighbourhood of an arbitrary point of M (cf. [10]).

Let V* be the dual connection of V with respect to 4. We define the
conformal-projective curvature tensor Wep by

h(Wep(X,Y)Z,U): =h(R(X,Y)Z,U) - #{h(Y, Z)A(X,U)

— h(X,Z)A(Y,U)+A*(Y,Z)h(X,U)— A* (X, Z)h(Y,U)}

try(Ric)
s D =3 (N 20X, U) = WX, Z)H(Y, U)),
(2.5)
where the tensors 4 and 4* are defined by
A(Y,Z2): = %{Ric(Y,Z) + (n— 1)Ric* (Y, 2)}, (2.6)
AX(Y,Z) ::—rl;{(n—1)Ric(Y,Z)+Ric*(Y,Z)}. (2.7)

In (2.6) and (2.7), we denote by Ric and Ric* the Ricci tensors of V and V*,
respectively. If two statistical manifolds (M,V,h) and (M,V,h) are con-
formally-projectively equivalent, then their conformal-projective curvature
tensors coincide (Kurose 1995). 1In (2.5), if V = V*, then W¢p is the conformal
curvature tensor.

For a statistical manifold (M,V,h), if V is projectively flat or dual-
projectively flat and the Ricci tensor of V is symmetric, then (M,V h) is
conformally-projectively flat.
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3. Geometric divergences

In this section, we recall several definitions and preliminary facts on
centroaffine immersions of codimension two and on geometric divergen-
ces. For more details, see [10] and [11].

Let M be an n-dimensional manifold and f an immersion from M into
R™2. Denote by D the standard flat affine connection of R"*? and by 7 the
radial vector field of R"2. An immersion f:M — R"? is called a cen-
troaffine immersion of codimension two if there exists, at least locally, a vector
field £ along f such that, at each point x € M, the tangent space Tf(x)R”Jr2 is
decomposed as the direct sum of the span R{7 )}, the tangent space f,(TxM)
and the span R{&,}. We call ¢ a transversal vector field.

For simplicity, we often omit the term “‘codimension two” from now on.

For a given centroaffine immersion { f, ¢}, the induced connection V and
the affine fundamental forms A, T are determined by

Dxf.Y =T(X,Y)n+ f.(VxY) + h(X, Y)¢,

the transversal connection forms u,7 and the affine shape operator S are
determined by

Dy& = u(X)n — £.(8X) + 1(X)E. 3.1)

Since the connection D is flat, we have fundamental equations for centroaffine
immersions of codimension two.
Gauss:

RX,Y)Z=h(Y,Z)SX —h(X,Z2)SY -T(Y,Z2) X+ T(X,2)Y, (3.2)
Codazzi:
(VxT)(Y,Z) + u(X)h(Y,Z) = (VyT)(X, Z) + u(Y)h(X, Z),
Vxh)(Y,Z)+t1(X)h(Y,Z) = (Vyh)(X,Z) +t(Y)h(X, 2Z), (3.3)
(VxS)(Y) = t(X)SY + w(X)Y = (VyS)(X) — «(Y)SX + u(Y)X,
Ricci:
T(X,SY) - T(Y,5X) = (Vxu)(Y) — (Vyu)(X) + t(V)u(X) — ((X)u(Y),
h(X,SY) —h(Y,8X) = (Vx7)(Y) — (Vy7)(X).

We change a transversal vector field & to & = ¢ (& + an + f,U), where ¢,
a and U are a nonzero function, a function and a tangent vector field on M,
respectively. Then the induced objects change as follows:
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VyY =VyY —h(X,Y)U, (3.4)
T(X,Y)=T(X,Y)-ah(X,Y), (3.5)
h(X,Y) = ¢h(X,Y), (3.6)

#(X) = ©(X) — X(log ¢) + h(X, U), (3.7)

SX = ¢ Y{SX +1(X)U —aX —VxU + h(X,U)U}. (3.8)

If & is nondegenerate everywhere, we say that the immersion f is non-
degenerate. When h is nondegenerate, we can take a transversal vector field &
such that ¢ vanishes because of equation (3.7). We say that { f, £} is equiaffine
if 7 vanishes. In this case, VA is symmetric because of equation (3.3), then the
triplet (M,V,h) is a statistical manifold. We say that the nondegenerate
centroaffine immersion { f, ¢} realizes the statistical manifold (M,V, k) in R"*2.

By equations (3.5), (3.6) and (3.8), we can take a function a such that
affine fundamental forms of { f,£} satisfy the following equation:

tu{T(X, Y) + h(SX, Y)} = 0.

In this case, we say that {f,&} is pre-normalized.

ProposiTiON 3.1. Let (M,V,h) be a simply connected n-dimensional
statistical manifold. Suppose that the Ricci tensor of V is symmetric and
n>3. Then the followings hold:

(1) The connection V is projectively flat if and only if there exists a centroaffine
immersion { f,E} such that it realizes (M,V,h) in R""2 and ¢ is a parallel
vector field.

(2) The connection V is dual-projectively flat if and only if there exists a
centroaffine immersion {f,E} such that it realizes (M,V,h) in some affine
hyperplane of R"2,

(3) The statistical manifold (M,V h) is conformally-projectively flat if and only
if there exists a centroaffine immersion { f,&} such that it realizes (M,V  h)
in R"2,

The second statement in Proposition 3.1 is Theorem 5.2 in [7] and the third one

is the main result of [10]. Then we have only to show the first statement.

In order to prove Proposition 3.1, we need the following lemmas, which
are given as Theorem 4.1 and Lemma 4.2 in [11].

Lemma 3.2. Let (M,V,h) be a statistical manifold of dimension
n>3. The connection V is projectively flat if and only if S = (tr.S/n)l.

LemMA 3.3. Let k be a function on M. Assume S =kl andn>2. Then
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the following equation holds:

dk —kt+p =0.

PrOOF OF ProOPOSITION 3.1. Suppose that {f,&} is a centroaffine
immersion which realizes the statistical manifold (M,V,h) and ¢ is a parallel
vector field. By equation (3.1), the affine shape operator S vanishes. Then
the Gauss equation (3.2) is

RX,Y)Z=-T(Y,Z)X +T(X,Z)Y. (3.9)

Contracting the equation (3.9), we obtain
1
T(Y,Z)= T Ric(Y,2Z). (3.10)

Substituting (3.10) into (3.9), we can show that the projective curvature tensor
vanishes. This implies that the connection V is projectively flat.

Conversely, we assume that the connection V is projectively flat. Since
the Ricci tensor of V is symmetric, the given statistical manifold (M,V h) is
conformally-projectively flat. Hence, there exists a centroaffine immersion
{f,&} such that it realizes (M,V,h) in R"*2.

By Lemma 3.2, the traceless part of affine shape operator S van-
ishes. Then we have S = (trS/n)I. Therefore, by equation (3.8), we may
assume S = 0. By Lemma 3.3, we obtain £ =0 since S =0 and 7 =0. Then
the transversal vector field ¢ is parallel since Dy¢& = 0. O

Let {f,£}: M — R™? be a centroaffine immersion. Denote by R, the
dual space of R"?, by #* the radial vector field of R,» — {0}, and by ¢, ) the
pairing of R, and R™2. We assume that {f ¢} is nondegenerate and
equiaffine. For a centroaffine immersion { f, ¢}, we define the conormal maps
vand w: M — R,; by

o(x), &> =1, w(x),&:> =0, (3.11)

o(x), 17> =0, W(x),ms4>=1, (3.12)

o(x), £,X:> =0, <w(x), LX) =0, (3.13)

for each x e M. The derivatives of the maps v and w are given as follows:
@X, =0,  (mX,E = —u(X), (3.14)

X,y =0,  (wX,q)=0, (3.15)

X, LY)=-h(X,Y), WX, LY)=-T(X,Y). (316)
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The pair {v,w} is a centroaffine immersion from M into R,;, since A is
nondegenerate and v(x) and w(x) are linearly independent at each point x of
M. We call the pair {v,w} the dual map of {f,¢}.

For the dual map {v,w}, the objects V*, T* h* S* u* and t* are defined
by

Dxv,Y =T*(X,Y)n" +v.(VyY) + h* (X, Y)w,
Dyw = pu* (X)n* — v.(S*X) + " (X)w.

The induced objects satisfy the following relations.

T*(X,Y) = —h(SX,Y), (3.17)
h*(X,Y) =h(X,Y), (3.18)
Zh(X,Y)=h(VzX,Y)+h(X,V5Y), (3.19)

™(X) =0, (3.20)
h(S*X,Y)=-T(X,Y). (3.21)

Equation (3.19) implies that two connections V and V* are mutually dual with

respect to A.
We define a function p on M x M for {f,&} by

p(p,q) :=<v(q), f(p) — (),

where p and ¢q are arbitrary points in M. We call the function p the geometric
divergence of {f,¢}.
We now show that the geometric divergence is a contrast function of M.

PROPOSITION 3.4. The derivatives of geometric divergence are given as
follows:

plX|Y] = —h(X, Y), (3.22)

PIXY|Z] = —h(Vx Y, Z), (3.23)

plY|XZ] = —h(Y,V3}2), (3.24)

pIXYZ|U] = —h(VxVyZ, U) + (Y, Z)h(SX, U) — T(Y, Z)h(X,U), (3.25)
plUIXYZ) = —h(U,ViVLZ) + h(Y, Z)h(S* X, U) — T*(Y, Z)h(X, U). (3.26)

Proor. By the definition of geometric divergences, we have
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(Z,0)(0, U)p(p,q) = <0 Uy, £,.2,),
(Y,0)(Z,0)(0, U)p(p,q) = (Y,0)<v. Uy, £.Z,>
= Uy, T(Y, Z)1 ) + (VY Z), + h(Y, Z)E,,
(X,0)(Y,0)(Z,0)(0, U)p(p, q) = (X,0)<v. Uy, T(Y, Z)n sy + £.(V¥Z),
+h(Y,Z)&,)
= (0. Up, XT(Y, 2 ) + T(Y, 2) £, X,
+T(X,VyZ)ngp, + £.(VxVyZ),
+h(X,VyZ)E, |
+ Xh(Y,Z)&, + h(Y, Z){u(X)n 1) — [.SX}).

Set p =¢q. From equations (3.11)—(3.16), we have equations (3.22), (3.23) and
(3.25).
Similarly, we have

(U,0)(0, Y)(0,Z2)p(p,q) = (0, Y){v.Zy, . Up>,

=<T*(Y, Z)nyq +0:(Vy2Z),

+ 1Y, Z)w(q), LUp),
(U,0)(0,X)(0, Y)(0, Z)p(p, q) = (0, X)XT*(Y, Z)ny) + 0.(V¥Z),

+h(Y,Z)w(q), LUp>

= XT*(Y,Z)ny + T (Y, Z)v. Xy
+ T (X, VyZ)nyg +0:(V¥VyZ),
+h*(X,VyZ)w(q) + Xh* (Y, Z)w(q)
+ 1 (Y, Z){u" (X)n,q) — 0.8 X}, £.Up).

Setting p = ¢, we have equations (3.24) and (3.26). O

By the above arguments and Proposition 3.1, we have the following
corollary. This has been proved as Theorem 5.3 in [10].

COROLLARY 3.5. Let (M,V,h) be a simply connected conformally-
projectively flat statistical manifold of dimension n ( >3) and {f,£} a cen-
troaffine immersion which realizes the statistical manifold (M,V,h) into
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R"*2. Then there exists a contrast function p which induces the statistical
manifold (M,V,h). Moreover, p is given as the geometric divergence of { f,¢}.

4. Projectively flat or dual-projectively flat cases

In this section, we give a condition on the Bartlett tensor B of contrast
function that an affine connection on a statistical manifold be projectively flat
or dual-projectively flat.

THEOREM 4.1. Let (M,V,h) be a simply connected n-dimensional statistical
manifold and (M,V*,h) its dual statistical manifold. We denote by Ric and
Ric* the Ricci tensors of V and V*, respectively. Suppose that n > 3 and Ric is
symmetric. Then the connection V is projectively flat if and only if there exists a
contrast function which induces the statistical manifold (M,V,h) and the Bartlett
tensor B is given by

BX,Y)Z = —n—ll Ric(Y,Z)X, (4.1)
or equivalently, B* is given by
B*(X,Y)Z = —h(Y, Z){—(Ric*)# (X) + %X}
where y is the trace of Ricci tensor with respect to h and (Ric*)* is the Ricci
operator defined by h((Ric*)*(X),Y) := Ric*(X, Y).

We note that if the Bartlett tensor B satisfies equation (4.1), the difference
between the curvature tensor R of V to the anti-symmetric part of B is the
projective curvature tensor, that is, the projective curvature tensor Wp is given
by

Wp(X,Y)Z=R(X,Y)Z+B(X,Y)Z - B(Y,X)Z.
Similarly, the dual-projective curvature tensor Wgp is given by
Waiup(X,Y)Z=R*(X,Y)Z+B*(X,Y)Z - B*(Y,X)Z.

ProOF OF THEOREM 4.1. Suppose that the tensor B is given by
B(X,Y)Z=—-(n—-1)""Ric(Y,Z)X. By the definition of the projective
curvature tensor and Proposition 1.1, we calculate

1
We(X,Y)Z = R(X, ¥)Z - — Ric(¥,Z)X + ﬁ Ric(X,Z)Y

=R(X,Y)Z+ B(X,Y)Z - B(Y,X)Z
=0,
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where Wp is the projective curvature tensor of V. This implies that the
connection V is projectively flat.

Similarly, if B*(X,Y) Z=-(m-1)"'R(Y,Z) {-(Ric")*(X)+
y(n—1)"'X}, then the dual-projective curvature tensor Wz of V* van-
ishes. This implies that the connection V* is dual-projectively flat. Hence,
the connection V is projectively flat.

Conversely, suppose that (M,V,h) is a simply connected statistical
manifold and V is projectively flat. By Proposition 3.1, there exists a non-
degenerate equiaffine centroaffine immersion { f,£} which realizes (M,V,h)
into R""2.  Since Ric is symmetric, (M,V,h) is conformally-projectively flat.
By Corollary 3.5, a contrast function p is given as the geometric divergence of

{f, ¢}
p(p,q) = <v(q), f(p) — f(q)),

where v is the conormal map of { f,£}. Denote by S the affine shape operator
of {f,¢} and by T the affine fundamental form in the direction of f. Since
the connection V is projectively flat, by Proposition 3.1, we have S =0 and
T(Y,Z)=—(n—1)""Ric(Y,Z). By the definition of the Bartlett tensor and
equation (3.25), we have

h(B(X,Y)Z,U) = T(Y,Z)h(X, U)

1
= —— Ric(Y, 2)h(X, V),

which is the desired result since 4 is nondegenerate.
From equations (3.17) and (3.26), we have

h(B*(X,Y)Z,U) = —h(Y, Z)h(S*X, U). (4.2)
The dual map {v,w} of {f,¢} is a centroaffine immersion. Contracting the

Gauss equation of the dual map, using 7* =0, we have
Ric*(X,Y) =tr S*W(Y,Z) — h(S*Y,Z), (4.3)
y* = (n—1)trS*, (4.4)
where y* is the trace of Ric* wich respect to A. From the Gauss equation and
equations (3.17)—(3.21), y and p* coincide. Substituting (4.4) to (4.3), we have
S*Y = —(Ric*)#Y+’—1—1——1 Y. (4.5)
By equations (4.2) and (4.5), we have the desired result. O

THEOREM 4.2. Let (M,V,h) be a simply connected n-dimensional statistical
manifold and (M,V* h) its dual statistical manifold. We denote by Ric and
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Ric* the Ricci tensors of V and V*, respectively. Suppose that n > 3 and Ric is
symmetric. Then the connection V is dual-projectively flat if and only if there
exists a contrast function which induces the given statistical manifold (M,V,h)
and the Bartlett tensor B is given by

B(X,Y)Z = —h(Y, Z){—Ric# (X) + hf—lx} (4.6)

where y is the trace of Ricci tensor with respect to h and Ric* is the Ricci
operator defined by h(Ric* (X),Y) := Ric(X,Y), or equivalently, B* is given by

B*(X,Y)Z=— Ric*(Y,Z)X. (4.7)

n—1

Proor. It is analogous to Theorem 4.1. The tensor B in Theorem 4.2
corresponds to the tensor B* in Theorem 4.1 since the given connection V is
dual-projectively flat. O

We note that if the Bartlett tensor B satisfies equation (4.6), the difference
between the curvature tensor R of V to the anti-symmetric part of B is the
dual-projective curvature tensor. If the dual Bartlett tensor B* satisfies
equation (4.7), the difference between the curvature tensor R* of V* to the anti-
symmetric part of B* is the projective curvature tensor.

5. Conformally-projectively flat case

In this section, we determine the Bartlett tensor B of contrast function on a
conformally-projectively flat statistical manifold in the case the contrast
function is given as a geometric divergence. We also give a condition on the
Bartlett tensor B of contrast function that a Riemannian metric be conformally
flat.

THEOREM 5.1. Let (M,V,h) be a simply connected n-dimensional con-
Jformally-projectively flat statistical manifold and (M,V* h) its dual statistical
manifold. Let Ric and Ric* be the Ricci tensors of V and V*, respectively.
Suppose that n > 3 and Ric is symmetric. We denote by {f,¢} a centroaffine
immersion which realizes (M,V,h) into R""? and by {v,w} the dual map of

{f,¢}. If the geometric divergence p is given as p(p,q) = {v(q), f(p) — f(q))
then the Bartlett tensor B is

WB(X, Y)Z,U) = — ﬁ (h(Y,Z)A(X,U) + A*(Y, Z)h(X, U)}

)4
+mh(Y, Z)h(X, U), (5.1)
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or equivalently, B* is

h(B*(X,Y)Z,U) = — ﬁ {W(Y,Z)A*(X,U) + A(Y,Z)h(X,U)}

4

+mh(YaZ)h(X, ),

where the tensors A and A* are defined by
| .
A(Y,Z): = r—l{Rlc(Y, Z) + (n—1)Ric*(Y,2)}, (5.2)

AY(Y,Z): =%{(n— 1)Ric(Y, Z) + Ric*(Y, Z)}, (5.3)

and y is the trace of Ricci tensor with respect to h.

Proor. By Proposition 3.1, there exists a nondegenerate equiaffine cen-
troaffine immersion { f,¢} : M — R™2. From equations (3.4)—(3.7), we may
assume that {f,£} is pre-normalized. By the assumption, the geometric
divergence is given by

p(p,q) = <v(q), f(p) — f(q)>,

where v is the conormal map of {f,£}. Contracting the Gauss equations of
{f,¢} and the dual map {v,w} of {f,&}, we get

Ric(Y,Z2) =tu Sh(Y,Z) - h(SY,Z)— (n— 1)T(Y,Z2), (5.4)
Ric*(Y,Z2) =ttt S*W(Y,Z) — h(S*Y,Z) — (n— 1)T*(Y,2). (5.5)

Since {f,¢} is a pre-normalized centroaffine immersion, we have
2 —NDtrS=y=9*=2(n— Ntr S*, (5.6)

where y and »* are the trace of Ric and Ric* with respect to A, respec-
tively. Substituting equation (5.6) to (5.4) and (5.5), using (3.17) and (3.21),
we calculate

Y

Ric(Y,Z) = mh(Y, Z) —h(SY,Z) — (n— )T(Y,Z),

Ric*(Y,Z) = 2(ny_ Y 2)+ (n = DH(SY, 2) + T(Y, 2).

We also calculate
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’—11{Ric( Y,Z)+ (n— DRic*(Y,2Z)} = 2(ny_ (Y, Z) + (1= DH(SY, 2),

%{(n — 1)Ric(Y, Z) + Ric*(Y,2)} = 2(ny— (Y. 2) - (1= 2)T(Y,2).

Hence, we obtain

1

{A(Y,Z) _2(ny— l)h(Y,Z)}, (5.7)

T(Y,Z)=ﬁ{—A*(Y,Z)+2(ny_l)h(Y,Z)}. (5.8)

By equations (3.24), (5.7) and (5.8), we obtain the desired result. Similarly, we
can also obtain the condition of tensor B*. O

We note that if the Bartlett tensor B satisfies equation (5.1), the difference
between the curvature tensor R of V to the anti-symmetric part of B is the
conformal-projective curvature tensor.

Let (M, g) be a Riemannian manifold. Suppose that V° is the Levi-Civita
connection of g. In this case, (M,V°g) is a statistical manifold. If g is
conformally flat, then (M,V° g) is conformally-projectively flat. In the fol-
lowing corollary, we give a condition on the Bartlett tensor B of contrast
function that a Riemannian metric be conformally flat.

COROLLARY 5.2. Let (M,g) be a simply connected Riemannian manifold of
dimension n (> 4). Then g is conformally flat if and only if there exists a
contrast function which induces the given Riemannian manifold (M,g) and the
Bartlett tensor B is given by

WB(X, Y)Z,U) = — # {9(Y, Z) Ric(X, U) + Ric(Y, Z)g(X, U)}

+(n—_—1—)y(;_—2)g(Y, Z)9(X,U), (5.9)

where Ric is the Ricci tensor of V° and y is the trace of Ricci tensor with respect
to g.

Proor. Since the Levi-Civita connection is self-dual, we easily obtain the
Bartlett tensor B from Theorem 5.1. Conversely, suppose that the tensor B is
given by (5.9). Then the conformal curvature tensor W is given by

We(X,Y)Z=R(X,Y)Z+B(X,Y)Z - B(Y,X)Z,

where R is the Riemannian curvature tensor of V. Hence, the conformal
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curvature tensor vanishes. This implies that the given metric g is conformally
flat since n > 4. O

In Theorems 4.1, 4.2, 5.1 and Corollary 5.2, even if M is not simply
connected, there exists a contrast function at least locally.

References

[1] Amari S., Differential-Geometrical Methods in Statistics, Springer Lecture Notes in
Statistics 28, Springer, 1985.

[2] Amari S. and Nagaoka T., Method of Information Geometry, Lecture Series in Applied
Mathematics, Iwanami, 1994 (in Japanese, to be translated into English).

[3] Eguchi S., A differential geometric approach to statistical inference on the basis of contrast
functionals, Hiroshima Math. J. 15 (1985), 341-391.

[4] Eguchi S., Geometry of minimum contrast, Hiroshima Math. J. 22 (1992), 631-647.

[5] Eisenhart L. P., Non-Reimannian Geometry, Amer. Math. Soc. Colloq. Publ. 8, 1927.

[6] Eisenhart L. P., Reimannian Geometry, Princeton, 1926.

[7] Ivanov S., On dual-projectively flat affine connections, Journal of Geometry 53 (1995),
89-99.

[8] Kurose T., On the divergences of 1-conformally flat statistical manifolds, Toéhoku Math.
J. 46 (1994), 427-433.

[9] Kurose T., Private letter.

[10] Matsuzoe H., On realization of conformally-projectively flat statistical manifolds and the
divergences, Hokkaido Math. J. 27 (1998), 409-421.

[11] Nomizu K. and Sasaki T., Centroaffine immersions of codimension two and projective
hypersurface theory, Nagoya Math. J. 132 (1993), 63-90.

Graduate School of Information Sciences
Tohoku University
Katahira, Sendai 980-8577, Japan
matsuzoe@ims.is. tohoku.ac.jp








