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ABsTrACT. Let &(X) be the group consisting of all based homotopy classes of based
self-homotopy equivalences on X. In this paper we shall study and determine the group
&(X) for X =SO(4). This is one of the problems proposed by M. Arkowitz [2].

1. Introduction

For a based spaces X and Y, let [X, Y] denote the set consisting of all the
based homotopy classes of the based maps X — Y. If X = Y, the homotopy
set [X,X] becomes a monoid whose multiplication induced from the com-
position of maps. Let &(X) be the group consisting of all invertible elements
of the monoid [X, X] and it is called the group of self-homotopy equivalences
of X. When X is a simply connected H-space of rank <2, the group £(X) is
already determined by several authors in [8], [9], [10], [11], [12]. The author
would like to study the group &(X) for non-simply connected H-spaces X.

PrROBLEM (M. Arkowitz [2]). Determine the group &(X) for non-simply
connected H-spaces of rank 2. More specially, calculate the group &(X) for
X =RP' x S/ (with i=3,7 and j=1,3,7) or for X = RP' x RP¥ (with i =
3,7 and k =3,7).

In this paper we shall consider this problem for the case X = SO(4) =
S3 x SO(3) = S x RP?.

DerFiniTION 1.1, (i) Let M3(R) be the ring consisting of all 2 x 2 real
matrices and let Mz(v/2)  M,(R) denote the subset of M,(R) consisting of all
2 x 2 matrices 4 of the form

ap, 1 \/§a1,2
A=
V2ay1  ay

Clearly M;(v/2) is a subring of My(R).

) (where a; ; € Z).
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(i) For a ring R with unit 1, let Inv(R) denote the group consisting of all
invertible elements r € R.
We shall prove the following results.

THEOREM 1.2. There is a short exact sequence of multiplicative groups

1 — G 2% £(S0(4)) — Inv(M(V2)) — 1

where G, denotes the certain group of order 28 - 32.

THEOREM 1.3. Let p:[SO(4),S0(4)] — End(n3(SO(4))) be the natural
representation given by u(f) = n3(f). Then the map u induces the multiplic-
ative epimorphism ji: [SO(4),S0(4)] — My(V/2) with its kernel isomorphic to
Gs.

The main part of the proof is to use the product decomposition SO(4) =
S3 x SO(3) and is to compute several homotopy groups using the composition
method [13] and classical homotopy technique [4], [5], [6], [7]. In section 2, we
shall compute several homotopy groups and homotopy sets. In section 3, we
shall give the proofs of Theorems 1.2 and 1.3.

2. Homotopy groups

In this section we consider the cofibre sequence

1 21[

(2.1) St 2L sl L 1y e? = RP? -4, 52 22, 52 2, sRp?

= S2U,ed 24, 83,

Let p: S — RP? denote the double covering projection. Since SO(3) = RP?,
there is a cofibre sequence

(2.2) S2 2L RP2 —, SO(3) = 8% 22 sRP? = 52U,
and SO(3) has the cell structure

(2.3) SO3) =RP?U,e* = §'Uye? U, e’.

Note the following fact:

Lemma 2.4 ([13)).

(1) If J:m(SOQ)) =m(S") =2Z{n} — n3(S?) = Z{n,} denotes the J-
homomorphism, then J is an isomorphism and J(1;) =n,, where n, €
n3(S?) = Z{n,} denotes the Hopf map.

(2) Let n,= X"y, € myy1(S") for n>3. Then m,.1(S") = Z/2{n,} for n >
3.
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(3) If we take 52 =1, 00,1 € Muia(S2), Tus2(S") = Z/2{n2} for n>2.
(@) If wene(S?) denotes the Blakers-Massay element, ng(S>) = Z/12{w}.
Lemma 2.5.
Z/2{%i} (k=2)
ZRP?) =
R = { o) (=5

PrOOF. Let &@en3(ERP?,S?) = Z{&} be the charactersitic map of the
top cell e* in ZRP? = S2U, ¢? and consider the homotopy exact sequence

Z{a} = n3(SRP?, 52) % 1(S?) = Z{1} 2 7 (ZRP?) — 0.

Since 3(&) = 21y, 03 is injective and 7(ZRP?) = Z/2{Zi}. Hence there is an
exact sequence

n4(ZRP2, §2) %, (s “E. m(CRPY) —— 0
o] |
a.m(D*, 5%) @ Z{[4, ], } Z{n}
where [,], denotes the relative Whitehead product (cf. [3]). Since [12, 1] = 275,
(if) 04([2,2],) = —[03(a), 2] = —[212, 12] = —2[12, 12] = 4.

Consider the commutative diagram:

al
na(D3,8%) T‘H n3(S?) = Z{n,}

&‘l (2’2)«J7

7a(ZRP2,82) —2 . 13(S2) = Z{n,}.

Because [12,12] = 215, ho(n,) =13 and [i75,12] =0,

2 3
(i)  (2n)om, =24, + <2>[12,12] o ho(11,) — <3) (12, 12], 2] © I (11)

=211, + (213) 0 13 — 2[my, 2] 0 hi (1) = 47,
Hence it follows from the diagram (ii) and (iii) that the image of 04 is Z{4#,}.
Therefore, n3(XRP?) = Z/4{Zion,}.

LEMMA 2.6.
(1) Zp=+2(Zion,)en3(ZRP?) = m3(S* Uy %) = Z/4{Zion,}.
(2) There is a homotopy equivalence

Z2RP? = 2250(3) ~ Z?RP? v §° = S Uy et v S°.
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Proof. Since XZRP’ = 2250(3) = Z%(RP*U,e’) = Z?RP*Uss,e® and
253 = 0, it suffices to prove (1). It follows from the formula of James ((3.1)
of [4]) that

2p=22ZioJ(c(&)) =2ZioJ(2y) = t2(Zion,). O
Consider the cofibre sequence

4 Zl 215

(2.7) 52, g4 2 pIRp2 = g4y, o5 2, g5 2, 65,

Since 7 0 214 = 0, there is an extension 7; € [Z°RP?, S%] of #; such that

(2.8) 7z 0 2% = 1.
LeMmMmA 2.9.
Z/2{2q} (k=1)
[Z¥RP?, 8% = { Z/2{n;02%} (k=2)
Z/4{75} (k =3).

Proor. Since the proofs of these cases are similar, we only prove the
case k=3. Since (24)" : m;j(S3) — m;(S?) is trivial for j = 4,5, (2.7) induces
the exact sequence

3,-;
(2.10) 00— 75(S%) = Z/2{n2} 25 [$* Uy €5, 8% 25 ma(S°)
=Z/2{n} — 0.

Since 214 0774 = 0, there is a coextension 7, € mg(S* U, e®) of the map 5, such
that X3go#, =#ns. It is known that v =#;07,¢€ n6(83)(2) ~Z/4 is the
generator of 2-component ([13]). Hence the order of 75 is the multiple of 4 or
infinite order. However, since the order of the homotopy set [S* U, e®, S3] is 4
by (2.10), the order of 7; is divided by 4. Hence, from (2.8), [ 3RP2 S3 =
[$4 Uz €%, 8°] = Z/4{73}. O

COROLLARY 2.11.
[2350(3), 8% = [Z°RP?, S?) @ 716(S?) = Z/4{7;} ® Z/12{w}.

Let p;: S — RP? = SO(3) denote the double covering and consider the
fibre sequence

(2.12) S 2, RP? = SO(3) — K(Z/2,1).
LemMMA 2.13. There is an isomorphism

(p3), : [2850(3), 8% 5 [Z350(3),S0(3)) =~ Z/4 ® Z./12.
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Proor. This is because the sequence (2.12) induces the exact sequence

1 — [2350(3), 5% 2 [2350(3), SO(3)] — [Z3S0(3), K(Z/2,1)] = 0.

O

LEmMmaA 2.14.

(1) [5%5%] = 15(S%) = Z{ss}.

(2) [$°,50(3)] = Z{ps}-

(3) [SO(3),S%| = Z{n}, where n : SO(3) = RP? — S> denotes the pinch map to
the top cell.

4) [SO(3),S0(3)] = Z{id}.

(5) psom=2-id € [SO(3),S0(3)].

Proor. The assertions (1) and (2) are trivial and the other results are
well-known. See for example (7], [11]. O

3. The multiplicative structure

In this section, we shall study the multiplicative structure of [SO(4), SO(4)].
First, recall the general property of multiplication induced from composition of
maps. For example, if X is an H-space, the left distributive law

(3.1) (f+g)oh=foh+goh (for f,ge|Y,X], helZ,Y])

holds, but in general, the right distributive law does not necessarily hold.
However, in our case, we can prove:

LemMa 3.2. Let myneZ be integers.

(1) (mn) o (np;) =2mn-13.
(2) (mp;) o () =2mn -id.

Proor. It follows from (3.1) that it suffces to prove the assertions (1)
and (2) when m=1. So from now on, assume m = 1. Note that nop; =
2. 13; in fact, since 7 o p; € n3(S*) = Z{13}, we can take o p; = y - 13 for some
yeZ. Since 13 =21, y-p3=p;o(yi). Hence using (2.14) and (3.1), we get
y = 2, because

y:p3=p3o(yi3) =pyo(mop;) =(p3om)ops=(2-id)op; =2p;.
Since 7, : 73(SO(3)) — m3(S?) is a homomorphism,

70 (nps) = m.(nps) = n-ma(ps) = n(mo ps) = n- (2s) = n- (2Z) = 2n-13

and the assertion (1) holds.
Since p; o (nm) € [SO(3),SO(3)] = Z{id}, we can write p;o (nm) = x-id
for some xe€Z. Then similarly,



134 Kohhei YAMAGUCHI

x:py=(x-id)ops=(p3o(n-m)op;=pso((n-mops)=p;o(2n-13)
= (p3) o (2n-Z12) = 2n- (py 0 13) = 2n - py.
Hence x = 2n and the assertion (2) is also proved. O
Next, recall the following elementary result due to A. J. Sieradski.

THEOREM 3.3 (Sieradski [11]). Let X, and X, be homotopy associative H-
spaces. If the homotopy set [X1v X2, X1 A X2] is trivial, there is a short exact
sequence of multiplicative group

1 — [X1 A X, X1 x Xao] 2L (X, x Xa) —— GLay(A;j) — 1

where A; ;= (X;, X)) for i,j=1,2, GLy(4;;) denotes the multiplicative group
consisting of all invertible elements of the rmg

[X1v X7, X) x XZ] = My( AI]) ([XI,XI] [Xl,Xz])

X2, X1] [X2, X
and q: X1 x X» — X) A X, denotes the projection map.
Now we shall prove Theorems 1.2 and 1.3.

ProOF OF THEOREM 1.2. Note that SO(4) = S* x SO(3) and we take
(X1,X2) = (S3,S0(3)). It follows from the celluar approximation theorem
that the homotopy set [SO(3),23SO(3)] and 73(Z3SO(3)) are trivial. Hence
[S3v§0(3),S3AS0O(3)] =0. So, using Theorem 3.3 and Lemma 2.14, there
is a short exact sequence

(3.4) 1 — Gy =%, £(S0(4)) — GLy(4; ;) — 1
where we take Gy=[Z>S0(3),S?>xS0(3)]=[2S0(3), S?| @ [23S0(3),SO(3)].
It follows from lemma 2.14 that Gy ~ (Z/4@ Z/12) ® (Z/4 D Z/12). Hence
the order of Gy is 28 -32. The multiplicative structure of G4 may be different
from the group (Z/4®Z/12)® (Z/4AD Z/12).

Next we determine the group structure of GL,(4;;). For this purpose,
consider the ring

(X1, X1] [Xl,Xz])z( (S?, 57 [$3,50(3)] )

Mz(Ai,j):([Xz, X [X, X2 [SO(3),5°] [SO(3),50(3)]

Let 4, B e M;(4;;) be elements

a1 d1,2P3 btz biapy
<a2,17't az,zld) (b2,177-' bz,zld) (W ere aj j,0;; € )
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Then using (3.2), the product A4 - B, which is induced from the composite of
maps, is equal to

a b b
4.B— 1,123 01,2{73 ‘ 1,123 1,2?3
a | n az,zld b27 17 bzyzld
[ (@) o (br1m3) + (a1,2p3) 0 (b217m) - (a1,183) © (b1,2p3) + (a1,2p3) © (b2,21d)
(02,17[) o (b17113) + (az,zid) o (bzylﬂ) (az 17t O b1 2p3) (021213) o (bz,zid)

((01,11?1,1 +2a12by,1)13  (a1,1b1,2 + a1,2b22)p3 )

(a2,1b1,1 + a2 2b2 1) (2a2,1b1,2 + a2,2b 5)id

Define the additive map ¢ : My(4; ;) — M2(v2) by

2
¢<<a1,113 al,z{)3>) _ ap \/—a1,2 (where a;, € Z).
an ax»id V2ay1 a2
Then it follows from (1.1) and the above computation that ¢: M, (4 ;)
S My(V2) is a ring isomorphism. Hence GL,(4;;) = Inv(My(4;;)) =
Inv(M,(v2)). So (3.4) reduces to the exact sequence

| — Gy 24, £(S0(4)) — Inv(My(V2)) — 1

and this completes the proof of Theorem 1.2.
ProoF oF THEOREM 1.3. Consider the representation
u:[SO(4),S0(4)] — End(n3(SO(4)))

given by u(f) =n3(f). Since each 4;; = [X;, Xj| and n3(SO(4)) are torsion
free, u([SO(4),S0(4)]) = M(4;;) and the assertion follows from Theorem
1.2. O
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