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ABSTRACT. We apply our previous result [14] to the classical groups, and construct

quantum analogues of the coordinate algebras of certain prehomogeneous vector spaces

as non-commutative algebras equipped with actions of the quantized enveloping

algebras. We also give explicit descriptions of the non-commutative counterparts for

the generators of the defining ideals of the closures of orbits including basic relative

invariants. In particular, quantum analogues of a quadratic form and the determinant

of a symmetric matrix are naturally obtained.

0. Introduction

Let L be a connected reductive algebraic group over the complex number
field C, and let I be the Lie algebra of L. We denote by Uq(ϊ) the quantum
deformation of the enveloping algebra [/(!) of I constructed by DrinfeΓd [1]
and Jimbo [5]. It is a Hopf algebra over the rational function field C(q).
By Lusztig [6] any finite dimensional I-module V has a quantum deformation
Vq as a Ug(ΐ)-mod\UQ. In order to investigate quantum analogues of results
concerning geometric structure of V such as L-orbits, we need also a quantum
deformation of the coordinate algebra A ( V ) . In this paper we shall construct
a quantum deformation Aq(V) of the coordinate algebra A(V) for certain
prehomogeneous vector spaces F, and give counterparts for the defining ideals
of the closures of L-orbits on F and their canonical generator systems.

More generally, let X be an affine variety endowed with an action of L.
Then A(X) is a right ^4(L)-comodule whose coaction

τ : A ( X ) ->A(X)®A(L)

is an algebra homomorphism. Thus we obtain a locally finite left £/(l)-module
structure on A(X) satisfying
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for w e £7(1), m,neA(X) and Δ(u) = Σ/w 1 } ® « 2), where zf is the comulti-
plication of [/(!).

Hence it is natural to define a quantum deformation Aq(V) of the co-

ordinate algebra A(V) of an L-module V to be a C(g) -algebra satisfying the

following conditions:
( i ) Aq(V) is generated by the quantum deformation V* of F* satisfying

quadratic homogeneous fundamental relations.

(ii) A(V) is the limit of Aq(V) when q tends to 1.
(iii) The action of Uq(l) on V* is uniquely extended to a ί/^ (I) -module

structure on Aq(V] satisfying

for u e *y,(l), m,n e Aq(V) and J(w) - Σi^ ® uf\
In our previous paper [14], we gave a method to construct quantum

deformations of Aq(V] for prehomogeneous vector spaces V of parabolic types.

We have also shown there that there exist counterparts for the defining ideals

of the closures of L-orbits on V and their canonical generator systems inside

Aq(V). When V is a regular prehomogeneous vector space, the generator of
the defining ideal of the closure of the one-codimensional orbit is the basic
relative invariant, and we obtain a quantum deformation of the basic relative

invariant in this case.

Our aim is to give the explicit descriptions of Aq(V) for prehomogeneous
vector spaces V of classical parabolic types by using the method of our previous
paper. (For exceptional types, see Morita [15].)

In the case of a prehomogeneous vector space of parabolic type associated
to the simple Lie algebra of type A where L = GLm(C) x GLn(C), V = Mmn(C)

(the action is defined by (/ι,fc) ι> = hv*h for (/ι,/2) e L, v e V), the quantum
deformation Aq(V] obtained by our method coincides with the object inves-
tigated by Hashimoto-Hayashi [2], Noumi-Yamada-Mimachi [8] and Taft-
Towber [11]. If m = n, then V is regular and f ( υ ) — det(u) (i; e V) is a basic
relative invariant. Its quantum deformation obtained by our method also

coincides with the ^-analogue of the determinant treated in [2], [8] and [11].

In the case of a prehomogeneous vector space of parabolic type associated

to the simple Lie algebra of type D where L=GLn(C), V={υeMn(C)\
*υ = —v} (the action is defined by / v — IvΊ for / e L, ve V\ we obtain

quantum deformations of A(V) and a basic relative invariant Pfaffian which
again coincide with the objects treated in Strickland [10].
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There are two other cases.

( I ) The regular prehomogeneous vector space of parabolic type associated
to the simple Lie algebra of type B and D\

L = SOm(C) x Cx, V = Mmι(C] = C"2, and the action of L is defined by

Under the realization

SOm(C) = {le SLm(C) I ΊKl = K},

where K is a symmetric non-singular matrix, the basic relative invariant

is given by f ( v ) = *vKυ.
(II) The regular prehomogeneous vector space of parabolic type associated to

the simple Lie algebra of type C:
L = GLΛ(C), V = {v E Mn(C) I lv = υ}, and the action of L is defined by

l v = lvΊ (leL,ve F).

f ( v ) = det(r) is a basic relative invariant.
In these two cases we obtain the following results.

THEOREM 0.1. For the regular prehomogeneous vector space V of type (I),
a quantum deformation Aq(V] of A(V) is given by the following.

(i) Case of type Bn (2n - 1 = m).
(a) Aq(V) is an algebra over C(q) generated by Y/ (1 < / < m) satisfying

the fundamental relations

~

Y Y I ( q2Ϋ~n~l q ~* v2

t=ι

(b) Let Kr

±l,Es,Fs (\ <r <n,2 < s <ri) be the canonical generators of

the quantized enveloping algebra Uq(ί). The action of Uq(l) on Aq(V]

is given as follows.

' q2Yi (r = / + 1 or n + 1 < / = In - r < 2n - 1)

_2 v (2<r = i<n-\or\=r<i<2n-\
Γ<r Yi={q i or n + 1 < i = 2n 4- 1 - r)

r4Y; (r = ι = l)
Γ/ (otherwise),
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(1 < / = s < n— 1 or n+\ < ί = 2n+\ — s)

(otherwise),

<n-\ or n+l < i = 2n-s)

0 (otherwise).

(c) The quantum deformation of the basic relative invariant of V is given
by

n-\
v2 ( i — l \ / ι i —2\ ^ ^/ — 2 \ f ~ l v v
^ w ~ W + # K ! + # ) Z_J^~ V ) *n-i*n+i'

ι=l

(ii) Cύ(̂  o/ type Dn (2n-2 = m).
(a) Aq(V) is an algebra over C(q) generated by Yi (\ <ί < m) satisfying

the fundamental relations

Y Y —JLjJLi —

-qΓl Yi+,Yj-, U > n,i+j = 2n-l).
t=\

(b) Let Kr

±l, ES) Fs (1 < r < «,2 < s < n) be the canonical generators of
the quantized enveloping algebra Uq(ΐ). The action of Uq(ΐ) on Aq(V]
is given as follows.

Kr Yi =

F - Y —-^s Lι —

\Y{ (r = /+! or r = n = i+2 or r = 2n — i— 1 > 1)

_! (r = / > 1 or r = 2n — ί < m
1 or r = n = i— 1 or 1 = r < / < 2n—2)

-2γ. (r = i=l)

Yi (otherwise),

Y/_ι (1 < / = s < n— 1 or «+l < / = 2n—s < m)

rw_! (i-l=n = s)

Yn-2 (i = n = s)

0 (otherwise),

Yi+l (I <i = s-l <n-2 or n< i = 2n-s-\ <m)

Yn (i+2 = n = s)
Yn+l (1+1=71 = 5)

0 (otherwise).
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(c) The quantum deformation of the basic relative invariant of V is given

by

THEOREM 0.2. For the regular prehomogeneous vector space V of type

(II), a quantum deformation Aq(V] of A(V) is given by the following.

( i ) Aq(V) is an algebra over C(q] generated by Yy (I < i < j < n) satisfying

the fundamental relations

(I < i < m = j
ij or I = i <m < j)

or I = i — m < j)

(Ki<j<m)

(I <i<m< j)

(I < i = m < j)

(l = m<i<j)

(I <m<ί< j)

(l = m<i = j)

ίj + (q - q-l)(YuYmj

ij + (q2 -

(ii) Let J^r , ES) Fs (1 < r < n, 1 < s < n — 1) be the canonical generators of

the quantized enveloping algebra Uq(Γ). The action of Uq(Γ) on Aq(V] is

given as follows.

<Ytj (r = i - 1 < j - 1 or i < j - 1 = r)
r-1 Yy (r = i < j — 1 or i < j = r <ri)

>2Yy ( Γ = i - l = 7 - l )

~2 Yy (r = i = j < n or i < j = r — n)

'fij (otherwise),

F . y — <As I ij — <

(s = i< j)

(otherwise),

Y —*ιj —

(otherwise).
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(iii) The quantum deformation of the basic relative invariant of V is given by

X,(~~#~ ) σ Yl,σ(l)Y2,σ(2) '" Yn,σ(n)>
σeSn

where l(σ] = (){(/, j) |1 <i<j< n,σ(i) > σ(j)}, and Yβ = q^Yy for i < j.

I would like to express my gratitude to Toshiyuki Tanisaki and Yoshiyuki
Morita.

1 Generalities

Let g be a simple Lie algebra over the complex number filed C with
Cartan subalgebra ί). Let A c f)* and W c GL(ϊ)) be the root system and the
Weyl group respectively. We denote the set of positive roots by Δ+ and the
set of simple roots by {αί}/€/o, where /o is an index set. For each α e A let gα

be the corresponding root space. We set n1 = 0αeJ+ 9±α.
For / e /o we denote the simple reflection corresponding to i by $i e W.

Let ( , ) : g x g — » C be the invariant symmetric bilinear form such that (α, α) =

2 for short roots α. Set dt = ̂ -̂  (/ 6 /<>), a, = ̂ l*ΐl (/, j e /0).
2 (α, , α, J

For a subset / of /o we set Δj — A Π Σ/e/ Zα/, WK/ = <5/ / e />, I/ = ^ 0

(®αejA)> and ^ = @αej
+vι/ 9±α

 Let ^/ be the algebraic group corre-
sponding to I/.

The quantized enveloping algebra Uq(o) (DrinfeΓd [1], Jimbo [5]) is an
associative algebra over the rational function field C(q) generated by the
elements {E^F^K^1}^^ satisfying the following relations:

KiKt = Kt Kj = 1,

KiEjK-1 = q°»Ej,

K,FjKΓl = qΓ'Fj,

If — Jf—
p.p. _ p.p. - *.. ̂  A»
^ιΓJ ΓJ^ι —°ιj _ _-

</* ~ ζf/

k=Q

Σί
k=Q
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where qt = qdi, and

+m +—m

t ~~ t k=\

The Hopf algebra structure on E/9(g) is defined as follows. The
comultiplication Λ : £/?(g) — »• t/9(g) <8> C/9(g) is the algebra homomoφhism
satisfying

t) = F, ® 1 + K,

The counit ε : Z79(g) — > C(^) is the algebra homomorphism satisfying

The antipode 5 : C/9(g) — » t/?(g) is the algebra antiautomorphism satisfying

S(Ai) = K-1, S(Ei) = -EM, S(Fi) = -KrlFi.

The adjoint action of C/?(g) on t/?(g) is defined as follows. For x, ye

C/?(g) write Δ(x) = Σk** ® and set a dWW = Σ t * * 5 ) - Then

ad : Uq(o) — » EndC(?)(t/?(g)) is an algebra homomorphism.
We define subalgebras Uq(n±), l/9(h) and f/?(I/) for I c 70 by

by

!/ e 70>, Uq(n~) = <F,|i e 70>,

t/, (h) - <^± » |ι e 70>, £/,(!/) = <AΓ± ' , £y , Fy |ι e /„, y e />.

For i e 70 we define an algebra automorphism Γ, of C/?(g) (see Lusztig [6])

where

ιτW — * πk π(k">
^i ~ThΓ~\Li ' *i —



86 Atsushi KAMITA

Then Ti satisfy the braid relations. In other words, if j/sy e W has order m,
then

m m

We often use the following formulas (see [6]):

ιij = aβ = -l), (1.1)

--Ft (% = -l,*y/ = -2). (1.2)

For w E W we choose a reduced expression w = s^ - Sik, and set Tw =
Γ|, 7^. It is known that Tw dose not depend on the choice of the reduced
expression.

For / c /o let w/ be the longest element of Wj and set

Let WQ be the longest element of W and take a reduced expression
.s/j Sir of W/WQ. We set

βk = Sil - - ̂  K), Yβk = Th . - - TV, (*ίj

for fc=l,...,r. Then it is known that {βk\\ <k <r} = A+\Δι, and that
{γ£ - Yβr\d\, . . . , dr e Z>0} is a basis of £^(117). This basis depends on the
choice of the reduced expression of W/WQ in general. The subalgebra Uq(nj)
is stable under the adjoint action of Uq(lf). For μe J^αeJZα we set

Uq(*J)μ = {yε Uq(nj) \ *d(Ki)y = qy for all i e /<>}.

Assume that n/ Φ {0} and [π/,n/] = {0}. Then (L/,n/~) is a pre-
homogeneous vector space. Moreover, n^" consists of finitely many L/ -orbits
Co,Cι, . . . ,Q satisfying the closure relation

{0} = C0 c Cϊ c - - c Q = n/.

Set _./(^) - {/ e C[n/] | /(Q = 0}. We denote by Jm(C~p} the subspace of
^(Cp) consisting of homogeneous elements with degree m. For p = 0, 1, . . . ,
t—l, we have the following:
( i ) ,/m(Q_-0 for m < / > ,
(ii) Jp+l(Cp) is an irreducible I/ -module,
(iii) S(C~p) is generated by Sp+l(C~p) as an ideal of C[n/].
In this case we can regard Uq(nj) as a quantum deformation of the coordinate
algebra C[n/] of n/. By [n/,n/] = 0 we have the following (see [14]).
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PROPOSITION 1.1. The generators Yβ for β e A+\Δj do not depend on the
choice of the reduced expression of w/w0, and they satisfy quadratic fundamental
relations.

Since C[rtj~] is a multiplicity free I/-module, there exist unique Uq(lj)-

submodules Sq(Cp) and J*+l(C~p) of Uq(nj) satisfying ^q(Cp}\q^ ~

THEOREM 1.2. (see [14]) Jq(C~p) = Uq(nj)^(C~p) = ^l(C~p)Uq(nj}.

In the remainder of this paper we shall give explicit descriptions of Uq(nj)
and ^P+l(Cp) for a classical simple Lie algebra g.

2. Quantum determinants of quantum square matrices

In this section we apply the method in [14] to the case where g = sln+1(C)

and I/ ^ {(0ι, 02) e gU(C) x gIn+ι_*(C) | tr0ι -f tr#2 = 0}. Since the quantum
deformation we obtain by our method is not new, we shall only state the results
and omit the proofs.

We label the vertices of the Dynkin diagram of g as follows.

1̂  2 k-l k k+l n-l n

Hence we have /o = {1, 2, ...,«}. Set / = /o\{&}, where k — 1 <n — k.
Then we have n/ Φ {0} and [π/,n/] = {0}. There exist A: -hi L/-orbits
CQ, C\ , . . . , Cjc on n/, where Cp = {x e n/ | rank(x) = p}. Then we have the
closure relation {0} = Co c C\ cz - - c Q = n/.

We fix a reduced expression

For / = 1 , 2, . . . ,/: and j = 1 , 2, . . . , n -f 1 — k we define β^ e A+\At by

βy = oίk-i+i H- «fc-ι+2 H- ---- h α* + α^+ι + ---- h

and set

where we set Γ^ = TsTs+λ - - Tn-k+s. Note that Ytj e Uq(nj}_βj..

By Yamane [13], we have

(i = lj<m or i< IJ = m)
( i < l j > m ) (2.1)

ij + (q - q-λ}YijYim (i <1J< m}.
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Fix /? = 0, !,...,£- 1. For two sequences {/ ι , / 2 , . . . ,ι>+ι}, {7'b72> >

ΛM-I} ^N satisfVing

1 < i\ < h < - - < ip+\ <k, \ <j\ < j2< •"< jp+ι<n-\-l-k, (2.2)

we set

i\ h " ip+\

7ι J2"' σeSD

where l(σ) = ${(ij)\i < j , σ ( ί ) > σ(j)}.
We can prove the following result. Details are omitted.

LEMMA 2.1. We have

7ι 7*2 " ' Jp+\

= <

f
Z'ι 12 ••• ίt

Jl 72

Z*ι Z*2

7ι 72 ••• 7

,0

h h ip+\

Jl J2 '" Jp+l

-- <

' z'ι z'2 it

J\ h •••

ϊ\ Ϊ2 ' ' '

7ι 72 •'• 7

D

+ 1 fp+i

Jt ' ' ' Jp+l

i, ••• iP+ι

, + 1 ••• Jp+\

-1 ••• ip+ι

Jι '" Jp+l

lt ' ' ' lp+l

t ~ 1 ' ' ' Jp+\

z/ ίAere exists t e {1,2, ...,/?+!}
// = k—r<it+\ — 1,

z/ ί/zere exwίί ί 6 { 1 , 2, . . . , /?+ 1 }
^wc/z that jt = r—

otherwise ,

if there exists t e {1,2,...,/?+!}

swc/z ί/zαz1 z'ί-ι + 1 </r = fc—r+1,

z/ there exists ίe {1,2,...,/?+!}
5WC/Z ί/zαί y,_! 4-1 < jt — r

otherwise

for r e I, and

i\ h

Jl J2 Jp+l
m m

7ι 7*2 ' ' '

r e / o .
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We set

*,=
k- p k- p+ 1 ••• k

1 2 . - . p+l

h 12 - ip+ι

Jl J2 " ' Jp+l

where the summation runs through the sequences {ι'ι,/2, - - >^+ι}» { Λ > Λ » >
satisfying (2.2).

COROLLARY 2.2. /far /? = 0, l , . . . , f c — 1 , /^ w an irreducible highest
weight Uq(\ι)-module with highest weight vector ψp.

PROOF. From Lemma 2.1, it is clear that Jq,p = ad^(l/))^ and
&d(Er)ιl/p = 0 for any r e / . Since a finite dimensional highest weight module
is irreducible, the statement holds. Π

The highest weight of J9tp coincides with that of Jtp+l(C~p}. Therefore
Jqιp is a quantum deformation of ^p+l(Cp). By Theorem 1.2 we have
Uq(nj)Jqιp = JqίpUq(nj), and this two sided ideal of Uq(nj) is a quantum
deformation of the defining ideal J*(CP) of the closure of Cp.

If k — 1 = n — k, the prehomogeneous vector space (L/,n/) is regular, and

the generator Φk-ι_=J2σeSk(-^l(σ]γι,σ(^γ2,σ(2)'''γ^σ(k} of the quantum
deformation of S(Ck-ι) is the quantum deformation of the basic relative
invariant.

Hence we obtain the following known result by our method.

THEOREM 2.3. (Hashimoto-Hayashi [2], Noumi-Yamada-Mimachi [8], Taft-
Towber [11])

( i ) A quantum deformation Aq(\\j) of the coordinate algebra A(rij) of n/" is
generated by Yy (1 < i < k, 1 < j < n + 1 - k) satisfying the fundamental
relations (2.1).

(ii) The action of Uq(\ι) on Aq(\tf) is given as follows. For r e /o and s e /,

(otherwise),

(S=k-i)
(otherwise).
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(iii) When k-l=n-k, ΣσeSk(-q)l(σ] Γι,σ(i) Y 2 , σ ( 2 ) ' ' ' Yk,σ(k) ™ * quantum
deformation of the basic relative invariant.

3. Quantum Pfaffians of quantum alternating matrices

In this section we apply the method in [14] to the case where g = θ2«(C)

and I/ ~ gIπ(C). Since the quantum deformation obtained by our method is
not new, we shall only state the results and omit the proofs.

We label the vertices of the Dynkin diagram of g as follows.

Hence we have 70 = {1,2, . . . ,Λ}. Set 7 = 70\{π}. Then we have n| φ {0}

[1- - h i L/-orbits Co, C\, . . . , C[Λ/2j on

n/, where Cp = {x e n/ | rank(x) =2p}. We have the closure relation
{0} - Co c c[ d . . d q^j - n;.

We fix a reduced expression

where

n if ί is odd,
1 n — 1 if £ is even.

Let 1 < i < j < n. we define βfj e A+\Δι by

(j <n- 1)
H ----- h α/_ι

+ 2α/ H- 2α/+ι H- h 2αw_2 4- αw_ι 4- αn

. αz 4- α, +ι 4- 4- αn_2 4- αn (7 = n),

and set

where T^ = Tό(s}Tn-2Tn-3 - Ts for s = 1,2, . . . ,Λ - 2. If y - i = 1, we set

Note that Yt e



Quantum deformations of prehomogeneous vector spaces III

LEMMA 3.1. We have

91

YijYlm —

(I < i < m = j
or I <i — m < j
or I = i < m < j)

(I <ί< j < m)

(I <i<m< j)

Ylm Yij (I <m<i < j).

(3.1)

n-1
Fix /ι = 0,1, . . . ,

For the sequence {/ι,/2, .. ,^+2} c N satisfying

1 < /i < h < - - - < Ϊ2P+2 < n, (3.2)

we set

= / (~q } σ

σe £2/7+2

where S2p+2 = {σ e S2p+2 \ σ(2k - 1) < σ(2k + 1), σ(2k - 1) < σ(2k) for all A:}.

PROPOSITION 3.2. We have

ad(/v)|/ι z'2 ••• ι'2/H.2|

Ί 12 • - • / , - 1 - - έ

0

z/ ί/zere βjcύϋ / e {1,2,..., 2p + 2}

swc/z ί/zα/ /?_ι < r = /, - 1,

otherwise,

\l\ 12

.0

// ί/zere exists t e {1,2,..., 2p + 2}

such that r = it < it+\ — 1,

otherwise

for r E I, and

for
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We set
\l/p = \n-2p-l n-2p

where the summation runs through the sequence {ι'ι, *2> » ^+2} <= N satisfying

(3.2).

By Proposition 3.2 we have the following.

PROPOSITION 3.3. For /> = 0, 1 , . . . , , /^ is an irreducible highest

weight Uq(lf)-module with highest weight vector ψp.

The highest weight of Jqιp coincides with that of Sp+l((%), hence J9ίp is

a quantum deformation of Sp+l(C%). By Theorem 1.2, the two sided ideal

Uq(\\j)Jqjp = Jq,pUq(nj) is a quantum deformation of the defining ideal

of the closure of Cp.

If n is even, the prehomogeneous vector space (L/,n/) is regular, and the

generator ^(n_2)/2 of the quantum deformation of «/(C(w_2)/2) is the quantum

deformation of the basic relative invariant.

Therefore we have the following known result by our method.

THEOREM 3.4. (Strickland [10])

( i ) A quantum deformation Aq(\\j) of the coordinate algebra A ( r i j ) of n/

is generated by Yy (\ <i < j < n) satisfying the fundamental relations

(3.1).

(ii) The action of U q ( l j ) on Aq(rij) is given as follows. For r 6 /o and s e /,

(
γi+l - (s = ij > /-f 1)

'
V f a i\
*ij+l (s — J)

0 (otherwise),

0 (otherwise).

(iii) When n is even, iA(n_2)/2 is the quantum deformation of the basic relative

invariant.

4. Quantum quadratic forms on quantum vector spaces

In this section we apply the method in [14] to the case where g =

and I/ cz ow(C) x C.
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Assume m = 2n — 1. We label the vertices of the Dynkin diagram of g as
follows.

1 2 n-2 n-\ ^ n

Hence we have 70 = {1,2,...,«}. Set 7 = /o\{l}. Then n/ Φ {0} and
[n/,n/] = {0}. There exist three L/-orbits Q,Cι,C2 on n/ satisfying the
closure relation {0} = Co c C\ c C2 = n/.

Fix the reduced expression w/w0 = ̂ 2 snsn-ιsn-2 '' s\, and for ι = l ,
2,... ,ra we define )5Z e A+\Aj and y/ = 7 .̂ e Uq(nγ)_β as in Section 1. Note

that

+ α2 +••• + <*/ (1 <ι </ι)

+ α2 + + a2w-i 4- 2a2Λ_/+ι + - H- 2aΛ (n + 1 < / < In - 1).

LEMMA 4.1. For r E I we have

(1 <i<n- l,r = / + 1
ί+1 or w -f 1 < i < 2n - 1, r = 2« - /)

Q + q~l}Y»±\ (i = n = r)

0

(1 < i < n - l,r = i

or w 4- 1 < i < 2n - 1 , r = 2« - / 4- 1)

(ί = Λ = r)

(otherwise).

PROOF. Since φyC^y is a t/^ (I/) -module (see [14]), we have ad(JFr)Y}
= 0 if ̂  + αr ^ zl+\zl/ and ad(^r) Yl ? = 0 if ̂  - αr ^ zf +\zί/. Therefore we have
only to deal with the cases r = / -f 1 or 2n — i for Fr and r = / or 2n — i 4- 1 for

£r-

Let r = / + 1 e /. We have ad(//+i ) Γ, = ί}+1 Γ/ - q2 YtFM . Since FM =
ΓιΓ2 Γ/-ι(F/+ι), we obtain

} = YM.

Let r = 2n-iel and r ^ Λ. We have Fr = Tι
-i-i) by (1.1). By using this formula we obtain
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If Γ = 2/ι-i = », we have
({T-\(Fn),Fn}). Since T~\(Fn) = Fn^Fn - q2FnFn^ (see [4]), we have

[T-\(Fn),Fn] = (q + q-l)(Fn

Therefore we obtain ad(Fn)Yn = (q + q~l)Yn+\.
Let r = ίel or r = 2n - / + ! < « . Since &d(Er}Yi-\ = 0 and 7,

ad(Fr)F,_1} we have

ad(F,)(ad(£r) r,_ι

Since qr = q if r = n and qr = q2 if r < n, the statement holds.
Let r = 2n-i+l=n. We have ad(En)Yn = (q + q~l)Yn-l and r,

7n+ι = (# + #~')~1ad(/;',!)y",!. Therefore we obtain

ad(En)Yn+l = (q + q-lΓ

D

PROPOSITION 4.2.

r/r/ +
~

(i<j,i + j*2n)

(i = n-\,j = n +

YiYj + (-<

1=1

U)

PROOF. Let 1 < i <n - 1, i < j < 2n - i or n < i < j < 2n - 1. We show
i = q~2YiYj by induction on / = j - i. If t = 1, we have

= T(Tk(Fk,}Fk - q~2 FkTk(Fk,))
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where T = Tλ - - Γ/_ι , k = k' - 1 = i if i < Λ - 1, and T = T\ - Γrt_ι ΓΛ - - •

72Π_ί+ι, fc = &' + 1 = 2/ϊ — / if / > /i. Since we have

i -i

~ Ukk' F^'~sFk^
s -I?*

for some c e C(#), we obtain 7i+i Yj — q~2Y{Yi+\ = 0. Assume that t > I and

the statement is proved up to t-\. We have

Yj = (q + tf-1 )-*'"' ad(F,) F, _, = (<7 + <T ' Γ^1 (F, Fy_ι - 9-(ft-«-*) F; _,F,)

where / = j if j < n, and / = 2n — j + 1 if j > n. Since t > 1, we have [F/, F,]

= ad(F/)y, = 0 by Lemma 4.1. By the inductive hypothesis on t, we obtain

'̂-"1 Yi(F,Yj-ι -

Next we prove Yn+\ Yn-\ = Yn-\ Yn+ι -\ -- n Yn From Lemma 4.1

we have YH+ί = (q + 9-
1Γ'[F«, Ya] and YH - FnYn^ - q2Yn-ιFn. By the

preceding paragraph we have YnYn-ι =q~2Yn-\Yn Hence

[7«+l, 7«_ι] = (q+q~l) l[[Fn, Yn], Yn-i]

)-'(q- 2(Fn Fn_! -q2yn_,Fn) Yn- Yn(Fn Yn^ -q27n_,Fn))

Let i + j = 2«, i < n — 2. From Lemma 4.1 we have

V 17 V n'ϊ V 17 V J7 V y»2 V 17Yj = fiij-i - q ij-\ri, Yi+\ = FiΎi - q I//;-.

Since Yj_\ Yl• = q~2YiYj-\, we have

- q'2(Fi YI - q2 YiFΪ) Yj-i - q2 Yj-i (Ft Yt - q2 YtFi)

By using (4.2) and [Yn+ι, Yn-ι] =~ rr Yn> we obtain inductively

Γy. y.l _ / 2\j-n-\ " ~ γ2 , //7-2 2\ \ ^ / ^2x^-1 γ γ
[tj-* *ι\ — (-9 ) , 1 *n "T~ W ~ % ) 2-j \~q ' Xi+slj-s

* ̂  * s=l
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Finally we prove Y} 7, = q~2 Yt Yj for 1 < i < n - 1 , In - i < j < 2n - 1 by

induction on t = j- (In -i). Let t = 1. Since F, F, - q~2 YtFt = ad(F, ) Yt =

0, Yj = ad(Fl)Yto-l = FtY2a-,-q2Yto-iFl and (4.2), we have

Yj Yi - q~2 Yi Yj = (Ft Y2n-i - q2 Yto-iFt) Y, - q~2 Y,(Ft Y2n-i - q2 Y^-M)

= [Fh q-2 Yt+ι r2«-, -ι - q2 Y^-t-ι YM}

From Lemma 4.1 [Ft, ί^n-ί-i] = 0 = [F, , Yt+ι], hence we obtain YjYi — q"2Y{Yj

= 0 for t — 1 . Assume that t > 1 and the statement is proved up to t— I.
Since Yj = F2n_;+ι i}_i - q2Yj-\F2n-j+\ and [F2n-j+ί, Yt] = 0, we obtain

YjYi = (F2n-j+l Yj-l - q Y]-\F2n-j+\)Yi

= q-2 Yi(F2n-j+l Yj-l - q2 Yj-iF^-j+i ) = q~2 Yi Yj D

We set

n-l

φ= YnYn~ (q + q~l)(l + q-2)

Since βn_i + βn+i = 2βn for any i, we have ψ e Ut,(nj)_2βn.

PROPOSITION 4.3. For r e I we have

ad(Fr)ψ = 0, ad(Er)ψ = 0.

PROOF. We shall prove ad(Fr)φ = 0. Let r = n - k. If k — 0, we obtain

n) A = (ad(Fπ) Yn)Yn + Kn YnK~l (ad(F«) Yn)

If k > 0, we obtain

n.k) Yn+k))

= 0.
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Similarly we can prove SLd(Er)\l/ = 0. Π

By Lemma 4.1 and Proposition 4.3, we have the following:

PROPOSITION 4.4. Σι<z <2«_ι C(q)Yt and C(q)ψ are irreducible highest
weight Uq(\ι) -modules.

The highest weight of C(q)ψ coincides with that of J2(C\). Hence,
C(q)ψ is a quantum deformation of J>2(C\). By Theorem 1.2 the two sided
ideal Uq(nj)\l/ = ψUq(nj) is a quantum deformation of the defining ideal

./(Cϊ) of the closure of C\. Similarly, Σ1</ <2w_ι C(q)Yf is the quantum
deformation of J>l(C$). Moreover, the generator ψ of the quantum defor-
mation of «/(Cι) is the quantum deformation of the basic relative invariant.

Therefore we have the following.

THEOREM 4.5. (i) A quantum deformation Aq(\v[} of the coordinate algebra
A(rij) of n^ is generated by 7, (1 < i < 2n — 1) satisfying the fundamental
relations (4.1).

(ii) The action of Uq(\ι] on Aq(\ij) is given as follows. For r e /o and

s e/,

Y; _ι (l<i = s<n-l or n + 1 < / = 2n + 1 - s)

EsΎi={ (q + q-^Yi-, (i = n = s)

. 0 (otherwise},

Yi+\ (l<i = s-l<n-l or n + 1 < i = 2n - s)

(q + q-l)Yt+ι (i = n = s)

0 (otherwise).

(iii) ψ is the quantum deformation of the basic relative invariant.

Next we deal with the case m = 2n-2. We label the vertices of the
Dynkin diagram of g as follows.

1 2 3
O •-

Hence we have 70 = {1,2,...,«}. Set 7 = /0\{l}. Then n/ φ {0} and
[n/,n/] = {0}. There exist three L/-orbits Co, CΊ,C2 on n/ satisfying the
closure relation {0} — Co <= C\ c €2 = n/.

We fix a reduced expression W/HΌ = ^1^2 sn-\snSn-2Sn-τ> ^2^1 For / =
1,2,. . . ,2« — 2 we define ^ 6 2J+\J/ and 7/ = 7 .̂ e Uq(nj}_β as in Section 1.
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Note that

Atsushi KAMITA

+ OC2 H h α,

+ α2 H h απ_2 + αn

i + α2 H h α2w_/-ι

rt_/ H + 2αrt_2 -f α«-ι

(1 < / < « - ! )

(* = *)

(Λ+ 1 < i < 2/ι-2).

Since the arguments are simpler than and similar to the case m = 2π - 1,

we omit the proofs.

LEMMA 4.6. For r el we have

Yi+i (1 < i < n - 2, r = i + 1 or n < ί < 2n - 2, r = 2n - i - 1)
y / 9 r w "\

y / i \

0 (otherwise),

Yi-ι (1 < i < n - 1, r = ί or n + 1 < i < 2n - 2, r = 2n - i)

^ 0 (otherwise).

PROPOSITION 4.7. W<

/I} -f

We set

ί=l

n-l

ι=l

7 = 2n - 1).

(4.3)

Since βn_i + βn+i_ι dose not depend on /', we have

PROPOSITION 4.8. For r e / we have

_^ _l+βj>

- 0.

PROPOSITION 4.9.
weight Uq(lj)-modules.

irreducible highest
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The Uq(lf)-module Σι</<2Λ-2^(^)^ (resP C(q)\j/) is a quantum defor-

mation of Sl(Q>) (resp. </2(Cϊ)).

THEOREM 4.10. (i) A quantum deformation Aq(\\j) of the coordinate
algebra A(n~j} of n/ w generated by YI (I < i <2n — 2) satisfying the fun-
damental relations (4.3).

(ii) The action of Uq(lj) on A q ( \ ΐ j ) is given as follows. For r e / o and

567,

Yi-ι (1 < i = s < n - 1 or n + 1 < i = 2n - s < m)

y

0 (otherwise),

Yi+ι ( ! < / — s — \ <n — 2 or n <ί = 2n — s— I <,
Yn f ι4-7 . = n = .<rt

F . y — J

^5 •* Z —

^ 0 (otherwise).

(iii) ι/f w ί/ze quantum deformation of the basic relative invariant.

5. Quantum determinants of quantum symmetric matrices

In this section we apply the method in [14] to the case where g = sp2w(C)

and I/ ~ gIM(C).

We label the vertices of the Dynkin diagram of g as follows.

Hence we have 70 = {1,2, ...,«}. Set / - 70\{/ι}. Then n/ ^ {0} and
[n/, n/] = {0}. There exist n + 1 L/-orbits Co, Q, . . . , Cn on n/ satisfying the
closure relation {0} = Co c Q cz c= Q = n/.

We fix a reduced expression

= (snSn-\ ' - Sι)(snSn-i - S2) - (snSn-i)sn.

Let \<ί<j<n. We define βtj e A+\Aj by

/?ιy = α/ + α/+ι -f - + α/_ι -I- 2α/ + 2αy+ι -f - + 2αrt_ι + αΛ,

and set
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where T^ = TnTn-\ - TS for s = 1,2,. . . , n - 1 and

f ί + ϊ"1 (l<i = j<n)
CίJ~\l (l<i<j<n)

Note that Ytj e Uq(nj)_βi..

LEMMA 5.1. For re I, we have

0 (otherwise),

Yi+ιj (r = i < j)

r)Y9 = ctjY,J+l (i<j = r)

0 (otherwise).

PROOF. Similarly to the proof of Lemma 4.1, we have only to deal with
the cases r + 1 = / or r -f 1 = j for Fr and r — i or r — j for Er.

Let r + 1 = i < j. By using (1.1) we have

Hence, we obtain

Let /+ 1 < y' = r + 1. By using (1.1) and (1.2) we have

F7 _ι = T(l\Fj) = Γ(1) - - - 1<n-Λ(Fn-ι)

. . T C"-/') 71 T , T ( F i ϊ-i ιnιn-\ιn\rn-\)

. . jv*-/) TnTn-\ - - - Γn_7 +ί +ι TnTn-\ - - -

Since

we have
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ad(F,_,) Yy =Fj-! Yy - qYvFj-ι

. . T^n~J'TnTn-\ - Tn-j+i+\TnTn-\ - Tn-.j+i

On the other hand, by the braid relations we have

Yi,, _ι = ΓW r("-Λr(Λ-'+1>Γn7;_ι - - - Tn-j+M(Fn-j+i+ι)

. . . T("-J'}TnTn-ι Tn-j+ί+lTnTn-ι Tn-j+i+2Tn^+ί(Fn-.j+i+ι).

Therefore we obtain ad(f)_ι)7^= Ytj-\.
Assume i+\=j = r+l. Since Fy _ι = Γ*1) Γ("-Λ (f«_ι ), we have

ad(F;_ι) η, = [*}_!, η,] = Γθ T("-^Tn[T-l(Fn.,),Fn^}. On the other
hand,

Yι,j-ι = (q + q-l)T^T(ΐ) T(n~J] >T(*-J+Γ> \Fn]

= (q + q

= (q + q

Since T~l(Fn-ι) = FnFn-\ -q2Fn-\Fn (see [4]), the statement holds.
Let r = i<j. We have ad(E,)Y,+ιj = 0 and Y0 = c~^ jad(F,) YMj,

hence

ad(E,) Yy = cUjad(Et)(ad(F,) Yt+lJ)

= cUj(q, - q-lΓl*d(Ki ~ K-l)YM,j

= c^j(q - q'lΓl (qn-j-ι-ι ~ q~-^i-ι

Let i < j = r. We have
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If / < 7, aά(Ej) Yij+i = 0. Hence we obtain

ad(Ej) Yg = (q-q-ίΓ\q- q~l ) YlJ+l =

If ί = jt we have

ad(Fι)(ad(E,)Y,,l+ι) = ad(F, ) F, +u+1 = (q +

ad(Ki - KΓl)Yi,i+ι = Y,,M - Y

Hence we obtain &ά(Eϊ)Yu • = (q + q~l)Yiti+ι.

PROPOSITION 5.2. We have

= 0.

D

qn-j+i Yim Yij

tfn—m+l *lm * ij

Yim Yij

qY!mYij + q(q-q-^YljYii

Y,mYij + (q2 - q-2}YiiYlj

YimYij + (q - q-l)(YnYmj-

YlmYij + q-l(q2-q-2)Y2

+ (q1 - q-2)Y,iYmi

IJ Ymi)

(I <i <m = j)

(I <i<j < m)

(I <i = m< j)

(I = m < i < j)

(I = m <i = j)

(I <m<i = j).

(5.1)

PROOF. We shall prove Yy Y\m = qn-j+i Yim Yij for I <i <m = j by in-
duction on t = i — L For t = 1 we have Y\m = cj~?ad(F/_i) Yy =

c^(Fi-λ Yij - qn-j+iYijFt-i). Since Fi-i =
(FΛ_y+I _ι), we obtain

Yij Yij — Qn-j+i Yij Yij

- - T(n^TnTn^ Tn-j+M

Assume that t > 1 and the statement is proved up to t — 1. From Lemma 5.1,
we have [F/, Yy] = &d(Fι)Yy = 0. By the inductive hypothesis on t, we have

YijYι+ιj = qn-j+iYι+ιjYij. Therefore we obtain

= YijtfYMj - qYMJFι)

— Qn-j+i(Fi YI+IJ — qYι+\jFί) Yy = qn-j+i YIJ Yy
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Let I = ί <m< j. We show Yy Y\m = qn-m+ι Yim YIJ by induction on t =
j — m. For f = 1, from the proof of Lemma 5.1 we have

Fm = TV 1<™-V(Fn-ι) = Γ(FΛ_m+/),

where T = 7™ - T(n~m~ VτnTn-ι Tn.m+lTnTn.λ . Γrt_w+/+1. If / = m, we

have Ymm = ad(Fm) Γm,m+ι = (Fm, Ym,m+l] and

Tn(Fn-\). Hence we obtain

* w/ */ww ~~ #n * mm * mj = ~ * m,m+\ m * \tf ' ^y Ym,m

(q2

+ (q2 + 1 + q-2}Fn^FnFlλ - F^)

= 0.

If / < ra, we have Yίm = ad(Fm)r/,m+ι = FmF/)m+ι - qY^m+\Fm and

T(Fn-m+i-.\). Hence we obtain

= -qT(Fn_m+l_lFn_m+ι - (q + q~ }Fn-

X Fn~m+l-\ + Fn^m+ιFn_m_^l_l)

Assume that t > 1 and the statement is proved up to t - 1 . If / = m, we have

0 = &ά(Fm)Ymj • = FmYmj r — q~l Ymj Fm. Therefore by the inductive hypothesis

on t we obtain YmjYmm = Ymj[Fm, Ym,m+\] = q2[Fm, Ym,m+\}YmJ = qnYmmYmj.

If / < ra, we have Q = aά(Fm)Ymj = [Fm,Ymj\. Hence we obtain YijYίm =

Yij(FmYι,m+ι - qYι,m+\Fm} = q(FmYι,m+\ - qYι,m+\Fm}Yij = qn-m+ιYιmYij.

Let / < / < j < m. We show Yy Yίm = Yίm Ytj by induction on t = m - j.

For t = 1, we have

where Γ = Γ(1) T(n~j~l">Tn - - Γπ_/+/. By the braid relations, we have

Tn-j+i-i - ' ' Tn-jTn - - Tn-j+i+\(Fn-j+i) = Tn - Tn-j+i+\Tn-j+i-\ Tn-j(Fn-j+i)

— Tn Tn-j+i+ι(Fn-j+i).
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Since Fn-j+i-\ = Tn 7;_7 +/+1(Frt_; +/_ι) and [^_y+/,/v_y +/_ι] = 0, we obtain
[Yy, Yim] = 0 for t = 1. Assume that t > 1 and the statement is proved up to
t-l. Since Yy = ad(F7) YiJ+λ and [F;, Yιm] = ad(Fj) Yim = 0, by the inductive
hypothesis on t we obtain YyYιm — YιmYίj

Let / < i < m < 7. We prove [7^, 7/m] = (q- q~l)Yij Yim by the induction
on t = i-l. When f = 1, we have 7& = ad(^-_i) Yis = ί/_ι 7^ - qYisF^ι for
s = m,j. Since 707^=07^70 and 7^70 = 7//7ιm, we obtain

Assume that t> 1 and the statement is proved up to / — 1. By Lemma 5.1
we have [F/, YJS] = 0 for s = m, j. Hence we have

= (q-q-l)Y,jYίm.

YMJ-qYMjFι) Yim = (q-q-l)(aά(Fi) YMJ) Yi

,j

Similarly, we can prove Yy 7/m = q Ύ\m Yy + q(q — q~l ) Γ/, Yu for I < i = m< j.
Let I < m < i < j. We prove the statement by induction on t = i - m.

We have [Yv, Ylm] = [Yy, ad(Fm) r,,m+1] = [Yy, Fm F/,m+1 - 9y/,m+,Fm]. If t =
l,Ymj = FmYy-qYyFm and y^yfi . = qYRYg + q(q - q-^YyYu- Therefore
[Yy, Y,m] is equal to

ij-q YyFm) - q~l (Fm Yy - q YyFm) YB

+ q-lFm(YyYu - qYnYij) - q(YyYu - qYuYy)Fm

= qYHYmj - q-1 YmjYn + (q - fλ)(FmY,,Yu - q2Y0YuFm).

Since [Fm, Yg] = ad(Fm)7ί, = 0, we have

[Yy, Ylm] = qYuYmj - q-1 YmjYH + (q - q~l)Yι,(FmYs - qϊYiiFm)

= qYtiYmj - q-1 YmjYu + (q - q~l)(q + q-l)Y,jYmί

We have used [Ymj , 7/, ] = (q - q~l)YijYmi for the last step. Assume that t > 1
and the statement is proved up to t - 1. By [Fm, Yy] = 0 = [Fm, 7/J for s =
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i,j, we obtain

[Yiji Ylm] = Fm[Yy, Yl,m+\\ ~ <l{Yij, Yl,m+l]Fm

= (q- q-l)(Fm(Y,iYm+lJ + qYy ¥„+!,,) - q(Y,iYm+ιj + qY,jYm+l,i)Fm)

= (q- q-l)(Yn(Fm Ym+lJ - qYm+ιjFm) + qYv(FmYm+ιtί - qYm+ιtiFm))

Here we have used the inductive hypothesis for the second equality.
Let l = m<i< j. We have [Yy, YU} = [Yy, [F/, Y/,/+ι]]. Assume z - / =

1 . Then we have Ytj = F,Yij-q Y,jF, and Yy Yu = q Yκ Yy + <?(<?- <r' ) Y,j Ya.
Hence we have

[ Yy, Ylm] = q~lF,( Yy Yu - q YH Yy) - ( Yy Ya - q Ya Yy)F,

- q~{ (F, Yy - qYyF,) Yκ + Yn(F, Yy - qYyF,)

= (q-q~λ} (F, Yy Ytt - q Y,j YUF,} - q~λ Yy Yu + YH Yy

By Lemma 5.1 we have FiYy - q~l YyFi = ad(F/) Yy = 0. Hence we obtain

(Yy, Yim] = (q- q-l}q~λ Ylj(F,Yu - q2YaF,) = (q - q'l)q~l Y0(

Assume / — / > ! , then we have [F/, Yy] = 0. By the preceding paragraph,

[Yy, Y,,M] = (q- q-l)(YttY,+ιj + qYi/Yi+iJ Therefore we obtain

[Yy, Yin,} = [F,, [Yy, YI,M]] = (q - q~l)[F,, YUYI+1J + qYyYM>ί]

= (q - q-λ ) (q~λ YU YU + YU YU) = (q2 - <r2) YU Yy

Let / < m < i = j. We show the statement by induction on t = i-m.
Assume / = ! . We have YaYn = q2YuYn, hence [Yu, Yιm] is equal to

[Yu,FmYu - qYnFm\ - qYtt(FmYa - q2YuFm) - q-\FmYii - q2YaFm)Yu

= qY,i(ad(Fm) Yti) - q-2(ad(Fm) Yu) Yn

= (q2 - q~2)YuYmί.
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Assume that t > 1 and the statement is proved up to t - 1. By Lemma 5.1 we

have [Fm, Ysi] = 0 for s = /, i. Therefore we obtain

— [Yii,FmYl,m+\ ~ qYl,m+lFm] ~ Fm[Yϋ, Yl,m+\] ~ #[^HJ Yl,m+\]Fm

= (q2 - q

= (q2 - q-2) Yu(ad(Fm) rw+M) - (q2 - q~2) Yu Ymi.

Here we have used the inductive hypothesis on t for the third equality.

Let l = m<i = j. Since Yu = ad(F,) 7,,/+ι = [F,, 7/,/+ι], we have [7, , , Y,,}

= [ Y t t , [F;, r/ι/+,]]. If i- / = 1, then rβr/ι/+1 = ?

2r/ι/+1 Ytt. Hence, [ys, r,,] is

equal to

Y,,M(F, YU - q2 YsFί) - q~2(Fl Ytt. - q2 YUF,) Yl>l+l

= r;i(ad(F;) Ytt) - q-2(Άd(F,) Yu) Yu

If z — / > 1, we have [F/, 7,,] = ad(F/) 7,, = 0. From the preceding paragraph

we have [Yih YIJ+I] = (q2 - q-2)YnYMti, hence

[Ya, Ytt] = [F,, [Ya, Y,,,+l}} = (q2 - q-2)[F,, F/, 7/+I,, ]

= (<? - f2)((FιYu - fl YuF,) YM,t + q-1 Ya(FιYM,ι - qYM,ιF,))

= (q2 - 9-
2)((ad(F/) Yu) Yl+l,i + q-1 y«(ad(F,) y/+M))

For j > i we define 7;, by 77, = q~2 Yy. For p = 0, 1, ...,«- 1 we set

+~P = Σ (-^')/(σ) Y^"W r2,σ(2) Yp+i
„ _ rtσe^+i

^+ = Σ (-^')/(σ) r'..',., ̂ .̂ , 3v.

where 4 = n- p — I + 5-.

PROPOSITION 5.3. Le/ r e / . For /7 = 0, ! , . . . , « — 1, we have

ad(Fr)ιA; = 0, ad(£r)^ = 0.

In order to prove Proposition 5.3 we need the following lemma.
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LEMMA 5.4. Let t = 1,2, ...,;? and at+2,aί+ι,. .. ,ap+\ e {1,2, . . . ,p + 1}.

We set A = {σ e Sp+\ \σ(ή < t - l ,σ(f + 1) > t,σ(s) = as(s > f + 1)}. For 1 <

/i < /2 < < ip+\ < n, we have

n ~ l \ Y ..... Y Y — 0
2^,(~y ) r ' l *Ml) J If-l ,Mf-l) ^MO'MH-l) ~~ U'

σeΛ

PROOF. We prove the statement by induction on t. Set

A(t;at+2,...,ap+ι) = {σ e Sp+i I <τ(f) <ί- l , σ ( / + l ) >ί,σ(j) - as(s > ί+1)},

f(t,σ) = (—q ) Yiι,iσ(l) ' ' ' Yit-ι,iσ(t-i) Yiσ(t),iσ(t+i)i

and for a subset ^ of

For ί = 1 we have ^4(1 5^3, . . . ,^+ι) = 0, hence the statement holds.

For ί = 2 we have /(2,Λ(2;α4, - - ,^+ι)) = /(2,Λι) +/(2,^2), where

^i = {σ e ̂ (2; 04, - - , ̂ +ι) I 1 < σ(l) < σ(3)},

^2 - {σ e ^(2; 04, . . . , flp+i) 1 1< σ(3) < σ(l)}.

For σey4 2 set τ = <τ(l,3), then τ e A\, l(τ) = l(σ) — \ and

1 , 'τ(S) '

Hence we obtain /(2,^2) = —f(2,A\), and the statement holds.
Assume that t > 2 and the statement is proved up to t— I. We have

7=1

where 5y is the subset of A(t-,at+2, . . . ,«p+ι) given by

#i = {σ|σ(ί) = t-l,t^σ(t+l)<σ(t- 1)},

^2 = (σ|σ(ί) = / - 1, / < σ(t - 1) < σ(t + 1)},

3̂ = (σ\σ(t) = t- \,σ(t- 1) < t- 1},

54 = {σ\σ(t) < t - 1, t < σ(t + 1) < σ(t - 1)},

55 = {σ|σ(0 < ί - 1, f < (τ(/ - 1) < σ(t + 1)},

B6 = {σ\σ(ή <σ(t-\}<t- 1},

^7 = {σ|σ(ί- 1) <σ(t) <t-l}.
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For σ e B2, set τ = σ(t - 1, ί H- 1). Then we have τ e B\, /(τ) = /(σ) + 1 and

y. y = /7-1 y y = ̂ -1 y y
-* If-Mσ(f-l) * lσ(t},lσ(t+\) V J lσ(t)ιlσ(t+l) Alt-l,lσ(t-\) V * lt-\ , 'τ(f-l) * 'τ(f) > 'τ(H-l) '

Hence we obtain /(ί,52) = £„*,/(*, σ) = -Σres, /C>0 = -/(ί,-»ι)
Let σeBi. We set s = σ(ί+l), then σe A(t - \;s,at+2, ,«/>+i) and

f ( t , σ ) = q-2Yh,iσm Yi,.2,iσ{,.2) V.).4-ι yt(0.<. = ̂ "2/(? - 1'σ)yi,-,,.>

Hence we obtain

where Cι(j) - {σeA(t- l ; j ,έz f +2, . ,fy+ι) |σ(ί) = ί- 1}.
For σ e BI we set τ = σ(ί— l,ί) and /? =.τ(f, f + 1). Then we have τ e

^[(ί- I;^α ί + 2,.. .,flp4-ι) 5 and /? 6 A(t - l;r,α f + 2, . . . ,α/,+ι), where 5 = σ(ί+l)
and r = σ(t-l). Since /(τ) = /(σ) - 1, /(/?) - /(σ) - 2 and

* ϊ f - l , Z f f ( / - l ) *ίσ(t)>iσ(t+l) ~ * 'σ(r) i *σ(f+l) ^^-l,'σ(ί-l) ~* (tf ~ Q ) * ΐσ(t) , ίσ(t-l) * ίt-l , ϊ'σ(ί+l)

— ^,(/_i), !,,(,) ^ i ίf-l,l'r + (^ "~ ^ )

we have

/(',<o = ?~2/(ί- I,/>)^,Λ + (ί~2

Hence we have

/M-l

where 5{(j) = {σ ε A(t - l;s,fl,+ 2, . . . ,ap+i)\t < σ(t) < s] and B'2(s) =
{σ e A(t — 1 51, βί+2, . . . , ap+\ ) | s < σ ( t ) } . Similarly, for σ e B$ we have p e
B'2(s) and f ( t , σ ) = f(t— \,p)Yit_^is, where s = σ(t — 1). Therefore we have

Hence we obtain

/(f,*4)+/(f,Λ5) = ?-

whereC2(» = {σ e A(t - \\s,at+2,... ,Λp+ι) | / < σ(t)} = B((s)(l B'2(s) (disjoint).
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Let σ E B6. We set τ = σ(t, t + 1), p = τ(t - 1, t + 1), s = σ(t - 1) and r =

σ(t). Then we have p e A(t - l ; j ,α/+2, . . . , f lp+ι) , τ e A(t - l ; r , f l ,+2, . . . , f lp+0>
/(/>) = /(σ) + 2, /(τ) - /(σ) + 1, and /(ί,σ) - <72/(' - l,p) Y^ig + (?2 - I)/-
(ί-l,τ)y/,_M r. Hence we obtain

/(/,*6)=?2Σ/(f-l^^
j=l r=l

where ^(j) - {σ e Λ(f - l;j,Λ,+2, .. ,Λp+ι) | -s <σ(f - 1), f < σ(0} and BJ($) -
{σ e Λl(f — l; s ,α ί + 2j . . . ,0/7+1) | σ(ί — 1) < s, t < σ(t)}. Similarly, for σ e Bη we
have p e B'4(s) and f ( t , σ ) = f ( t — \ , p ) Y i t _ λ , i s , where s = σ(t— 1). Hence we
have

5-1

We set C3(j) - {σ E A(t - l;s,0,+2, - . . ,0/7+1) 1 1 < σ(ή}. Since C3(j) - B'3(s) U
.84(5) (disjoint) and B'4(t - 1) = A(t - 1; f - 1, 0/+2, , 0/7+1), we obtain

t-2

/(^H/to^Hί^/ί'-1'^)^
s=l

t-2

We have used the inductive hypothesis on t for the last step.
Therefore we obtain

^̂
t-2

Since A(t-\',s,at+2,...,ap+\) = C\(s) U €2(s) (disjoint), by the inductive
hypothesis on ί, we have f(t - 1, C\ (s)) -f f(t - 1, C2(5)) =

/(* - 1, >4(ί - 1; j, α^+2, . - , 0/7+0) - O Hence we have only to show

We set

for 1 < j < ί-2. Then we have A(t - \',s,at+2,... ,0/7+1) = C(>s)ΌC(<s}D
C$(s) (disjoint). By using inductive hypothesis on t, we have



110 Atsushi KAMITA

For σ e C(<ί) set τ = σ(t - 1, / + 1) and r = σ(t - 1). Then we have /(τ) =

/(σ) + l and τeC(>r). Since Yι^.n,ι^ilYil.ί,t,=q~lYiτ,f.l^i>Ytl.l,ιr, we have
/(? - 1, σ) IV,,,, = /(? - 1, τ) 7,-.,,,;. Therefore we obtain

5=1 5=1

t-2

D

Let us show Proposition 5.3.
By Lemma 5.1, it is clear that ad(Fr)ψ~ = 0 for r > p and ad(Er)\l/p = 0

for r <n — p.
Let r < p. We shall show ad(Fr)ψ~ = 0. We set for σ e Sp+\ and y e

9(<r,Jι,y,J2) = (-fl}l(σ]KrYi,σ(\] " Y j l i < r ( J l ) K - 1 y YJ2,σ(J2) -

and for a subset A of S + i

σeA

We have

, r, rr,r+1 , r + 2) + q~2g(A2, r, Yr,r, r + 2)

g(B,r, Yr,σ(r+i),r + 2) + Σ g(C(j),j-l, Yj,rJ+l)

where A\ = {σ\σ(r+ 1) = r+ 1}, Λ2 = {σ|σ(r + 1) = r}, B = {σ\σ(r + \) =£ r,

r+1}, and C(y) = {σ|σ(;) = r+ 1}.
Let σ e AI. If σ(r) = r + 1, we have /(σ) = /(τ) + 1 and Yr>σ(r)K~l Yrr =

14Yr,τ(r)K^lYr,r+ι, where τ = σ(r,r+l). On the other hand, we have

14Yσ(r),σ(r+\)YrrK7l if σ(r) > r + 2. Therefore we obtain

2, r, Yrr, r + 2) = -qg(A[, r, Yr,r+l , r + 2)

+ q-2g(A'2) r - l,.KrYσ(r)Mr+l) ΎπK^\r + 2)

+ q2g(A'3,r- \,KrYσ(^a(r+l} ΎrrK~\r + 2),
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where A[ = {σ\σ(r + 1) = r+ l,σ(r) = r}, A'2 = {σ|σ(r + 1) = r,σ(r) < r- 1}
and ̂  - {σ\σ(r + 1) = r, σ(r) > r + 2}.

For σ e B set τ - σ(r, r + 1). We define subsets Bj (I < j < 10) of B as
follows:

Λi - (σ(r) < σ(r + 1) < r}, £2 - {σ(r + 1) < σ(r) < r},

£3 = {σ(r) < r < r + 1 < σ(r + 1)}, 54 = [σ(r + l ) < r < r + l < σ(r)},

£5 = {r + 1 < σ(r) < σ(r + 1)}, J56 - {r + 1 < σ(r + 1) < σ(r)},

£7 = {σ(r -f 1) < σ(r) = r}, Bs = (σ(r) = r < r + 1 < σ(r + 1)},

£9 = Mr + 1) < r < r + 1 = σ(r)}, 5ι0 - {r + 1 - σ(r) < σ(r + 1)}.

If σ e BI, we have τ e B2, /(τ) = /(σ) + 1, and

Yr,σ(r)K~ Yr,σ(r+\) = q Yr,τ(ήKr yr)T(r+i).

Therefore we obtain

Similarly, we have

-h2) = -g(B6,r, ,̂̂ +1)^ + 2),

r, Fr)T(r+1),r + 2)

- -g(A'2,r-

- -^( ,̂r

- -qg(A'4,r,

,r, yΓjσ(Γ+i),r + 2) = -qg(A's,r, yr>r+ι,r + 2),

where ^4 = {τ|τ(r) < r < r + 1 = τ(r + 1)} and A'5 = {τ\τ(r + 1) = r + 1 <

τ(r)}.
Here, we set A(r) = (σ\σ(r) < r < σ(r + 1)}. Since A{ = A { U A ' 4 ( J A ' 5

(disjoint) and A(r) = A ' 2 ( J B ι \ J A f

4 (disjoint), we obtain

q~2g(A2, r, rΓjΓ, r + 2) + 0(5, r, rr?σ(r+1), r -f 2)
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For jΦk we set C(y, k) = {σ\σ(j) = r + l , σ ( k ) = r}. Let σ e C(y, fc),
and set τ = σ(j,k) e C(kJ). If k = r + 1 and j < r, we have /(τ) = /(σ) - 1
and ^Γ"1 I^rly+i

Hence we obtain

Similarly, we obtain for j > r + 2

If 1 < j < k < r, we have /(τ) - /(σ) - 1 and K~l YjtrYj+li(rU+l) - - - Yk-ι,σ(k-ι} -
γk,σ(k) = <lγj,τ(j) ly+ι,T(y+i) Yk-\^(k-\)K~l Yk,r Therefore we obtain

g(C(kJ),k-l,Ykίr,k+l).
1 <j<k < r 1 <j<k < r

Similarly, we have

9(C(k,j),k-l,Yk,r,k+l),
\<j<r \<j<r

r+2<k<p+\ r+2<k<p+\

- Σ g(C(k,j),k-l,Yk,r,k+l).
r+2<j<k<p+\ r+2<j<k<p+l

Therefore we obtain

= -V~l Σ

= -q~lg(A\,r, y r>Γ+ι,r + 2).

Here we have used for the last step that A\ = \Jj^r+\C(r+ 1,7') (disjoint).
Hence we have

We can write

g(A(r),r-\,KTYσ(r)ίσ(r+l)) = £ Krf(r,A\r))Yr,rK-lYr+2,ar+2 . Yp+lap+^
ar+2,...,ap+\

where A'(r) = {σ e Sp+ι σ ( r ) < r - l , σ ( r + l ) > r , σ(s) = as(s>r+l)}.
Hence, by Lemma 5.4 we obtain ad(Fr)^~ = 0 for r < p.
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Let r > n — p and is = n — p — 1 -f s. Then there exists t such that r = it.
Similarly to the case r < p for Fr we have

at+2,...,ap+\

By Lemma 5.4 we obtain ad(£/,)ι/^ = 0. Π

We denote ψ~_\ = ^_λ by \l/n_\. By Lemma 5.1 and Proposition 5.3 we
have the following:

PROPOSITION 5.5. C(q)\l/n_λ and Σi </</<« C(<7)7// are irreducible highest

weight Uq(\ι)-modules.

The highest weight of C(q)ψn_ι coincides with that of Jn(Cn-\). Hence,
C(q)\l/n_ι is a quantum deformation of J>n(Cn-\). By Theorem 1.2 we have
Uq(nj)ιl/n_ι = Ψn-\Uq(nj), and this two sided ideal is a quantum deformation

of the defining ideal J(Cn-\) of the closure of Cn-\. Similarly, Y^C(q)Yy is
the quantum deformation of Jl(C$). Moreover, the generator \l/n_λ of the

quantum deformation of J>(Cn-\) is the quantum deformation of the basic

relative invariant.
Therefore we have the following.

THEOREM 5.6. (i) A quantum deformation Aq(\\j) of the coordinate algebra

A(\\j) of\\j is generated by Yy (\ <i < j <ri) satisfying the fundamental

relations (5.1).
(ii) The action of Uq(lι) on A q ( r i j ) is given as follows. For r e /o and

sel,

(otherwise),

F - Y —Γ s Li) —

0 (otherwise).

(iii) ψn_{ is the quantum deformation of the basic relative invariant.

We also obtain the explicit description of quantum deformation of J>2(C\)
as follows. Let 1 < i\ < 12 < n, 1 < j\ < j2 < n satisfying i\ < j{,i2 < J2- Set
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12

J2 ~ 4
~l (iι < h < fe < Λ)

(otherwise}.

Then we can show that ]Γ C(q)
h J2

module with highest weight vector

is an irreducible highest weight Uq(lι)-

(we omit the proof). This
n-l

n — I n
module is a quantum deformation of J>2(C\).

For 2 < p < n — 2, we have not yet obtained the explicit description of

the quantum deformation of <fp+l(Cp] as in the case /? = 0, ! ,«—!. The
difficulty mainly comes from the fact that the I/-module J>p+l(Cp) is not a
multiplicity free ϊ)-module. It would be an interesting problem to define a

quantum deformation of the non-principal minors of a symmetric matrix, and
to develop an analogue of the classical invariant theory for symmetric matrices.
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